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PREFACE 


It was in the year 1965, that myself and my colleague B. S. Rajput, 
wrote a book entitled Mathematical Physics, to meet the requirements 
of Honours, Postgraduate and Engineering students of various 
Indian universities. Since then the same work has appeared in six 
editions with the previous publishers. But for many reasons, we 
could not continue the co-authorship. 

Here I would like to offer my sincere tbanki to my former co¬ 
author and previous publisher, for giving their consents to get it 
revised and published independently. | 

Now, keeping in mind the needs of the changing syllabi of various 
universities and the requirements of changing knowledge which is 
almost doubled in every decade, I prepared this work myself alone 
about five years back, in view of new and advanced standpoint. But 
owing to some unavoidable circumstances this could not be published 
earlier, and so some of its portions have been further revised in 
order to render it up-to-date, hence more useful. 

The value and scope of the present work have obviously been 
considerably increased, because, in the first place, several portions 
contributed by myself, in all my books written with different co¬ 
authors, have been reproduced in a more expository style and in the 
second place many more portions have been rewritten. The entire 
matter has been rearranged and many new topics have been added. 
Every section has been supplemented with a large number of worked- 
out problems and a set of additional miscellanedus problems selected 
from the question papers set in various university examinations. 

I do not claim any originality of matter and this is at best a com¬ 
piled work, with a novel presentation. The subject matter has been 
so arranged that even a layman can understand how to apply the 
mathematical operations to the problems of Physics. During the 
preparation of this work, I have freely consulted a number of books 
on Mathematics and Physics written by Foreign and Indian authors. 
It goes without saying that I am deeply indebted to all of them, 
although, I am sorry not to acknowledge my gratitude to them indi¬ 
vidually—the number being too big to be accommodated in the 
little space that can be spared for that purpose in a work of this 
nature. 

While revising this Volume I have developed chapter one on 
‘Vectors’ from all my contributions to our ‘Vector Analysis’, ‘Vector 
Calculus’ and ‘Elements of Mechanics’, chapter two on ‘Matrices* 
from my contributions to our ‘Mathematical Physics', chapter three 
on*‘Tensors* from my contributions to ‘Relativistic Mechanics* after 
the publication of which a number of sections on tensors were taken 
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to our ‘Mathematical Physics’, chapter four on ‘Group Theory’ 
(written a new); chapters five to ten on ‘Complex Variables’, ‘Beta, 
Gamma and Error Functions’, ‘Differential Equations', ‘Harmonics’, 
‘Fourier Series’, Integrals and Transforms’ and ‘Laplace’s Transforms’ 
from my contributions to our ‘Mathematical Physics’. Chapters 
eleven to fourteen on ‘Hankel Transforms’, ‘Diffusion, wave and 
Laplace’s Equation’, ‘Maxwell’s Electromagnetic field Equations’ 
and ‘Special Theory of Relativity’ have been written quite new. 
Chapter fifteen on ‘Statistical Probability’ has been developed from 
my contributions to our ‘Mathematical Statistics’. In the end the 
three Appendices A, B, C on ‘Some formulated results in Basic 
Mathematics’, ‘Asymptotic Expansion of Error Function’, ‘Character 
Tables in Group Theory’ and ‘Corrigenda’ consisting of rectification 
of some serious misprints, have been added in order to enhance the 
utility of the work. 


In the preparation of Appendix C, I have been much guided by 
‘Elements of Group Theory for Physicists’ by A. W. Joshi, published 
by M/s Wiley—Eastern, Delhi, I acknowledge my indebtedness to 
both the author and the publisher of this book. Moreover, I acknow* 
ledge my indebtedness to all my past and present coauthors, chiefly 
my colleagues Messrs O P. Gupta, H.C. Sharma, J.P. Agrawal, 
Satya Prakash (formerly a student of mine), and the publishers 
M/s Kedar Nath Ram Nath, Meerut. 


My thanks are also due to A.W. Joshi of the Institute of Advanced 
studies, Meerut University and to Naresh Kumar, my colleague and 
a former pupil of mine, for their concrete suggestions during the pre¬ 
paration of this book. I would be failing in my duty if I do not 
acknowledge my deep gratitude to my colleague P.C. Jain, M.P. 

hlSFlZi SlDgh an . d V P , Arora for not °“ly rendering me their best 
along*™* cooperat,on but a l so encouraging and inspiring me all 

5fC?£“ s J 0 fi further im P rov ement of the book from any 
corner will be thankfully accepted and executed. 


B. D. Gupta 
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CHAPTER 1 


VECTORS 


1.1. INTRODUCTION 

It is generally observed that there exist two types of physical 
measurements in applied mathematics, physics and mechanics: one 
involving only magnitude and no direction in the® space of three 
dimensions, such as volume, mass, length, spe^d, temperature, 
potential .electric charge etc., and the other involving** definite direc¬ 
tion in space associated with their magnitudes such as velocity, 
acceleration, momentum, force, electric or magnetic field intensities 
etc., the former being called scalar quantities or simply scalars and 
the latter, vector quantities or simply Vectors. 

A little consideration will exhibit that the complete characterization 
of a scalar quantity requires length and support, i.e .~a specified unit 
and a number stating how many times that unit is contained in that 
quantity, while the complete characterization of a vector quantity 
requires length, support and sense, i.e., a specified unit, a number 
stating how many times that unit is contained in that quantity and 
the statement of the direction. 

Stating in a precise manner a vector means 'a directed line segment '. 
In other words we can state that a vector is a quantity having direc¬ 
tion as well as magnitude. In Astronomy a vector means an imaginary 
straight line that joins a planet moving round a centre (generally the 
focus of an elliptic orbit) to that centre. 

1.2. REPRESENTATION OF VECTORS 

Since a vector is the result of abstraction, its magnitude and direction 
may be represented by a line OP directed from the initial point O 
to the terminal point P and denoted by 

(J --- 1 , 

OP. Here the length of vector OP denoted 

0 -—-- * r 

by |OP| —OP is called magnitude or module f • - -—- o 

or modulus of the vector and the direction Fig-1.1 

in space is indicated by an arrow head on the line. In Fig. 1.1, the 

vector OP has been shown by V (or in Clarendon print by V) while 
its scalar magnitude is stated by V. Thus OP is the length of the 
vector V, while the line of indefinite length of which the directed 

line segment OP is only a part is the support of V and the sense is 
from O to P. 
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It should he noted that formulation of a Jaw of physics in terms of 
vectors is however independent of the choice of axes of reference, i.e., 
the vector representation has a physical content without reference to 
any coordinate system. 


1.3. KINDS OF VECTORS 

Equal vectors. Two given vectors may be equal only when they have 
the same magnitude and the same direction, i.e., the given two vectors 
are equal if and only if they have the same or parallel support with 
equal length and the same sense. For example in Fig. 1.1, we have 

v (=op) -v, (=ot') = - v 2 (—(yp") 

where Vi and V 2 have the same scalar magnitude as V but V, has 
the same and V ? the opposite sense to that of V. 

Null vector. A vector having the initial and the terminal points 
coincident is termed as a zero vector or a null vector. Thus a null 
vector has its module zero. 

f Unlt sector. A vector having its modulus as unity is called a unit 
vector. 

If a is a vector and ‘a’ its modulus, then unit vector a is denoted 
by a (read as ‘a hat’ or ‘a caret’) defined as 


i » i «* 

Polar vectors. The line vectors representing the quantities like force 

velocity etc., in which merely a linear action in a particular direction 
is involved, are termed as polar vectors. P direction 

Axial vectors. The line vectors representing the Quantifies Hire an <». 

SS'CeZ,: " b "" S in d “ k ™* direction),' 

number of eq'uaU^tors by V drawinR a oan1| r f PrCSen,e<i ^ an infinite 
which can be transported from place to eta. sup P° r ' s ' Such a vector 

,he 

Jtven orisin, then it is termed as a 10 P “ S Umw * h 1 

Collmear vectors. The vectors narallrl tn ♦ u t . 

their magnitudes and sense of directions ale w Sa ? le lne ’ re 8 ar dl«ss of 
In other words the vectors having the «m. e med as colline &r vectors. 

g the same or Parallel supports are 
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known as collinear vectors, Such vectors are parallel to each other 
and they may coincide in a special case. As such there exists a scalar 
ratio say A between any two collinear vectors a and b of the form 

b=Aa 

which follows that one of the two collinear vectors can be expressed as 
the scalar multiple of the other. 

Nott-collinear vectors. The vectors whose directions are neither para¬ 
llel nor coincident are said to be non-col linear. 

Like vectors or co-directional vectors. The vectors Which are colli¬ 
near and have the same sense of directions i.e. 9 the Rectors directed 
in the same sense irrespective of their magnitudes are termed as like 
vectors. 

Unlike vectors. The vectors which are collinear bulfhave opposite 
sense of directions from each other are termed as unlim vectors. 

Coplanar vectors. A system of vectors lying in the jparallel planes 
or which can be made to lie in the same plane are sai<| to be coplanar 
vectors. Evidently any two vectors are always coplanar. 

Non-coplanar vectors. A system of vectors consisting of three or 
more vectors which cannot be made to lie in the same plane are called 
non-coplanar vectors. 

Reciprocal vector. Any vector having its direction the same as that 
of a given vector a, but its magnitude as the reciprocal of the magni¬ 
tude of a is termed as the reciprocal vector of a and written as a** 1 or 

• As such 

a 

9 T 1 — —a = A a (by definition of a unit vector). 

a a* ar 

In this connection it is notable that the magnitude and so the 
reciprocal of the magnitude of a unit vector being unity, the unit 
vector is reciprocal to itself and it is said to be self-reciprocal. 

Negative vector. The vector having the same magnitude as the vec¬ 
tor a but opposite direction, is known as the negative of a and written 
as —a. 

—>*■ 

Position vector. If a vector OP specifies the position of a point rela- 

—> 

tive to an arbitrarily chosen point O, then OP is called the Position 
vector of P with respect to O, the origin of vectors. 

Problem^ If { a, b, c} is a right handed set, which of the following 
sets are right handed? 

(i) a, c, b ; (i/) b, c, a : (Hi) b, a, c ; (iv) c, a, b ; (v) c, b, a 

It is clear that the sets (it) and (iv), i.e., b, c, a ; and c, a, b art 
right handed. 

ProMenra Discuss the geometrical significance of oA-f-bB—0 
We have aA+bB«*0, a, b being scalars 
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This can be written as A= — — B 

a 

=AB if A = — 

a 

i.e. A is expressible as a scalar multiple of B so that the vectors A and 
B are parallel or colTinear. . 


1.4. ADDITION OF VECTORS 

The characterisation of process of summation is inherited in the 
composition of two or more displacements of a point. Suppose that 
we have two vectors a and b acting at a point O as shown in Fig 1.2. 

Let OA —a and 02?=b. 

Clearly the resultant effect of the vectors a and b is the same as 
that of their vector sum v obtained by 
C setting off the vector b at the end of a and 
then joining the beginning of a to the end 
of b. This geometrical construction utilised 
to find the vector sum of two vectors a 
and b is known as the parallelogram law 
of addition of vectors. 



Thus v=OC—0^-(-^C=a+b. ...(1) 
veaor b Ton r b,T“ h f ° !l ° WS ^ S ' artin? with b and setting off the 

— > -r 

v=OC=OB+£C=b-ta. (2) 

From (1) and (2) it follows that 
a+b=b-f a 

'c e s Ci 

ftt&S-*-' as sb °'™ i" 



v=OC==0^+v4B+BC=a+b+ c . 

Also \ ~OC~OBf BC 


.(3) 
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=(OA+AB)+(BC) 

=(a+b)+c. 

Similarly v—a-f-(b+c) 

and v=(a+c)+b 

It follows from (3), (4), (5) and (6) that 

v=a+b+c=(a-4-b)4-c=a+(b4 c)=(a+c)+b. 


... (4) 
... (5) 
...(«) 


i.e. the three vectors ohev the oi according 

to wfnch the vector sum of three vectors is independent of the mode in 
which component vectors arc associated in different groups. 


In general, if there are n vectors a, b, c,...n, then their vector sum 
v is given by 


v=a+b+c+...+n 

1.5. SUBTRACTION OF VECTORS 
If there are two vectors a and b, then 

a—b=a+(—b), 

i.e. the subtraction of b from a may be 
regarded as the addition of —b to a. 
Thus to subtract b from a, reverse the 
direction of b and add to a.(Fig. 1.4). 

1.6. MULTIPLICATION OF A VEC¬ 
TOR BY A SCALAR 



If a be any given vector and s a given scalar, then sa or as is defined 
as a vector whose magnitude is | s | times the magnitude of the vector 
a, i.e. | s I times the length of a, the support being the same or 
p arallel to that of a an d direction being the same or opposite to that 
of a, according as s is positive or negative. We thus'have 

(i) s(— a)=(—s)a—— Ja. 


(ii) (—s) ( -a)-sa. 


(iii) (s-f r) a—sa+ta, t being another scalar. 

(iv) (st) a =5 (ta)=t fra). 

(v) 0a=0, 0 being the null vector. 

(vj) If two non-zero vectors a and b are collinear, then there exists 
a non-zero scalar m, such that 


a—mb. 

Conversely the relation of this type implies that b i s parallel or 
collinear to a! " ‘ ~ ’ ' 


(v/7) If a is the unit vector co-directional with a while fl= | a |, 
then 

a=aa or sa—s (ai) =saa. 
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Also as ; = JL_ * i and if b is parallel to a, then b= ±b— 

according as b and a have the same or opposite directions. 

AW. Division of a vector a by a non-zero scalar s ts regarded as 
the multiplication of the vector a by a scalar l/s. 

' Problem 3. If there arc two vectors a and b represented hy the sides 
A B am! BC of a triangle, then show that their resultant is represented 
by the thin! side AC. Why is this method equivalent to the parallelo- 
gram law of addition? 

As shown in Fig. 1.5, the vectors a and 
D j*_ c bare represented by the sides AB and 

/ / BC of the triangle. Here AC is a vector 

/_ / drawn between the initial point of 

/ a and terminal point of b and thus 

_ J m ay be obtained by parallelogram law of 

A 8 addition, for if we complete the parallelo- 

Fig. 1.5 

gram A BCD, then AC represents a vector 
along the diagonal of the parallelogram and passing through the 
common point of the adjacent sides AB and AD representing the 
vectors a and b. As such the vector addition obeys the parallelogram 
law of forces. 

Problem 4. What rector must be added to the two vectors i— 2j+2k 
and 2i+j—k, so that the resultant may be a unit vector along the 
x-axis? 

Suppose that 

a=i—2j+2k and b=2i+j—k. 

Then a+b=3i—j+k. 

Hence, in order that the resultant of a and b, i.c. a+b be i, we 
have to add a vector. 

i —(3i — j -h k). i.c., — 2i+j — k. 


1.7. VECTOR SPACE OR LINEAR SPACE 

A vector space (or linear space) o\er a field Fh a set V of elements 
called vectors which may be combined b> two primary operations— 
addition and scalar multiplication ; such that 

(A) (/) If the vectors a and b belong to V, then a+b also belongs 
to V. (This is known as closure pwperty.) 

00 vector sum of two vectors a and b belonging to V, is 
commutative , i.c. 

a+b~b+a. 

0*0 The vector sum of three vectors a, b, c belonging to V, is 
associative, i.e. & 

a+b+c=(a+b)+c=(a+c)+b=a-|-(b+c). 
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(iv) In vector addition there exists an additive identity vector known 
as null vector, such that 

a+0=a. 

(v) To every vector a in V, there corresponds a vector —a known 
as additive inverse vector, such that 

a+(—a)=0. 

(B) (/) If m, n are any two scalars and a is a vector in V, then 
distributive law holds, i.e., 

(ni + n) a=ma+na. 

(«) If m is any scalar and a, b are two vectors belonging to V, then 
distributive law of scalar multiplication holds, i.e. ; 

(a+b) m—em+bm. '■ 

(Hi) If m, n are any two scalars and a, is a vector |elonging to V, 
then associative law holds, i.e. t 

m (na)==(/nn) a=n (ma). jr 

(iv) To every vector a in V, there corresponds a multiplicative ide¬ 
ntity scalar, such that 

la=a. 

Note. In case of scalar quantities m, n, p, we have the following 
laws of combination: 

'iff The addition is commutative, i.e. 


m-\-n=n+m. 

'(n) The addition is associative, i.e. 

m+n+p=(m+n)-{-p=(m+p)+n=m+(n+p). 

(iii) There exists an additive identity scalar 0, which when added to 
another scalar, leaves it unchanged, such as 

m+0=m. 

(iv) To every scalar m, there corresponds an additive inverse scalar 
—m, such that 


m+(— mj)=0. 

In fact m and —m are inverse of each other as their sum is zero 
(identity scalar). 

The multiplication is distributive, i.e. 

m.(n+p)—m.n-rm.p. 

(vi) The multiplication is commutative, i.e.. 


m.n=n.m. 

(vii) The multiplication is associative, i.e., 

m.(n.p)—(m.n).p—n.(m.p). 

(viii) There exists a multiplicative identity scalar 1, such that 
m. 1 =m. 

(ix) To every non-zero scalar m, there corresponds a multiplicative 
inverse scalar —, such that 
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m 


f — l (the identity scalar). 

Interpretation : Due ^ 

tewhich vector quantities occur. 

1.8. CONDITIONS FORA /vECI OR” QUAN1ITY 

REPRESENTABLE B1 A VECIOR of more 

We have alrueJy mentioned that the’ v *rl™/“ r V>re displacements 
vectors is inlu rited in the combinutio other many 

of a point in flat space. in accordance 

more physical quantities which enter Such quantities 

with the same invariance properties a P\ physical quantity 
are also representable as vectors. Pw* gj. '\ muSt 

representable by a vector must sat.sfy the tw ... . , have a 

obey the parallelogram law of addition and < ” ^ice of co- 

magnitude as well as direction independent ot any cm 

ordinate axes. tnr are : 

Examples of physical quantities representable y a e . c . 

velocity, acceleration, electric field intensity and mag ‘ ■ 

Note. It should be carefully noted that all quantities having magn^ 
tude and direction are not necessarily vectors. For P . ot 
the rotation of a rigid body about an axis fixed in S P; * . ^irec- 

the magnitude as the angle of rotation and the directi 

tion of the axis. But two or more sud Lj^!^ 

p arallelogram cannot be combined accord g 

to the vector law of addition, unless the angles of rotation ^ ^ 
sE'nilylmaii. Hence the finite rotations cannot be represenieu ^ 
Vectors as may be seen by experimental verification. 

Problem 5. Classify which of the following physical measuremen s 
are vectors and scalars: 


Volume , velocity, mass, acceleration , length , speed, temperature\ 
momentum, force, power, pressure of a gas, temperature gradient , at m 
placement , work, potential , kinetic energy, electric charge, electric or 
magnetic intensities , magnetic moment. 

In the light of the discussion made in §1.8 and the definitions of 
vectors and scalars so far introduced the above measurements may be 
classified as follows: 


Scalars 

Volume 

Mass 

Length 

Speed 

Temperature 
Pressure of a gas 
Work 


Vectors 

Velocity 

Acceleration 

Momentum 

Force 

Power 

Temperature gradient 
Displacement 
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Potential Electric and magnetic 

Kinetic energy field intensities 

Electric charge Magnetic moment 

Problem 6. Which of the following have representations as vectors? 
{a) Weight, ( b) Specific heat, (c) Momentum, ( d ) Energy, (e) Speed, 
(f) Velocity, (g) Magnetic field intensity, ( h ) Gravitational force, 
O’) Kinetic energy, (j) Age, (k) Flux. 

Applying the conditions for a physical quantity to be representable 
as vector as mentioned in §1.8, we observe that the following quanti¬ 
ties have representations as vectors: 

(0 Momentum, ( ii ) Velocity, (Hi) Magnetic field Intensity, (»v) Gra¬ 
vitational force. t 

I 

1.9. RESOLUTION OF VECTORS j 

(i) Coplanar vectors. If there are two non-collinear vectors a and b, 
then a third vector r which is non-collinear with neithir of a and b 
but can be made to lie in the same plane in which a and b lie, can be 
uniquely expressed in terms of a and b in the manner 

r=ma+nb 

where m, n are scalars. 


As shown in Fig. 1.6, consider two copla¬ 
nar vectors OP and OQ such that OP=a 

and OQ— b. Now take another vector OC 
—> —> —> 

coplanar with OP and OQ such that OC— r. 

Now take points A and B on OP and OQ 

—b* — > 

respectively, such that OA=m . OP and 
“*> —>* 

OB=n . OQ ; m, n being scalars. 

It then follows from the parallelogram law of vectors, that 



r—OC=OA + AC 

=OA+OB 

—mOP+nOQ 

=ma+nb 

00 Non-coplanar vectors. If a, b, c be three non-coplanar vectors, 
then any vector r can be uniquely expressed as 

r=ma+nb+pc. 


where m, n, p are scalars. 
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Choosing a point O as origin of vectors, let OA, OB, OC be three 
non*coplanar Jines, such that 



OA=a, OB=b, OC=e. 


Take any point P, such that OP—r, in the 
space of three dimensions. Through P draw 
planes parallel to three planes BOC, CO A 
and AOB meeting OA, OB, OC in L, M and 
N respectively. We thus get a parallelopiped 
with OP as one of its diagonals. Then 

t=OP—OL-{-LP 


=OL+LN'+Npt 

^OL+OM-YON 
= ma+nb+/>c. 


where m, n, p are scalars and OL, OM, ON being collinear with OA, 
—► —► 

OB, OC respectively, we have 


OL=ma, OM=nb, ON—pc. 

(ni) Components of a vector in three mutually perpendicular direc¬ 
tions. Let OX, OY, OZ be three non-coplanar lines such that each 
line is perpendicular to the plane containing the other two. The 
system of axes so chosen form a right handed co-ordinate system 
such that if OX is turned towards OY about OZ through a small 
angle, a right handed screw would advance along the positive direc¬ 
tion of OZ. 


Let OP represent the given vector 
r and let the length of orthogonal 
projections of OP along tfie axes be 
x,y,z respectively. It is conventional 
to take i, j, k as unit vectors along 
OX, OY, OZ respectively, so that 

OA=xi, OB=y\, OC—zk, 
where OA, OB, OC are collinear with 
OX, OY, OZ respectively, 

—^ —> —> 

Now r—OP=zOA+AP 



Fig. 1.8 


. =OA+AQ+QP 
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=OA -fOi+OC 

*=xl+yi+zk. 

Here x\, y\, zk are called c omponent vectors of r alo ne the direc¬ 
tions of i, j, k and are the orthogonal vector projections of r along 
these directions. The scalar projections x, y, z are the rectangular 
cartesian co-ordinates of the point P referred to O as origin and 
OX, OY, OZ as axes of reference. 

Note 1. Modulus (magnitude) of a vector. Modulus oft, i.e., | OP | 
is given by 

V(OA‘+ OB 2 +OC*), i.e., V (x 2 +/+**)• 

Thus if l r=xi+yj+ 2 k, then 

| r | = x /(x 2 +y s +z?*= | OP |. ; 

Note 2. Direction Cosines. If OP makes angles a, (3,y with OX, OY , 
OZ, respectively, then x—OP cos a, y—OP cos p, z=OP cos y, but 
from note 1, OP=\/ (x 2 +> ,2 +z 2 ); therefore we have 

cos a= v ’ cos v (x-+y 2 +z*) 

cos y ~~VW+y*+**)' 

The quantities cos a, cos p, cos y introduced and defined in this 
manner are called the direction cosines of the line OP with the axes 
OX, OY, OZ respectively and are usually denoted by /, m, n, 

respectively, i.e.,/=cos *, cos 0, n=cos y 

It is obvious that 

cos 2 a+cos 2 p+cos 2 y=l, 
i.e, / 2 +m v +«*=l> 

Note 3. Distance between two points. Let a, b be the position vectors 
of two points A and B whose cartesian coordinates are (x l% y u Zj) and 
(x 2) y 2 , z i) respectively, then 

*=x 1 i+y 1 j-i-Zik ; b=x !e i+>' 2 j+z 2 k. 


/. AB—b—&= (Xj-Xj) i-f Os-Ti) J+ (*«—*x) k, 

J 

so that AB =| ABl = Vl(x a -x 1 r+(y. i -y 1 y+(z t -z 1 ) 2 l 
Problem 7. //a=5i+<5j-4k and b=21+3), find 
(/) Magnitudes of a and b, 

( ii ) the direction cosines of a and b. 

(/) Here | a | =V{(5) 2 +(6) 2 +(-4) 2 }=V77, 

11> I -v'{(2)*+(3)»+(0)*)-v / 13. 

(ii) Direction cosines of a and b are respectively 
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_5_£_,_1_ and 0. Ans. 

( V77V77 V77 V13 V*3 . 

v Problems. 7/A=4i+dj+2k «w/B=i+<fj+Mnrf the magnitudes 
and direction cosines of (A+B) and (A—B). 

Given A=4i+6j+2k'and B—i+6j t/ k * 

(A+B)=4i+6j+2k+i+6j+k 
= 5i+12j+3k. 

• magnitude of(A+B)=v / (5 2 +i2 2 +3 _ ), 

| a+B | = V(25+144+9) = V178 


cos {J=. 


direction cosines are given by 
I A+B |, 5 

C0S *"| A+B | — \/( 178) ’ 

„ I A + B !» 12 

cos|3_ |A+B! a (178) 

I A4B 1; 3 

cos Y— | a+b j y(178) 

where cos a, cos % and cos y are direction cosines along x, y and z 
axes respectively. 

A—B=4i+6j+2k—(i+6j+k) 

=4i+6j+2k—i —6j—k 
—3i+k. 

magnitude of (A— B)=| A—B | = V(3®+1 2 ) 

= \/ 10 . 

Direction cosines of (A—B) are given by 
I A—B I, 3 

COS «=—-- ~ = --— , 

I A —B I VIO 

cos 

cos y=j -^— 1 
vv Y I A—B | V10 

Problem 9. A person travelling eastw ards at a rate of S m.p.h., finds 
that the wind seems to blow from the north. On doubling the speed it 
appears to come from north east. Find the true velocity of the wind. 

n Let i. j be the unit vectors along east 

o, g 7* and south, so that by Fig. 1.9, we have 


OA =3i, OB= 6i. 

The relative velocity of wind is along 


cos Y=y 



Fig. 1.9 


AC=y\ (say) 

Actual velocity of the wind 
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6 


=OA+AC*=OC 

=3i+yj 

Again, the relative velocity of the wind is along BC, such that 
f_ABC= 45°, /_BAC= 90° and so LACB=45°, 
AB—AC —3 units—.y. 

Actual velocity of the wind=3i+3j and so 
—> 

| OC i = v / (9-f9)=3v'2 m.p.h. 


Also OC makes equal angles with OE and OS, tc., the wind is 
Wowing from north-west at 3\/2 m.p.h. \ 

f Problem 10. The vectors of magnitudes a, 2a, 3a meet in a point 
md their directions are along the diagonals of three adjacent faces of 
i cube. Determine their resultant. < 

Consider a cube of unit length and let i, j, k be thf unit vectors 
dong' the adjacent edges OA, OB, OC as shown inf Fig. 1.10. 

\lso let OQ, OS be the vectors of magnitudes a, 2a, 3a along 
:he three diagonals, OM, OL, OD of three adjacent faces. 


Here OL=OA+AL=i +j 


Similarly unit vectors along OM 

i+k j+k 


and OD are 


V2 ' V2 


Now 

-> 

op= op | om= 


V2 


(k+i). 



Similarly OQ=~(i+i) and OS=-^-( j+k). 
If R be the required resultant, then 


B=OP+OQ+OS=^ 2 i+ ^j+ y 2 k. 

Its magnitude-181=/^ [(“)' +(^V) 2 j = 5fl which 

3 14 

is inclined at angles cos -1 cos -1 ^p-cos -1 ^.^ with the edges 

OA, OB, OC respectively. 
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^Problem 11. If the resultant of two forces is equal in magnitude to 
one of the components and perpendicular to it in direction, find the 
other component. 

Let P, Q be two forces inclined at an 
-Ti angle 0 and let their magnitudes be P 

\ “ and Q respectively. Also let i, j be the 

\ unit vectors along the direction of P and 

\ in a direction perpendicular to it. Accord- 

-X ' P ing to the question the resultant of P and 

Q\ Q is P in a direction perpendicular to 

that of P. 

\ X Here 

0 + ■* P=Pi and Q—Q cos 0 i+Q sin 8 j, 

' so that P+Q=P gives 
Fig. l.ii Pi + Q cos 0 i + Q sin 6 j —Pj, 

i.e. (P+g cos 0) i+(g sin 0— P) j=0. 

Equating the coefficients of like vectors on either side, we get 
P+Q cos 0=0 and g sin 8—P—0 

i.e. 0=-and Q— -A~ • 

cos 6 sin 0 

Dividing, tan 0=-l, i.e., 0=135°. 

Hence Q =—-— =Pv/2. 

* sin 135° v 

Problem 12. The base BC of a triangle ABC is divided at G so that 
mBG—nGC. Show that mAB-+nAC 2 =mBG i +nCG i +(m+n) AG * 

Taking A as origin of vectors, let a 

position vectors of B and C be b Av 

and c respectively. / V\^ 

Since mBG—nGC b / V X,? 


BG : GC—n : 


Dividing, 

Hence 
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therefore the po sitio n vector of.£ is gj wn h y wc + wb 

Now "+« 

-"W+Aor+nCt +. 4 ^ +(m+n) j cy 

X c +^ b ]+(»+») (£±^‘ 
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—jp [mn 2 (c—b) 2 +«m 2 (b—c) 2 +(m+n) (nc-f mb)*] 
^(mTw)* ( m+n ^ (b-c) 2 +(w+n) («c+mb) 2 ] 

a* —j— [m«b 2 +mnc 2 —2m«b.c+n 2 c 2 +m 2 b 2 + 2mnb.c], 


— ■ — [mi 2 («+m)+nc 2 (n+m)]=mb*+nc 2 

Y b 2 =i 2 and c*=c* 


, =m/4jB 2 +n.4C 2 (by properties of dot product) 

N ^JP r roblem 13. The line AB is bisected in P lt P X B in P 2 ,' P 2 B in P 2 

and so on ad infinitum ; and the particles of masses m, , ~ 2 ...etc., 

are placed at the points P u P 2 , P 3 ,...etc., respectively. \ Prove that 
the distance of their centre of mass from A is equal to one-third of 
the distance from B to A. : 


Taking A as origin let the 
position vector of B be b. The * 
position vectors of the points P u 

n n , b b b 

P 2 , P 3 ...e tc. are -y ’y’y. 


f, i p, a 

Fig. 1.13 


respectively. Let G be the required centre of mass; then 


AG=. 


m 


+ ■ 


m 


b 

2* 


+- 


m 


b 

2 2 


+ *•• 


. m m , 
w +y + y + - 


=b 


r i 

IT 


l 


l 


+y +y 4- 


l 1 ' 


2 + 2 2 + - 


- • 


1-i 


i.e. AG— Jrd of the distance from B to A. 
Problem 14. Prove that 


(a) The internal bisectors of the angles of a triangle are concurrent. 

(b) The medians of a triangle meet in a point of trisection of each 

other. (Nagpur, 1965) 

{a) Consider a triangle ABC, the position vectors of whose vertices 
A, B,C are p, q, r respectively. Let a, b, c be the lengths of the sides 
BC, CA, AB respectively. 

If AD be the internal bisector of the angle A, then by geometry, 
BD:DC=AB:AC 


= c : b. 
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The position vector of 

£v n ii±£L. 

/\\ b+c 

I \ Now the position of a point I 

\ dividing AD in the ratio b+c : a is 

/ <*+')• - t ttr +°> 

Ul _A_— b+c+a 

6 0 C , r , 

flp-f nq+cr 

Fig. 1.14 ~ a+b+c 

The symmetry of this result follows that the point / also lies 
on the other two internal bisectors, namely BE and CF. 

Hence the three internal bisectors of a triangle are concurrent. 
(b) Consider a triangle ABC, * 

the position vectors of whose Av 

vertices are a, b, c respectively. / \\ 

Let D , E, F be the mid. points of / \ N. 

the sides BC , CR y AB respectively; F h ^ ^ 

then their position vectors are / \ 

. , , , . / \ 

b+c c+a a+b / ^ \ 

2 ’ 2 1 2 / ^ \ 

respectively. ^ -a_ "X 

The position vector of a point G ° 

dividing the median AD in the Fte I is 

ratio 2 : 1 is 8> l, “ 


Fig. 1.15 


a+b+c 


J h o e nThe m oSrl the Ji- Sult follows that thc point G also 

s ss 



Taking O as origin, let a, b, c 
De the position vectors of A, B, C 
respectively; then 


so that 


. • v_ b i 

h ~-OB 


OA *• 


Fig, 1,16 
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R 


rc. 


Since 


R 

" OC 

P+Q=R, 


or 


OA 


"ft 


OB 


P 

OA 

b — 


a-h 


J? 

OC 


o£ M 

c=0. 


OC 


The points /I, B , C being collinear, we must have 

6A + OB OC ' Z * ' Oy4 02* OC * 

Problem 16 . If the force F u F 2 ,...F n acting in a plan# at O are in 
equilibrium and any trans\crsal cuts their lines of action in points L x 
L*..., L n and a length OL is positive when in the same direction OF y 

p 

then prove that 1 


Let AB be the given 
transversal such that the 

force F t . F 2 ,., F„ make 

angles 6,, 0 : ,., Q n with it. 

If p be the length of the 
perpendicular from O to AB, 

then sin 0 ,: == g-jr*» 
sin -’ sin0 ’‘=oZ 



Let i, j be the unit vectors along and perpendicular to AB and 
F 2t F :i etc., be the magnitudes of the forces, then 


Fi — Fi cos 0 A 1-f F x sin 0 X j, 
F 2 =F 2 cos 0 2 i-fF 2 sin 0 2 j, 


F n ~ F n cos Bn i+F n fin d n j* 

The system being in equilibrium, we have F 1 +F 1 +...+F„=0 

i.e, (F x cos 0 X +F 2 cos 0 2 -f.+F n cos 0„) i+(F x sin 0 X +F 2 sin 0 a 

4-.4*F n sin 0 n ) j~0. Equating the coefficients of j on either side. 

we get F x sin 0 JL -|-/ ; 2 sin 0 a 4-.+ F n sin 0«-O 


ue. 





i.e . 2 


OL 


0 * * 


Problem 17. A boy runs 3 miles on a road towards east . It then 
turns towards north and runs 4 miles before stopping . Find the result¬ 
ant distance covered by the boy . 
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Taking x and y-axes of co 



t 


Fig. 1.18 


ordinate system along east and north 
respectively, let A and B be the two 
successive displacements given by 
A=3i. 

B4j 

So that their resultant, 
r --A+B—3i+4j 
lr; =v(3 2 -4 s )=v'(25) 

— 5 miles making an angle 
6 with .\-axes where 


tan 9— 


coeft. of j 
coeft. of i 


Giving cos 0=-^ > he. 0—cos 1 --- 

J Problem 18. ^ cdr driven eastward for a distance of 3 miles, then 
northward for 3 miles and then in a direction 30 ° east of north for 10 
miles. Draw the vector diagram and determine the total displacement 
of the car from its starting point. 

Taking x and y-axes towards 
east and north respectively, and V 
z-axis along the vertical, let the 
displacements along these axes be 
a, b, c respectively. Then the re¬ 
sultant displacement r is given by 
r=a+b+c. 

But according to the given pro¬ 

blem, a=5i, b=3j 

and c=10 sin 30° i+10 cos 30j 
=5l+5V5j. 
r=5i+3j+5i+5\/3j 
= 10i+(5\/3 + 3) j. 

So that | r |=r=v'{10 : +(5v'3+3) : } 

=V(100-j-75+9+30 v '3) 

=(100+75+9+52)= y/(236> 

= 1535 miles 



and cos 0= 


Tnrrzr or cos- 1 —__. 

v(236) V(236; 


Hence the resultant displacement has magnitude equal to 15*35 

miles making an angle cos- „ onh Mst> wi , h 


x-aiis. 
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Problem 19. The projection velocity of a rocket is expressed as 

▼=5i+7j+9k 

where i, j, k are unit vectors along east, north and vertical direction 
respectively . Calculate the magnitude of horizontal and vertical 
components of the velocity . A Iso deduce the change in angle of pro¬ 
jection if the vertical component is doubled. ( Agra , B.Sc. 1969) 

The velocity vector is given to be exprcs>ed as 

▼ = 5i-f-7j-;-9k 

where i, j and k are unit vectors along east, north and vertical 
directions respectively, which arc taken as axes of reference. 

Clearly the vertical component of velocity vector--9|t. 

the magnitude of vertical component of velocity 9k |=9. 
Horizontal component of velocity vector = 5i |-7j. 
magnitude of horizontal component of velocity 
= v/(5*+ 7 2 ) = v/(25+49)= ^(74). 

In case the rocket is projected making an angle a with east, then 

we have cos *“ sirwha - 7isrr?*m 

5 5 5 


-81) v (155) 12.45 


\/(25-j-49- 
= 4016 

«=66° 17' (by tables of cosine). 

if the vertical component is doubled, then the velocity vector 

becomes v x = 5i-4-7j r 18k. 

As such, the angle of projection of rocket with east is given by 

0 I 5i I 5 55 

cos (3=—,- 


i 5i-r7j+18k 


(398) 1995 


V'(5-4-7*-M8-) 
or 'i — 75’ 29'. 

Hence the change in angle =*5 —«=75* 29’—66® 17' 


- = 2507 


= 9° 12'. 


1.10. LINEAR COM BIN VTION OF VECTORS 

A vector v is termed as a linear combination of a set of n vectors 
v,, v s , v 3 ..., v n , if it is expressible as 
v=ky Vj+Ar. v 2 -rA' 3 v 3 +...-tA-„ v,. 
where k lt k t , A„...A« are scalars. 

The set of n vectors v x , v,_v n is said to be linearly dependent if 

there exists a set of n scalars k ly k t ,...k n such that all of them are 
not zero i.e., at least one of them is non-zero, satisfying the relation, 

//• A:,v l +A* v s -}-...+A:» v„=0 

jVCif all the scalars k lt k t ,...k n are zero i.e. ky—k-, — ... —k n =0 then 
the set of n vectors v„ v 2 ..., v» combined as 
ki T| +k t v„=0 

i s said to be linearly independent. 


502 ,6 



MATHEMATICAL PHYSICS 


bote 1. It is evident that if a Set m(m<n) out of n vectors'is 
linearly dependent, then the whole set containing n vectors is linearly 
dependent. 

Note 2. If the set of n vectors is linearly independent, then clearly 
any subset of these n vectors will also be linearly independent. 

Problem 20. !j a set of n (> I) vectors is linearly dependent then at 
hast one oj these n victors tan be expressed as a linear combination of 
tin remaining (n—1) vectors. 

Ltt v,. v,.. , v„ be a set of n vectors which are linearly dependent. 
This se t being hreariy dependent, we must have a linear combination 
of the type ’ .. • 

A, v,+A 3 v 3 - k n v„=0 
whereof of the scalars k y , k 2 ..., k„ are not zero. 


Suppose Then, we can write 

Vr= ~(£ Vl+ T> + -- + T>) 

which can be expressed as 

Vr=A' t ' Vi-rk 3 ' v 2 +.v„ 
thereby proving the proposition. 

Problem 21. Show that any set of n vectors containing the null 
vector is linearly dependent. 

Let v u Vo..., v„ be a set of r. vectors, of which v n is a null vector 
’■c. v„=0. Then by note 1 of § 1.10, if the set v lt v 2 ..., v n _! of n 
vectors is linearly dependent, the set of n vectors containing these 
(n—1) vectors ar.d the null vector will also be linearly dependent. 

In the case when the set v„ v,..., v„_, of {«—1) vectors is 
linearly independent, then by definition there exists a set of (n— 1) 
scalars k lt k,. .. Ar n _,, all of which being zero, such that 
kiVi+k.\, — ...+Av, v„_i=0. 

^ Assuming that A n ^0 and v n =0, this relation will still hold in the 

**+** + • • • + A '«-l V «-l + k nVn = 0. 

Where a 1 the scalars k u k.,..., k n are not zero, as k n * 0. 
depend V ’ ,inCar,y 

Pr0 r 1 , l n 2a 2 -ib+c ' hat th€ ^ ° f nCt ° rS r *’ ghen by 

r2=5a~5b-l-2c 

is linearly dependent. *’ b ’ ' b “" g nm ' :er ° m "-coplanar vectors, 

ofl h alani,'t'Vffnot exl “ s « 

"Vi+& 2 r.>+Ar 3 r 3 =0 

... ( 1 ) 
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¥ 


i.e., k x (2»-3b+c)+* a (3a-5b+2c)+(4a-5b+c)=0 
or Qk x +3k t +4kJ a-(3A: 1 +5* i +5A: 3 ) b+(*i+2* a +*,) c =0] 

a. b. c being non-zero and non-cop lanar, this relation will hold 
only if the coefficient s of a, b, c separately vanfctirtTr rif 

2Ar 1 +3Ar ! +4Jt 3 =0 ... (2) 

3k 1 +Sk 2 +5k 3 =0 ... (3) 

k x +2k x + ki*= 0 ... (4) 

Multiplying (4) by 5 and then subtracting from (3), we find 

2Ar 1 +5& a =0 which is satisfied for &j=5, k.,—^2 (non-zero 
values) and then (4) yields k 3 = — 1. 

These values of k x , k 2 , k 3 also satisfy (2) and hence the relation (1) 
is expressible in the form 

5rj—2r 2 — r 3 =0 or r ;t =5rj— 2r a 
showing that the set of vectors r 1( r 2) r 3 is linearly dependent. 

Problem 23. Show that the set of vectors r,, r a , r 3 yiyen by 
r i = j — 2k, r 2 =i—j -k. r ; --i-f-2j-t-k 
is linearly independent. 

The vectors r 3 , r a , r 3 will be linearly independent if there exists a 


set of scalars k Xt k t , k 3 all being zero, such that 

kji+kj^ A' 3 r 3 --() . . . (1) 

i.e. k x <j-2k)+*, (i—j+k)H-Ar : , (i-5-2j-fkV- -0 
or (* a +A' 3 ) i+(*j—A-.4-2A- 3 > 2k x +k,-\k 3 ) k=-0 ... (2) 

Now i, j, k being non-coplanar, this relation will hold if 

£ 2 +A'3=0 ... (3) 

k x - k x -rlk 3 -Q ...(4) 

— 2& 1 -t-Ar 2 -f- A'.j—0 . . . (5) 

Solving (4) and (5), 


-1-2~ -4-1~ I-? 


i.e. 5^ (say) 

These equations give, 

k j —- 3X, k.. —5^, k 3 -~k 
Substituting these values in (3) we find, 

6A-0 i.e.. A-0 

As such, we have 

k i " 0 ~ k j k 3 

Showing that the given set of vectors is linearly independent. 

' / Problem 24. Show that a necessary and sufficient condition for the 
' vectors 

r s =.r a i-f-.y a j+r 3 k, r 3 =ar 3 i4->’ 3 j+Zjk 
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0 *' 

to be linearly independent is that the determinant 
x t yi -i 

X t y % z t be different from zero. 

x t v t x* 

The set of given vectors will be linearly independent if there exists 
a set of scalars k x . k u k , all being zero, such that 

i.e. k t (x,i+J')j4 z t k) -\-k % f.v : i f- Y aiT j'si+z a k)=0 

or (jCjAtjH xtkr\ x 3 k 3 ) I -| (y.A,-,’ y^-f y ; ,A,)j 

+( : ikifx 2 k. i -{-z 3 k a ) k=0 

But i, j, k being non-copla nar, this result will hold only if 
Xikx+xJc t +x.k a - O') 

Mi+Mi+MrO}- • - . (1) 

- 1 A- 1 J-z. : Ar J +z s A: s =Oj 

Elimination of A„ k., k 3 from these equations with the help of a 
determinant yields 

A'l A.» -V f 

y. >'t y» I . (2) 

~L Z % -i 

But the given set of vectors being linearly independent, we have 
k x —k % — k t ~0 

in which case.equations (1) are not solvable in the form (2) showing 
that the given set of vectors will be linearly independent if and only if 

j - v i x t 

yi y t y * f-o 

“1 Z L Z \ 

otherwise the scalars k u k t , A: a will be different from zero. 


I ll PRODUCT OF TWO VECTORS 

A careful observation of ihe ways in which two vector quantities enter 
into combinations in various branches of mathematics and machines 
leads us to define two well marked and distinct kinds of products, one 
eing called scalar or clot product and ether being called vector or 
cross product. TjjgJu rqicr y ields a number ( scalar) while the latter, a 
ve c or quantity—J n either case The product is jointly proportional to 
the modules (moduli) of the two vectors. 

. 5^ru ,i0na J ly ’ ,he s ^lar or dot product of two vectors a and b is 
denoted by a-b or (a, b) and their \ector or cross product by aXbor 

J <11 The Scalar or Dot Product of Two Vectors 

Ihfnjtion. The scalar or dpt product of two vectors a and b, with 

ancte (Ms TeLerX\\ y at ! d thc L r dir f tions bei "8 inclined at an 
angle is defined to be the real number ab cos 0, i.e . 

a*b - ah cos 0. 
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Characteristics of dot product, (f) The dot product of two vectors 
a and b is independent of their order 

i.e. fb—ab cos 0=b*a 

(H) The dot product of two vectors a and b may be expressed as 
the product of two numbers, one being the length of one vector and 
the othei^resolule of the second in the direction of the first, i.e. 

^✓^b=(length of a) times (scalar projection of b onto a) 

^ =(length of b) times (scalar projection of a onto b). 

(Jiff If a*b=(J, then either of the two vectors is a null vector or the 
vectors a and b are mutually perpendicular, i.e. 

a-0 or b=0 or 0=$rc. 

In particular i.j-j«k=k*i-0 ; i, j, k being mutually perpendicular 
unit vectors. ' —-- * - - 

(ivfThc vectors a and b are parallel if 0=0 or n, i.e., if a*b 
= ±ab, where a, b arc modules of a and b respectively . i 

(*) The scalar product of two equal vectors a, a is gi^en by 
a*a — a.a cos 0“=fl 2 , since then 0=*O 

In case a is a unit vector i.e., a = a then ; a.|—1 so that a.a=l*=l 

In particular i • i =j • j -=k • k — 1. 

(vffThe scalar product of two unit vectors a, b is given by 


ji*b=cos 0 since then | a ,-■=! = ! b | 

■Jyii) The scalar product is associative i.e. if a, b be any two vectors 
and m, n be any two scalars, then 

Joist)-(nb)—inn (a-b)= mn a>b=a*m/ib=na*mb 
- XyiH) The scalar product being a number, can occur as the numeri¬ 
cal coefficient of any vector, e.g. (a*b) c represents a ve ctor pa rallel 
to c and whose module is (a*b) times that of c. 

the case of scalar product, the d istributive law of multipli¬ 
cation holds i.e. if a, b, c be three s ectors, then ™ 

a-(b+c)=a«b- ; a»c 


Referred to Fig. 1.20, let OA = a, OB- b, OC —c and projections 
of OB and BC on OA be respectively OM and MN, so that 
ON=OM+MN. 


It is also clear that 

OC—OB+BC—b+c 

Now, a*(b+c)=a*0C— (length of a) 

times (scalar projection of OC onto a) 
=a(ON), a being module of a 



=a(OM+MN) 


Fig. 1.20 
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=a(OM)+a (MN) 

=a*b+a*c by (//) 

In general, we have 

(a+b+c...)*(H-m+n...)=a*l+a , Jn+--+b , l+b*in+... 
and in particular, (a±b)*(a±b)=(a±b) 2 

=a 2 ±2a*b+b 2 

and ^ (a+b)*(a—b)=a 2 —b 2 . 

pc) If 0 be the angle between two vectors a and b whose orthogo¬ 
nal projections (components) in the directions of axes of x, y, z are 
(«!, a t , a 3 ) and (b„ b 2 , b 3 ) respectively and if i, j, k be the unit vectors 
along the axes, then 

a=a 1 i-t-fl ; >j-f<j 3 k 
b= b x i -f- b 2 j + £> 3 k, 

so that cos ft _* b - + ^ 

ab (flj+^j+flak) I. I (Aji+hjj+bjk | 

A d\b\ -j" ci 2 b 2 *4' _ 

) V (<*1 (bi i ~\-b 2 '-i-b 3 ') 

(2) The Vector or Cross Product of Two Vectors 

I Definition. Given two vectors a and b 

whose directions are inclined at an angle 0, 
B their vector product is defined to be the 

? vector r, whose module is ab sin 0 and 

N. whose d irection is perpendicular to both a_ 

/ \ bemg. 4 ioiIirve_re!atjve to_a_ rotation 

1/ from a to b, i.e., 


r=axb=| a 
=ab sin 0 e 


sin 6 e 


v , * . 

a Where e is a unit vector perpendicular to the 

pTahe ofa and h7~ 5nd ha sjth&jsa m e d ir e otien 
ns is obtained by^tfie motion of a right- 
handed screw due to rotation from a to b, and a, b are the modules 
of a and b respectively. 

f vector P^duct. (if The rector product is not 
Ihe predict i ! «,'eSd re ™'" 8 ' h ' ° rd ' r cf ,he fac,or! - ,he si S" ° r 

bxa=Z>a sin (—0) c= —ab sin J s = — axb 

[ axb j—| ab sin 0 e | ~ab sin 0, as j e j= i 

=OA multiplied by the perpendicular distance of OA from B. 
*=Aita ol the parallelogram OACB. 
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(tit^T he vector product is a sso ciative , i.e., if m be a scalar and a, b 
be two vectors, men 

(mn) X b=ax(mb)=m (axb)=m ( ab sin 0 e) 

( iv ) The vectors a and b are parallel, if the angle 0 included between 
their directions is 0 or rc i.e. if 0=0 or n, so that 
a X b=0 as sin 0=0 for 0=0 or n 

which follows that the vector product of two parallel vector is a null 
vector.^, 

(vY The vector productlof two equal vectors a, a is given by 

axa=0. 

Since the two vectors are equal if they are either gpllinear or 
parallel. So that the angle 0 between’ them "being 0 of sm 0=0 and 
nence the result follows. 


In particular, if i, j, k are the unit vectors along thie principal 
axes, then 

^ ixi=jxj=kxk=0. t 

(vt) The two vectors a and b with modules a and b Respectively, 
will be mutually perpendicular if the angle 0 between their directions 
is 90°, so that sin 0=1. 


As such if a, b are at right angles, then axb —ab e, e being a unit 
vector normal to the plane containing a and b. 

A A 

In case a and b are unit vectors, then | a | =1 and | b 1=1, 
therefore axb=e, which shows that the cross product of two 

A A * 

mutually perpendicular unit vectors a and b is a unit vector t 

normal to the plane of a and b. 

Hence, in particular if I, j, k be the 
unit vectors along the principal axes, 
then 

ixj=k=—jxi 
jxk=i=—kxj 
kxf=j=—Ixk 

(vj7) The vector product of two 
unit vectors a and b is given by 

axb=sin 6c as j a (= j b 1=1, 
where 0 is the angle between their 

directions and e is the unit vector 

normal to the plane of a and b. Fig. 

(vitif"The distributive law holds, i.e. in case of vector product if a, 
b, c are three vectors, then 
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ax(b+c)=axb+axc. 

Let the components of a, b, c along the principal axes be 
(a u a „ a.); (b u b t , b 3 ) and (c u e„ c 3 ) respectively. Then if i, j, k be 
the unit vectors along the axes, we have 
a^i+flj+flsk 


b=ftii+b 2 j+bjk 

c=Cii+Cgj+Cak 

So that, b+c=(6 1 +Ci)i+(b*+Ca)j+(^a+ f a)k 
ax(b4-c)=(flii+fl. j+fl*k) X {(bj+Ci)i+(b 2 +c 2 )j+(b 3 +c 3 )k} 
—{Qt{b 3 -\~c 3 ) —fl 3 (b 2 -|-f*)} i 

+{ fl a(*i+ c i ) —a i (^a+ c a)} j 

+ {fli (b 2 +c 2 ) flj (bi+Ci)} k 

as ixj=k etc. 

={(fl.bj—fl 3 b 2 ) i+fflabi - flibj) j + (flib* a 2 b 1 )k} 

+{a 2 c,—a t c 2 ) i+(fl*Ct—fli<^a) J+( fl i c a“ fl 2 f i) k} 
=axb+axc. 


[Since a x b=(a l i+fl 2 i + fl 3 k) x (b,i+b 2 j+b 3 k) 

=(fl 2 b 3 -a 3 b 2 ) i+(a 3 b 1 -fl 1 b 3 ) j+(a,b 2 —fljb^k 
Similarly axc=(fl,c 3 - a 3 c 2 ) i + (a^ — fliC.Oj +{a fa —fljC^k] 

In general, (a-fb+c+...)x(l+m+n+...) 

=axI+aXm+...+bxl+bxm+.-. + --- 

(tff Vector product in terms of components. Consider two vectors 
a and b whose components are (a,, a t , a 3 ), (b u b 2 , b 3 ) respectively 
along the principal axes. Then if i, j, k are the unit vectors along 
these axes, we have 


a=a l i-fa i j-(-a 3 k 
b^Ai+bjj-f b 3 k 

a X b — (flji +a 2 j+ a 3 k) x (bji+bj +b 3 k) 

(fl 2 b 3 fljb,) flib 3 ) j+(<jjb 2 —a 2 bj) k 

as ixj=k=—jxi etc. 

= i i k 

£ «» (Agra, 1954 ) 

b i b 2 b 3 

NowJfOb cjte an g l e bet ween j the directions of a and b and 


e, 


i.e.. 


a unit vector normal to the plane of a and b, then 
(axb) 2 =(ab sin 6 ^>={(fl 2 b 3 - fl A)l+(aX^b 3 ) j 

+(flib 2 -«A) k } 2 


«w,i "■e-W.-w+W.-W+fei,-^,)' 


as e 2 *=l 
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or 


sin* 9— 


~ *j~ (fl.A — gi ft>)* -Kfli &|—Ofbi )* 


(fli'+fl^+ff, 2 ) (V+V+V) 

as a*=a*=a 1 *+<jr J *+a 3 * etc. 

(a) Cross product in terms of dot product. By definition, 

(axb)*=(o£> sin 0 e) 1 
— a z b* sin* 0, 

=a t b- (1—cos* fl) 

=a*6*—a*b* cos* 6 

= a*b*—(a.b)*, v a*=fl*. b" = 6*. a.b=ob cos 9 
Problem 25. ff a and b are unit vectors and 8 is the angle between 
them, show that 

. e ±. .. 

jm-y = y-l a —b |. 

We have \ a—b|*=(a—b)* 

=o*+Z> 2 —2a*b, V a*=a*=l and b*=b 2 =l 
=2—2 cos 6 
=4 sin* $12, 
i.e. | a-b |=2 sin 6/2, 

so that sin 0/2=i | a—b |. 

Problem 26. From the relations ( Lorentz transformation equations 
in theory of relativity), 

[V = r v • r -Y< ] ▼. 

¥]• 

wAtTC y = V -^_ T ^ ', P roxe the reciprocal relations 

I ,=r '+[ t ^ L V, 

1 ] 

—> 

Here, r' +£~2~ ▼*«■'+yt'J v 

==r+ [ I F“ v * r ~ rf ] v+ [ I V~ V ‘{ r ' f 0"F~ v ' r ~^) v | 

> 



f 
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_ r+ K^l( T .r) T-Y«+V- (v,,) T+ (V L ^ V * r) *** 


Y^+Y 2 ^-4frv 


«r+2*£rW) v-r/v+-^^ 1 (T*r) y-(Y-D Y" 

+Y't- ^=^2 v [ '•* Y 2 =pZv] 

=r+ rii (T.r)v (2+Y-O-Y^-Y^+Y^+Y^ i* 


=r+ Y±zl (v . r ) v _^ v 

=t+ 7(^"i)’ ,r)T ' c^ T 

— r +^*3^ T 'c l — v 2 * r 
Again y 

-r [r ('- ^ r )+ 75 T ‘ ^ r +( 1 ^r , - r “ 




c* c ▼ 


cV vr vr y 2 


▼ •r v“/ 


“^5Z7*+Y -pr + c i y " T ~ Y 75 - ^Z7s 

(c 2 —v 2 ) t T-r , vr _ y 2 _ 1 

_2 mrA j| t 2 2 I ^ 2 I 

C v C ? C V L * * v J 

= 1 . 

^ Problem 27. What is the meaning of (a+b)»(a— b)for the case where 
A =s: D • 

Here (a+b).(a-b)=a*-a.b+b-a-b 2 
=a s —b 2 as a*b=b»a 

=0 as a 2 =b*. 
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This shows that cither a+b=0, a—b—0 or the vectors a+b and 
a—b are mutually at right angles. 

In the former case when a+b=0, a—b=0, we have a=0 and 
b=-0, i.e. both the vectors a and b are null vectors. 

Conclusively, either both the vectors a and b are null vectors or the 
anale between the vectors a+b and a—b is 

/problem 28. What is the unit vector perpendicular to each of the 
‘vectors 21—j+k and 5i+4j —k? Calculate the sine of the angle between 
these vectors. 


Let a=2i—j+k and b=3i+4j—k. 

If s be a unit vector perpendicular to the plane of a and b, then 
since a x b is also a vector perpendicular to the plane of a sand b. we 
have •' ' ' . 


, axb ; 

' e ~ | axb| \ 

Now axb=(2i— j+k)X(3i+4j—k) i 

i j k !=—3i+5j+Ilk 

2—1 1 ! 

3 4 -1 | 

| axb | = i —3i+5j + Ilk |=v(9+25+12I)=v'(155) 
axb —3i+5j+llk 


( 1 ) 


Hence 

Again 


I axb | v+155) 

a |=| 21—j+k i= v'(4+l + l)=v'6 
I b |=| 3i+4j—k 1=V'(9+16+1)=V26. 

Thus if 0 is the angle between the directions of a and b, then 


i.e. 


axb=l a 


sin i 


sin $ e, 

aXb 


a I | b | e 


| axb | 

I a | i b | 


by (1) 


y d 55) // 155 \ 

V6V26- V V 156 / 

Problem-2<f. If a=3i+4j—Jk and b= —i+2j+dk, then calculate 
(0 the module of each, 

(ii) the scalar product a*b, 

(iii) the vector sum and difference a+b and a—b. 

(/) We have I a |=| 3i+4j~5k | 

= \/(9+16+25)=5v2 
and | b |=|-i+2j+6k | 

= V(l+4+36)= v / 41. 

(it) a.b=(3i+4j—5k)*(—i+2j+6k) 

=3 (—1)+4»2+(—5) • 6 
=—3+8—30=—25. 
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4b 


* (Hi) a+b=3i+4j-5k+(-i+2j+6k) 

=2i+6j+k, 

a-b=3i+4j-5k~(-i+2i+6k)=4i+2j-llk. 

Problem 30. Show that a is perpendicular to b i/J a+b l=| a—b |. 
We have | a+b |=| a—b |. 

Squaring both sides, we get 

a 2 +b 2 +2a*b=a 2 +b 2 —2a»b 
or 4a*b=0 

or a*b=0, 

which shows that a and b are mutually at right angles. 

Problem 31. Two particles emitting from a source have displace¬ 
ments ri=4i+ij+<Sk and r 2 =2i+/0j+5k 

at any time. Find the displacement of second particle relative to first. 
Required displacement - r 2 - r, 

=2i+10j + 5k-(4i+3j+8k) 

=—2i+7j—3k. 

Problem 32. Find the scalar and vector products of the vectors A and 
B, where A=2f+j+k and B=4i+2j —,?k. Also find the angle between 
A and B. 

Given A=2l+j+k, 

B=4i+2i—3k. 

Scalar product =^A-B 

—(2i+j+k)*(4i+2j —3k) 

=8+2—3=7. 

Vector product x B 

= (2i+j+k) x (41+2j - 3k) 

=4k h6j—4k-3i+4j-2i 
, J . — —5i+ lOj. 

According to definition of scalar product, 

A‘B=.4i? cos 0, 
where 0 is the angle between A and B. 

'M A \=*y/(A*A-A*+A,*) 

= V(4+1 + l)=v / 6, 

5=1 Bl«VW ffi v -+^ : 2 )=\/(16+4 + 9) 

Substituting values of (A-B)^ and B in equation (2), we get 
7=v / 29\/6 cos Q. 


.. .( 1 ) 

•'••( 2 ) 


i.e.. 


cos 0 = - __ _ _ 

V (29 X 6) V(174) 


0=cos -1 


_7_ 

V(174) 
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Problem 33. Prove that an angle inscribed in a semi-circle is a right* 
angle . 

Referred to Fig. 1.23 ACB is a semi-circle 
with AB as bounding diameter and C any 
point on its circumference. Let O be its 

centre and r the radius. Also let AO ~a=OB A <T 0 
—> 

and OC= b. Fig* 1.23 



Now 

and 


AC=AO+OC=a+b 

CB=CO+OB=- b+a. 

*4C.Cfl=(a+bMa—b) 
=a-~b 2 


= A0 2 —0C 2 as a 2 =AO ! — AO 2 <ftc. 

—r 2 — r 2 

- 0 . 

But from the definition of dot product. 


cos Z-ACB= _* CCB =0. 

I AC I I CB\ 

/_ACB~\k. 

Problem 34. Prove that the area of a triangle whose two sides are A 
and B is given by £ | A X B |. Also find the direction-cosines of normal 
to this area. 


Area of the A XYZ 

~\AB sin 0 
= £l A XB 1. 

Th e vector area is perpendicula r 
to the plane containing A anS. B 

And magnitude of area 

= £ I AxB !. 


~\\\AyB z A t B^)-\-\ j ( A Z B X A r B g )”f~ £k (A X B V A^Bf). 

Thus, direction-cosines of the normal to the given area are 
given by 



A v B t — A *B V 
2|AXBi 


Ji A z B a —A r B t 
2 t AXB | 


and cos y- 


AmBi—AyBx 

: 2 j AXB r 
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Note. Area of the parallelogram with sides A and B is double of 
the above area, i.e., (AxB). 

Problem 35. Show that a x(b+c)+bx(c+a)+cx(a+b)=0. 

■' we have ax(b+c)+bx(c+a) +cx(a+b)=axb+axc 

-f-bxc-fbxa+cxa+cxb 

=axb-cxa+bxc— axb+cxa—bxc«=0. 


1.12. TRIPLE PRODUCTS OF VECTORS 
We have stated that the vector product of two vectors b and c is a 
vector quantity. So this product (b x c) may be multiplied scalarly or 
vectorially with a third vector a to give two triple products namely 
a*(bxc) and ax(bxc). The former being a scalar quantity is termed 
as scalar triple product and the latter being a vector quantity is called 
vector triple product. 

(1) The Scalar Triple Product 

Definition. Let a, b, c be three vectors. Then the scalar product of 
any of these vectors with the vector product of the other two such as 
a»(bxc) is c alled scalar triple product of the vectors a, b. cand deno- 
fSdby ta6c]or [a, b, c]. Obviously, this type of triple product is a 
scalar quantity. 

Note. The scalar triple product is sometimes known as Box 

Product. 


Characteristics of Scalar Triple Product, (i) Geometrically interpre¬ 
ted as, below t he scalar triple prod uct of three vectors a, b. c rep re¬ 
sents th e volume of a parallelop iped which has for its three coter- 
minus edges the vectors a, b, c. 

Construct a parallelopiped with coter- 
N minus edges OA, OB and OC, such that 

£-——■£ a, OB= b, OC~c. 

-— S:/ Suppose that n=bxc and its direction 

/ / f 6 is ON, which is perpendicular to the 

/ I plane OBEC whose adjacent sides are b 

- i!—J l and c. Th e direction of the vector n is 

t*__ [s positive in the sense of rotation from Ob 

sC T~ « 'zezz 

_. From the property of vector product of 

„ two vectors, it follows, that | n | measures 

thearea^ofthg_pa raUelogram OB EC. --— 

Volume of the parallelopiped with coterminus edges OA, OB, OC 
*=(area of the parallelogram of the base OBEC) multiplied by 
the perpendicular distance of the plane OBEC from the point A) 

=(area of the parallelogram OBEC) multiplied by (the scalar 
projection of OA on. ON) . 

= I n | {OA cos 6), where £AQN=Q 
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= | n | | a j cos 6, since OA=* | OA | = | a | 

=a n from the definition of dot pioduct 
=a-(bxc) ~[abc] = F(say) 
where F measures the volume of the parallelopiped. 

The product is regarded as positive or negative according as 6 is 
acute or obtuse. It is easy to show that 

a*(bxc)=b-(cxa)=c-(a xb)=±F, 
i.e. [abc]=[bca]=(cab] =± F. 

This follows that if the cyclic order of the occurrence of the vecto rs 
b, c is maintained, the position of cross an 




ot may be Utter changed 


Again since a x b= —b x a etc., therefore i 

[bac]—[eba] = — [abc]= -f F. ' 

^ ft) I f the vec tor a h r arp r.npl^nar then their Scalar triple 
product is zero, i.e. [abc]=0. j 

Since the volume of the parallelopiped, so formed v|hh coplanar 
vectors a, b, c as coterminus edges will be zero. 

As s*tch [aab] == [abb]—[ebe] etc. =0. 

vCjtf) The scalar triple product may be expressed in terms of 
c?unponents. 

Let a, b, c be three vectors whose magnitudes in a right handed 
svstem of unit vecU>rs i, j, k are (a„ a 2 , a 3 ), ( />,, b 2 , b 3 ) and (c lt c 2 , c 3 ) 
respectively. Then 

a=aiH-fl 2 j+fl 3 k, 
b—6xH-6 2 j+^ 3 k, 
c=r,i-!-c 2 j+c 3 k, 

we have, bxc=| i j k — (b 2 c 3 —b 3 c 2 ) i+&A—j 

I bi b 2 b 2 k. 


we have, bxc=| 


a • (b / c)=(tixi+«j+a 3 k) • {(b.,c 3 —b 3 c 2 ) i+ib^—b^) j 

•\-{biC 2 b 2 ci) k), 

&hc]=Cx (b,c 3 - b 2 c 2 )+a 2 (Vi- {b 2 c 2 —b 2 c^ 

Qi a.j, 

bi b, b 3 


In particular, [ijkj=[jkl]=[kijj 1 

and tikj]=[kji]=[jik]== —!. 

In general if the three vectors a, b, c are resolved in terms o f three 
pott-coplanar vectors 1, m, a. the n 
a^xl+fliiin+agn, 

b= bj\b 2 m + b a n, 
c=c 1 l+c 2 m-f-c 3 n. 
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We have (bxc)=(V»~ Vs) mxn+(Vi“ 
/. a-(bxc)=fli [lmn]+tf 2 (Vi 

[Imn] 


fli 


«2 

^2 

^2 


#3 

^3 

^3 


7^) nxl 

+{bi c *—b%C\) lxm. 

-Ae 3 ) [mnl] 

* 4 “ ^3 (^1^2 ^2^ 1) [nlinj 
as [lmn] = [mnl] -- [nlm]. 


(2) The Vector Triple Product. 

Definition. The product of the type ax (bxc) is called the vector 
triple product of^given three vectors a, b, c and is expressed as 
\ ar^(bxc)==(a'c) b-(a-b) c. 

jSuppose that \><f==a X (b X c). 

Then, q being a vector product of two vectors a and (bxc) 
represents a v ecto r perpendicular to both a and (bxc) and therefore 
by the propertvpf dot product, we have 
\^a==0 and q*fbXc)~0. 

But the product bxc being a vector product of two vectors b and c 
s itself a vector perpendicular to both b and c, i.e. a vector normal 
:o the plane of b and c. 

It follows that q lies in the plane of b and c, so that q is expressible 
n terms of b and c. 

Suppose that q=sb+/c, where s and t are scalars. 

Multiplying both sides scalarly by a, we get 
qa=s (a*b)+* (a*c), 

.v —t 


he.. 


ac 


a*b 


=A (say) 


(since qa=0) 


Then ax(bxc)=q-=A [va*c)b 
b-(a-b) c]. ... (1) 

In order to find A, let us intro¬ 
duce an orthogonal right h mded 
system of three unit vectors i, j, k 
such that i is along a and j is 
perpendicular to it in the plane of 
a and b, the direction of k is auto¬ 
matically decided because, i, j, k 
form a right handed system of 
vectors. Then 

a=Oii, b^i+Zy, c^Cjf^Cuj 

+c*k. 

Now bxc— b 2 c s i— ijCgj 

Kn ... +(V*-Vi)k 

AlVfr-lb / l a * &*«)=(«! Vi-«A«»)J*• 

Also(fc) b—(aib^i+ajVii^nd (ab) c=a 1 i 1 Ci« 

+a i b l c f i+a l b 1 c t k. 
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Putting these values in (1), we get, A=l. 

Substituting this value of A in (1), we find 

q- ax(bxc) = ta-c) b—(a-b) c ( Vikram , 1969 ) 

Characteristics of Vector Triple Product. 

The vector triple,product is not associative, i.e., 

' xax(bxc)+(axb)xc. i j 
Since r/x(|ixc)=(a c) b-(a b) c 
and .fr/xb)xc— — cx(axb) 

=- [(c-b) a—(c-a) b] 

—(a-c) b—(b• c) a. 

which f ollows that the product ax (bxc) represents a vecto r 
co P la nf ,r with h aad c ' v hi| e the product (a xb) xc represents a vector 
lying in th e plane of a ;mrt~~b. Hence the two products do not 
represent the same vector quantity, i.e., • 

ax(bxc)+(axb)xc. 

Problem 36. If \—4i— 5j+ik, B=2i— 10) — 7k and C=»Ji+7j—4k 
deduce the values of 

(0 (A X B) • C and (//) A X (B X C). (Agra, 1969 ) 

(0 Given A=4i-5j+3k 

B=2i — 10j—7k 
C=5i+7j-4k. 

(A xB)=(4i— 5j L 3k)x(2i —lOj —7k) 

= -40k-:-:8j : I0k+35i+6j+30i 
=65i+34j-30k. 

(A x B) • C=(65i+ 34j - 30k) • (5i+7j—4k) 

=325+238 + 120 
=683. 


(//) (B x C)=(2i— lOj—7k) X (5i+7j—4k) 

= 14k+8j+50k+40i—35j +491 
=89i—27j + 64k. 

A Ax(BxC)=(4i—5j+3k)x(89i—27j f 64k) 

= -108k - 256j - 445k - 32«+267j+81 i 
= — 239i+11 j + 337k. 


Problem 37. 


Show that faxb, bxc, cxa]=fabc] 


H i b a-c 
b-a b-b b e 
c-a c-b c-c 


by means of determinant. 


Let the components of the vectors a, b, c in the directions of the 
axes of x, y, z along which i, j, k are the unit vectors, be fa, a t> a a)> 
fa. b it bi) and fa, c 2 , c 3 ) respectively. Then 
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b ==bii 4* b 2 ] +^k 

csscj+^j+^k 


so that 


■ (say), b-b=ZV, c-c=2f 1 2 ? 

a-b=2<*A, b'c=%i and c a=2c x a 1 i 

Now label = I fli ^2 ^3 I from (1) 


...( 2 ) 



0 2 

#3 

fli 

a t 

a* 

*1 

*2 

*3 

b x 

b* 

^3 

*1 

C 2 

^3 

Cl 

Cl 

**3 


Again, 


= 

Saji, 2V 
SCjflj IbyOi 

Let A=| a i a 2 


Zfjfl, = 
2Z»!Cj 

W 

r 3 |=[abc]. 


from (2) 


Then, if A t , 
we have 


where A x =b 2 c 3 —b 3 c 2 etc. 
Suppose that A'=| A x 


= a x a 2 a 3 =Laocj. 

b x b 2 b 3 

Cl c 2 c 3 

B x , C x ... etc. be the cofactors of a u b x , c x ... etc., 

a x A x -\-Q 2 A 2 -)-(i 3 A 3 = & "1 

a x B x -\-d 2 B 2 -\-a 3 B 3 =0 > ... (3) 

q x C' x -\-q 3 C 2 -\-(i 3 C 3 =0 etc. J 

b 3 c 2 etc. 


A A'=, 


[abc] 2 = 


- A x ^2 
B x B 2 
C x C 2 
a t a 3 I 
K b 3 \ 

c 3 c 3 j 

0 0 
A 0 fr 
0 A 

= A 3 , 
A'=A 2 
i A x A 2 


from (3) 


B “ ,xb -1 i s { !' <oA '“ A) ?<2s=3& 
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[axb, bxc, cxa] 

s= aj)i—ajb t b\Q% b$Qi Gib^-a^bi 
b$c$—b%Ci b\C% b^Ci 

^2^3—*V*2 tf]^3 ““^3^1 ^2^1 


c » 
^1 
ft 

ft 

ft 

C t 


C, 

i4 a 

5 2 

i4 a 

ft 

C 2 


C s 

ft 

ft 

ft 

ft 

C 3 


when ft, ft, Q.-.etc. 
are the cofactors in 


S 

c, 


ft 

ft 

ft 


ft 

ft 

ft 


=[abcp from (4). 

Problem 38. Stow that a x (b x c)+b X (c x a)+c X (a Xt>)=0. 

We have ax(bxc)=(a-c) b—(a*b) c 

bx(cxa)==(b-a) c-(b-c) a 
cx(axb)=(c-b) a—(c-a) b. > 

Adding all together, we get 
s ax(bxc)-f bx(cxa)+cx(axb)=0. 

^// Problem 39. Find the volume of a parallelopiped whose three 
coterminus edges are described by the vectors i4-~j, 4j and j+3k. 

Volume of the require d parallelopip ed 

=scafar triple product of the vectors i +2i, 4i and i-fci k 

=(i+2jM4jx(j+3k)T . . ~ JS 8 

=(i+2j)12i as jXj=0 and jxk=»i 

= 12 i i=l and ji=0. 

Problem 40. Show that the law of refraction of light passing from 
a medium of refractive index r 1 into one of index jx' is expressed by 
the equation |xa X n=[x'c X n, 

where n, a, c are the unit vectors perpendicular to the boundary, 
along the incident and along the refracted ray respectively. 

Also find the law of reflection, if b be a unit vector ih the direction 
of the reflected ray. 


Let i and r be the angles of inci¬ 
dence and refraction respectively. Then 
the laws of refraction are 


and 


(x _ sin r 
f sin i 

n, a, c are coplanar. 


...( 2 ) 


Now a x n— 1 • 1 sin i e, i.e.. 


sin i= 


axn 


where e is a unit vector normal to the 
plane containing n, a, c. 
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cxn 


i>y 

Similarly, sin r— ■ 

From (1), we have n sin i— p.' sin r, 

axn ,cxn 

i.e., n —■—=F—:— 

e e 

or |xaxn=[-tcxn. 

Again, the angle of incidence=angle of reflection, gives 

axn=bxn. 

Problem (41^ Decompose a vc< tor r as a linear combination of a 
vector a, anfifher vector perpendicular to a, and cop lunar with r and a. 

We k now that ax(axr) is a \cctor whic h is coplanar with a and r 
and is perpendicular to a. Let us tKerelore suppose that - 1 

• - r=/iFf/) >aX(axr). . . • (1) 

Premultiplying both sides of (1) scalarly and vectorially with a, 
we get 

a-r=/a-a, i.c., 1— . . . (2) 


and 


i.e., 


a-a 

a x r=wia x [a x (a x r)] 

=m»x[(a-r) a—(a-a) r]——m (a-a) axr, 
1 




a-a 


(3) 


Hence from (1), (2) and (3), we have 

ar 1 r / m 

t —— a— [ax(axr)]. 

a-a a-a 1 

„ ,, 11 1 m I n' 

Problem 42. Prove that [lmn] [1’m'n'j-- m l' m-m' m-n' 

n-1' n-m' n-n 1 

where 1, m, n ; I', m', n' are any vectors. 

Suppose that I'xm'—p and consider the four \ectors 1, m, n, p 
which can be connected linearly as 

[lmn] p*=[mnp] 1—[inp] in-f[lmp] n, ... (1) 

Here [mnp]=mxn-p=(m> n)-(l'xm')=-! m ' 1 m m 

InT n-m' 

[lnp]=lxc p=(Ixn;-(rxm )= I 1 r l «"'l 

I n-I' n-m' i 

and [l«np]=lxm-p=(lxm) (1 : in')= i ,l ' , -m ' 

*«. , . m l’ m-m' 

with these substitutions (1) becomes 

[lmn] p=[lmn] r x 


ml m-m' 
n-1' n-ni' 


1 - 

+ 


m 


I I' 1-m' | 
n-1' n-m' i 
*•1' 1-m' 1 _ 

m l' m-m' n * 
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Multiplying scalarly both sides by n', we get 
limn] rxm'-n -= l*n'— ^ 


+ ml' 


1-m' 

n-m' 

1-m' 

mm' 


m.n' 


n-n' 


II 1-m' In' 
or [lmn] [l'm'n']== mT m m' m-n' 
n 1' n-m' n-n' 

Note: If 1 — 1= 1 i a-a a-b a-c 

m—m =b, >• then [abc] 2 =! b-a b-b b*c 

and n n — c, J I c-a c b c-« 

Problem 43. Piove that 


(bxc)-(axd) ‘ (cxa)-(bxd)+(axb)-(cxd)=0 

and deduce that 


sin. (A \ B) sin (A—B)=sitr A—sin- B—\ (cos 2B -oos 2A). 
rferc ; 

4b x e) • (a x d)4 (c X a) • (bX d)-i,(a x b) ■ (c X d) 

b-a bd cb c-d | , a-c ad 
c a c-d ab a d b e b-d 

—(b-a) (c-d) —(b-d) (c-a)+(c-b) (a-d) -(c-d) (a-b)-f(a-c) (b-d) 

—(a d) (b-c) 

=0 as a-b—b-a etc... 


. For the second part, let a, 

b, c, d be four coplanar vec¬ 
tors and c be a unit vector in 
the direction perpendicular to 
the plane containing a, b, c, d. 
Let the angles between the 
directiors of a and b. b and c, 
c and d be 0j. 0 2 , 0 3 respecti¬ 
vely. 

Since b :c=~'rsinfl. s etc., 
o, h, c, d being modules of a. 
b, c, d respectively. 


P 



.\ (bxc)*faxd)-f(cxa)'(bxd)-f(axb)*(cxd)=0 gives 
(h-' sin 0. £)•[&•</ sin (6j4 0 2 -; 0 3 ) e] 


4 -[—ca sin (0 3 -H 2 ) S M bd sin (0 2 4-0 3 ) e] 


4 -(ab sin 0! z)*(cd sin 0 3 e)=0 
or sin 0 3 sin (0 1 4-0..4-0. J )—sin (0 x -h0 2 ) sin (Oj+OgJ+sin 0 3 sin 0 3 =C 


Putting 0 X =5, 0 2 =y 4 and 0 3 = — B, this gives 

sin* A —sin (A -f B) sin (A — B)~ sin* B= 0, 


*•«=!]. 
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i.e., sin (A +5) sin (A ~5)=sin 2 ^-sin 2 B 

=Hl-cos 2/*)-£(l-cos 2B) 

(cos 25—cos 2 A). 

I~a -b c d 

' Problem 44. Prove that 2 (ax b)x(cxd)= ^ 

a-, hi c 3 d 3 

where a=ayi f a,j+tf 3 k e/c. 

Since (a x b) x (c X d) -- [abd] c—[abc] d 

a x h } d x i a, b y 

Q'Z h-> j C Oj b 3 ^2 d. . . .(1) 

o-i h 3 d 3 ; a 3 b 3 c 3 


Also (a X b) X (c X d) == [acd] b—[bed] a 

Oi <4 


Adding (1) and (2), we get 


/>i Ci d x 

b» r.» d 2 

^3 *3 *4 


— a —be d | 

2(.xMx(«xd>- *J ;; $ 

«3 ^2 <3 <4 

Problem 45. If OX, OY, OZandO'X', O'Y', O'Z' are two sets of 
re f Angular co-ordinate axes and 4, »« lt n x ; I,, in,, n. // a , m 3 ,n 3 denote 
the direction cosines of the members of either set with respect to other ; 

J; 5 S -i. 

.4 »»3 «3 . 

Let i, j, k ; i', j', k' be unit vectors along the two sets of axes. 
Then using the adjoining scheme of transformation, we have 


* j 


l .~ {>!+ w »J+ n ik, 

k =/ a «+»t3j+« s k. 


i’ 4 »»! 
j 4 m 3 n 3 


k ' 4 m 3 j n 3 

Now j' x k' — (4i+m 2 j+« 2 k) x (41+m 3 j x « a k) 

-(n 2 m 3 -m 2 n 3 ) jxk+(n s 4-n 3 4) kxi 
Multiplying scalarly by S', we get +(4' M *—4 f «*) ixj. 

I'-J' xk'=(/ ll+mJ+ „ lt ) x i 

+(Um 3 —I 3 ni 3 ) ixj] 
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[I'j'k'H/, (n 2 m 3 —m 3 n 2 ) [ijk]+w, («,/ s - 


-n 3 l t ) [jki] 

+»i (4^3— / s m») [kill 


Since [i'j'k']=[ijk], we have 




1.13. PRODUCT OF FOUR VECTORS 

(1) Scalar product of four vectors. If a, b, c, d are four victors then 
the product of the type (a xb)*(c X d) is called scalar product of four 
vectors. In fact this being a scalhr product of two vdctors (a X b) and 
(c X d), is a scalar quantity. We can treat this product as a scalar triple 
product of three vectors a, b and (c X <TT 
Since the dot and cross may be interchanged 


duct, we nave 

idxb)*(cxd)=a*bx(cxd) 

V' =a*[(b*d) c—(b*c) d] 

=(a«c) (b*d)—(a*d) (b*c> 
a«c b*c I 

i a*d b*d r , 

Problem 46. Show that 

(bxc)*(axd)+(cxa)-(bxd)+(axb)«(cxd)*=0. 

We have (bxc)*(axd) b«a c*a I 

b*d c*d I 

=(b*a) (c*d)—(b*d) (c*a). 

Similarly (cxa)*(bxd)=(c*b) (a*d)—(c*d) (a*b) 
and (axb)-(cxd)=(a*c) (b*d)—(a*d) (b«c). 

Adding all together, we get 

(bxc)-(axd)+(cxa)-(bxd)+(axb)>(cxd)=0. 

(21 Vector product of four vectors. If a, b, c, d are four vectors then 
the product of the type (a x b) x (c x d) is called vector product of four 
vectors. T he value of this vector product is a vector which is at right 


B*l HuI'IIM^^M ■ 


to a and b with another plane paral- 


The value of this vector product may be obtained in two ways: 
(/) If we put c x d =p, then 
(axb)x(cxd) =(axb)xp 
\ =(a*p) b—(b*p) a 

«=(a*cxd) b—(b*cxd) a 
=[a c d] b—[b c d] a 
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(II) If we put axb =q, then 
(axb)x(cxd) =qx(cxd) 

=(q*d) c—(q*c) d 
=(axb*d) c~(axb*c) d 
=[a b d] c—[a b c] d 

T.inpnr relationship between four vectors. 

The two results namely (/') and (»), on subtraction, yield 
0=[b c d] a—[a c d] b+[a b d] c—[a b c] d 
Rearranging, we get 

d= Wb g U± Wg«ljH W a_b]_c i(jed [a b Q] ^ 0 
[a b cj 

This may also be expressed as 

. . bxc , . cxa , . axb 

d=d.T—r i a-rd. f - . ,bi-d. ,—r—.c. 

[a be] [a b c] (a b c] 

Note. As an alternative, the linear relationship between four non- 
coplanar vectors a, b, c, d may by found as follows: 

Suppose d=Aa+pb-f vc, where A, n, vare scalars. 

Multiplying both sides scalarly by (bxc), we get 
[d b c]=A [a b c], other terms vanishing as [b b c]—0=[c b c] 
nr A _ Id be] 

[a b c] 

Similarly [*= r~iT~l and v —rxn' 

[a b c] [a b c] 


Substituting the values of A, jjl, v, we have 

■ [d b c] a + [d c a] b + [d a b] c 
[a b c] 

Problem 47. Prove that d*[a X {b X (c X d)}]=(b*d) [acd]. 

Hered-[ax{bx(cxd;}]=d-[ax{<b-d)c-(b«c) d)}] 

—d• [(b*d) (axe)—(b-c) (axd)] 
=(b-d) (axed) as axd«d—[add]—0 
—(b»d) [acd]. 

Problem 48. Prove the identity 

ax[bx(cxd)]=(axc) (b-d)-(axd) (b-c). 

L.H.S. =a X [b x (c x d)] 

=ax[(b*d) c-(b-c) d] 

=(b*d) (axe)—(b*c) (axd) 

=R.H.S. 


1.14. RECIPROCAL SYSTEM OF VECTORS 

VflKH are iwo sets of non-coptaar v«tor, a, b, o and V. o' such 
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s^/, bxc ^ cxa ^axb 
* ~ [abc]’ D ~ [abc] ’ C — fabc] ’ 

then a, b, c and a', b', c' are said to be Reciprocal systems of vectors. 
It is so called, because 


ib-b^C’c'—1 since a 


bx c [abc] 
[abc] ~ [abc] 


= 1 etc., 


a'=a -1 , b'=b -1 , c'~c 


a-a 

so that 

In fact the two systems of vectors, i.e. a, b, c and a', b', c' are 
mutually reciprocal as 

b' x c' . c' x a' a' x b' 
a== [a'b'c']’ D== [a b e']’ C " [a b c'] ' : 

In particular if i, j, k be the unit vectors along the principal axes 
and i', j', k' their reciprocals, then ■ 

i'=i, j' — j and k'=k as [ijk]=l. 

This is called self-reciprocal system. \ 

Note : With these notations, the linear relationship between four 
vectors a, b, c and d may be expressed as 
/ d=(d-a') a i-(d b') b-Kd-c ) c. 

Emblem 49. Prove that (a X a')-f-(b X b')-f (c > c')= 0, where a, b, c 
afe vectors ar.cl a', b', c' their reciprocals. 


We have 

Similarly 

and 


bxc . 
* “ [abc] ’ h 


cxa 


axa'=ax 
1 


[abc] ’ 
(b x c) 1 


b > b' 

cxc' 


[abc] 

1 


[abc] [abc] 
[b-a) c-(b-c) a] 


axb 

“[abc] 

[(a• c> b-(a b) c]. 


[abc] 


[(c-b) a — (c-a) b]. 


Adding all together, we get 

(axa')+(bxb')-i-(cxc')= 


[abc] 


[ 0 ]= 0 . 


1.15. VECTOR EQUATIONS 

Here below some methods for solving the vector equations are 
explained with the help of examples. 

^✓i*roblem 50. Solve the victor iquution xxa=b. 

Given equation is xxa=b. . . . (1) 

We know that axb is a vector perpendicular hotk jt and b . 
therefore the vectors a] B and axb are three non-coplanar 
vector. Let us assume that the solution of the given equation is of 
the form x = Xa + t*b + v (a x b). • • • (2) 

where A, n, v are scalars. 
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Since (2) is a solution of (1), therefore substituting in (1) the value 

•of x from (2), we get , . 

{Xa+(ib+v (axb)}xa=b, 

or (i (b x a)+v {(a x b) x «}=b as a x a =0 

or — t* (ax b)+v {(a-a) b—(b a) a}=b 

or — f* (axb)-fv {(<rb—(b-a) a}=b, where | a I—a. 

Equating the coefficients of like vectors on either side, we get 

—(x=0, va 2 = 1, — vb • a=0, 


j.e. ^.=0, v= 1/a 2 and a-b=0 as v#0. 

Substituting in (2), these values of n and v, the general solution of 
the given equation is 

x=Aa —1/a 2 (axb) 

and the condition for the existence of this solution is 
a-b—0, 

i.e. the vectors a and b are mutually at right angles. 

Problem 51. Solve the simultaneous equations 

xXb=aXb, x-c—0 provided b c^O. 

The given equations are 

xxb=axb . . . (1) 

and xc—0. . . . (2) 

The equation (1) can be written as 

(x -a)xb= g! > 

which follows that ( x—a) and b are parallel, i .e. 

x—a='b, where t is a scalar 


or x=a+/b. ... (3) 

Substituting this value of x in (2), we get 

(a+fb)-c=0. 


t — — ~ when b.c#'.) (given), 
b-c 

• j^ e t rec l u ’ re d solution is obtained by putting the value of t 

m (3) ard that is 6 


Problem 52. Solve the simultaneous equations 
sx+ty— a, xxy=b provided a'b=0. 
The given equations are 


■sx+fy=a, 

xXy=b. 

Multiplying (1) vectorially by x, we get 

XX(rx+/y)=xXa 

/xxy=xxa asxxx=0 

xxa=ib from (2). 


.. • ( 1 ) 
.. . ( 2 ) 

... ( 3 ) 
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Multiplying (3) vectorially by a, we have 
ax(xxaj=f (axb) 
or (a-a)x—(a-x) a —t (axb) 

(axb) 


or 


x—Aa=/ 


where A is a scalar parameter, 

i.e. x=Aa-f (a X b) 

which is the general solution for x. Similar procedure wifi yield the- 
solution for y. 


1.16. SIMPLE APPLICATIONS OF VECTORS TO MECHANICS 
(^' Concurrent forces. It is found experimentally that tfie resultant 
-Effect of two concurrent forces is equivalent to a single foice acting at 
the same point. The single force is represented by their fector sum. 
In general a system of forces acting at a point and represented by the 
vectors Pj, P 2 , P 3 ...P„ is equivalent to a single resultant force F 
acting at the same point such that 


F=P 1 +P 2 +P i +-+P n . 

It can be obtained by constructing a vector 
polygon of which 

AB—P lt BC^P 2 ..., MN= P„. 

The resultant is represented by AN— F, which 
is drawn to close up the polygon opposite to 
that in which the sides have been drawn. The 
polygon does not necessarily lie in a plane as 
the forces, may not be coplanar. 



corollary. Lami’s theorem. If three forces acting at a point be 
in equilibrium, then each is proportional to the sine of the angle 
between the other two. 


In the case of three concurrent forces the closed polygon will be a 
triangle, the forces will be coplanar and each side is proportional to 
the sine of the opposite angle and hence each force will be propor¬ 
tional to the sine of the angle between the other two. 

(2^Work done by a force. We know that a force a ^ing on a 
ficle does work when the 



t _displacement of the particle t ake s place 

I n the directi6n~which is - not perpen di cuTar to the direction of thfe 
force. The work done is measured by the product of the force and the 
resolved part of the displacement in the direction of the force. Hence 
if the vectors representing the force and the displacement be respecti¬ 
vely F and d inclined at an angle 6 and whose respective modules are 
F and d, then the work done Fd cos 6=F-d (by the definition of dot 
product). .. 
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In case d is perpendicular to F, i.e. 0=90°. the work done is zero. 

corollary. Rate of doing work. If a particle acted upon by a force 
F Amoving with a velocity v, then the rate of work done, w. 

is given by 


dt 


dW 

dt 


=F v. 


r xf 


Fig. 130 


(3) Vecfor moment or torque of a force. The^tor moment or 

V ; torque of a force. 

quantity related tQ Jtn.axia through CL per¬ 
pendicular to the plane containing O and the 
1 irre -of- aetton of the"fbfC^T.TEe magnitude 
of the vector moment is jointly proportional 
to the force and the perpendicular distance 
ON upon the line of the force. 

Take a point P on the line of action of the 
force. Let the position vector of P be r. Then 
the moment of the force F about O is repre¬ 
sented by a vector perpendicular to the plane 
of r and F. Since r x F is a vector perpendicular 
to the plane of r and F, therefore the vector 
representing the moment of F about O is rxF. Hence if M be the 
moment vector, then 

M=rxF. 

(4) Force on a particle in a magnetic field. Let F be the force on a 
point charge in a magnetic field 
of intensity B. Then F is propor¬ 
tional to the component of B per¬ 
pendicular to the velocity of the 

cha rge then the vector product 
vxB represents a vector normal 
to the plaheTof v and B and hence 
may be regarded as the compo¬ 
nent of B along the perpendicular 
to the velocity v. Thus if q be the 
charge on the particle and c the 
speed of light then the above re¬ 
lation existing between the vectors 
F, B and v is expressed as 



- v x B in Gaussian units 


or 


F=-i 
c 

. F=gvxB in MKS units. 

(5) Force on a charged particle. If a particle of charee a is in an 
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But if the charged particle is moving with velocity v relative to an 
observer, the magnetic field is produced. The force experienced by a 
moving charged particle due to magnetic field F m =qvxB (in e.m.u.), 
whe re B is the intensity of mag neti c field. This is known as magne tic 
foTTT. " ~ “ 

.*. Total force on the moving charged particle is the sum of 
electrostatic and magnetic forces and is given by 

F=F e +F m =< 7 E+< 7 (vxB), 

or F —<7 [E+vxB]. ... (1) 

This is known as Lorcntz force. 

If E is in c.s.u. and B in gauss, the equation (1) can be written as 

f=*[e+-^-], ; ...(2) 

where c is speed of light in vacuum. j 

(6) Circular motion. Let us consider a particle moving in R circle of 
radius r with angular velocity co. Let O be the 
centre of the circular path and A the starting 
point. Join O to A and draw OB perpendicular 
to OA . Let i, j be the unit vectors aiong OA 
and OB taken as axes of a* and y respectively. 

Let at an instant of time /, P be the position ot 
the particle such that its position vector referred 
to O as origin is r. 

Assuming /_AOP~0, we have 0 =<of, ... (1) 

Since the radius r of a circular orbit is constant and the unit vector 

r rotates at a constant rate, the equation of the circular orbit can be 
given as 

r (/)—>r (/)• ...(2a) 

Now draw PM perpendicular to OA. Then 



OP=OM+MP 

= 0 Pcos 0 i+0/> sin 6 j, 

or r (f)=rr (0 =r cos wf i+r sin wf j as OP=r. 

A 

i.e. r (/)•—cos wf i+sin w/ j. ■ 

In particular if 0= then i~ i+ —L. j 

TZ * 

and if 0= y-, then r=j 


. . . (2b) 
... (3) 


also if 6—0, then r=i. 

Now the velocity, v of the particle is given by (differentiation of 
vectors being defined in §1.17) 
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T __.*_ r fjL=*r ^ i -^-cos wl+j-—sin from (2 b) 
=<or (—sin to/ i-f-cos <o/j), 

which follows that the magnitude of the velocity 

| v I—tor say v=tor. . .. (4) 

Again the acceleration of the particle is given by 

dy cPt 
a_ dt “ dt 2 

=a>r sin to/ i+cos to/ j) 

=—to 2 r (cos to/ i+sin to/ j) 

= — to 2 r from (3). 

• magnitude of the acceleration, say a 
= i a |H—<o 2 r I , 


Elimination of to between (4) and (5) yields 


The acceleration given by the expression (6) is known as the 
Centripetal (i.e. centre seeking) acceleration. 

Now we know that if /be the frequency of the particle, then 

and the time period T of the motion is given by 

r=~ = -- from (7). ...(8) 

CO J 

(7) Angular velocity of a rigid body about a fixed axis. Consider 
the motion of a rigid body rotating about a 
fixed axis ON at the rate of to radians per 
second. Then the angular velocity of the body 

? is specified by the vector to whose module is 
<o and whose direction is parallel to the axis, 
and in the positive sense relative to the 
rotation. 

Let O be a point on the fixed axis; P, a 
point fixed in the body, r the position vector 
of P referred to O as origin, ar.d PN per¬ 
pendicular to the axis of rotation. The particle 
0 ‘ s . nKV ' n S in a circular path of radius 

Flo i « PN=r sin PON about N as centre. Its velocity 

and rand ,*k right angles to the P ,ane of " 


J t V < 

ana r and its magnitude is given by 


=tor sin 0. 
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Hfeace v=uxr. 

Problem 53. A particle, acted on by constant forces 6i+j—3k and 
ii+j— k is displaced from the point i-f 2j+Jk to the point JH-4j-fk. 
Find the total work done by the forces. 

Let F i =4i+j—3k, F 2 =31+j-k 

and the displacement r=5i+4j+k—(i+2j+3k) 

=4i-f- 2j— 

Work done by force F 1 =F 1 t 

=(4i+j-3k)-(4i+2j-2k) 
=4.4+1.2-3.(-2)=24 units. . 

Work done by the force F 2 

=F 2 -r=(3l+j-k)-(4i+2j-2k)=16 units. 

Tojal work done=24+16 =40 units. 

VPfoblem® A rigid body is spinning with an angular Velocity of 
4 radians per second about an axis parallel to 3j—k passing through 
the point i+3j—k. Find the velocity of the particle (St the point 
4i— 2j-fk. 

Let r be the position vector of the point relative to the given point 
on the axis, then 

r=4i—2j + k—(i+3j—k) 

=31—5j-f2k. 

Angular velocity of the particle is given by 


>=4 


(3j — k) 4 
I 3j—k i V10 


(3j-k). 


Hence the velocity of the particle 


uxr= —jl (3j—k)x(3i—5jr2k) 


_2 

vio 

4 

V 10 
4 


(i—3j—9k). 


1=4 


V(S> 


12 approx. 


Its magnitude = —^ ; i—3j—9k 

/ v 

\-Problem 55. Find thtorque about the point I0j of a force represen¬ 
ted by —ii+j+5k acting through the point 7i-Mj+k. 

Let F=—3i+j+5k and r be the vector from the given point to the 
point of application of the force, then 

r=10j—(7i+3j+k)~—7i + 7j—k. 

Reqd. Torque=r xF=(— 7H-7j—k) x(—3i+j+5k) 

=361—38j— 14k. 

Problem 56. A particle is moving in a circular orbit of radius 10 cms. 
If its frequency of motion is 60 cycles per sec., find the time period, 
velocity and acceleration of the particle. 



so 


MATHEMATICAL PHYSICS 



Now 


ind 


Given frequency/= 60 cycle/sec.; radius of the orbit=10 cms. 

Let T be the time period, v the velocity and a the acceleration of 
the particle. Then 

T—y= £5~0.017 sec. nearly. 

w—2*/=2.V-60=^V-°-=377 radians/sec. approx. 
v=wr=377x 10=3.8 x 10 3 sec. nearly 
iu a=ca*r=377 X 377 X 10=10 6 cm./sec. nearly. 

Problem 57. Calculate the force in dynes acting (7) on a proton, and 
(2) on an electron, in an electric field of intensity 1000 volts per ctn. 
Given charge on electron=4.8x 10~ 10 e.s.u. 

The intensity of electric field=1000 volts/cm. 

= e.s.u. of volts/cm. 

«)w 

=• if- stat. volts/cm. 

The force on the proton =qE 

=4.8 x 10 _1# x -Tr= 1.6 x 10 -9 dynes. 

TJie force on the electron=<?E= —1.6 x 10~® dynes. 

^''"’Problem 58. Calculate the force on the proton in dynes in a magnetic 
field of intensity 100 gauss directed along z-axis: 

(0 when the proton moves with velocity 10 s along x-axis. 

(»7) when the proton is at rest. 

(0 Given B=100 gauss along z-axis=100k, 
v=10®i. 

.’. the force on the proton due to magnetic field 
= 7 (vxB) 

_ 4.8xl0 10 r ,„ R __ 

3x10 10 *x(100k)3 

= 1.6 x 10 20 [-10 ,0 j] 

= —1.6x 10 10 j dynes, 

tion of/axis ma8nitUdC 1 ' 6xl ° 1 ° is aclin S along negative direc- 

no^force^ en ^ proton * s at rest > t * iere is no magnetic field and hence 

ve?oltvTof 9 a nnftiY ri f h *' handed Wm, the electric field E, and 
velocity v of a particle of charge q e.s.u. are given by 

E=2i e.s.u. 

B=(Ji+4j) e.m.u. 

nii., , v=9i+Jj+.fl t cm./sec. 

%^f e t ^ electrostatic and magnetic force on the charge 
electrostatic force on the charge ?=«E= ? . 2i=2gi dynfs,' q is in 
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Therefore electrostatic force has magnitude 2g along positive x-axis. 
Magnetic force on charge q= x B), B being in e.m.u. 


- 3 ^ P + 3 i-i 4k) x (3i+4j)1 
= Hno^f8k-9k+12j-16l] 


magnitude of magnetic force= ~| qTO \/[I6 2 4-l*2 2 +l 2 ] 


~ 3xl0 1#tv/40lJ : 
;s7 X 10 19 ? dynes, i 


Direction cosines of Lorentz force are 
-16 12 


{q is in e.s.u.) 


b 


Xio-^V 7 X 10 _1< V 7x 10 




Problem 60. A proton is moving with velocity 10 10 cm./sec. along 
2 -axis in an electric field of intensity 3x10* volts along x-axis and 
magnetic field of intensity 3000 gauss along y-axis. Calculate the mag¬ 
nitude and direction of total force. 


Charge on the proton ?=4.8x 10 -10 e.s.u. 
Intensity of electric field E=3 x 10*i volts 


3 x 10* 
300 


i stat-volts 


E=100 i stat-volts. 


Intensity of magnetic field B—3000j 
and velocity of proton v= 10 10 k. 

t v x B1 

E+ 

=4.8X 10- 10 £ lOOi-f {10 ,0 kx3000j}J 

=4.8x 10-'»[ lOOir 3 x \ qm (~3x 10 13 i} ] 

=4.8x 10 ~ 10 flOOi— lOOOi] 

=4.8 xlO - 10 [-9001] 

= — 4.32 X 10 _7 i dynes. 

Thus the total force has magnitude 4.32XlO -7 dynes along the 
negative direction of x-axis. 
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117 differentiation of vectors 

Vector Function of a Single Scalar Variable. F is a vector function of 
a single scalar variable t, if to each t of the range of values of t, 
there corresponds a vector F and is written as 
F=F (t). 

The vector F can also be expressed in components form, such as 
F=/j (t) i+A (t) j+/ 3 0) k 

where f y (t), f 2 (/), A (0 are components of F ( t ) defined for the range 
of values of t and i, j, k are unit vectors in the directions of the 
principal axes. 

Illustration: If a moving particle undergoes a displacement in any 
manner such that at any time t, its position is at a point P whose 
position vector relative to any fixed origin O is r, then the vector r 
is the function of scalar variable t, i.e., r=F(l). 

Derivative of a vector function of a scalar variable. If F(l) represents 
a vector function of a scalar variable t, over the interval a < t < b, 

and if Lim — g- —exists, then this limit is called as the 

8/-*0 5? 

derivative or differential coefficient of F(l) at t. The process of finding 
out differential coefficient is called differentiation. 

By convention the method of denoting a derivative is 
F'(/) or ~ F(i). 

~ Time-derivative of a vector. Let us 

s' suppose that vector r is a continuous 

if sin .S le va l u cd function of a scalar variable 

yY\ if. i' 1 ’’ 

' \ A r=F (I) 

A Air* At an ' nstant of time t, let P be the 

\ / position of a particle whose position 

V vector referred to a fixed origin O, be r. 

Fi „ j After an interval of time 5/, let Q be the 

curv* "acc. . 1 - P 08 ^* 011 °f the moving particle along the 

ment 6r in r, we have 1 ” 8 that an increment 6 ' in 1 produces an incre- 

r+6r=F(r-f 6r) 

It is apparent from Fig. 1’34 that PQ—St 

Odiousin^uo^ntJ^i^ector, since r is a vector and t is a 
scalar and it gives the average rate of change of r with t. 

As 8 1 tends to take zero value the nnint n . . 

With P, so that the chord PQ coincides S ? a m0VeS U £ to coincide 

v nciacs Wlt b tangent at Pto the curve. 
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Thus the vector as 8r->0 is along the di rection of tangent at Pin the 

sense lo r increasing t. The limiting value of this quotient when exists, 
is tEeUerivative or differential coefficient of r with respect to t (time), 

and denoted by ^ or r i.e. 

r . 8 r dr 

Lim -r- = ~~j —x. 

Sr-*o 6/ dt 

But we know that velocity v of a particle is a vector aid this is the 
time rate of change of the position of the particle, therefore 

_ dr J 

V_ dt' | 

i.e. the first time derivative of position of a particle gives £ its velocity 

and its magnitude i.e. v— | v | is known as the speed of.the particle. 
Clearly the speed is a scalar quantity. | 

Further the derivative^- is also in general a function ojf time t, and 

may itself possess a derivative, which is called the second derivative 

of r and is denoted by 

3 dt- 

But the acceleration a of a particle is a vector and this is the time 
rate of change of the velocity of the particle, therefore 

d 2 r 


i.e. the second time-derivative of the position of a particle gives its 
acceleration. 

Note 1 . The second derivative 3 * is also a vector function of t and 

dt- 

d 3 r 

hence possesses a derivative known as the third derivative of r. 

Similarly the existence of fourth, fifth, sixth...derivatives can be 
stated. 

Note 2. The deriva'ive of a constant vector c is zero i.e. if c is a 
constant vector, then 0 ; for, then the increment in 8 t produces 
no change in c. 


1.18. SOME RULES FOR DIFFERENTIATION 

(1) The derivative of the sum of two differentiable vector functions, is 
equal to the sum of their derivatives. 

Let r x and r 2 be two differentiable vector functions of a scalar 
variable /. 

Suppose that r=r 1 +r s 
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Then if a change 8 r in i corresponds a change 6 r in r, 6 ^ in »i, 5r* 
in r 2 , we have r+6r=(r 1 +8r 1 )+ (r 2 +5r 2 ) 
i.e. 8r=8ri+5r 2 . 

Dividing throughout by 8 r and proceeding to the limit as 8r->0 r 
we find, 

dr _Ai , A, 

dt ~ dt~' dt 


This result may be extended to any number of vectors. 

In particular if any vector is expressed as the sum of rectangular 
component vectors such as 

r=xi+jj+rk, where i, j. k are unit vectors along the axes; then 
the derivative of r is given by 


dt 


dx 


i+ 


dy 


j+ 


dz 


dt “ dt ‘ ' dt * ' dt “ 

Note. If r is a differentiable function of a scalar variable s and s is 
differentiable function of another variable t, then we can state that 


dr dr dx 
dt ~ ds dt’ 


(2) The differentiation of scalar product of two vectors. The deriva¬ 
tive of product of two differential vector functions , is equal to the sum 
of the quantities found by differentiating one of the factors and leaving 
the other unchanged and then differentiating the other and leaving first 
unchanged i.e., if r=rj r 2 , where r L -r i are the vector functions of a 
scalar variable t, 

then r 

dt dt dt 1 

If a change 8 1 in t corresponds the changes Sr in r, 8 r x in rj and 6 r t 
in r 2 , then we have, 

r+Sr=(rj+ 8 r j) • (r 2 +5r 2 ) 


=rj • r 2 -f r i • 8 r 2 4- 8 r, • r 8 + 8 r j • 8 r 2 
= r rr 2 +r 1 - 6 r. 2 -f 6 r 1 -r 2 , neglecting the product 
6 ri- 8 r 2 as it is vanishingly small 
8 r=ri- 8 r 2 + 8 rj-r 2 as r=r 1 -r 2 . 

Dividing throughout by Sr and proceeding to the limit as 6/->0 


we get — ~ r —h -j- Ai 

dt dt ' dt 2 

Note 1. If u is a scalar function of r, and r=ur„ then 


dt du 
dt = ~df T ' +u 


dt 


T 


Note 2. If r=r i ri , then 

dt dt 1 1 1 dt 


—a d f i • 

~* tl '~dt smce dot P rod uct is commutative 
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=2 r ! -j- asr 1 Ti=r 1 2 =»r 1 * 

which follows that r 1 »-^-—r 1 
Note 3. The necessary and sufficient condition for a vector r t o 
have constant ma gnitud e is r»-^-=0. 

Since r*r=| r |», i.e. 2r- =2 | r | (| r I). 


Therefore r* -^-=0, if and only i f | r 1—0, i.e. if | r | is 
constant. 

(3) Differentiation of vector product of two vectors. Suppose that 


r=rj xr 2 , .. 

where r, and r 2 are differentiable vector functions of' a scalar 
variable t. 


If an increment 8r corresponds to increments 5r in r, 6ri in r 2 and 
8r, in r 2 , then we have r+8r=(r 1 +8r 1 )x(r 2 +5r 2 ) 

=r 1 xr 2 +r 1 xSr 2 +5r 1 xr 2 neglecting the product 8riX8r t 

as it is vanishingly small 

or 8r=r 1 x6r 2 +6r 1 xr 2 . 

Dividing throughout by 8 1 and proceeding to the limit 6f-*0, 


we have 



dr 2 

dt 


*L 

dt 


xr 2 . 


Note. The necessary and sufficient condition for r to have constant 
direction is 



Let r be the magnitude of r and r be the unit vector in the direc¬ 


tion of r. Then 


r=rr. 


dr _ _ dt , dr 
dr ~ r ~dr + ~dT r ’ 


so that 


dr - C 


r 


dr dr 
dt + dt 



~r 



...(0 


other term vanishing as rxr=0 . 

Let us now suppose that r has constant direction, so that r is a 
constant vector giving, 
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Jr 


Jt 

As such wc have from (/’) 

rX -^-=0 i.e., the condition is necessary. 
dt 

Now to show that the condition is sufficient, suppose that 
dr a 


rx 


dt 


So that from (/) r 2 rx 


dr 

7T 


. . «0 


But r is a vector having unity as its length therefore by Note 3, 

A 

Rule 2 of § 1.17 r~ =0. ... ('») 

A 

a {/r 

From (ii) and (Hi) we see that r~/ 0 therefore =0. 


.'. r is a constant vector, i.c. the direction of r remains the same. 

(4) The differentiation of a scalar triple product. Let v be expressed 
as the scalar triple product of three vectors p, q, r as 

v=[pqr] 

=p qxr • • • (0 

where p, q, r are the differentiable vector functions of a scalar vari¬ 
able t. If a change 8/ in / corresponds a change Sv in v, 8p in p, 6 q in 
q and 6 r in r. then we have 

v + 8v=(p-t-Sp)-{(q-f 8q)x(r-f 5r)} 

=(p+5p){qxr+qx8r+8qxr+8qx8r} 

—(P+ 5 p).(q xr-f-q X 8 r+ 8 q x r) 

(leaving Sqx8r as it is vanishingly small) 
=p qxr+8p qxr+p-8qxr+p qx8r 

(Leaving small value products) 
or 8v=8p-q xr-}-p-8q x r+p.qx8r... using (/) 

Dividing it throughout by 8/ and proceeding to the limit as 6t-+0, 
we have 

LlI ”s!->o'6r" I - im 6!-,o i xr+,, ' <|X |r : ! 
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J fy The differentiation of vector triple product. Let v be expressed 
the vector triple product of three vectors p, q, r, i.e., 

v=px(qxr) ...(0 

P. fl. r, ( being differentiable vector functions of scalar variable t. If a 
change St in t corresponds a change 5p in p, 8q in q, and 8r in r, 
then we have 

v+6v=(p+8p) x {(q+8q) x (r+8r)} 

=(p+6p) X {q x r+q x 8r-t-8q x r+8q x 6r} 

=(P+6p) X {q X r+q X Br+BffX r} 

(neglecting product 8q x 8r as it is vanishingly small) 

=p X (q X r)+p X (q X 8r)+p X (8q X r)+8p x (q >| r) 

+8p x (q x 8r)+8p X (8| x r) 

=*P X (q X r)+p x (q x 5r)+p x (5q x r)+8p x (q x r) 


or 8v=px(qx8r)+px(Sqxr)+8px(qxr) < using (i) 

Dividing it throughout by 8/ and proceeding to the limit as 
we have 

t :_ 8v f / Sr \ 


Lim 6,^o!7 " Lta *-*>{» x («x If) 

+P x (|a «r)+|f xfqxr)} 

or ' x (« x ^)-t« x (* xr )+f x«xr)} 

Problem 61. If F (/)=.v (/) f-f y ( t ) j +z (/) k, where x, y, z are 
differentiable functions of a scalar variable t, prove that 


dF dx . , dy . . dz, 
dt ~dt l+ dT i+ dF k - 
By the definition of differential coefficient 


'(/+8/)—F(f) 


ft* (r+8r) i+y(t+St) j +z (t+St) k] 1 

1 - dij qmmt' . M } 

l+ \mapstL , 

| [z (t+8t)—z (t) j 


dx dy dz 

W i+ dT i+ df k 
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^problem 62. If r— t‘i— / z j-f(2/+1) k. Find the value of 
dr tPr I dr ' ' tPr 

dt ’ <// 3 ’ fdT d/ 5 at /=0 ' 

(^gra, Af-Sc., 7P55) 

Given vector r is the function of scalar variable t, expressed in the 
form 

r=/*i-/j+(2/+l)k. ...(1 ) 

2rt-j+2l • • • <2) 

(V I, j, k are constant vectors) 

Therefore at /=0 

£ = ~J‘+ 2k - 

so that — =V[(~l) 2 +(2) 2 ] 

=V5. 

Again differentiating (2), with respect to t, we get 
f_r 

dt * “ 2l 


at 


<Pr 




/ — I 2i | =2. 

ProMem 63. // r=a coj ut+b sin to/, show that 
dr 


rX A’~ u * x b 


and 


<Pr 

dt 3 


■——to 2 r 


a, b being constant vectors and co is also 

... ( 1 ) 


Le. 


a constant. 

Given r=a cos «/+b sin to/ 

dF~ ~dt ( cos “0*+ Y t ( sin tot) b 

. . = ~to sin to/ a+to cos to/ b. 
Differentiating (2) with respect to /, we get 
<Pr_ d . * 

dt 2 ~ 40 dt to/) a+to — (cos to/) b 

= —Co- cos tot a—co 2 sin cor b 
CD 2 [cos cor a+sin cor bl 
- w *r by (1) 

s_. 


( 2 > 


df 2 


<o z r. 




Again, we have 

rx^-=(a cos ot+b sin at)x(—a sin at a+to cos at b) 

=G> [a cos atx —sin at a+axb cos 2 at 

—bxa sin 2 w.f+bxb sin at cos at\ 
=(aXb) {cos 2 <of-f sin 2 at} a 

As axa=bxb=0 and — bxa=axb 
=(axb) a, 

i.e. rx^-=<o(axb) 


Problem 64. 


//r=ae <o/ -f be , show that 
d 2 r 

— co 2 r=0; a, b ore constant rectors and <4 being a 


constant. 

Given 


- < 0 / , . 

r=ae -fbe 

dr i . — <o/ 

—=o>a(? + cubc 



Differentiating it w. r. 
d 2 r 


t. /, w* ; l 




cot 


-j~ CO 2 ] 


2 be 


— cot 


*> / Cot g m *- (0f\ 

(ae ^be ) 

=co-r from (1) 

or —co 2 r=0. 

Problem 65. A particle mores along a curve whose parametric 
equations are x~e~ f , j=2 cos St, z~2 sin St, where t is the time . 

(n) Determine its velocity and acceleration at any time . 

(b) Find the magnitudes of velocity and acceleration at f=0. 

(n) Since a vector r can be expressed in terms of rectangular 
comgonentsjs r-.vi+jj+rk, -- 

therefore, the position vector of the moving particle at any time t is 
r~e~ f 1+2 cos 3t j+2 sin 3 1 k. 

Thus, the velocity v= —i-6 sin 3 1 j+6 cos 3f k 

and the acceleration is ^=*r‘i-18cos 3/ j—18 sin 3/k. 

(b) At f=0, =—|+6k and j^- r =l-18j. 
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magnitude of velocity at 1=0 is 

* =a/K- 1) s +( 6)*W[37). 
and magnitude of acceleration at 1=0 is 

d*r I 

W ^=vKD 2 +(-18) s J=-v/(325). 

v Problem 66. A particle moves along the curve x=2t 2 , y=at*—4t, 
t^3t—5, where t is the time. Find component of its velocity and 
acceleration at tz=I in the direction i-Jj+2k. 

Th e position vect or n f thi * moving particle at any time t is 

r=2/ J i+(/ 2 —4/) j-f (3/—5) k. 

velocity = —=4/ i+(2r-4) j+3k, 

’ 5 " bat [-1-1 ,,.,- 4| - 2 i+ 3k 

d* 

and acceleration=^=4i-f~2i, 

at* J 


so that 


[^]at/=l =4lf2j - 


Now unit vector along i—3j+2k 
i-3j+2k 


__i-3j+2k 

V{n) J +(-3)®+(?)®} ~ — ( i4) . 

Hence, component of velocity in the direction i—3j-f 2k is 
0 3j -f- 2k ) 

V(14, • (4, ~ 2 J+ 3k )=^i4 ) =fV(14) 
and component of acceleration in that direction 




V14 


=~W 14. 


i.e. 


Problem 67. Prove the following relations : 

/(a) v=u+f/. 

(b) s=s 0 +ur+Jf/ 4 . 

(c) v J =a s 4-2f,s. 

(a) Velocity is defined as rate of change of displacement. 


v= 


ds_ 

dt’ 


...0 



. . ( 2 ) 


Acceleration is defined as rate of change of velocity, i.e. 

_ d ids \_ <Ps 

J ~dt~ di\dt )~dt* 
or dv=1 dt. ... (3) 

Let initially at t=0, the velocity be u and after time t, let it be v. 
Integrating (3) we get 

i.e., v—li—f/. 

v=u-ff/ 

We have from (a), ^-=u+ft. 

Integrating w.r.t. to t, 

s=u/-Hfr 2 +B, 

where B is constant of integration. 

If at /=0, s=s 0 , then B=s 0 . 

.'. s^s„-fuf + \it-. 

dS 

(c) Multiplying scalarly equation (2) by 2 —, we get 


dt 


ds d± s 
dt 'dt* 


2f 


ds 

dt 


Integrating with respect to f, we get 
2 


dv r 

v• dt«c | 

) dt J< 

; 2, %*- 

2 j\ d\=2 



[”’i- 


2fs. 


v 2 —w 2 =2f-s 

v 2 =w 2 +2f*s. 

^Problem 68. A particle of I kg . moving with initial velocity (i+2k) 
'^metres i /sec. is acted upon by a constant force (I+2J—2k) newtons. 
Calculate the distance and velocity ajter 5 seconds. Also find the 
time in which the particle reaches the xy-plane. 

Mass of the particle =1 kg. 

Force acting on the particle =^(i+2j —2k) newtons. 

Acceleration f— fo— = ——~ ==(i+2j—2k) metres/sec> 

mass i * 

Initial velocity u=(i+2k). 


*=5 seconds. 
v=u4-f/ we. have 


Using 
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Velocity after 5 seconds=(i+2k)+(i+2j 2k) 5 
=i+2k+5i+10j-10k 
=6i+10j—8k. 


So that 


v=V(6 2 +10 2 +8*)=V200 

=l0\/2 metres/sec. 


Distance covered in 5 seconds, 

s = u r+ift 2 =(i+2k) 5+i (i+2j-2k) 25 
=5i+10k+-¥-i+25j-25k 
=-V-i+25j-15k 
= 17'5i+25j —15k 
s=V{(17-5) 2 +(25) 2 +(15)*} 

= ^(30625+625+225) 

= V0156-25) 

=34 metres. 

Let f be the t ime when the particle reaches the xy"plane, r.e., when 
s is e qual to zero. 

Using equation s=uf+Jfr 2 , we have 

b»+js,+kJ«=(*+2k) t + h (I+2j—2k) t 2 

Comparing coefficients of k, 

s i =2r—r 2 =0 

or r=2 sec. 

Problem 69. //r=f 2 i-fj+(2r+7)k and s=(2/—5)i +j—<k ,find 


(o) 

d . , 

sr < r ' s) ’ 

(b) -jf (rxs). 

(c) 

d 

,, d f ds\ 

w (r+s) > 

W rX -dt)at,-l 

(«) 

^-(rs)=-r 

A . Jl. s 

dt + dt 


= ^i-/j+(2/+l)k}-{2i-k} 

+ {2fi—j+2k} • {(2f—3) f+j—/k> 
= 2r 2 —2r—1+4/ 2 —6r—1 —3f 
—6r s —11 r— l 
-- —6, when f=l, 

i.e. ~-(r-s)=—6 at r=l. 

lb) -^(rxs)=rx^- + A Xs 

={< 2 i—fj+( 2 f+l) k}x{21—k) ' 

+{2/i-j+2k} x {(2/—3) i+j-rk) 
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=4f*j+2fk+tf+2 (2f+l) j+2/k+2/*j 

+(2/-3) k+rt+2 (2/—3) j-2T 
=(2f—2) l+(3f 2 +8f—4) j+(6/-3) k 
=0i+7j+3k at t=£. 

Therefore ~(r x s)^ ( i =7j+3k. 

(c) ir( ,+ * )== w + w 

=-^-[< 2 i-fj+( 2 r+l) k]+~[( 2 /- 3 ) |+J-rk] 

=(2<i-j+2k)+(2i+0-k) 

=(2f+2) i-j+k 
=41—j+k at f=l. 

Thus -^(r+s)=4i-j+k at r=l. j. 


(<0 s=(2r-3) i+j—rk 

—=2i-k 
dt LX K - 

( rX '^) = {* Si ~'i+( 2 '+ 1 ) h}x{2i—k} 

=< 2 j+2rk+/i+(2r+l) 2j 
=/i+(/ 2 +4/-2)j+2fk. 

4( rx -§)--i>'' i -(' ! + 4 '+ 2 )i+2'k} 

=i+(2<+4)j+2k 
=(i+6j+2k) at r=l. 

Th “-sr(' , 4)-' + « +2 ‘- 


Problem 70. Differentiate 


rxa 
ra ’ 


a being a constant vector. 


Let 


rxa 

ra 


rfv_ d /' rxa \ 

"dt ~ dt V r-a ) 


— ( r a> ) (rxa ) —(rxa) (r-a) 
[r r aj 2 

_ (rxa' 


(ra) 


< rx »)(*•»> as i»_ n 

[r a]* aS dt “°- 


Problem 71. Find the derivative of the product rXs and deduce 
that 
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cPr 


«■£> 

For the derivative of r x s see Rule (1) of §1.1 r 

d , . A w , v A 

i.e. ¥ (rxs)= F xs+rx w • 

For second part putting ~ in place of s in (1), we get 


[jdgra, /PtfJJ 


...(/) 


d f dr \ 

sK rx drJ 


.A d { dr\ 

] ^ x ~ +xX W\-dT) 

d 2 r 

=IX 5-5- as 

dp 


dr dr n 


1.19. PARTIAL DIFFERENTIATION OF VECTORS 
Let F be a vector function depending upon more th an one scalar 
variables, say x, y, g; then we write F=F (x, >>,~ 2 ) anH the partial 
derivative of Jh with respect to x is defined as 

— =Lim F (x-f 5x, y % z) — F (x, y y 2 ) 

0x Sx-*0 8* 

if this limit exists. 

Similarly partial derivatives of F with respect to y and 2 can be 
written as 

9 Jl-=I im FQf.y + Sy, z) F (*, y, z ) 

dy 

0F_ 

0z Jjim 8z->0 8z 

provided these limits exist. 

t . Note ; J f J = “ ( *’ **» 0 *+ v (x. 2 , 0 j+vv (*, y, z, /) k, then 

the partial derivatives of F with respect to x, v, z, I respectively, may 
be expressed as * J J 

— = — i-l- t 

0* dx ^ dx^dx * 

— ij- §L sj_ 2^ 1 

9.V 0y + 0y J+ dy k 
0F du , , 0v . , 0w , 


8>>-*0 By 

=Lim F(x,y,z+Sz)-F(x,y,z) 


=;7 i +^j+ 


Higher 
§F 0F 
3* ’ dy 


dz gz 
9F_ du 
dt~ gt ,+ 

order 
0F 


dz 


dv_ 

dt 


. . 0W 

)+ aT k 


partial derivatives. The partial derivatives 
02 themselves functions of the same set of scalar 

partiaUerivadves such^as artially dlffercntiated > giving second order 
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JL(QL\ JL{ d J\ ±( d JL\ J/W\ 

dx\dx J’ dy \dy )' dz \dz )' dx\dy )’ dy\dxj'" ttc ' 


02p 02p 

which arc denoted by —- 2 , ~—. lt 
3 dx*’ dy* 


0 2 F 

0Z 2 ’ 


0 2 F 9*F 


...etc. 


?xdy ’ dydx 

Further differentiation of second order partial derivatives may give 
third amMugher order partial derivatives. 

Not/1. The two second order partial derivatives, viz., 

3 2 F . 0 2 F > 


dxdy 


and 


dydx 


a re equal, if each Of them is a continuous function, i.e., 

8 2 F _ 3 2 F ; 

, dxdy dydx * . | 

j /Note 2. If r=F (x, >>) and x=f x ( t , s), y—/ 2 (/, j); then 4e have 

v ci* ar d~ cii? ciii I 


0jr__ 0F dx 0F dy 
dt dx ct * dy dt 


, 3r _0F dx . 0F dy 

an 07 ~dx Is^dy ds‘ 

These two results are similar to those of the results in ordinary 
calculus. 


Total differentials. If F is a vector function of scalar variables 
x, y, z..., and we assume that the values of the variables increase 
from x,y,z... to .x+8x, >'+8v, z+8z..., when the corresponding 
change in F is F+6F, then we write 

F (x, y, z...,)+8F=F (x+8x, y+8y, z+8z...,) 
or 8F—F (x+8x, y+8y, z+8z...,)-F (x, y, z...) 

which may be expressed in the form, 

F (x+8x, v+8v, z+8z...)—F (x, v+5.y, z4-8z...,) B 

6F= --8* “ 5a 

♦ 

I F (x, y+Sy, z+6z...)—y(x, y, z+8z. ..) ^ + 

Now if 8x, 8z... tend to zero then 8F will also tend to zero; so 

that the coefficients of 5x, 8v, 8r. ... in the above expression tend to 
the limiting values 

9Ffx, y, z...) 8F (x, r...) 8 F(x, y , :...) 

dx ’ dy dz 

. , 0F cF 0F 

or simply to ^ j.- 

As such the above expression can be written as 

?F _ , 0F ... , 0F 
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Proceeding to the limit when SF-*0, we have 


the limit wr 

J'fJF- 


e *+%*+- 


This gives the total differential of F for the scalar variables x, y, z... 
The total differential dF is given by 
di=*dui+dv\-\-dw)t. 

When F=u (x, y, z) 1+v (x, y, z)j+w ( x, y, z) k 

Where du= P dx+P dy+pdz 
dx 9 y 7 dz 

dvs= — dx+^p dy+pdz 
dx 9 y 7 9 z 

, dw , ,dw , . gw, 

dw =Tx dx+ Yy dy+ Yz dz ‘ 

1.20. RULES FOR PARTIAL DIFFERENTIATION OF VECTORS 

If r and s arc functions of x, y , z, then 

(I) .4(r-s)-r4 + ?i.s. 


&**-'*$,+ *,*'■ 


(3) wi <r,s)= |;is (r,s) ]"IHi + ?* s ] 

=r I 9t. 3s , 3r 9s _9^r_ 
dydxdy ' ax + 9x ’ dy + dydx a ' 

The proofs of these results are similar to those given in §1.18. 

Problem 72. Find ~^far the following functions: 

(a) r=x cos yl+x sin yj+ae m »k. 

(*) r*=*a {x+y) i+h/2 (x-y) j+J^k. 

(c) r=*x cos yL^x sin yj+c log ^+V(x 2 -c s )} k. 

(a) Given r«ex cosyi-fx sin'Hp-ae^ik 

|^»cosyi+sinyj 

9r 

= x sin yl+x cos y\+ame m ' l \ 

2-._ 0 

>x‘ u 

3 8 r 

9 y* * xcosyl—x sin yj+am 2 e mv k 
3*r 3 tdx \ 


3*9 y dx 




sin yi+cos y\. 
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(b) Given t=\a (x+y) i+|& (x-y) Jx^k 

g- =i [ai+ 6 j+>k] 

| =i 

Pr=» 

ax* 

— =lk 

d yt ** 

ipj:u 

a*37 a*W ) 

(c) Given r=x cos yi+x sin yj+c log (x+Vl**-^ 2 )} k 


=cos>1+sin 


in >j-c| 


fl + i (x*-c*)- *'M 

x+y/{x 


=cos J'i+sin y\- 


-x sin yl+x cosj'j 


I 


2xk 

(x 2 -c 2 ) 3 ' 2 

|-1 =-x cos yl-x sin >>j 

- - -— —sin .yi+cos >>j. 

axa^ axVa.y J 

Problem 73. 7/A=xVzi-2xz 3 j+xz 3 k, B=2zl+^j-x*k.^ 

We have AxB= 1 j k 

tfyzj-tox&xz* 

2z f —x* 

=i (2x 3 z 3 —xjz*)—j (—x*yz —2xz*) -f k(xVz+xz 4 ) 
^ (AxB)=l (—xz*)—j (—x 4 z)+k (2x 3 j>z) 

Md al* < Ax »“sf| ( *x»)|—^'+ 4 “1+'W«» 

-=—4i—8j at (1, 0,-2) 

Problem 74. If 4(x, y, z)=xy*z and r=xzi—xjr j -fjz*k, find 

r4r„ (*r) at the point (2,-1, /). 
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9 (ft) =2xV zi - x 2 /j+3xy 3 z 2 k 
az 

nH JL ( x r) = 4xrzi-2x/j+3/z 2 k 

and 0 x 0 z * W a A dz J 

So that 

9 a . /*)« =4/zi-2/j 

alFai w a*W*8* 5 

=4i—2j at (2,-1, 1) 

jg jt x— 2 >y~ i>^ ^* 

' Problem 75. // F depends on x, y, z, / *vAere x, J', z depend on t, 

, df aF L 3F^X , 9F^ , SF^. 
prove that # = di dt dy dt ^ dz dt 

Let us suppose that + 

F=/i (x, y, 2 , r)l+/ 2 (x, J, *, 0 j+/a (*> z > 0 k W 
So that (/F-rf/ii+^i+^/sk ^ 

Now i A - f x *+ $ Jy+ | *+ ff’* 


♦+?*+¥* 

Putting the values of, df u df 2 , df 3 , in (//) we get 

«-GI H* * + f*+ f *) i+ '+••• 

- (I ,+ |i + l l ) *+@‘ + ^+^ k )* 

+ @>+&+£) *+ Gf i+ ^ + l’ k > 

' £- 0 ^H!f k )f + (f. + *,+^ 

= ?? d l_ £. ?Z *. §?. 

0X dt ^ dy dt ' 3z dt + dt’ 
e iu(t-rlc) 

Problem 76. Prove that F=a-- satisfies the partial differ- 

9*F 2 9F 1 ;?*F 

2*3 ' w * * ^.St 


0/3^3^ 


ential equation 
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where a is a constant vector, co and c are scalar constants and 

We are given that 

| gif* ( t-r/c )] 

r 


F=a 


. 0F . [re~ lar l c x -io>lc-e ici l ( - , - r l c) ] 
" dr r s 


~-—tu>r/c _ s 


-- ae 

cr 


e in(t-rlc) 


3*F _iw [ rg -iW/c x —fo/c— g—i^rjc j | 

3r 2 c * r 2 

_ m \r*e- ia ‘ r l c X -m!c-2rJb( , - rlc) 

1 


Ct>' 

—— a —£ 
c* r 


•jW/c i yfa>a iW/c_|- rfc) 

' cr 14 cr 2 $ r* 


_ -j* 2 JL e -i*>rlc , j£tZ*. e ~iv>rlc » _?* 

C* r cr 2 r 8 


r/c) 


Again ■ = ~ e ib>t x io>= c ,w/ ^ 


and 


ar 

a 2 F 

a* £ 


-e lb> * x/o= —~-e ,wy 
r 

i 0 . 2 * ^1(0/ „ __ y* 


So that 


a 2 F 

0r 8 


^ a /«>/c_j_ ^* 6 >* c —farfc | r/c) 


-f^V- 

r \ dr J 


^ y<l)a g—for/c_ ^ ag 


i'ca(r— r/c) 


cr* 


an( j \_2o>a giat 

n c 4 Va/V _ 


-( 1 ) 

•( 2 ) 

.(3) 


From (1), (2) and (3), it is evident that 

3*F 2 3F _1_ 3^F_ 

3r* + r 3 r~ c* 3t a 


1.21. THE SCALAR AND VECTOR FIELDS 
A physical quantity which is expressible as a continuous function 
and which can assume one or more definite values at each point of 
a region of space, is said to be a point function in that region and the 
region specifying the physical quantity is called as afield. Point func¬ 
tions are of two kinds: Scalar-point function and Vector-point func¬ 
tion according to the nature of the quantity concerned. 
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m Scalar-point function. At each point P of a domain or region, 
the function denoted by f(P), or f(x, y, z) is known as a scalar-point 
function. The points of the region R together with the flinctional 
values/(P) constitute a scalar-field over R. 

The examples of scalar-fields are the temperature distribution in a 
medium, the gravitational potential of a system of masses, and the 
electrostatic potential of a system of charges, etc. 

(2) Vector-point function. If to each point P of a region R, there is 
associated a vector F (P), the function F (P) is known as a vector- 
point function, and points of R together with these vectors constitute 
a vector-field over R. 

The examples of vector-fields are the velocity of a moving particle, 
the electrostatic, the magnetostatic, and gravitational fields, the 
electric intensity of force etc. 

Continuity of Scalar and Vector-point Functions 

(1) Scalar-point function. A scalar-point function / (P) is conti¬ 
nuous at a point P=P 0 , if 

(1) f(P) is defined. 

(«) Given a number e>0 however small there exists a positive 
number 5 such that 

| f(P)-f(Po) | < e 

provided | P—P„ | < 8, where 8 depends on e and P both, 

i.e. 8=6 (e, P ) 

In other words, a scalar point function f(P) is said to be continuous 
at a point P 0 , if 

Lim^ o /(P)=/(P 0 ) 

The scalar-point function /(P) is continuous in a region if it if 
continuous at every point of the region. 

(2) Vector-point function. The continuity of vector-point functions 
is defined similarly as in case of scalar-point functions except that f 
is replaced by f for vector-point functions. 


1.22. DIRECTIONAL DERIVATIVES 

1^/ ( x > y' -) be defined and differentiable at each point (x, y, z) in 
a certain region of space, then the partial derivative is defined as 

ia?iZf tC ?l C j ange °f/, at *- Y > y> r ) * n the direction of axis of x and 
called as the directional derivative. 

(1) Scalar-point function. Consider a line QP drawn in a scalar-field 
p /, the sense of it being positive from Q to 
P. Let f(Q) and /(P) be two functional 
values of scalar-point function / at Q and 
P respectively. 

Q 


Fig. 1.35 


Then, if Liny^ existS| it is 
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called directional-derivative of the scalar-point function at Q along QP- 

(2) Vector-point function. The directional derivatives for vector- 

point functions is defined similarly as in case of directional derivative 
for scalar-point functions except that / is replaced by f for vector- 
point function i.e. 

if Lint p_^Q 1(P ^pQ® exists, 

it is called directional derivative of a vector-point function at a point 
along the direction of the vector. 

(3) Directional derivatives of scalar-point function alo^ coordinate 

axes. Referred to Fig. 1.36, we have QP— Sx. 

The definition of directional derivative for 
scalar-point function, then leads 

(,. Y z)(*.**.y.z) f(P)-fiO) * 

q-*-> um p ^ym I 


y 

* 


->x 


. Lim ,^ 


Fig. 1.36 


=partial derivative of / with respect to X 

ylir']' 


dx 


Proceeding similarly, we find that directional derivative at Q along 
the positive directions of axis of y and axis of z are ^"Irrespectively* 

(4) Directional derivative of vector-point function along coordinate 


axes. Proceeding as in case of (3), we may find that directional 

dcrivntivc ^ ___*_r*_ 

axes arc 


of vector-point functions in the positive directions of 

af af af 


8 * 8 / rBP “ tiVely ' . 

(5) Directional derivative of scalar-point function along any line. 
If QP be a line in the space in 
positive sense being from Q to P, 
and the direction cosines of QP are 
/, m, n, then the coordinates of the 
point P such that QP—r, are 

(x+lr, y+mr, z+nr). 

Thus the definition of directional 
derivative gives 

Ump 



-him 


r+0 


f(x+lr, y+mr, z+nr)-/ (x, y, z) 


Fig. 1.37 


...<o 
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If f(x V z) possesses first order continuous partial derivatives 
fhen/(x+/r, y+mr, z+nr) can be expanded by Taylor s Theorem, 
so that we have 

3 / 

(x+/r, y+nv, z+nr) = / (x, J’, *) + lr -j^(*i» J'i. *i) 


+ mr ^ (x x , >'i, Zi) + (x^ Zi) 




(«) 


where (x lt >’j, z x ) is a point on QP. 

f(P)-f(Q) a f , v „ v. 

Hence Lim p +q - qp - dx Z) 

+ m~- (x, y, z) + n ~ (x, y, z) [from (i) and (//')] 
dy oz 

■-'H +m 3L + .X 


ax 


dy 


a z 


which follows that the directional derivatives along any line can be 
expressed in terms of those along three coordinate axes. 

(6) Directional derivative for vector-point function along any line. 
Just as in case (5), take the direction cosines of a line as, /, m, n and 
define a vector-point function f in the region of line in terms of unit 
vectors i, j, k, as 

f (x, y, z)—f\ (x, y, z) i+/, (x, y, z) j +/> (*, V, z) k. 

If f possesses first order continuous partial derivatives then its 
components f 2 , / 3 will also possess first order continuous partial 
derivatives. 


The definition of directional derivative for vector-point function, 
gives 


Lim, f (^)- f (G) 
um ^Q fjip - 


=i [iMl 

L dx 


+m 


Ml 

dy 


fi (P)-A (Q) . j h (P)-f> 

~QP +J QP 

+k fAP)-£ (QL 
Ml +„ Mil 

dy 0z J* 


=i 




+J £ 


dx 


+m 



which is similar to the direction derivative of scalar-point funcflon. 
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^45. LEVEL SURFACES 

Assuming that fis a continuous point-function, through any point P of 
the region considered , we can draw a surface such that, at each point 
on it the function has the same value as that at P. Such a surface is 
termed as a level surface of the function. 

The examples of level surface are: isothermal surfaces and equi- 
potential surfaces for temperature and potential respectively. 

1.24. THE GRADIENT OF A SCALAR FIELD 
Consider a scalar funct ion i.e. a function whose value depends upo n 
♦he values o? co-ordinates (x, y, z ). Being a scalar it s valfcc is cons - 
tant at a fixedo oint in space. ~ ----- | 

The gradient of any scalar function <f> is defined as | 

*"> d *=' 4+f iF +k ir=C' -ir+> 8 7 + ‘|> 

— W * | .. 0) 

where operator V is generally known as 'del' or l nabla' ojfsrator and 
read as ‘gradient’ or ‘grad’ in short. We have already me 
a scalar field is the region in which the 


the scalar physical Quantity like temperature, electric notenti 


density etc. I t is r e presente d by a c ontinuous scalar function giving 


■+> a7 +k 




having same value o 


surfaces. 

Consider a co-ordina te system wit h axes s uch that any level surface 
lies i n x-y plaS e while z-axis is along the normal to that level surface. 
Since the value of 4 does not change along the level surface, i.e. 

dt d£ Q 

dx dy ’ 


therefore 


grad ^=k &~ 


...( 2 ) 


Clearly grad ^ is directed along z-axis, i.e., along the normal to 
the level surface. Therefore equation (2) may be written as 


jrad #=ft» 


... (3) 


where n is unit vector along the normal to the level surface at any 


-rom equation (3) we may state, “ The magnitude of grad $ at any 
point is rate of change of function $ with distancejalong the normalta- 
t he level surface^ at the point and is directed along unit vector n.” 

Note. It is ttr be noted that gradient of any scalar quantity is a 
vector.- (Agra, IMS) 

ProMen 77. Prove Vr"=nr*~*r. 
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L.H.S.=Vr-(if+j l+kfr) +C+ k 


=inr n_1 ^ 


aT+^ n - 1 9 7 +k - n - 1 I 


= " r ”' 1 [ l |^ +j ^ +k fj] [^ncc rW+/ +7 ’ ; 

• dr x IL y dr z "| 

” ?* r ’ dy~ r ’ dz = r J 
(lx+tv+kz)=nr B - 2 r. 

V Problem 78. Ifris the position vector of a point, deduce the value 
Of'gfad (1 //•). 

As given, t=xi+yj+zk. 

So that ——— _?_ 

r (J &+y*+z i ) 1 l t 

grad (l/r)= V 1/r 

^Odx+j aj +k aj) [(F+p+iy 7 *-] 


1 dx [o^+^+z^J+j By [ ~(x*-j-y 2 -l-z ! ‘) 112 J 

+k ^[l^+P+z i F r J 

+ *[-WW] 


_ jd+jj+gfc r 

(**+.y 2 +z 2 ) 3 / 2 ~~(r 2 )*' 


2z 

'(**+*•+ 


if 2 /} TI ? E ^ RA , D i ENT OF A scal ar point function 

( / lF +w -|r+«-^)=(/i+mj +ff k). (f|^+j t£+ k |£) 

th ?V\ a,ar product of tWu vectors (ti+mj+nk) and 
V * £v +J 0>- +k e" z J» where the vector (li+mj+nk) is a uni.t_wctar 

® SJ *^ 5 ^ ^- n ! j n Md the second vector 
weconHua/tharte °? any dife mo T T Th us 

by multiplying the vect or tive alo ng a ny line can oe obtained 
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i 4-k 

dx dy dz 


scalarly with the unit vector 


/I+mj+rk. 


The vector function 


i 0 i +i d ± +k d l 

dx dy dz 


is called the gradient of a scalar-point function f and is written as grad 
^ or Vf Thus, 

V, r_ . d<f> , , df_ . d£_ d<f> . , 3£ . . 

g ^ 1 3* 3y 32 — 3x 3y J 

It is clear that the gradient of a scalar-point function $s a vector. 


d<h 3d 

In case, ^ is a constant, grad d=0 since ——» - 

ox oy 

be zen/in that case. Its converse is also true. * 


all will 


1JT# THE GRADIENT OF SUM OF TWO SCALAR-POINT 
FUNCTIONS 7 

‘ u and y are two differentiable scalar functions of x, y, Z, then the 
gradient of their sum is given by 


V 


(u+v)=^i 


dx 


-i 


dy 


k 


3 z 


-) («+v) 


*i 


^-(«+v)-H ~ («+v)+k (u+v) 


dz 

du dy du dy du 

-» ,4+i 5T+i £+1 ,4+k 


dx dx J dy * dy 


-+k- 

32 02 

<?V 


= ( f 3T +i 37 +k k) M+ (* 7 +j 37 +k v 
= V«+V»’. 

Showing that the gradient of sum of two scalar-point functions is 
equal to the sum of their gradients. 

This rule may be generalized for any number of scalar-point 
functions. 

1.27. THE GRADIENT OF PRODUCT OF TWO SCALAR-POINT 
FUNCTIONS 

If u and v be two differentiable scalar-point functions of x, y, z then. 
the gradient of their product is given by 


|- +k !-)(.,) 
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=i 

87 (uvHj ^r(«v)+k—(«v) 



=i 1 

C«S-+’-S)-H( 

'u &+, i“ W 

. s? ?v y 

( 9v , 

V* ar +v 

02, 

-“1 


b['£*$+*-0] 


-•( 

<~k +J -b +k w. 



u 

==w V v+v V u. 




. [ hat t the gradient of the product of two scalar-point functions 

functions ^ ^ Ja/ ” e ^ a ‘ s,J valid f or derivatives of the algebraic 

Problem 79. Find V<6 and | XJ<f> I for the function. 

$—2xz i —x 2 y at the point ( 2, —2, —I). 

We know by the definition of grad <f> that 

7 K 1 i-)* 

<f>=2xz*~x 2 y 


Here 


V*. (i J 


dx lJ 8y 


a z 


-^(Ixz*—x 2 y) 


1 a* & xz *—**)>)+ i ~(2.xz*—x e y) 

+k~(2xz 4 -x s y) 

=t [2z*~2xy]+j [~x*]+k [8xz 8 ] 

=i[2 (~l)<-2 (2) (-2)]+j [-(+2)») 

+k [8 (2) (—l) 3 ] at x=2, ,y=—2, z= —1 
='[2+8]+j[-4]+k[-16] 

= 1 Oi—4j — 16k. 

And f V 4> | = ■v / [(10) a -f-(—4) 2 +(— ]6) 3 
= a/(372)=2 v / (93). 

Problem 80. If u^x'z+e*'* and v=2z 2 y-*y 2 find 
W h V(« + v’, W 

V («-f-v)=v«+Vv 
V (Mv)=aVv+vV» 

Given that u—x^+evi* 

V " = ( l ‘ajc +i j} + k jjj) (* 2 *+*«"•) 


(1) 


1 0x (jc * z+eV/ *)+j j^(x 2 2+e v/a )+k-jL(x t z+e**) 
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—i ^2xz+e*!*X —p-]+j [-x ^-J+k [x*] 

=l[2(lX-2)+c°x-j-]+j [e°x-y-]+k(l 2 ) 

=—4i+j+k ... (2) at x= I, y=0, z=—2 

And v=2z*y—xy 2 

v, “('-& +l lr+ k i) 

=1 JL(2z 2 y-xy 2 )+i~ (2z 2 y-xy*)+k-~- z (2zty-xy*) 

=i [~/]+j [2z*-2xy]+k [4 zy] \ 

=1 [0]+j [2 (-2) 2 ]+k [0] at x=l, j’=0, z= -j2 

=8j. ! ... (3) 

Putting the values of V» and V v from (2) and (3) in (1) v|e get 
(a) V(«+v)=V«+vr=(-4i+j+k)+8j=-4i+9j+k| 
and (b ) V(«*>) =>mVv+vV«= (x 2 z + e */*) 8j+(2z*y —y 2 x)( +4i+j+k) 
—c—1) 8J= —8J at (1, 0, —2). j 

Problem 81. 1/A=2x"i-3yzj+xz s k and <f>=2z-x 3 y find 
(a) A* (h) AX W at the point ( 1, -1, 1). 

Given ^—2z—x 3 y 

v*=('i+i i +k f) <2z - ;(W 

=i (-3*^+j (-* 3 )+k (2) 

—31—j+2k at x=l, j= —1, z=l 
and A=2* 2 + 3;’z j+ xz n k 

=2i+3j+k at x— 1, y— —• 1, z— 1 

(a) ^-V^=(2i+3i-hk) (3i-j+2k) 

=[6—3+2]—5. 

and (6) ^lx V^=(2i+3j+k)x(3i-j+2k) 

.=[—2k—4j—9k+6i+3J+i] 

=71—j—Ilk. 

Problem 82. Prove 7 provided v+0. 

~ =(«v" 1 ) 

V ' > =( i i +j f3 +k ^) ( " , '‘ ) 

=i ^ ("V-^+j ^(uV-^+k -^-(MV- 1 ) 


Given 
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<- 


_“&L +v -ii“ 
v* 3x' Bx 


u Bv 


-i Bu 


] 




*D 


V 1 L 0jr ri 0y 


•j4r+k 3 


i_1 

BzJ 


+ -»[' s +) ^ +i i]" 

— f V, +T Vu= T V “~£ Vr=-^S=!^1. 

Cta” 1 8 JLu(x y di ^ erentiablefunction °f*>y> z.Prove Vu-dr=du. 


i.e. 

and 


du 


foj.du Bu , 
d *+l^dy+-^dz 


Bx ux ^ty 
r—xi+yj+zk. ‘ 
dt*=dx\+dy\-\-dz)t. 
Bu , . Bu 
3x ^‘Ijr 
Bu , .Bu 


No. V.= (,-* +l £ +k |L) 

du' 


VU'di=^i 

_A_ 9 «{ , . Bu ,, du \ 

V h +J "0^r +k te~) • 0 <&+j dy+k dr) 


^ +J ir+ k f)-* 


t-e. \?u>dr=du. 


Bx dx +~ty4y+-fe<k=du 


1M THE DIVERGENCE OF A VECTOR-POINT FUNCTION 

£ ^fZalnwtifiA + J’a m,or 2"/*° www? 

dolled ay: ' vm<?r fi eld > then the divergence o/\ is 

_ 


+k .9v 

9* J a>- +k a? 


■*'* 05 V / V "*Vf v. 

v V ~('3j + j|r+ l -^)-(F,I+FJ+F^) 

av _ 


- Fl + QtjL_L SV 3 
By T 


3* 


W ^^ is c * ear ^y a scalar quantity. 


(■dgra, 1965) 



=0 then V is known as Solenmal Veeter. 
Interpretation of div V. Lit us consider the motion of a homogenous 

■__ __i. jj.j j ■ ■ . 11 - 


a nd incompressible fluid particle 
at an instant of time j ana let u, 
v , w c omponent s- of i t s 

v^liyiity parallel to axeS-Pf x. v.z 
jesgectively.. 

Construct an elementary rectan¬ 
gular parallelopiped of fluid with 
sides 8*, 8y, 8z having P (x, y, z) 
as the centre. 

The velocity vector at P is 
given by 

V=uH-vj+wk. 


C 


B 

—i—( 

J .P 
Di..— 

| IX 

A 

A , 

ir 


7 

r 


•+X 


Fig. 1.38 


Now, components of velocity being the functions of xt y, z, we 
have ' 

u=u (x, y, z), v=v (x, y, z), (x, y, z) 

the component of velocity parallel to x-axis at a pdiift on the 
face A' D' C' B' will be 


-( 


* + 


8x 


>y>z 


) 


~u (x, y, z)+ y[|“]+ • • • (by Taylor’s Theorem). 

Tne mass of the fluid passing out of the face A' D' C' B' in small 
time 8/=density of the fluid x velocity normal to the face A' D' C' It ^ 

x area of face A' D' C' B' x time ^ 

[“+ !(!f )] X5>,X52X8 ' 

Similarly the mass of fluid that passes through the face ADCB 

=p ["-f fJ 6 ' ,SzS '- 

And the mass of the fluid that passes out through the faces ADCB 
and A' D' C' B' 

["+ f If] 82 s '- p [“" T If] * y 82 “ 

=p -6x 8y 8z 8/. 

0X 

If the other two pairs of faces are considered then we have masse* 
of fluid that moves out as 

p-^8x8y5z p 

dy , 0z 




80 


MATHEMATICAL PHYSICS 


The total mass of fluid that moves out the elementary parallelo> 
piped in time St 

=p Sx By Bz 8/+p ^-8x By 8 z St +p^~ Bx By Bz St 

• | ’Dj + 87 + lr] to ^ s * 6 '- 

The volume of the elementary parallelopiped is Sx 8y 8z and so 
proceeding to the limit when Sx, Sy, Sz, St all tend to zero we see 
that an amount of fluid mass per unit volume per unit time that 
passes through the point P (x, y, z) 



0M 

dx 


A dy 02 J 


Sx &y $z 


$z St 


= P pJL+^L+^1 

Ldx T ?y T dz J 

=p 0 ix +i i +k i) ,(ul+vj+Mk) 


/=P V -V=p div V. 

/ 

1.29. THE /DIVERGENCE OF SUM OF TWO VECTOR 
FUNCTIONS 

If U-'aflo V be two vector-point functions expressed as 
U=U 1 i+C/ 2 j+t/ 3 k 
V=K 1 i+F ! j+K 3 k. 

Then 

V -(U+V) = (i f x + i j y + k-|)m+ vd i+(U 2 + V 2 )i 

+(U 3 +V 3 ) kl 

- Tx [U i+ F J+ fy [V * +V * 1+ Tz^+KJ 


= 3+ 3V f 3 


-0 


OX 

J 

?x 


+i 


cy 

o 


- +k -x 

Sy cz. 


J 

)■ 


( 


cx 


o' 


iLA 

cz / 


(CxI+UJ + C/jk) 


+ 0 Tx + j Ty +k Tz) <v ''+ v ** +v > k > 


=v-u+v-v 

* =divU+divV. 

Showing that the divergence of the sum of two vector functions is 
equal to the sum of their divergences. 

Tbis rule may be generalised for any number of vector functions* 
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1.30. THE DIVERGENCE OF PRODUCT 
If the vector point function U is expressed as 
U= U 1 i+t/*j+ U 3 k and Visa scalar point-function. 

Then V . (UF)= (■ 4 +i { y + k 4)'K t '* ,+£, * i+t,,k,n 

-0 4 +1 4 + k l)'t^.'+^d+^] 

-4<^. ) + TyV'VJ+l^ ' ■ 

„8K, w > i r; 4-uW+V^ 

= u ‘to +y -to +V 'T, +r lF +t/ ’V +y li 






+ K V3* + 8* f 8z / 


<' 4 K +ia 7 + ‘ 4 )™ + ^> 

+< i ^+‘i +k 4)'< c, ' i+(; ' 1+t; - k) 


=(W)-U+V(VU) 
div(UV)=(grad K)-U+Vdiv U. 

Problem 84. (a) If\=x t zl-2y , z*i+xy*zk 

(Agra, 1961, 63) 

find V •¥ at fAe point (/,— /, /). 

(A)//V=^i^-y»n < /V -V 

(c) // V=x car zi+y fog xj-z : k evafoa/e V . V 
(a) Given V=x*zi—2,y*z*j+x,y*zk. 

vv= (' 4+i 4+ k 4)^- 2 ^* j+ ^ k > 

- 4 < A)+ “ 4 (_w+ 4 ( ^ 2) 


=2xz—6/z*-|-xy* 

«2—6+l =—3 at x=»I,p« 

xi+yi 

--;- , 

x+y 


-l,z=l. 


^•v»('4 + i| +k 4)-fe ,+ A0 


(A) Given 
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dx\x+yj ty\x+yj 
(x+y)-x , ( x+y )-y 


x+y 

(*+.y) 2 

1 


(x +>’)* 


x+y' 

(c) Given V=x cos zi+y log xj —z 2 k 

••• VV=(l -i +j +k-|)cos zi+y log *j-z 2 k) 

= cos z)+ \ y (y log x)+~ (-z 2 ) 

=cos z+log x—2z. 

Problem 85. If$=2x i y a z* then find 

(a) div (grad <j>), and 

(b) Show that 
(a) Given ^=2xV^ 4 . 

V 




3z 2 


So that 


^(4 +J 97 +k i) w 

=(6 xVz 4 ) i+(4x*yz*) j+(8*yz s ) k 
V ’ V *~(‘Tx + >b+<‘ k) 

+8jr s >’ 2 z*k) 

= gj (6*Vz«) + ~(4x>yz*) + |(8*Yz*> 


w v ' v K*fc+i£+*£)•(<&-«£-»!) 

= ^1+ *$ , 

0JC 2 T 0_>>a + a z 2 

/ 0 2 0^ 0iv 

" Uv+sy+sO^ 7 ’* 

tfo/e. V 2 = X + L 4. i! • . 

0jc* 0_v* ' dz 2 ls * nown as Laplacian operator. 
Problem 86. If «= jj,. „ , , 

(grad v) ]. y ' =xz —2y then evaluate grad [(grad u). 
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As given 



=6jtyi+3x 2 j 

and 

y '-0a7 + lp7 +k S 


=z 2 i—2j+2xr k. 

• 

* 0 

V«- V v=(6xyi+3x 2 j)-(z*i- 


=6xyz 2 —2x 2 . 

V (grad 

«-gradv).[i| i+i | + k; 


r) ( xz2 —2y) 


—(6yz*—4x) i+(6xz*) j+(12x|z) k. 
Problem 87. Prove V 2 (uv)=u V 2 v+2V«’ Vv-t-vV 2 ^ 


We have V 1 (uv)=V [V («v) ] 

where, VM=(l^ +j| 


+i |r +k ^)^)t 


= i gy («*) +j ^ («v) + k 0 J liv) 


du 1 

1+ 

r dv 

+ v 


+ 'id 

L u dy 




, r 

dv 

0M 




aF +v ?l 


a« 

dy 

.. a« 
'+87 

k 



[ dv , , 3r . , Sv, *1 , rdu . a U du 1 

a* l+ 7 J+ aF k J + v L9T ,+ a7 i+ aT k ] 

=«Vv+vV«. 

V 2 («v)=V («Vv+vV«) 

= v («Vv)+ v (vVtt) 

1 _ =«V(Vv)+VvV(«)+vV(V«)+V«V (»’) 

=«V‘V+VvV«+vV*tt+VtfVv 
==ttV 2 v+2V«Vv+vV 2 «. 

Problem 88. Prove V'(mVv—vVm)=uV 2 v—vV 2 m. 

WehaverV-(«Vv)=ii{ V-(Vv) ]-f.VvV*(«) 

=«V*v+Vv-V« . . . (1) 

and similarly V *(vVm)=vV 2 «4-V«-7v. ...(2) 

Subtracting (2) from (1), we get 

V '(m\7v)—V •(vV«)=«V 2 v+Vv-V«—vV 2 «—Vw V** 
=«V 2 v-vV 2 «. 

Problem 89. Prove that 

r*=x i +y i +z t 


where 


(Agra, 1957) 
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S4 


We have 
But 


,/< )_^1 + ?L + ^Y _ 

(r'J~ W + tz*A\{x'+y’+z t )'l‘ 


] 


d~ 

dx 

0 


r i 

i * 

: L (x 2 +y 2 +z 2 )' 2 . 

J (x 2 +y a -fz ii )* /2 

r 1 

1 <r -* i 

i {*+?+*?!*. 

J ~dx L (x 2 +r+z 2 ) a '“ J 


and similarly 

d l 

dy* 


3x 2 1 

: (**+/+?P (x*+y i +z t )*i* 


r i I 3j 2 _ i 

L (x i -\-y‘+z*y ,t j (.x‘+y i +z i ) i t i (3c 5 +p+z¥ 7i 
02_ r 1 ~1 3z 2 _1_ 

dz* L (xHZ+z 8 ) 1 '^ (x 2 +r+zf |; (x i +y a +Ffi i 

/r. *. ?l\ r 1 i 

W 0/ 0zV L (^+/+Z*) 1/S J 

3 (**+*•+**) 3 

‘ (x 2 +yHz ’)‘ /2 (x 2 +/+z 2 )*' 2 

_3 3 

‘ (* *+yM z*)»/* (^ 2 +/+?j 5 F 


i.e. 


V 


‘(f> 


=0. 


Afo/#. The equation V a ^=0 is known as Laplace's equation , and 
hence is a solution of this equation. 

Problem 90. Prove //ze following propositions: 

(a) V==i^ 4 z - I4*4;c 3 z“j-—is a solenoidal vector. 

{b) V=(^+ij ; ) l+Cy—^z) j +(*+flz) k w n solenoidal vector 
when a~—2, 

(c) U=--(2x J +Sxy*z) l+(3x»y-3xy) j 

-(4-*z a +2x»z) k is not solenoidal vector. 

But vector \=xyz * U h solenoidal. 

ztxo then the vector is called^ofeJo/V/fl/. ^ dlVergcnce of a vector » 
(a) Given V=3/z**^4jcVj-3x*/t 

•** V V= ( i h +i 07 +k 0j)-(3A s f+3^j-3*Vk) 


0* ^^+0^, (^ 3 z*)+ ^ (-3xy)f 
5=0, 
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Hence the given vector V i s solenoidal. 

(A) Given V=(x+ 3y) i+(y—2z) j+(*+oz) k 

v V=(l ^ +j ^ + k ^-)-t(*+3>0 i+(y-2z) j+(x+oz)k] 

~k l (x+3y) 1 + h l ( ^ -2z) 1 + {x+az) 1 ' 

= 1 + 1 +a. 

In order that V be solenoidal vector, we should have V * V=0 
i.e. a+ 2=0 or a=—2. 

(c) Given U=(2x*+8 y*zx) i+(3x*>’—j—(4y*z 2 +2x'z) Ic 

( 0 0 0 \ * 

‘•07+i^+ k lF) f 

•[(2x 2 +8>>*zx) i+(3x 8 .y-3x>0 j-(4j*z*+2x*z) k] 

= ~-(2x*+8/zx)+ -| r (3xV-3x>-)+-^[4>.V+2x l z) 

=4x+8/z+3x*-3x+8r s z+2xV0. 

Hence U is not a solenoidal vector. 

But xyz* U=(2xVz*+8xVz*) i+(3xyz 2 -3x 2 /“z 2 ) j 

—(4xy , z 4 +2x*yz*) k 

V- (xj>z"U)= ■^-(2x*yz*+8x 2 y a z a )+-^-(3x*y*z t —3x t y t z i ) 

— — (4xy*z < +2x*yz a ) k 


= 6 x 2 3 'z 2 + 1 6xy a z*+6x*yz*—6x*yz t 


■ 1 6xy t z*—6x*yz i 


Here xyz * U is a solenoidal vector. 

1.31. THE CURL OR ROTATION OF A VECTOR POINT 
FUNCTION (Agra, 1952, 61, 65) 

Let f (x, y, z)=/ 1 i+/ s j+/ s k be a continuous differentiable vector- 
point function: then the curl of f or rotation ot T is given by ~~ 

( lx il +JX |L +kx «) 

and is written as curl f or V xf or rot f. 

u.. vxf-( I ^L+^+k |-)x(/,i+/j+Ai[) 

_(M _J/L1 1+ / Jfi._ J4 'i 1+ k 

\ dy dz ) \ 0 z 0 j^/^ V ' ty / 
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i j k 

8 3 d_ 

dx dy dz 

fi ft fa I (Agra, 1961) 

< It is clear that curl f or rotation f is a vector quantity and read as 
del cross f. 

Note. If curl f=Q,fis known as Irrotational Vector , 

Interpretation of the curl f. If a rigid body is in motion, the curl of 
its linear velocity at any point gives twice its angular velocity. 

(Agra, 1954, 72 ; Rohilkhand, 1976) 

Consider the motion of a rigid body rotating with angular velocity 
. w about an axis OA ; O, being a fixed point in 

the body. Let r be the position vector of any 
point P of the body. Draw PQ perpendicular 
from P to the axis OA. Then, 

Linear velocity V of P due to circular 



motion K=|V| =t*QP=<*r sin 0— | «xr l 

i.e., V=wxr 

where, i=xi+yi+zk 

—> 

and <«>=<o 1 i-f-Wj j+Wjk. 


But we know that curl V=VxV=Vx(wXr) 

=rVXl i j k 


<!>! G>2 ,OJ- 

x y z 

= V x[« 2 z—w 3 y) i+(w s x—tojz) j+(«*>!>’—<o 2 x) kj 
-* * I k 

_ 8 8 8 

8.x dy dz 

a g z~o> 3 y to 3 x—ojjZ <x> t y — o 2 x 
=2 [wii+to 2 j+wgk] 

=a= 2co. Which proves the proposition. 

1 ‘ 32 ' FUNCTIONS THE SUM ° F TW ° VECTOR POINT 
If u and v be two vector-point functions given by 
’ u=tf 1 i+ir 2 j+« 3 k 

▼“V^+Vjj+Vjk 



VBCTORS 







then V x (u+v)=V x[(«i+v,) H-(m,+v 1 ) J+(n,+v a ) k] 

i j k 
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xu+Vxr. (by the definition) 

i.e. curl (w+v)=curl u+curl v. 

Hence curl of sum of two vector point functions is equal to the sum 
of their curls. 

This result may be generalized for any number of vector point 
functions. 

Note. If r is the position vector of a variable point with respect to 
a fixed origin such that r=xi+yj+zk then curl r=0. (Agra, 1967) 


Since curl r=( i x -g^-+j X ~ +k x (xi+yj+zk) 

»]+J [4-W-TxW] 

[4 «- 


"‘[ 4 (z) - 


dz 


+k 


w] 


=o. 


1.33. CURL OF THE PRODUCT OF TWO VECTOR-POINT 
FUNCTIONS 

We have to consider the curl of the forms i/v and u x v where u is a 
scalar and u, v vector point functions. 

Suppose, ussttii+tfgj+Wak 

V=v 1 i+v*j-t-Vak 

and u is a scalar point function. 
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Then, curl (uv)=V X(«v)=^iX ^x"^i x ~dy^ >< '~dz ) 

(uv^+uvj+uvak) 

== v x (uvj-f KV 2 j + KV 3 k) 

i j k 

8 8 _ d_ 

~dx Sy dz 

I uv t uv j av 3 | 


-[4r ( " ,) ^y (ftv ‘ l J k 

r 8v s du 3v, 3uT. . r« 0v ’o-„ du u ^ v d JLli 
"|.*3y + v * Ty~ u dz~ v * TzJ ,+ L u W+ Vl Tz u dx ~ Va dx J j 

t 8v, , du 3v, du "1 

“ -W+ V ‘17~“ -&- y 'w] 

*)i+(£-£>] 


dz dx 


*[(£'-£•0 i+ <£’■-*-) 


+ 


-«| i i k 

_9_ _9_ _0_ 

<>x dy dz 
v i ”* v 3 

*»« curl v+(grad u)xv 
i- e - 7j(wl"«V xt~KV«)xt. 

Again curl (uxTpVxIuxv] “ 


i j k 

8 u du du 
dx dy dz 
Vi V, v 3 


(Agra, 1955, 57, 61, 63) 


= V x 


j k 


1 

«1 w 2 «3 

v, v 2 v 9 


'VxIto-VjKj) i+^iMs-VaWj) j+(»,«!• 

= i j k 

! _s_ 8_ _e_ 

i 6x dz 

' ( v *“a—VjW 3 ) (Vi« 3 —V3UJ (v^-v^j) 

t 0 g 

•gp ( V *«l-V 1 «*) —(v 1 «3-« 1 V 8 )l 


-Vi"*) kj 
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+k 


(«,. + «j+»,b[(i | +i,7+‘ ^)(».>+va+**)] 

-W+VJ+V.B [• 4 « £ 4* B ] 

+ [w+»J+'.b ( 1 sj + i| +k az)] ( “ ll+ * J+ “‘ k> 

-L +OJ+ ^)(« £ +i 8 7 + k 4 )]w+f + ”’ k) 

*“ . __ /_ rrr\ « 


Aliter 


=u div v-v div u+(v• V) u-(n- V) * 
Curl f=ix|£ +i x ^ +kx 0i =SiX 0x 


0y 


0 [u X v] 

Now Curl (uxv)=2ix —^ 

=2ix[ u x |^+vx^] 

=2ix (ux +SiX (tX f^) 

[By vector triple product! 

/y»tfdivv—v divu-Hv-V) u—(u-V) 

134 TO EXPRESS GRADIENT OF SCALAR PRODUCT IN 
TERMS OF CURL 
We have to show that 

grad (u*v)=uxcurl v+vxcurl u+(u*V) v +(v*V) 

We know that 
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-a [•• -£+»|-] 

a- « ('*£)-(■• £>*•<>£ 

01 (*£) I “[ UX ( IX &)] +( "' I) 8^ 
2 ( u &)*“ 2 C U>< ( ix «f)] +I( " l) S 


=uxcurl^y-(u-V) v 

Similarly 2 (V ^l=vxcurl u+(v V) u 

/Substituting values of (2) and (3) in (1) we find, 
./^grad (u-v)=uxcurl v+(u-V) v+vxcurl u+(v* V) u 
=uxcurl v+vxcurl u+(u-V) v+(v V) n. 





1.35. TO EXPRESS DIVERGENCE OF VECTOR PRODUCT IN 
TERMS OF CURL 

We have to show that div (uXv)=curl uv—curl vu. 

(Agra, 1971, 64, 61, 59) 

We know that, 

0 

div (uxv)=SS- ^ (u X v) 


=aT|W»x I’] 

=Slx^.v+2l.uX 0 ^ 

(interchanging dot and cross) 

—curl u*v--curl ?*u. 

Problem 91. Prove the following : 
sff>Tdiv grad V 2 ^. 

f ,f *fv**=v x(Vi)=o iAg ra, 1956, 67) 

(m) div curll—y >(y xf)=0 (Agra, 1956, 67, 71} 

(iv) curl curl f= V X(V xf)=gradd/v f- y«f 

, . . „ , (Agra, 1959,61,64,69} 

(v) grad div V— V (y • V)= cu/7 curl V+V*V. 



1 



div grad 


*=V-(V*) 

=(' 8 
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Note. This follows that 


div grads {-|i + -|f+ Laplacian operator. 


curl grad V x(V^) 


_ /J!L _ i £\(**__ *L\ i 

\ dydz dzdy) ^ \dzdx dxdqj* 


■+k 


+ (*±L*L Y 

+ \0JC0y dydxj 


=0 


(«j) div curl f= V -(V xf). 

y ' a i+k^vr 


-('&+» 
=( 


IX % +jx 


dx 


% +kx s) 


(faking f=/ii+/d+/,k) 


0 0 0 

0i + ^ +k 0l 
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02 
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- ® ri& - 3&1+ - &1+ iTifi. - 

_ dx L ty Zz J + 0JL J 2zL d * s y J 




dxdz 


dydz dydx 


n 


dxdy 

-°. 

(iv) curl curl f= V x ( V x f) 


dzdx 


dzdy 


-Oa^»^l)x(',x| + ix l + -xl) 

vX 
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rim d hy\ 

\0x dy ) dz \?z dx Jj 
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0JC 2 


" r 0z 

*=grad div f—V*f 

■iVo/e. If div f=0, then grad div f=0 and so 
curl curl f= — yy 

0 grad div V=y (V -V). 


a*/, ,0% 
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dx* +V x(Vxf)=v 2 f+curl curl f. 
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PrpKfem 91. Find curl of the following functions 

■4K) J+=x cos zi+y log xj—z 2 k 
&T f=x 2 l+>> 2 j+z 2 k 
Let f=/ii+/d+/»k; then 


curl f=lx —+jx ^r+kx|r 


' dz 


(a) We have 


f= 

A— 


/ a 9 9 \ 

“0 3^ +j 3j +k &)* f 

= ( 1 97 +j 7 +k J‘) x ^ i +^J+-^k) 

" i+ 0k 1 

> f 3 —^ 


x+y 
x 


x+y 

y 


X+JK X+J» 

26-0-36-0- 0 ^-o- §S- 0 

3y U> 3z 3z _U ’ 3x _U 

y».... >> <*/i _ . x 

3x (x+^) 2; dy (x+yf 

<* rt r-0, + 0, + [-^ + -^] l 

„ . x -rJL. k 

(x+>-) 2 

(4) We have f=x cos zi+j log xj—z 2 k 

A—x cos z, f t =y log x, A— z 2 , 

so that ^=0;^=0;^=-xsin z; 

3x ’ 0x ~ x ’ 9>- 
» curl f=0f—x sin zj+-^k. 


(c) We have 


f=x*i+/j+r ! k 

fi=x i ,f a =y 2 ,f a =^. 

_n §£» _n -n 
3>> ’ 9z ’ dz _U 

Sfi«o ^=0 & 

3x ’ 3x ■* dy 


0 . 


So that 
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curl f=01+0j+0k 

= 0 . 

ProkKm 93. If u=x 2 yz, v=xy-3z a find 
v^)-(Vv)] 

\b) V-[Vu)x(Vv] 

(g/V x[V«x Vv]. 

Given u=£yz. 

v “=(‘l +i 37 +k ^) (,t ‘ , ’ z) 

=(2*yz) i+(* 2 2 ) i+(x*y) k 
and v=xy-3z 2 

Vv “( l fc +i b +l s’ 

=yi+xj-6zk. 

So that (V*MVv)*=[(2*j'z) i+(x 2 z) j+(* 2 J>) k][>-i+xj-6zk] 

=2xy 2 z+x s z—fix’j’z ♦ . - (I) 

and [(V«)x(Vv)=(2jy'zi+^*2j+x 2 >’k)x(^H-Jtj—6zk) • 
=(-6x 2 z 2 -x 2 ;>0 i+(x 2 y 2 +l2xyz 2 ) j 

+(2x 2 yz-x 2 yz) k . . .(2) 

Thus, 

(а) V [V«- Vv]= £ i ^+j|r + k 

* = [2y 2 z +3jc 2 z — 1 2xyz] i+[4xyz— 6x*z] j 

+[2xy 2 +x s — 6x*.y] k 

(б) V-[V«xW] 

= ( i i^ +i Ty +k |-)-K-6*V-a- s J') i+(.x 2 >> 2 +12^z 2 )j 

+(2x*j'z—x^zXlk 

0 0 0 
= ^ (- 6x 2 z 2 - x*.?)+jp- (x V +1 Ixjz 2 )-fgj (2x*yz—x*yz) 

=l-12xz*-3x 2 y+2x*y+l 2xz 2 +2x 2 y-x 2 y] 

= 0 . 

(c) Vx[Vux Vv] 

( 0 0 0 \ * 

1 dx +j aV +k gj)x[(— 6x 2 z 2 — x*y) i +{x*y*+\2xyz 2 ) j 

+[2x 2 ^z— &yz] k 

= V x2 y z - x 'y z \-^ (*V+12x.yz*)] i 

+ [~ (6 x 2 z'—x*y)-^ (2 x 2 yz-x*yz) ] j 

+[ a ^ ( xV+^z*)-i(-fix i z«-x»^)] k . 
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—I2x t z—x , z—24xyzj I+[— 12x*z— 4xyz+2xyz] j 

+[2xy*+I2yz*+x*\ k 

«=(x*z—24xyr) 1—(12x*z+2x)>z) j+(2*/+**+ I2yz*} k. 


ProbleijiJM. TjTj^^z*!—Jx^j+2x^rk a«</ v=Jxi+4zj—xyk 
and fprfcyz find, 

W) ix(V0 

(jW-V xu)xv 
tfK-Vxu. 

Given ^—xyz 


*+=L '17 +j lJ +k fe*] ( ^ z) r 

=@fzxj+JC>-k. * 

Thus, >Z ; - ; 

(a) - ux(V^)=0'z*i—3jfZ 8 j+2xyzk)xO'^+ z xj+x>'k) | 
=[-3^>'z 2 -2x 2 >'z 2 ] i+[2x/z 2 -x/z*] j I 

+[xyz*-f- 3xyz*] k 


=—5x*j>zM+Jtj'*z*j+4xyz*k. 


(b) ux V =(.yz 2 i-3xz 2 j-f 2xyzk )x( i-gj +j |r+ k ~^) 

=( v)«+ (tox-sr* v)i 

+(^'>T+3«’i ? )k 

Sothat [(uxV))*=[(-3xz , -^~2wgp-)l 

+ ( 2qz 4 ->*• J-) 1 + (>^ + 3 ”‘ *fe) k ] (JI *k 


=(—3x 2 >»z*— 2x i yz i ) i+(2jcy 2 z 2 —x^z 2 ) j 

+(*yz s +3;ryz*) k 
=— 5x 2 yz 2 i4 xy 2 z 2 j +4xjz 3 k. 


(c) V xu=( i4r + i^r +k 4") X ( j;z2 <—3xz* j+2xyz)k 
=[-| r (2x>'z ) —^ (~3*z 2) ]j 

+[i^ 8) -l ( ^ z) ] i+ (-W-&0**} ] k 

=[2*z+6xz] i+[2yz—2yz] j+f—3z 2 —z 2 ] k 
=8xzi+0j-4z 2 k. 

\ [V Xu] xy=(8xzi+0j—^k) x(3xi+4zj—.xyk) 
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= 16z*i+(—1 2xz*+8x*yz) j+32xz*k 
*= 162 ® i+( 8 jc 2 ^z — 12 xz 2 ) j+32^z 2 lL 
(</) V X u=8xzi+0j-4z® k [by (c)] 

v•(V X u)=(3xi+4zj—xyk). (8xzi-f0j-4z*k) 

=24x 2 z+4xyz*. 

^ Problem 95. Prove the following relations'. 

y[V«x Vv]=o. 

'W/V •[axr]=0. 
y/W Vx[axr]=2a 

Suppose that V«= U and Vv=V. 

So that V • (V« x V v)= V • (U x V) 

=V • OZ.xU )-U‘ (VxV) . 

= Vv-(V x V«)—V«*.(V x Vv) 

— 0 (V curl grad »=0 et c.) 

(b) If •=o 1 i+a 2 j+a,k and r=jci+>'j+zk 

Then V-[axr]=^ i^+j-g^+k^-^ii-l-ajj+Os k) 

xW+yj+zk)] 

= [ j 0x + *fy +k h1^ atZ ~ aty ^ i +( a » x ~ a i £ ) j+^-^k] 
(0,2-0^)+ ^ 4 (fl ^ _fl,ac) 

= 0 . 


(c) We have, 

V x(axr)=( i +jj- 4-k x [(a.z-a.y) i+(a»x-«iz) j 

+(«!>-«.*) k] 

= [|r ( a iy- a * x )~ Tz ^ x ~ a ^ ] 1 

[0 0 T 

^ (fl,z-a 8 y)-^(a 1 y-a t jc)jj 

+ \Jx ( a * x ~ a i z ')-^( a iy - a * x '>~\ k 


=2a,H^a,j+2a J k=2 (fl 1 H-fl s J+fl,k)*=2«. 
Problem 96. If e is a unit vector , prove that 
'*<*), V*(e.r) 4 = 7 . .yC v X (e-r) e=0 

•JO V-fcxr)xe]=2.<^/) Vx[(ixr)xi]=0. 
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Taking e u e t , e, as the components of e along principal axes, 

we have e^eji+^jJ+^sk where | e |= Vei J +e,*+e, 4 =l ... (I) 

and let r=xi+>j+zk ... (2) 

have, 

V • [(e -rje]= V * K*iH-e*j+e»k) • (xi+zk)](«ii+e*j+e»k) 

( 0 0 0 \ 

1 dx +] dy +v 0z )'( e i , + e si+«»kX«i*+e*y+e3T> 

= (f 1 +e ^+ e 3te-y e i x + e iy+ e » z ) 

=«i*+^» 2 +e 3 2 =l by (1) 

(b) We have, 

( 0 0 0^ , f 
i_ 0i +i ay +k 0z) x ( l ’>'+ e *j+^kX^x-f e t y+e 3 z) 

I as in (a) 

=i [e 2 e 3 —e t e 3 ]+i [e l e i —t\e a ]+k le t e t —e a e$ 

=0 

(r) We have, 

V • [(e X r) X e]=V • [{(ciH- e t \ +e 3 k) x (.xi +yj+zk)} 

X(e x i+e 3 j+e 3 k)] 

= V -[{i(e 2 z—e„y)+j (e 3 x—e,z)+k (ej—e^x)} X 

(e^+eJ+^TOl 

=(«^+j^;+k {e»(e 3 x--e 1 z)—e t (e 1 y—e t x)} 

+i{ei(e l y—e a x)—e 3 (e 3 z—e d y)}+}f.{e^e^—eiy) 

-efax-erf] 

—(***+*> 2 ) + (<’l 2 + <f 3 ! )+fei 2 + *l 2 ) 

-2(e 1 *+e s I +e 3 4 )=2 by (1) 

(</) We have 

’ X [H x; ]-(‘sT +i s7 +k ^)x3Mv~'.‘> 

—< e t {e x y —e*x)} +j{ei(e I y—e 3 x)—e,(^z-e^’)} 
+k{e i (e t z-e 3 y)-e 1 (e t x-e l z)}] as in (r) 
=5—«!«’*+ e t e t) + Jf ~ +ftej+k[—+ e t e 3 ] 

j-sQ 

Problem 97. //r=(x*+y , +z 1 ) 1 /* and(-j^ is a solution ofLaplace's 
equation show that (Agra, 1957) 
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Hence or otherwise, evaluate V X (*)• 

(a) Given r—(x 2 +y 2 +z 2 ) iri 
„ / 0* 0 2 o 2 \ 

and V +~dp~ + ? r 4 ) 

VIS / 0 W 8 2 \ r 1 “I 

** V v 7 JH 07 2+ 0/ + Sz 2 A (x 2 +y+Z 2 ) 1 ' 2 J 

But 0x ( x 2 +y+z 3 ) ) ~[“ (.Y^+r+z-)*'- ] 

JT+yt+iyi* ] = 8r[ (xH>'Hz ! ) aK ] 

3x 2 _1__ 

— (x 2 +y+z 2 ) s/ - (x^y+r 2 )*' 2 

. 0* r i i 3>" 2 i 

Similarly ( JC *+ > »* +2 =:)*«a (x 2 +y+z*)3« 

0z 2 Li^+y+zo 1 ' 2 J — (x 2 +y 2 +z 2 ) su (x 2 +y+z 2 ) 3 ' 2 

• 3 (jr+y+Z 2 ) ____ 3 

•• V. r /“T^+p+z 2 ) 5 ' 2 (y + .y+Fpr 

«_3___3__ 

(x' i +y 2 +z i ) iU (x a +y+^) a « u ’ 

0 Suppose that r=xi+y-+-zk , 
and given r=(x 2 +y 2 +z 2 ) 112 

v v x [(y+y+z 2 )- 1 (xH-y+zk)] 

—[V (x 2 +y+z 2 ) _1 ]x[xi-(-yj-t-zk] 

+(x 2 +y+z 2 )- 1 [Vx(xi+jj+zk)] 

== [ V (y+yH^ 5 )] X (Ari+ 3j+^k) 

== [( i ^ +i al +k I X(7Ty7y)] x[xi+>-j+zkJ 
—2 

B= (x 2 +j 2 +z 2 y [xi+jj+zk] X [xi+yj+zk] 

/ =0 [ Vector product of two equal vectors being zero]. 

+ ^^+b4+bjTmd r=xi+yj 
then prove that grad [(r x a) • (r x b)]=(b X r) x a 4-(a X r) X b. 

grad [(rx^-(i>«b)]=grad [r 2 (a-b)-(a-r) (b-r)] 

=grad [r* (a-b)]-grad [fa r) (b-r)] 
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. =(a-b) grad r 2 +r* grad (ab) 

—(b-r) grad (a-r)—(a-r) grad (b-r) 

=(a-b) 2r—(b-r) a—(a-r) b 
=(a#) r-(a-r) b+lb-a) r-(b-r) a 
= —aX(bXr)—bx(axr) 

=(b X r) x a+(a X r) x b. 

Problem 99. If r on</ r Aave f/ie/r usual meaning show that 
^"(a) div r n t=(n+3) r n . ( b ) curl r n r—0. (Agra, 1974) 

Suppose that r"r=»V then 

div (r"r)=div («V)=« div V+(grad u)-V 
—r n div r+(grad r n )-r 
~ r l (3)+ (,nr n ~ 2 t) ix_ 

= 3/*+wrV=( fl±3)A 

(b) curl (r n r)=curl (mV) 

=(grad m) x V+m curl V 


=■(gra d r n ) X r + r n curler 
=,(/ir"~ 2 r) X r+0 V curl r=0_ 
=0 as rxr=0. 

r Problem 100. If a=ajti+P.yj+Yzk, show that 
{a) V (a-r)=2a. 

(b) If x and r have their usual meaning prove 
curl (a-r) a —0. 

(a) a-r=(aJri+M+T2k)-(xi+^j+zk) 
=(«x*+P^*+YZ 2 ) 


grad (a-r)=(| |+j |-+k-|)(«* 2 -f p/+ Y z 2 ) 

=(2«xi+2(i>'j+2Yzk)=2a.- 
(A) If asaOil-l-fljj+aak and r=xi+>’j+zk 
then a-ras^Jt+ajy+ajz) 

So that (a-r) a=(a i x+a 2 >>+a 3 z) (aji+aJ+^k) 

^fax+aj+aiZ) a 1 H-(a 1 .r+fir 8 y+a 3 z) aj 


and hence 
curl [(a-r) a]= 


-f(a 1 x+a*j'+fl 3 z) u ; ,k 

ft 

jj|+J ^•+k ^-)x[(a 1 x+a fc v+a 3 z) ^1+...+...] 



100 


MATHEMATICAL PHYSICS 


C 0 0 ^ 

^ f(ai*+<V+a,z) «J ji 

+•••+••• 

—(a t a 9 —a 3 a t ) i+... + ... 

=0. 

sPfcblem 101. If u, V, w are poit.t functions aril «V=Vw’, prove that 
V -curly=0. 


We are given that 

kV=Vw. 

Taking curi of both sides we have 
curl (ttV)=curl (grad hQ= 0 
or (grad u) x V+« curl V=0. 

Multiplying by V scalarly, we find 

V*(grad h)xV+V-« curl V=0 
or V-n curl V=0 as V-(grad «)xV=0 
or V’CurlV=0 as t/^0. 

.Problem 102. If a is a constant unit vector show that 


«'IV (V'*)-Vx(Vx»)]=V-V=(fi»V 
We have grad (A -B)=(A : V) B+(B* V) A+Ax curl B+Bxcurl A 
V (V*a)=(V-V) a+(a’V) V+Vxcurl a+axcurl V 

=(V*V) a+(a- V) V+a X curl V • . • (1) 

But a being a constant vector curl a=0. 

Also we have curl (AxB)=(B- V) A-(A - V) B+A div B 

-B div A 

So that Vx(Vxa)=(a-V) V-(V*V) a+V div a-a div V 

“(*‘V) V—(V-V) a—a div V •••(2) 

*•’ 4i3 H_=0, a being constan t 
Subtraction of (2) from (1) yields 

V(V-a)-Vx(Vxa)=2 (V-V) a+axcurl V+a div V 

Where(V-V)a= (v,—+ v il_L„ d\ 

\ dx + ■ ; If V=v x l+Vj+v 3 k 

°=_P. a being constant 

Hence, a-{V(V-a)-V x(Vxa)}= a -{axcurl V+a div V} 
=a*axcurl V+a*a div V 
“div VQ-' ■•«=»!, a being unit vector 



VBCTORS 


And a*axcurl V « saxa-curl V« (y 

Problem 103. Prove That div (u grad v)«-tfV*v+(gra</ u)-(grad v) 
where u and v both are scalar point Junctions. 

We have div (tfjrad v)=div (mV) where V=grad v 
—u div V+V ’grad u 
—u div (grad v)+(grad v)*(grad u) 

=uV •(Vv)+(grad v)*(grad u) 

=«V 2 v+(grad v)*(grad u). 

/^Problem 104. Prove that curl (u grad v)=V«X^v—- curl 
"(v grad u) where u and v are both scalar point functions. 

We have 

curl (m grad v)x=curl (mV) where V=grad v 
—u curl V—V x grad u 
=u curl (grad v)—grad v x grid u 
=0—grad vxgrad u. 

=grad mx grad v 

=Vmx Vv=— (Vvx Vm)=— curl (v grad u). 
^Ploblem 105. Prove that V -(SV x A)=(V x A)-(V<S). 

We haveV -(<SV x A)=div (S curl A) 

=div (SV) where curl A=V 
=5div V+(grad S)-\ 

=S div (curl A)+(grad 5)‘(curl A) 

=0+(grad S) • (curl A) 

y (VxA)-(75). 

^/iProblem 106. Prove that 

curl (V«x Vv)=V«(V • Vv)-Vv(V • Vw)+(VvV)Vu--(VuV)Vv 
where u and v both are scalar point functions. 

Suppose that V«=A and Vv=B then, 
curl (Vmx Av)=curl (A x B) 

=A div B-B div A+(B grad) A-(A grad) B 
** Vu(V • Vv)-VKV • V«)+(VvV)V«-(VdV)V. 

Problem 107. Prove that the values of div F and curl F are indepen¬ 
dent of the c h oice of rectangular eggs i.e. they are invarie nt. 

(Lucknow 1952,59) 
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Taking the mutual direction cosines of 
two sets of rectangular axes as shown in 
adjoining scheme and (x % y , z), (*', y\ z') 
as corresponding coordinates 

We have rWii+mJ+iijk ? n \ 


x ^liX+niiy+nxZ i 
And i=/ l i'+4j'+/ 3 k' ? m | z ' r | '• * | 

x=/ 1 *'+/ 2 }''+/ 32 ' etc. i . 

», d dx 1 , d dy r , c> a a a 

Al 8x = fix' CX + dy ex + .cz' dx 1 dx' + i dy’ + 3 dz' 

() 3 3 3 3 3 3 

Similarly, ^ sm, ^4 m, w 4 m, w ; gj ■», ^ +». 

+ "*?y 

Using 4 2 +4 2 +4 2 =l etc. and / 1 m 1 +4ms+/ 3 /M 3 =0 etc.. 

We have F=F 1 i+F 2 j+F s k=F 1 (/ 1 r+/ t j'+/,k') + ... + ... 
=(/ 1 F,4-w 1 F,+/? 1 F 3 ) i'+ (/ 2 Fj + m 2 F 2 + n 2 F 3 ) j' 

+ (/ 3 Fj+ m 3 F t +n 8 F 8 )k' 

So that (div F).\ v \ ,'=^7 (/ 1 Fi+m 1 F,+ii 1 F,)+ ^,(/ 8 F 1 +ro 8 F t 

+n 2 F 3 ) +"^p- (4Fi+/w 3 F t -l-n 8 F 8 ) 

= ( 7 W +/2 I7 + J 3 '^ r ) ' Fl+ • • • + • • • 
s F3==(dlv F ^’»»• 

Similarly (curl F),\ ,'=(curl F)«, „ , 

Which show the required invariance. 
l> /Problem 108. Find div grad r m and verify that V X Vr m =0. 

V ras I t l.r being position^ ve ctor of a pointy then , 

Vr m =mr m_2 r. 

Also, div grad r TO =V • (W‘) 



x * 

t i k 

. . . _ _ 

x' i' 

/ J' 

*' k' 

h m «i 

/a M| n% 

/« m t n t 


= V • ( mr n ~ 2 r) 

=mV • (r m ~ 2 r) 

=w [V r m - 2 -r+r’"- 2 div r] 
=w [(m—2) r m-4 
=m (m—2) r m_4 r 2 4-3mr m-2 
(m—2) r m - 2 +3rnr m -* 
=w (m+1) r"*-*. 
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and curl grad r ffl =V X (rnr m-! r) 

=* V x [mr m ~ 2 xi+mr m ~ 2 yj+mr m ~ 2 zk] 

-( lx sr +ix 3T +t>< 5T) 

[ mr m^s xi J rmr m ~ t zk] 

= [|r( mrm ' 2 y)J 1+ ... + •• • 

=J~m (m—2) r m ~* z ~~ 

—m (m—2) r m ~* j'-sr—"I i+. .1 + .. . 

CZJ | . ■* 

=| m(m— 2) r m ~ 3 Zy ( 

-m (m—2) r m ~ a y —1 |+ . . t + . . . 

r J ! 

—0i+0j+0k=0. i 

Problem 109. Show that (V ■ V) V=|V V 2 -V Xeurl % 

(Allahabad JP5S) 

We have grad (a-b)=axcurl b-fbxcurl a+(a- V) b-f(b-V) * 
Putting a=b=V, this becomes 

grad (V^Vxcurl V+Vxcurl V+(V-V)V+(V-V)V 
or V V s =2 Vxcurl V+2(V-V)V 
or (V-V) V=iVVSj^xcurl V. 

Problem 110. (a) Show that E=y- is irrotational. 


(b) If A and B are irrotational, prove that A X B is solenoidal. 

. . r xi+^j+zk 

As given, 

In order to show that E is irrotational, we have to prove that 
VX (-f)-O. 


vx (>)- vx (lw) 


x ij ry*+z l 
z 


x i +y 2 +z 2 ^ x i +y*+z t * 


Now, 
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~\jy ( *•+>•+**) 3* ( x*+r ! +z* )1* 

+ [if(* 8 4-/+« 2 )~§* (jF+F+P )]i 

+ [to(x^+F+z* )“0y ( x*+y 2 +z* )]* 


r -2zy 

“L x 2 +/-+z 


jt 2 +y 2 +z 2 ) 

, 2gy 

"* + x'+yt+z* 


]i + ...+ 


showing that E is an irrotational vector. 

(b) If A and B are irrotational, then 

curl A=0 and curl B=0. 

In order to prove that AxB is solenoidal, we have to show that 
div (A x B)=0. 

Now div (AxB)=(curl A)-B—(curl B)-A=0. 

Hence A x B is solenoidal. 

Problem 111. Show that r n t is an irrotational vector for any value 
of n, but is a solenoidal only if n——3. (Agra, 1959 ) 

We have curl r n r=r n curl r—rxgrad r n 

= —r x (nr”^h) as curl r=0 

| = — r X r (wr n_2 )=0. 

showing that r n r is an irrotational vector for any value of n. 

Again div r"r=r* div r+r* grad’ r* 

=3r"+r-(nr n-2 r) 

=3/'"+nr"~ 2 r 2 =(n+3)r* 
which is zero if »+3=0 or n—— 3 
This shows that r"r is solenoidal when n= -3. 

* '^Problem 112. Prove that V X(V x A)= — V 2 A+ V (V *A). 

Take V =R 

So that V X(V x A)=Rx(RxA) 

But ax(b$c)~b(a*c)-(a-b)c 

RX(RXAHR (R-A)-(R-R) A 
m Vx(VxA )=7 (V*A)— (v*V) A 

•V (V.-A)^V*A. 
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Ml 0tt 

Problem 113. //T-E-O, V-H»0,V XE«—gp, V XH« Tf , 

0 * 1 / 

sfew that E and H satisfy V*M=-gjr * 

As given, 

Vx(VxE)-Vx 

—aT (VxH) 

0 / 0E \ 0*E 

" dt V 01 J dt* * 

But by Problem 112, we have 

Vx(VxE)=-V*E+V (V *E)= —V*E 

8 Z F 

So that V 2 E=-^f~ 


Similarly V x(V xH)=V x 

0 0 / 0H \ 

=9r (v xE)=i7v~^ r ) == ~ 

But VX(VXH)=-V*H+V (V«H)=-V*H 

0*H 


0*H 

01 * 


So that 


V*H=- 


01 * 


0*11 


i.e. E and H satisfy the equation V 2 «= -gpr 

Problem 114. Show that the solution to the Maxwell's equations 

V xHa-V XE=— V -H=0, V*E=4wp wAerep is 
cot c ot 

a function of x, y, z and c is the velocity of light assumed to be cons¬ 
tant, are given by 


E—V*- 


1 8A 
C 01 


, H=V xA 


where A and $ called the vector and scalar potentials respectively, 
satisfy the equations 


(') V-*+f4 


.0, (2) VV--4 


7 0^ 


01* 


*4np. 


© V*A~£-|£-. 


l*s equations are given to be 
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n „ 1 ffi 

VxH== r-0r 

... (1) 


__ v 1 IH 

VxE=-— — 

.. • (2)" 

and 

\/V'H—0 

V*E=47tp 

... (3) 
... (4) 

We have to show that the solutions of these equations are given by 
E_-V#-i- ^ . (5) 

and 

H= V X A 

(6) 

where 

1 ?ti 

A and ^ are given by V*A+ — -t~=0, 

(7) 


VV „ 2 dt f -4« P , 

(8) 

aqd 

va-4.®. 

(9) 


Putting H= V xA from (6), we have 
L.H.S. of (3) =V • V xA 
=[V VA] 

=0 by the property of scalar triple produet. 
This shows that the equation (6) is a solution of (3). 

Again putting K=VXA in (2), we get 

VxE —H< VxA) 


( 1 dA \ 

E +— J= 0 which shows that the bracket¬ 
ed expression is the gradient of some scalar function say 6 and 
therefore, 


i.e. 


1 0A 

E+ — -gj-= ■ -grad 

E=-V^-— dA 
c It 


which is the equation (5) showing that equation (5) is a solution of (2). 


1.36. CURVILINEAR CO-ORDINATES 
We know that the equations 

«=/, (x, y, z) ; v=/ 2 ( X> y> r ); h =/ 3 (*, >’,‘z) 

U> V ’ *i afC | parametcrs > t£piesent three families of surfaces 
when express ed in the form ---- 

u»const., v=const., H-=const., ... (1) 

erC ^ w&Te continuo uri^diflerentiabk functions d :d in anv 
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region R of spac e. 

Suppose that the three surfaces «=const., v=const., w=const., 
intersect in a point P of the region R. The values of u. v. w for the 
t hree surfaces interse cting at p are cal led t he cu^USkatJcazaz dinat£i 
of the point P. T he three surfaces are then known as cszoa iimte 
surfaces. . The three surfaces intersect pairwise in three curves known 
as co-ordina lT curves. Onhr a n gc n -o r d i n at e i rva Tt a We~oir eadi o f th e 
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vary. One variable is constant on each of the co-ordinate surfaces. 
The sufIace”otn>hich u is ebhstanrts knowtrarn^GIf^ 
v-surface and w-surface are those on which v. and tv respectively are 
constan t. . 

Using the equation (1) the rectangular co-ordinates (xiy, z) and 
therefore the position vector r of any point in the region^ of space 
may be expressed in terms of curvilinear co-ordinates. Sin|e there is 
a one to one correspondence betwten x, y, z and «, v, tv thf position 
vector r is a vector function of u, v, w. I 

Note. The loci of u=C lt v=C 2 , u’=C 3 ; C u C 2 , C 3 bein{| constants 
represent the co-ordinate surfaces and the equations of the co-ordinate 
c urves th en are ' *— ’ 

v=Q, w=C 3 ; K’=C 3 ^u=C 1 ; m=C 1 , v=C 2 . 


1.37. ORTHOGONAL CURVILINEAR CO-ORDINATES 

A system of orthogonal curvilinear co-ordinates is one which corres¬ 
ponds to the points of intersection of a triply orthogonal system of 
three families of surfaces 

u (x, y, z)=const., v (x, y. z)=const., w (x, y, z)=const, 
which are such that, through each point P in any region R of space 
passes one and only one member of each family, each of the three 
surfaces cutting the other two orthogonally. In short the curvilinear 
co-ordinates «, v, w are said to be orthogonal if the co-ordinate curves 
are mutually perpendicular at every point P ( x, y, z) of space. 

Let us suppose that e u e 2 , e 3 form a right handed system of unit 
vectors tangent to the co-ordinate curves «, i, iv respectively at P and 
directed towards increasing u, v, w. Then we have 

ex=*e 2 xe 3 , e 2 =e 3 x ej and e 3 =ei x e a 7 ^ 

c 1 e 2 ==e 2 -e 3 --=e 3 ei=0 5 

Let the arc lengths measured along the co-ordinate curves in the 
positive directions of «, v, w be respectively s u s 2 , s 3 . Now consider 
an infinitesimal parallelopiped whose diagonal is the element of arc ds 
along a curve tangent to PQ at P and faces coincide with planes u, v 
or w and length of edges are ds lt ds 2 , ds a . Therefore, 

ds i —ds 1 i +ds 3 + <fa 3 s . „.,«(2) 

Let us now introduce the three numbers h lt h t> h a known as metrical 
coefficients with the property 
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ds i . dSj i dfy 

du u dv " dw 


-A, 


i.e. ds^—h^du, ds t =h t dv, dSi=h t dw. ... (3) 

Substituting, the values of ds lt ds t , ds a from (3) in (2) we get 

<fe*=A 1 W+V dv'+hj dw\ ... (4) 




Fig. 1.41 

Now if r be the position vector of P, referred to the origin of a 
rectangular co-ordinate system, the tangents to the co-ordinate curves 
at P are parallel to the directions of e*, e 2 , e 3 and have the magnitudes 
"i, A s , A s respectively. Therefore, 

dr 

du ~ 


These give, 
i.e. 

Similarly 
and 
Also 


Sr 


Sr 


0V 

=a 2 

11 Sfe 

ea 

Q* 

—A 3 

8r 

Sr 



ar x ' 

dv ~ 

= /Z|/z 2 Ci 

Xe 2 


= 

=A 1 A a e s 

8r 

Sr 

AiA 2 

Sr 

'du X 

dv 

As 

S>V ] 

0r 

3r 

A 2 A 3 

Sr 

0V X 

Sw : 

" Ai 

Sw 

dr 

- y. 

Sr 

•€i 

1 

?r_ 

0w x 

du “ 

" K 

Sv 


... (5) 


from (1) 


v** r*2 vK 

riLiLiLl f Zt ar\ 

L cu dv Sw du x dv ) 


..( 6 ) 


0f 

—AiAaea'AjejsssAjAgAj. 

(7) 


1.38. CONDITION FOR ORTHOGONALITY 

We have mentioned that the curvilinear co-ordinates of a point in 

Eo - determined by three continuously differentiable scalar 

UsB fi (*» y, z), v=/ a (*, .y, 2 ), (x, y , z) 
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when these functions u, v, w are not functionally related, then these 
equations can be solved Co give x, y, z in terms of u, v, w such that 
*=*i («, v, w), y=g 2 («, v, w), z=g a («, v, w) 
where x, y, z are continuously differentiable functions of u, v, w. 

Now the position vector r of any point in space, referred to the 
origin of rectangular axes along which the unit vectors are i, J, k, 
is expressed as 

r=xi+y|+zk 

=tei (u, v, w)+jg s («, v, w)+kg a (u, v, w) 

=F («, v, w) say. 

Now if u=C lt v=C 2 , h’=C 3 where C x , C a , C 3 are constants, 
represent the co-ordinate surfaces, then the co-ordinate curves-are 
v=C a , >=C 8 ; w=C 3 , u=Cii h=Cj, v=C a 
The co-ordinate curve v=C a , w=C 3 through (C„ C a , C 8 | is the 
same as j 

r=F (a, C a , C a ), u being the parameter. ? 

Now the tangent to the curve v=C a w=C 8 is parallel fto the 

. 9r 
vector -s— 
da 

Similarly the tangents to the curves w=C 3 , u=Cj and «-=C 1( 

0r 0 f 

v=C a are respectively parallel to the vectors and 

Since the dot product of two parallel vectors is zero, it therefore, 
follows that the curvilinear co-ordinate system will be orthogonal if 

dr dr dr dr_dr dr , 

da dv dv dw dw da 

These are the required conditions for orthogonality. 

corollary. The line element ds derived in relation (4) of § 1.37, 
may be deduced from the conditions of orthogonality. 

We have r=F («, v, w) 

so that *- 



Applying the c onditions of orthogonality, this reduces to 

- (0 0 I') 2j “ 1+ (ir) 2jv,+ (■£)* dw ' • • • (3) 
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no 


Putting (*)*= I dt \ 3 =ds 2 

The relation (3) yields 

ds 2 -=h 1 2 du~-\-hJ dv 2j rh 3 ~ dw *. 

1.39. RECIPROCAL SETS OF TWO TRIADS OF MUTUALLY 
ORTHOGONAL VECTORS 

If u, v, tv be a set of curvilinear co-ordinates of a point P whose 
position vector is r with respect to the origin of a rectangular co¬ 
ordinate system, then the two sets of triads of mutually orthogonal 

vectors, Vw, V v, V»’ and are reciprocal to each other. 

We have shown in equation (7) of §1.37 that if e„ e a , e 3 form a 
right handed system of unit vectors tangent to the co-ordinate curves 
u, v, w respectively at P and directed towards increasing u, v, w, then 

[£££]=*■*,*.. ...<» 
Now Vw, Vv, V tv are the vectors lying along the normals to the 
co-ordinate surfaces which are the level surfaces of the functions 
u, v, w. But the curvilinear co-ordinate system is orthogonal, therefore 
the conditions of orthogonality stated in §1.38 when applied to the 
orthogonal system of vectors Vw, Vv, Vw, yield 

V«-Vv=0, Vv-Vw=0, Vw-Vu=0. ...(2) 

Let us now assume that the mutually orthogonal unit vectors are 
V« Vw 

I VuJ Vv I ’ 1 Vw 1 ’ • • • (3) 

which form a right handed system. 

^ ^ U J * s jh e directional derivative of u along the direction 
otthe normal to the surface u=C l i.e. along the tangent to the curve 

♦i7. Hencc « *i represents the differential of length along 

this gjttve, then we can state 6 

du 


Vw I 


ds x 


curve v—tT ‘If ? r ° 1 - , 1 f r ^ of I 1 ' 38 the line element ds, along the 
c , u r v y-^> 'VjQ win be^ obtained by putting <fv=0, dw =0 in 
«i au +« 2 dv -|- hf dw-, whence we have 


ds 2 


giving 
so that 
Similarly, 



h x— 


1 


and h 3 — 


Vw 

1 


Vw 


(4) 
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Since, e lf e*, e 3 is a system of orthogonal unit vectors therefore 
and (4) give 


V« 


Vu 


I V M I " 
Vv= 


1/Ax 
e 2 
h. 


=e x i.e. Vu=- 


and similarly Vv=-p-, Vh , =-t-, 

™2 *3 

So that tV«VvVw , ]=:(VMX Vv) 1 Vw 
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(3) 

•(5) 


= (-±1 x * i . N \ . -*»_ 

l Ai x A* / K 


— fojj— as e x Xe*=e 3 and e 3 -e t ^l 


.( 6 ) 


1 


MA I 

Multiplying (1) and (6), together, we get ! 

which follows that V«, V v, V w form a set of vectors reciprocal 

or Sr Sr 

du ’ Sv dw 


to 


1.40. GRADIENT IN TERMS OF ORTHOGONAL CURVILINEAR 
COORDINATES 

Let <f> (u, v, w) be any scalar point function given in terms of orthogo¬ 
nal curvilinear coordinates u, v, w. 

Since u, v, w may be supposed to be the functions of rectangular 
Cartesian coordinates .^, y, z, therefore 


df C<f> du c<f> 0v 0^ dw 

0x~0w 0x ^dy djK ~^dw djc 

... (i) 

d<f> du t d<j> ?v d<f> dw 
dy du dy ~*~cv dy ~^0vv dy 

... (2) 

c<j> 0^ du cxf> dv Cfj> dw 
dz ~~dudz dv dz dw dz 

... (3) 


Let us now suppose that i, j, k are the unit vectors along the 
rectangular axes x, y, z respectively and e 1( e 2 , e 3 are the mutually 
orthogonal unit vectors along the tangents to the coordinate curves 
«, v, w. Then by relation (5) of §1.39, we have 

V«=-£*-, V *=-£- ... (4) 

Now multiplying (1) by i, (2) by j and (3) by k and then adding 
all together we get 
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l al +) 87 +l ‘&')' + 8^( l e4 +J 87 +l l‘) 


W 


/.e., 


V*=^V«+^Vv+l£vw, 


0y 


0W> 


10^ 1 0i , 1 . /iiX 


• (5) 


which is the required expression. It is obvious that the components 
of grad £ i.e. S7<f> along the unit vectors e 1( e a , e 3 are respectively 

1 ¥.1¥.!J£. (Agra, 1971) 


hx du 


A 2 0v 


h 3 dw 


1.41. DIVERGENCE IN TERMS OF ORTHOGONAL CURVILI¬ 
NEAR COORDINATES (Agra, 1971) 

Let F (u, v, w) be a vector point function given in terms of orthogonal 
curvilinear coordinates u, v, w and let F„ F 2 , F 3 be the components of 
F along e T , e 2 , ea the unit vectors along u, v, w axes. Then, 
F=F 1 e 1 +F 2 e 2 +F 3 e 3 

=F 2 e 3 X e 3 +F 2 e 3 X e t +F s e t X e 2 since e 2 , e 2 , e 3 are 

mutually orthogonal vectors 
=F 1 h i h 3 Vvx VH’-f-F 2 A a A 1 Vw , x Vm+FAAVmx Vv 

by (5) of §1.39 

V-F= V-(F^AVvxVw+F 2 A 3 /iiV>vXVu+F s MaV«xVv) 
-V *(W 3 Vvx V»v)+ V (FAAiVh-x V«) 

+ V-(F.AAV«xVv) ...(1) 
By the properties of divergence and curl, we have 
V *CW»Vv x Vw)=FMV -(Vv x Vw-) 

4-Vvx Vw-V(FAA) 

where V’(VvxV»’)=VH"curl Vv—Vv*curl Vw 
=0 

and V (F 1 A a A g )=~ (F l A 2 A 3 )V«+:j^ (F a A A) V v-f-^ (FA^s) V w. 
So that V *(FiA 2 A 3 VvX Vw) 

-Vvx Vw[l(F 1 *A)V«+ ~ (FAWv+^CFAWw \ 

0 

“Vvx Vw* (F 1 h t h 9 ) other terms vanish, by the property of 

scalar triple product. 

~V X hy < 5 > of § J-39. 
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~h l h i h > du WMt) 

1 0 

~hjtpt^da( F ^M since e,, e s , e* being unit vectors [e t Mi]'"'l 
Similarly V-(FA^Virx 

“<* V (fA*,V»XV.)=^|;(FA« 

Substituting these values in (1) we get 

v F “ *M?i (W - )+ lr (f ' A '" )+ l• • • ® 

which gives the required expression for div F. 


1.42. CURL IN TERMS OF ORTHOGONAL CURVflUNEAR 
COORDINATES (Agra $971, 74) 

Let F (u, v, ») be a vector function given in terms of orthogonal 
curvilinear coordinates u, v, w and let F lt F t , F % be the components of 
F along e„ e 3 , e 3 the unit vectors along u, v, w axes. Then, 

F=F^j -f F 2 e 2 +F 3 e 8 

=/i 1 F 1 Vu+A 2 F 2 Vv+A a F s Vtv by (5) of § 1.39. 
VxF=Vx{A 1 F 1 V«+A 3 F t W+A 3 F'»V*v} 

= V x(A a FaV«)+V X(A t F 2 Vv)+V X(A,F,V»v) ... (1) 
But, we have by the properties of curl 
V x(A 1 F l V«)=V (AjF^x Vh+V^V x V« 

= V (AiFjlx V« since V X V«=0 

- V«+|-(/i,F,) Vr 

+g^(AiF 1 ) Vtf j'xVu 

- fi-Wi) VvxVu+^fAiFj VwxV«, 

the other term vanishes 


Similarly 


0v (hlFl) « jXei ' 


1 8 
AjAj 8w 


(AiF l ) e 3 x *i 
by (5) of § 1.39 


1 

AjA 2 


8 , «.+ 
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and Vx(W^-^^(W^+P 70 y( A » F8) #1 

Substituting these values in (1), we get 


+ ‘*S' .9.r ( * ,F,)_ 57 ( * ,F ‘ ) . ** 


Mi 

Ms 

A 3 e s 

0 

_0_ 

0 

du 

0V 

0W 

Mi 

A 2 F 2 

^3^3 


... ( 2 ) 


which is the required expression for curl F. 
This result may also be expressed as 

1 1 ftiei A 2 e 2 h 3 t 

VxF=Trr a 3 s« 


Mi 

A 2 e 2 

A 3 e 3 

0 

0 

0W 

01/ 

0V 

0W 

Age^F 

A 2 e 2 •F 

Ma*F 


since 

e 1 'F=F 1 etc. 


143 LAPLACIAN (V 3 ) IN TERMS OF ORTHOGONAL CUR¬ 
VILINEAR CO-ORDINATES 
By (5) of § 1.40, we have 

„. 1 0 * , 1 0 * , 1 
v 4 >= T, to* l+ T 3 0 iT* 2 + T 3 dw 9 *- 
VV-V-V# 

/ 0 , a . d \ ( \ d<f> 10^ 10 \ 

=1* 0« +e *0v + * 3 dw ) l A, ei+ A, 8v e2 + A, 0w e * j 


+ e *57+ e a 


1 s £ e , ± , 
A, 1 A 2 8v *•"*' 


JL_i \ 

A 3 0W e ® j 


i r^ / Ms ?£\, £/M_ ?£\, i/'M. MM 
“AiMaL^V 0u V av/^a^V K dw J J 

which is the required expression. 

1 . 44 .EQUIVALENT EXPRESSIONS FOR S/A, V*F AND VxF 
IN RECTANGULAR CO-ORDINATES 
InS§1.40,1.41 and 1.42 we have derived the expressions for V^, V *F 
and V xF in terms of curvilinear co-ordinate system as follows: 


„ , 1 0^ 1 0^ ,10^ 
V * - h x du * l+ A* 0v es+ A s 0jc *® 


... (0 


V ' F “TWr[sT «W+^M)+s ™] 

...( 2 ) 
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V xF= 


+i3f[s-" y ' F ' ) -^ ( ''' F ' ) ! 


...(3) 


where e x , e*, e 3 are unit vectors along u , v, w axes 
In order to get the equivalent expressions for these quantities in 
cartesian rectangular co-ordinates, if we use the transformations, 

v ~y, w=z 

we have ds 2 —dx 2 +dy 2j rdz~ 


so that 


hi — h 2 


and the unit vectors e 2 , e 3 are taken as usual unit vectors i, j, k. 
With these substitutions, the relations (1), (2) and (3) becoine 

w== ?^ ,+ 07 j+ eF k > 

1.45. CYLINDRICAL CO-ORDINATES AS A SPECIAL CURVILI¬ 
NEAR SYSTEM 

Let P be a point in space such that its curvilinear co-ordinates are 
(w, v, vt’) and cartesian co-ordinates are 
Or, y , z). Let the projection of P in the 
r-plane be Q whose polar co-ordinates 
in the plane are (/*, 0). Then the cir¬ 
cular or cylindrical co-ordinates of the 
point P are specified by 
w=r, v=0, w—z. 

These co-ordinates are transformed 
to cartesian co-ordinates by the help 
of the relations 

jc=r cos 0, y=r sin 0, z~z. 

i.e. r 2 ~tf-\-y 2 > 0—tan~ x —, z=z. 

Since x is a function of r, 0, z 9 
we have Fig. 1.42 

, dx , . dx M dx 
dx =d7 dr+ dd~ de+ dT dz 
=cos 6 dr—r sin 0 dd. 
dy=sin 6 dr+r cos 6 dd 


lei 



Fig. 1.42 


Similarly 
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and dz=dz. 

Therefore, the relation (A) 2 =(</x) l +M>0*+(<&)* gives 

(A) 2 =(cos 0 dr-r sin 0 </0) 2 -Ksin 6 dr+r cos 8 d0) a +(dz) a 


( 1 > 


w=z, 
• •( 2 ) 


=(dr)*+r* (de) 2 +(dz? 

Also from relation (4) of § 1.37, we have 
<fs*=V du 2 +h 2 2 dv 2 + hj dw 2 

which when transformed by the substitutions u—r , v= 
becomes ds 2 =h l 2 dr 2 -\-h a h- 2 dz 2 

Comparing (1) and (2), we get 

— 1, ^2 ' , ^3 1 • 

With these substitutions, the functions V 4>, V 2 <£, V - F and V xF 
in cylindrical coordinates become 

V7JI _ , 1 . 2^ 

1+ Ta7 2+ aF e3 


VV-si + 


0 2 ^ 1 a 2 * , 0V , 1 


V *F= 


i a 


0, ■ W+ r 


T 02" 

i aP 2 


r 

dF, 


d£ 

dr 


3 


rdO T 0z 


(Rohilkhand, 1976 ) 




ar v " 2,_ r 30 _ 

(Agra, 1974 ; Rohilkhand 1976 ) 


1.46. SPHERICAL POLAR COORDINATES AS A SPECIAL 
CURVILINEAR SYSTEM 

Let P be a point in space such that its curvilinear coordinates are 



(u, v, w,) and cartesian coor¬ 
dinates are (x, y, z). Then the 
spherical polar coordinates of 
the point P are specified by 
u=r, v=0, w=fi 

where r ( —OP ) is the distance 
of the point Pfrom the origin, 
8 is the angle between OP and 
the z-axis and ^ is the angle 
included between the xz plane 
and the plane OPZ. 

These coordinates are trans¬ 
formed to cartesian coordi¬ 
nates by the help of the 
relations 

x=r sin 0 cos 
y=r sin 0 sin 
z=r cos 0. 


Fig. 1.43 
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We have. 


dx* 


dx . . dx „ , 3jc „ 

s 0T </r+ ar </0+ 0f‘^ 


=sin 6 cos <f> dr+r cos ft cos <j> <10—r sin ft sin $ d<j>. 

Similarly 

rfy=sin 8 sin <j> dr+r cos 8 sin <f> dd+r sin 8 cos $ d$ 
and dz^ cos 0 dr—r sin 8 d6. 

(ds)* =? (dx) 1 +(dy)* -Hdz)* gives 

(*)*=(<//•)*+r* (d8)*+r* sin* 8 (#)*. ... (1) 

Also with these transformations, the relation (4) of § 1.37 becomes 
(<fr) 2 =(dr)*+r* (</6) 2 +r* sin* 8 (#)*. ... (2) 

Comparing (1) and (2) we get 

/!, = ], /i 2 =r, /j 3 =r sin 8.. 

With these substitutions, the functions V4, V*4».V.F^uid VxF 
in spherical polar coordinates become 


v +=sf* + 7 


34! 


v*4= 


3*4 

= 3r* 


38 

3*4 


+ ^sF+ 


, 1 34 

• rh rsin 8 3^ e * 

1 3*4 , 2 34 

3 r 


sin 8 

1 


3^* 

3 




cot_8 

• ft 


VF-il W)+7^T 8 T‘ !i ”* f >)+ 


V xF= 


1 


r sin 0 L.38 

1 

. sin 8 


+7" 


5T (s»“ 8 F»)- 


3F 2 -1 


34 
30 

_££«. 

r sin 0 d<f> 

(Rohilkhartd, 1976) 


1 


H J 


(Rohilkhartd ,, 1976) 
Problem 115. Find an expression for <fe* in curvilinear coordinates 
u, v, w. Then determine d is* for the special case of an orthogonal 
system. 

Let the position vector of a point in space be r, where r is a vector 
function of u, v, w. Then, 

ds*—dt-dt (by the assumption in § 1.38) 

3r . 3r . , 3r , \* 

;du+zrdv+^;dw) 


■( 

■(li)'- fc *+(i)' A '+(^r )'*>+*£;■&* * 


+2 l,-h *‘ fc,+2 -fe'Ts**- 

But by § 1.38 the conditions of orthogonality are 

3r 3r 3r 3r 3r 3r _ 
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So that the above relation becomes 

* - (~!) du2+ { ! v ) v+ (^) 2 ^ 2 - 
Problem 116. Ifx=uv cos w,y=uv sin w, z—\ (m 2 — v 2 );findh lt h t , h* 
and show that ds 2 =(u 2 +v 2 ) (du 2 +dv 2 )-\-Uv dw 2 . 

We have 


, dx dx . dx , 
‘ k= to‘’“+fr dy+ ^‘ ! "’ 
~u cos w du+v cos w dv 

dy 


-uv sin w dw 


dy 


du 


du¬ 


ty j tty j 

-~-dv+~-dw 
cv dw 


=u sin w dw+v sin w dv+uv cos w dw 
, dz dz , dz 
d2 =d^ du +d7 dv+ ^ dw 


— u du—v dv+O-dw. 
ds 2 = dx 2 + dy 2 + dz 2 

= (w cos w dw+v cos w dv—uv sin w dw ) 2 
+(u sin w du+v sin w dv + t/v cos w dw) 2 

+(h du—v ch)* 

=(w 2 + v 2 ) du 2 f (w 2 +v 2 ) dv 2 +w 2 v 2 dw 2 . 

Now comparing this relation with 

ds 2 -h 2 du~-\h 2 dv 2 +h 3 2 dw 2 . 

We get /b=V(w*+v 2 )» A 2 =yV+v 2 ), A 3 = M v. 

Problem 117. If u=2x-r3, v—y—4, w—z-j-2, show that u, v, w 
are orthogonal and find ds 2 and the metrical coefficients h lf h 2 , h 3 . 

The given relations can be expressed as 


u 3 

X=z ~2 ~Y* >'= v +4, z=w —2. 

Then, if r be the position vector of a point in space, 
r=xi+>>j+ 2 k 

\Y~t) H(v + 4 ) J+(w- 2 ) k 


So that 


dr 

du 


3r 

J ’ dw -k 


The system of coordinates u, v, w to be orthogonal, we must have 

S JL.*U> iL ?r . Sr 3r 
du 3v U ’ dv dw^°> ^ ^=°- 


Here 


3 « 


Similarly 


3 r. dr _ 

3v 0 H> 


andf r > =0 . 

dw du 
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Hence u, v, w are orthogonal. 

Now, to find ds 1 , we have 

, dx , dx , , dx . 
dxsB - du +- dv+ -- dw 

du 

Similarly dy=*dv 9 and dz~dw 

•\ ds 2 = dx 1 + dy 2 +dz 2 

~idu 2 +dv 2 +dw 2 . 

Again to find h 1% h 29 h z let us compare the last relation with 

ds 2 =h t 2 du 2 +h z 2 dv 2 +h z 2 dw 2 . 

Whence, we get 

h \ ^ 1, A3—1* » 

Problem 118. For spherical coordinates 

x=r sin 0 cos y*=r sin 0 sin <f> 9 z=r cos d. 


{a) Prove that the components of 


0r 


00 


0r 


are givedby 


dr 

dr 

dr 

00 

0r 

d(f> 


dr 00 0^ 

ms sin 0 cos <f>\+sin 0 sln<f> +cos 0k 

=r cos 0 cos <f>\+r cos 6 s'w r sin Bk 

= —r sin 0 sin #+r sin 0 cos 


(b) Verify the mutual orthogonality of 

cr o0 c<p 

(c) Find expressions for Vr, V0, V4> and then show that they 

dr dr dr 

constitute a set of vectors reciprocal to — > -gg-» 

If r, be the position vector of a point in space, then 
r^i-fj'j+zk. 

(a) We have 

.^JJL i+ d JL i+ lL k 

dr dr + dr i+ dr k 

=sin 0 cos ^i+sin 0 sin ^j+cos Ok 
0r , , dy , , dz . 


and 


aho 


30 “00 ^ 00 _ 

=r cos 0 cos #+r cos 0 sin (lj —r sin flk. 

iL ®£»4.?2 .i . £* v 

=»—r sin 0 sin <M+r sin 0 cos $+0*k. 

(b) Taking the values of and from (a) we have 
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0T 

dr —0F =s ^ ia 9 008 ^+ sia ® sia fl+cos 0)k) • (r cos 0 cos 

+r cos 0 sin r sin 0 k) 

—r sin 0 cos 0 cos* ^+r sin 0 cos 0 sin* r sin 0 cos 0 
=r sin 0 cos 0 —r sin 0 cos 0 
=• 0 . 

S,milarly aT'|-“ 0 *" d 

Since ail the scalar products vanish, it follows that the vectors 
or or dr 

dr ' do’ ty are mutual 'y orthogonal. 

(c) We have 

and d-tan-'i- 

JC V 2 

—~ ! +~J+—k=sin 0 cos $+sin 0 sin ^>j+cos 0k 

i. _ cos 0 cos <f> , , cos 0 sin 4 . 

T dy ^ ‘dz ~r i+ - r -J 


sin 0 


9 av'+j^l+ejk 


dx ,_r 07 
sin 4 > 


i+ 


COS 4 > 


/■ sin e • ' r slnT J +0 * k - 
So that [VrV0V^]=(Vrx V0)- 


_(^ 1+ ^ J+ , k) . ( _ 7 ^ 1+ ^ j+0 . k) 


sin*^ ^ cosV 1 
P*sin0 + r*sine “7*sin 6 


Also T—.-Is-—1-^— ar 

Lar 30 J-\ dr x db ) ‘dF 

"t; Si ; V? C08 * J+O-kH-r sin 0 sin * 1+r sin 0 cos ^ j) 
-r* sin 0 sin* *+r* sin 0 cos* 4 

—r* sin 0. 

••• tv™# 

whK* show, that Vr. VI, V# i. a *t of vector. «dpro«l to 
dr dr &r 
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1.47. INTEGRATION OF A VECTOR 

We know that integration is the reverse process to differentiation. 
Thus if F and r be two vector functions such that the derivative of F 
with respect to t is equal to r, 

. dF 

i.e. d( -r, 

then F+C is called the indefinite integral or simply the integral of r 
with regard to t and is denoted by 
/ r rff=F+C 

where the constant vector C is known as the constant of integration. 

In order to apply the integration to definite problems the Value of 
C may be determined from some initial or geometrical conditions. 

The process of finding a vector F whose derivative with respect to 
t is equal to r is known as integration of a vector. 

In general the nature of the constant of integration is the fame as 
that of the integrand. 

We thus write down the values of the following integrals: , 
dt=*x-s+c where c is a scalar 

J 2 f-^-dt= ^■~-dt=t' l +c=x-x+c, c being a scalar. 

i 2 4r Sr i »-4r4r+ c =(4r)’+ c ' c >**"* * **• 


rx4r dt= rX-^-+c, where c is a vector. 
at dt 


f 

% 72 ) dt= y +c=r+c, c being a vector. 


When a is a constant vector, then we have 
d r 


's^robl 


>X-“J/=aXr+c, c being a vector. 

(Pi 


oblem 119. Find t from the equation ‘^=af+b, where a and b are 

known constant vectors / given that both r and vanish when t—0. 

dt 

The given vector equation is 

d 2 X 

-5F-'+ b - 
Integrating with regaplto t we get 
A/' /W| P 

rft 


a y+b r+c. 


• • .( 1 ) 


Initially when 


t-0, 


d x 
dt 


0 , 
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c=0. 

Thus the equation (1) becomes 
d t t* 


- s -^a~+bt. 


Integrating it again with regard to /, 


when 


t* t 2 

6 - +b r+ d 

t—0) t—0, 
d=0. 

r =4a t’+ib / 2 . 


Hence 

_/Problem 120. Solve for r : the equation ax ■—=b, where a and 
are constant. 

d 2 r 


Here 


tX^-_b<+c. 


Integrating 
Integrating again 

axr=i b f 2 +c r+d 
where c and d are constant vectors. 

/Problem 121. Given that r (/)=2I-j+2k when t=2, and 

r (t)—4i— 2j+3k when t—3. 

C3 /I 

Show that j 2 r • — - dt=10. 

- i!"4r 

“* [(41—2j+ 3k) 2 —( 2 i—j+ 2 k) 2 ] 

[16+4+9—(4+1+4)]=10. 

VProblem 122. Evaluate the integral J ^ F*dr 

/fcl = r 6 i+fl 0-3 sm^0) j +b sin 26 k] am 
n/4 to n\2 ** ^ r=a cos 9 *+ a sin 9 j+ 6 ® k, 6 varying fron 

Given r=a cos 6 i+a sin 0 j +£>6 k. 
dt 

•• je- a sm 6 i+a cos fl j+hk. 

Now 



lr F ‘* C l ~ 3a sin ^ co » 9 


1 


+«(2 sin 0-3 sin* 0) J+i sin 26 k] 
•(—a sin 01+a cos 0J+hk) 
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=c {3a 2 sin 8 6 cos 0+a 2 (2 sin 0—3 sin* 0) cos 0 
Jrc/4 

+i 8 sin 2 0} dd 

—c{^ 2 {a 2 (3 sin 8 0 cos 0+2 sin 0 cos 0—3 sin 8 0 cos 0) 

J */4 

+£ 2 sin 20} d& 

- c sin 28 *- c ( “' +i,) [-^K 

y(a 2 +h 2 ). 

Problem 123. Evaluate J F-c/r when F= xyi+yz'} + zxk, where c is 


the curve r=/f+/ 2 j+r 3 k, t varying from —1 to +1. 
Equating coefficients of like vectors in 
r=xi+Fj+ 2 k=/i+/ 2 j+/ 3 k, 
we get the parametric equations of the curve as 
x=t,y—t 2 , z=t 3 . 

Now from r=/i+/ 2 j+/ 8 k, we have 

* = j + 2 ,j +3 /=k. 

f F *=J-i r "ar* 

=J [ 1 (xyi+yzj+zxk)-(i+2tj+3t*k) dt 


= J_ j (xy +2 tyz +3/ 2 rx) dt 

= Jlj {^+2t , +3/ 6 }^=|^_ i (t 8 +5 t*)dt 

l 4 + 7 J-i — 4 4 + 7 \ 7 / 7 

Problem 124. Evaluate j 2 (A-Bx C) dt and^ A X (B X C) dt 

where A =ri-3j+2rk, B=l-2j+2k and C=3i+rj-k. 

We have BxC=(i-2j+2k)x(3i+rj-k) 

=(2—2r) i+(6+1) j+(r+6) k 
=2 (I—f) i+7j+(r+6) k 

so that, A • (Bx C)=(tl— 3j+2/k)• [2 (l-r)’J+7j+('+6) k] 
=*(2/—2f 2 )—21+2/*+12f 
= 14t—21. 
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Jj [A • (B X C)] dt =(14/—21) dt 

=|V-21/J 


Again 

where 


and 


So that 


=28-42-7+21=0. 

AX (BX C)=B (A • C)-C (A -B) 

A • C=(/i—3j+2/k) • (31+fj—k) 

=3/—3/—2/= — 2/. 

So that B(A-C)=(i—2j+2k) (~2f) 

==—2/i+-4/j—4/k 
(A ■ B)=(ti—3j+2rk) • (i-2j+2k) 

=r+6+4/ 

=(5f+6). 

C (A-B)=(3i+rj—k) (5/+6) 

—(15/ +18) i+(5r*+6l) j—(5f+6) k. 

Thus, j i AxCBxOrf^Jj B(A.C)A-J^C(A.B)* 

( 2/1+4/j—4/k) dt 

-J , [(15/+ 18) i+(5/ 2 +6/) j —(5/+6) k] dt 
"* Ji dt+ j J* (_2r-5r*) dt+ k J* (r+6) dt 

"I [~ 18, ~^ /4 J +i J +k[ ir*+6r J 

= * l ~ 3 *+ l *~M+W+j I-4+l-^+fl+k [2—i+12—6] 
=-Y-i-Vi+V-k 

1^8. the line integral 

Supp ^TTiTT vgcto/ g/ o «g a curve is known as line integra l. 

« the given curve t a continuous vector point function and r=r (s) 
points A and B fni- ? ny l rc C of the given curve between two 
respectively. If’ t ;« ^hich length 5 °f the arc has the values a and. b 
gives the resolute nf p V nit tan 8 en t at a point of the curve, then F*t 
iotegral ofF*t with resnertt 6 dir ,5 ct,on of the tangent. The definite 
the line integral of thFlo J° £ b ? tween the limits a and b, is called 
is written as f * Vector F aIong the curve from A to B and 


f* b 

J a F-t dixsLim ^ F-tSs 


... (1) 
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But we know that t= 


dr_ 

ds 


(1) becomes. 


f B 


B 


F-dr—L\m 


S r5r 


where A and B are the end points of arc of integration, and 5r is the 
infinitesimal vector, Sst parallel to the tangent at the point considered. 

T he integration round a c losed curve is denoted hv gymfrol 
(j>, while in mechanics this integral is known as the circulation of F 
about the closed curve C, being the velocity of the fluid. 

Problem 125. Compute I— J (x dy—y dx) oyer the 

( a ) Straight line y=x from ( 0 , 0) to (/, 1) 

(b) Parabola y=x 2 from ( 0 , 0) to ( 1, l) 

(c) Circle x—a cos t, y=l sin t ;- — 

(d) Integrate also round the square ( 0 , 0) ; (/, 0) / (/, 1) ; (0, /). 

Xjtf^The line integral I— j* (x dy—y dx) over the line 

y — x, dy = dx, is given by 

| ( x dx - y dx)= J (x dx-x dx) limits of x are from 0 to 1 . 



= 0</x=0. 


is 


7 The line integral 

J= J(x dy—y dx) over the parabola y—x 1 , dy=2x dx 
/— J (2x 2 dx—x* dx) limits of x being from 0 to 1 


x 2 dx 


(«) 


-i: 

•ra ->■ 

j— J° ^ £cos 2 r+(4 sin t ) sin f J dt as x=a cos t 


>><=l+sin t 
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(d) 7=0+1* dy— d.v+0 the figure being a square and, 

integration is along straight lines. 

= 1 + 1 = 2 . 

Problem 126. Find the condition that the line integral 

f '2 ^ dr 


l: F *”i 


F-~dt 
1 1 dt 


taken between the points A and B, is independent of the curve r=*r (f) 
joining the points on a smooth curve. 

We observe that, if J* F-dr is independent of path in a certain 

region then j) Fdr--0 for all closed curves in the region. 

_ j fl For if .IP! BP,A is a closed curve, then 



)AP l B 


F-dr+ 


BP Z A 


F-dr 


■*- J 

= f F-dr— f F-dr 
J AP\B J AP 2 B 


I 


= 0 . 


Hence, if j' 2 F-dr is independent of path then ^F-dt—0. 
Conversely, if <f)F-dr—0 over all closed curves of the region, 
then jV-dr is the same over any two paths from A to B that do not 


cross. 


Problem 127. If dr is the infinitesimal vector and r=r (0 is the 
equation of a curve, then evaluate the integrals 


(«) \ c *dr (b) J t 


F-dr 


along the curve C where F is a continuous vector and <f> is a continuous 
point function. 


If 

then 

Thus 


r=.vi+yj+zk 
dr=i d.v+j dy-|-k dz. 


(a) | c <f> dr= I* $ (i d.v+j di'+k dz) 

=i [ 2 d.v+j P 2 <f> dy+k <f> dz 

Jyi J*i 

where A and B are initial and final points of the curve with co* 
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dinates (x x , y u z x ) and (x s , y t , z*). Thus the integral J c <j> dr can be 

aluated when y and z are known in terms of x for points on the 
irve C. 


(b) If F (x, y, z)=/ii+/*J+/sk then as in (a), we find 

ic r *- f '\c dx+f ‘ lc 4y+/l Jc* 

Problem 128. 7/F =everywhere in a region R of space , defined 
’ a t <x <a 2 , b^yt^bi, c x <z<c 2 , where <f> (x, y, z) ir single valued 
id has continuous derivative in R, then show that 

f B 

(i) I F-dr is independent af path C in R joining A ana B. 


(ii) The converse of (i) is true 
m s: Fdr=0 around any closed curve C in R. 

We have 

(0 grad V*-(i || +j|y +k ■ 
nd dr=dxi+ dy\ + dzk 

■■■ fa -J* (* !l + >fr k %-} (dx>+m+ ‘ kk) 


(B)-* (A) 

=<t> (*», J 2 , z s )(x x> Vi, z x ) ^ . (1) 

Xj, j ls z x ) and (x 2 , >\>. z 2 ) being co-ordinates of A and B respectively. 

It follows from (1) that the integral depends only on points A and 
1 and not on the path joining them. This is true if only ^ (x, y, z) is 
ingle valued at all points. 


Note. If j ^ F-dr is independent of the path C joining A and B then 

’ is called a conservative field. Thus if F= then V^is conservative 
ector field and <f> is its scalar potential. 


(ii) Conversely, if J^F-dr is independent of the path C joining 

ny two points then there exists a function <j> such that F= 

Suppo sing the line integral to be independent of path, we hav e 

‘ (•*, y, *) 


(x, y, z)=| 
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Differentiating we get =F*-jg-* • • * W 

and also we have • • • (3) 

Subtracting (2) from (3), we find 

(w— f).-£-o 

This will hold independent of 
V^-F=0 

or F=V <l>- 

(i iii ) We have from (1) 

J*F <ir=t(B)-t(A). 

If the integration is taken round the closed curve i.e. when the 
points B and A coincide then 

JV*=J^F dr=t(A)-t(A) 


or ^V^-dr=0. 


Problem 129. If C is a simple closed curve in the xy plane not 
enclosing the origin. Show that 


<£ Fdr=0 


where 

x 2 +y l 

Given that F== - ~ y , H— „ - 

x 2 +y 2 ^ x 2 +y 2j 

dr=dxi-\-dyj when r=jcf -f->j 

F-dr= ~y dx+x dy 

x*+y* 


So that 


Jc 


x dy—y dx 
C x 2 +y 2 


Lrt^ns change to polars by putting x—r cos 0, y—r sin 0 i.e. r 


x*+y*= r* and 6=tan -1 -- 

* * 


•o that 
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d6-- 


1 x dy—y dx 


1+4 

x * 


x dy~y dx 
" x 2 +/ 

But the curve being closed, if there is a point P on it such that 
lower limit of 0 at P is ^ (say), then its upper limit will also be 




d9 


{•I 


=$-$=0. 

Problem 130. Show that 


Wi 


- 2 — 1 + 
•2j-v2* * 


- j ^</r= 2n 


K x 2 +y 2 '' x 2 +y 2 

where C is the circle x 2 -\-y 2 —l in the xy plane described in thtfcomter- 
clockwise direction. 

We have 

x 


G 


J=2Lj + _ 

x 2 +y 2 ~x z +y' 


: j] • 


2 * 


-y dx+x d y \ 
x*+y* ) 


■/; 


0 

2tc. 


de changing to polars 


Problem 131. (a) If V XF— 0 (i.e, F is irrotational), prove that F. 
If conservative. 

(b) If F is conservative field, prove that curl F= V xF—0 i.e. (F is 
irrotational). 

f 5 

We know that if J F* A is independent of path C joining A and 

B then F is called a conservative field. 

Suppose, F =/ii -fAj +/ 3 k. 


Then VxF=>0 gives 


1 

0_ 

dx 


i 

d_ 

dy 

fi 


k 

_a_ 

dz 

fi 


=0 


This will hold only if. 
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% %_ n M Ml -0 Ml d fL-n 

dj ~Tz ’ lF~dx " ’ 0* dy ~ V 

M JM Mi-Mi MiJMi 

t e ' dy dz ’ dz dx ’ <bc dy 

then, we have to show that F = V^. 

Now work done = F-dr= (/, dx+f 2 dy-\-f 3 dz) where C is 

the path from (x lf y t , z,) to ( x, y, z). Take in particular the path 
joining along straight line (x t , y t , z,) to (jc, y u z x ) then to (x, y, z x ) 
and then t<5 (x, y, z) and denote the work done along this path by 
(x, y, z). We thus have 

<f> (*. y, Z)= r fi (x, y lt Zj) dx+ V f, (x, y, z x ) dy 
J*i J y i 

+ | fa (X, y, z) dz. 

J 

Which follows that 

f£ =/ 3 (x, y, z ) 

%=f (*. y> z i) +\l x ^ ( x > y> z ) dz 

=/* (x, y, Zj)+ £ |^ 2 (-Y, y, z) dz 

—fa {x, y, Zj)-{- ^ f-> (x, y, z)] z 
=f (x, y, z) 

* —fi (*> yu Zj)+ (x, y, z x ) dy 

+1 Z fii (x - y ’ z)dz 

-/i (*. z i)+ J* ^ (*,y, z x ) ^ 

+ !‘, !£<*•*'>* 

=/i (*> yi, z0+ £/ x (*, y, r x ) -f (x, y, z)J 
=fi(x,y, z) 

Then F=/ 1 i + / 2 j+/ 3 k=gi + g j+g k==W - 

(h) If F is a conservative field 
. F=V^ 

. curl F= V x V^=0. 
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Problem 132. lf¥=cosy\—x sin yj—cos zk, show that the field is 
conservative. 

F is conservative if 

V xF=0 

Here F=cos yi—x sin yj— cos zk 

VxF=j i j fc 

I A 3 A 

I c'x cy dz , 

|cos^ —x sill y cos z 

(cos z)~ (-X sin j)J+j |j| (cos y)-^ (co»z)J 

+ k [^ (-* sin y)- |(cos xQ 
=0i+0j+(—sin j’+sin y) k=0. | 


1.49. THE SURFACE INTEGRALS ? 

We know that the parametric equations of a surface 
*=* (w, v), y=y (w, v) z=z (w, v) 
may be combined into a single vector equation 

r=x\ fyj+zk=f ( u , v). 

A surface r=f (a, v) is termed as smooth if f (w, v) possesses conti¬ 
nuous first order partial derivatives. In the following discussion we 
shall assume that the surface under consideration is smooth. 


Let a smooth surface S'be given by F (r)=r=f (u y v). Consider S to 
bejhe t wo sided surface one side ofwhich being treated as the~posi- * 
trve sid e. If S is a closed surface tTiT outer surface may be takcn~inr- 


positive surface. Let n be an out¬ 
ward drawn unit normal vector 
to any point of the positive side 
of£ 


Let us divide S jnto any finit e, 
numBeFor elementary sub-surfa¬ 
ces and take a"poinf7xp, y v< ,~z^Tm 



sub-surface at ( x p , y P9 z v ) drawn 
on the positive side of S. 


If L±Sp be the magnitude of the 
area of~Tfre sfib-Sfifface under 



consideration, then the vector 

area of this sub-surface S 9 Fig. 1.45 


Sp—iip A Sp 


Multiplying both sides by F (x„ y P , r*), we get 
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F (x p , y P , z,)- AS„=F (at,, y„ z p )-n p A S, 

Consider the sum 

p—M p~\f 

1 F (x p ,y p , z„)- AS»= 2 F (x P , y p , z p )-n,AS p 
p =l P—1 

where summation extends as to include all sub-surfaces of S. 

Take the limit of this sum as A/-mx> in such a way that the largest 
dimension of each AS* approaches to zero. This limit, if it exists, is 
termed as the surface integr al of the normal com p onent of F fr) ove r 
S and is denoted-by - 


or simply 


J 5 F (r) • dS = F m iS 

J 5 F dS= J ( FndS 


F ndS 


” JJ, F — //* [fx (x, y, Z) dy dz+f t (x, y,.z) dz dx 

+/ 3 (*» y, z) dx dy)] 

when F=fx (x, y, z) i +f> (x, y,z) j -(-/ 3 (x, y,z) k 

/We sometimes use surface integral F-ndS to call as the flux of 

F over S. The notation £ ( is used to indicate integration over 

closed surface S. 

Other forms of surface integrals are: 

(«) * JJ 5 + *S (b) J| s ?5n dS (c) Jj^FXr/S 

where j> is a scalar function. 

1. If F=/i (.x, y, z) i -f/ 2 (x, y, z) j+/ 3 (x, y, z) k then it can 
be verified that 

</,& dy-U dz dx) 

+j || 5 (A dy dz—f v dx dy )+k f f (fydz dx+f t dy dz > 

and JJ 

j| 5 ^n</S== dS=i || $ dy dz+\ JJ^dzrfcc 


Jtote 2. Solenoidal vector function. A vector point function i s called 
denoidal in a region if its flux i.e., the surface integral I F-JS across 
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frffiry rlotgni nirfiirm in the rftgh n ic vno 
Problem 133. Supposing that the surface S has projection R on the 
xy plane show that 

dxdy 


Ilf-*- II. 


F*n 


n*k 


The surface integrals, may be conveniently evaluated by expresflng 
them as double inte grals taken over th ^rqi e cte . d . 
y on one of the coordinate plan es. This is only possible if a line per- 
p gnaicufar to the coordinate plane (chosen) meets the su rfaced only 
one point. i 

“ Referred to the Fig. 1.45 and §1.49, we know that the surface inte¬ 
gral is the limit of sum 

p=M 

2 F (x„, y„ ZjJ-npASp- 
P =I , 

Now the projection of A S f on xy plane is 

Klsj.k ,-••(!) 

[As projected area=original area (cosine of angle between tie nor¬ 
mals of surface and coordinate plane)] 

=A S, | n p *k |. 


Also the area of projection of A S p on xy plane 
= A*»A y* (*•«• Sxg’Syp) 

From (1) and (2), we get, A S, | n,-k | = A*pAT, 

&Xv&y* 


( 2 ) 


ASj>= - 


n»*k | 


Thus the limit of sum becomes 


p*=M 

-I*- 

p -1 


AXpATp 
|n»-k | 


Proceeding to the limit, when JI/->0, A*p and AT* both-+0 


IL—II. 


Fn 


dbc dy 
|n-kf 


Problem 134. Evaluate 

Jj ( F-n</5 

where , F=18zi—12\+3yk 

s is that part of plane 2x+3y+6z=I2 which is located In the first 

octant. 

The projection of the plane 2x+3y+6z=*12 
on z«=0 plane is 

2x+3>>=12 
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Fig. 1.46 


i.e. referred to Fig. 1.46 the pro¬ 
jection of the plane ABC on xy 
plane is OAB. 

By the problem, 133 we have 

JJ. p —fl.-**! 

Y Also we know that is a veo* 
tor perpendicular to the surface. 
<f> (x, y, r)=constant. 

As such a normal vector per¬ 
pendicular to the plane 

2x+3y-t-6r=12 


V (2x+3y+6z)=^i — +j (2x+3j-(-6z) 


=2i+3j-f6k. 

Unit vector along 2i+3j+6k 

2i+3j+6k 

~V(4+9 4 36) 

=r H-' j + * k. 


(»-k)-GI+$j+tk)-k=*. 

F-n=(18zi—12j-f 3>k)*(r l+l j+(k) 
36z—36+18y 


But we have. 


\2—2x—'iy 

6 

6 (12—2x—3>)—36+18>» 36— 12jc 

7 


Hence 


= J[ (6-2 x)dxdy 


To integrate it consider the relation 

2x+%=\2 


+%’=n 

s 12 -: 



VECTORS 


135 


To cover the whole area BOA 


y varies from 0 to- 


12 — 2 * 


and 


* varies from 0 to 6. 


ii.-—in \7-T 


-Ct—] 

-I: 


(12-2*)/3 


dx 


x=6 

AT-0 


[24-4x— Sx-fix 2 ] dx 


■i: 

=£ 24x- 


= |” [24—12*+i* 2 ] <f* 
4 x 3 


12 ** 


I 


2 T 3 3 
= 144-216 +96=24. 

Problem 135. Evaluate J 5 (* 3 i+^ 3 j+z®k) dS 

where S is the surface of the sphere 
x*+y*+z 3 = 1 . 

The projection of * 2 +>' 2 +z 2 =l 
on the plane 2=0 is 

^*+^ 2=13 

A normal vector to the surface (1) is 

v K> &^ +t £) , *' +r ' +z ‘ > 

=2 [te+jy+kz] 

Unit normal vector along 2 [i*+jy+kz] is given by 

n — 21*+2jy+2kz w jj ere **+y*+2*=l 

" 2V (* 2 +y 2 +z 2 ) -rr-rz 

=i*+jy+kr 
n-k=(i*+jy+kz)-k=z. 

So that F-n=(* 3 i+y 3 j+z 3 k)-(i*+jy+kz) 
—x*+y*+z*. 

dx dy 


Thus, J 5 (*‘i+^ s j+2*k)iiS+2j| /f F 


// 

JI 


(* 4 +y 4 +z 4 ) 


l»-k 

dx dy 

R ' ' ' z 

[**+y 4 + (1 — **—y 3 ) 3 ] 
V( 1-^-3'*) 


dx dy 


...( 1 ) 

...( 2 ) 
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To cover the whole area of x s +y 2 =1 

y varies from — \/(l **) to + y/(l x ) 

and x varies from —1 to +1. 

f (x 8 i+y 8 j+z*10 dS 

_ 5 l*=i ty=wa-**) s+y'+d-x'-plte dy 
J x— —l] y=—y/(l—x 2 ) VU x y} 




■*j 

+3 
=8 


x* sin -1 


VO - **) 


r. 


+ 


syxi-y-y*)- 1 '*} 

+(1 -x*-y)*/*]d!x dy 

y (l-x 2 -^ 2 ) 1 '* 
yo-x^y 2 ) 1 /* dy+fa-y-y 2 ) 3 '*#]^ 1 x) dx 
[-£ y-o-^y-u-y-y 3 ) 3 '*^ 1 '^ 

|^ (1 - x ')(i_y-y)3/* dy+ \\-*-y t )dy\dx 


; J* [y-y+2j^ (1 * 3) (i -y-y) 3 ' 2 dy] 


Put y=V(l —x*) sin 0 
dy=*-\/(l — **) cos 0 <W 


=8 

=8 


~y x 4 + 2 {" /2 (1 -y)*-cos* 0 d0) dx 
’yx«+2(l-y)*.^]*c 

8 J‘[y y+a+y-2y)-i«]^ 

-* j; (4x 4 +3+3x 4 —6x 2 ) dx 

=« J* (3—6x 2 -f7x) dx 

=« 3x—2x*+|x 6 
=* [ 3 - 2 +;]=-^. 

Problem 136. Evaluate JJ^Kx 8 —yr) dy dz—2x*y dz dx+z dx dy] 

over the surface of a cube bounded by the coordinate planes and the 
planes x=y=z=a. 

Here the surface is the cube in positive octant To evaluate the given 
integral let us project the given surface on the three coordinate planes. 
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Now» 



J/,s dy <bs ~ 2xi y dz dx+z dx dy\ 

= || 5 (X s — yz) dy dz+ | 2x*y dz dx+ jj s zdxdy 

For the first integral 
JJjC**—J«) dy dz 


Unit normal vector to the face 
OQQ'O' in the outward direction 
is —I. 

And unit normal vector to the 
opposite face ABB'A' in the out¬ 
ward direction is +i. 

(x s — yz) dy dz \ 

)S Fig. 1.47 

= (x s — yz) dy dz for x=fll and x=a 

=l*lj (x s — yz) dy dz+i l tt ( x 9 —yz ) dy dz 
x=0 x=a 

-- J J s (0 -yz) dy dz+ J (c?-yz) dy dz 

- 0 f;_o ^ *> * + l°-o l‘.-o^- yz) * * 

Similarly other parts of integral are 
- 2x 2 y dz dx 

=—CJJj <—J> 2xty dz * xAr I 2xiy dz dx 

y=0 y*=a 

—JJI"**-- 

and f f z dx dy=* JJ 5 k. (—k) z dx dy+ zdxdy 

z** 0 

= a dx dy—a* 
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Hence the value of the integral is=$a 5 4-a s . 

Problem 137. If F=4xz\—y !l \+yzk evaluate 

J jV • ndS 

where S is the surface of the cube bourded by x=0, > = 1, y=0, >==/, 
z=0, z—I. 

For the face ORR'O * 



iiwr ■—m 


n=—1, x—0 

n FndS 

ORR'O’ 

= j j (— y s i+yzk) • (— i) dy dz 

“lollo 0 ' 4 ’* 

= 0 . 

For the face PQQ'P' 
n=i, jc=1 

(4rl—j 2 j+jy.zk)-j dy dz 


= 4 IoI/‘*'* =2 - 

For the face POO' P' 

B =-j, 3'—0 

i I POOP' F “ < ' s “jo jo ‘ 4jt ix * 

For the face QRR'Q' 

n=j» y=i 

We**'V '‘“Mi Jj * * 

For the face OPQR 

n==—k, r=0 

Wore* r '“‘ e= jo 


vectors 

= Jo Jo 0 dX < ^ ==0 ‘ 

For the face O'P'Q'R' 
n=k and z=l 

=\l\'o yixdy=i - 

Adding all together, 
j F-ndS=2+0-l+0+H°=v 
Problem 138. 7/F->l+(x-2xr)j-^k, evaluate 
f J s (V xF)-n dS 

where S is the surface of the sphere * 2 +)> 2 +zW. 
Given 

F=yi+(x-2xz) j-xyk. 

V xF=curl F= 1 i * 

_0_ J_ 

dx dy ?>z 

y (x-2 yz) -xy 

=xi+yj-2zk. 

Thus to evaluate, 

| 5 J (xi +yj—2zk) • ndS= J R J(xi+yj+zk) 
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dx dy 
I n-k | 


Normal vector 

=2xi+2yj+2zk. 

Unit normal vector n along 2xi+2yj+2zk 
2 (xi+yj+zk) 
~2\/(x 2 +y i +z t ) 

xi+yj+zk .. 

— a 

, „ , x ( xl+yi+gk \ 

(xi+yj--2zk)-n=(xi+yj-2zk)^ a ) 
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J^+Z—2z* 
a 

a It- ^ xi +yj+ zk ) 

Hence the required integrah 

. f f ( x 2 +y 2 —2z s \ dx dy 

/_ J*J v « ) *I“ 


)‘=v 


Ca=+a C y-+V (o 2 -* 2 ) x 2 +y 2 —2 (a 2 —x 1 —, . 
= J J V (a 2 -* 2 ) V (a—x 2 -y 2 ) " ^ 

as x- 2 +>' 2 +z 2 =fl 2 

Jx-=a Jj-^-vV-* 2 ) \'(a 2 —x~—y 2 ) 

put x=r cos 0, y=r sin 0. 

P f 3^1 
J 0 =ojr=o V (ar 2 ) 

-ff lHZ=p+g r M Jr 
Je=oJr =0 v (f — 0‘) 


put x=r cos 0, y=r sin 
'2* f a 3r 2 —2a 2 J 

9=oJr=o V (a 2 -r 2 ) r dr dd 
2 * [ a 3 (r 2 —a 2 )4-fl a 

0 =oJr=O V (r 2 — a 2 ) 


-ir.o i:.o [-* v' ('’-«’)+vt^j] ■» * 

=Jel 0 [ (a2 ~ r=)3/2 ~ a V (« 2 -^)J ^ 

-Jelo 4/6 
- 0 . 

Problem 139. Evaluate 

(a)| s J(VxF)-nd 5 

0) J 5 JVn dS 

where F*=(x+2y) I—Jzj+xk and <f>=4x+3y—2z and S is the surface 
2x+y+2z=6 bounded by x=0, x =/, y=0, y=2. 

(a) Given 

F=(x+2>0 i-3z j+xk 

VxF=I [sT W-5- (-^)]+ , [|(*+2^)-|w] 

+ k [^(-3D-| <*+*->] 

=3i—j—2ic. 
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Now normal vector to the surface 2x+y+2z=6 is 

V <te+j-+a»>-(i £+J gr+ l h) (2 ’ +>,+w ' 

=2i+j+2k 

and unit normal vector n along 21+j+ 2k 
_ 2H-j+2k 

“ V (4+1+4) 

2i+j+2k 
“ 3 

(V X F)n=(31 -j-2k) • ( 

=i [6-1-4] 

_* 

— “B • 

Projecting the given surface on the plane z—0, we find: 

fjcvxiows-ywxF)..^ 

-»K-.L«*♦ 


_a_1 

= T—1* 


(») k J* *-/„]*■ ifft 

“Me***-" 

=i f(4*+3y-6+2*+y) (2i+j+k) dx dy 

[> f 2 „ [6x+4y-6] [2i+j+k] dx dy 
J JC=0 J y=0 

=* f 1 [12x+8-12] [2i+j+k] dx dy 
Jx=0 

=i f 1 (12x—4) (21+j+k) dx dy 

J * 

[6-4] [2i+j+k] dx dy=2l+j+k. 


(2i+j+2k) d x dy 
3 i 
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1.50. THE VOLUME INTEGRALS 

Let F(r) be a continuous vector point function and V a region enclo¬ 
sed by a surface 

r=f («, v). 



in the region. The limit of the sum when 
the dimensions of /\V k tend to zero, 

symbol F (r) dV or simply F dV or 

the volume integral or space integral. 


Let us subdivide the regi¬ 
on V into N cubes having 
volumes 

AV*=Ax*- ATk- AZfc. fc 
k=*l, 2, 3..JV 
as shown in figure 1.49. 

Take a point ( x ky y k > **) 
within this cube and consi¬ 
der the sum 


N 


^ *(x k ,y k ,z k ) AKi* 
k~\ 

taken over all possible cubes 
jV—>oo in such a way that 
if exists, is denoted by the 


\\\v^ dV and termed as 


Its cartesian equivalence is 

\ v F^-ijJ|^ F, dx dy dz+j \\\ v F i dxdydz 

\\\ V F * dXdy ^ 


If ^ is a continuous scalar-point function, in V, then, 

\\\v* dV 

is also known as volume integral or space integral. 


Problem 140. Evaluate 



F dV 


where ¥~2xzi— xj+y 2 k 

and V is the region bounded by the surfaces 

x—0, y—0, y—6, z=x 2 , z—4. 

The given solid is a parabolic cylinder with its axis parallel to y 
axis. The part of volume to be determined is shown in figure 1.50. 

It we sub-divide the given volume into a large number of cubes 
and consider an elementary cube of volume SF, then the required 
integral is 





X X. 
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\\\v tdV 

= ||| y&xzi—xj+y 2 k) dx dy dz 
=i j^ 2 xz dx dy dz 

-j |j|^* dx dy dz 

-Ill , y 2 dx dy dz. 
Now to cover the whole volume, 


Z 



varies from 0 to the line in which z—x 1 meets the plane sr=4 i.e., 
vanes from 0 to x 2 =4 or x=2. 


And y varies from 0 to the plane y—6 i.e. limits of y are jfrom 0 to 
6. Also z varies from x 2 to 4. 

Thus 


y\\\v Fdy=2 ‘ ll-o ll-o 11 -,* x2dx dy * 

-11-0 11-0 JL.**' 4 ’* 

—Jl-oll-o 11-,* , ' dx iydz 

->Ulo x bl dx » 

— 11 . 011-0 '{'I-*'* 

- 2 , Il-o l‘-o (1 ■*'-**> ** 

-ll-o Lo 

+k f 2 [ 6 (4—x 2 ) y 2 dx dy 

Jx=0 J^==0 

=i[ 2 [96x—6x b ] dx-i\ 2 [24x-6x 8 ] dx 

J x—Q J x=0 

+k f 2 72 (4-x*) dx 

J jc=0 
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-*[• 


12x- 


VM 4 *-*?! 


—l-j[ 

120i—24j+384k. 

Problem 141. Let $=45x 2 y and let V denote the closed region 


bounded by the planes 4x+2y+z=8, x<=0, y~0, z=0 evaluate 

,*dV 


in. 


Referred to the figure 1.49 we have, 

j K 45 x 2 ydxdydz 

z varies from 0 to 8—4x- 
y varies from 0 to 4—2x 
x varies from 0 to 2. 


■2y 


wi**- n«o E-7 i:.r* ^ * * * 


-i 


=45 

=45 

=45 
=45 
= 15 
=15 
4*15 
=15 


2 


y=0 
4—2* 

y =o 


45^ (8—4x~ 2y) dx dy 


_ 0 x>[4y>-2xy>-iy*J ** dx 


[12 (4-2x) 2 -6x (4—2x) 2 

-2 (4—2jc) 3 ] dx: 


X 

" L £ 

;t=0 3 

* =0 Y (4—2jc)* [12—6x—2(4 -2x)] dx 

f LoT 

2 X* [64—32x+16x 2 —8**] dx 
2 


[64x t -32x B +16x i -8x t ] dx 


64x B 32x* , 16jc* 


L 3 
64x8 


4 

-128- 


5 

16X32 


4x64 


] 


3 — ' 5 3 

=[64 x 8 x 5— 128x15+16 x 32 x 3 —4 x 64 x 5fc 
= 128. 

Problem 142. Evaluate 

(fl) w {}} (VXF) dV. 

where V is the dosed region bounded by the planes 

x —0, y=0, z=0 and 2x+2y+z=4, 
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F =*(2x*—3z) i= 2xyj —4xk.. 
Given F=(2x s —3z) I—2x>J—4xk 


V.F=(iA +j -| +k [(2x*—3z) i~2xyj—4xk] 


.dx 
=4x-2x 
=2x. 


K (2x * 3z)+ > ( ' 2xy)+ dz ( ~ 4x) ] 


and 


V X F =< [Jr (-4*)- J- <-2*»]+{4- < 2 **-*) 

I ( - 4 '> ] +k [Jr <- 2 *»~ | H- 3l) ] 


Now, 


(fl) 


. 1. 

1 

=* [0]+i [—3-f 4]+k [— 2y]=j—2yk. 
z varies from 0 to 4—2x—2 y 
y varies from 0 to 2— x 
x varies from 0 to 2. 

JJ j^lxdxdydz 

- f 2 . J 2 ""' \ 4 ~**~ 2y 2x dx dy dz 
J*=0 ix^O Jz=0 


" C-o t: 21 w- 2 *- 2 ^ * * 

- P „ a* [04-2*) (2-*)-<2-*n <b 

Jx=0 

2* [8—4x— 4x+2x a —4+4 x—x*] dx 
2x [4—4x+x*] dx 
2 J* [4x~4;r a -;c s ] dx 


2 

*=0 

2 

*=0 

2 

x=0 


(^¥4T 


«-f + 4 


Jo 

h- 


< 

(b) |{j F W X*) dV=\^ y U-2y]L] dx dy dz 

«=• f 2 [ 2 ~* f4 2^ £j_2j>k] dxdy dz 

} x **0 J jk =0 J *~0 
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= f! \l X (j—2yk) (4-2x-2 y) dx dy 
JO JO H 

2 q [j {(4-2x)y-y*}-k{(4-2x)y*-iy*P^ X dx 

I [j {(4-2*) (2—x)—(2—x) 2 }—k {(4-2*) (2-x) 2 

T (2-x)*)l 

=jo [j {8—8x+2x 2 —4—x s +• 4 jc}— k {16-24x+12x 2 

-2x s -£ (8—12*+6* 2 —**)}] dx 
= lo [* [ 4- 4*+x 2 1 —j-116—24x+12x 2 —2x 8 ) jjdx 

=[j [ 4x-2x 2 +yj-y£l6x-12x 2 +4x 2 -Jx 4 jj 

='l 8-8+| LM 32-48+32-8 \ 

=li-4k^ (j-k). 

1.51. GAUSS’ DIVERGENCE THEOREM (Agra, 1958, 66) 

This theorem gives us a powerful device to transform the volume 
integral into surface integral and its .statement is: 

IfFis a continuous differentiable vector-point function and S is a 
closed surface enclosing a volume V, then 

| 5 F-n dS= div F dV. 
where n is the unit normal drawn outward . 

♦kJ k °*^ r w0 ^ s ’ .'^ e norma l surface integral of a function F over 
•»»•» ““rp? i° f a ^ osedre g i on is equal to t» space integral of diver¬ 
gence of F taken throughout the enclosed space.” 

Taking i, j, k as the unit vectors, 
along the axes of x, y and z res¬ 
pectively, we have 

F=Fj (x, y, z) i+Fj+Fjk 

Fj, F„, F 3 and their derivatives in 
ds; any direction being assumed to be 
uniform, finite and continuous. 
Suppose S is a closed surface 
Y such that any line parallel to the 
coordinate axes cuts it at the most 
in two points. Let the z coordinate 
> of these two points be 

M/i (x, y), z—f t (x, y) re*- 
pectively. 

As such the lower and upper 



Fig. 1.51 
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'•i 


portions S 2 and S 2 of S are given by 

z=A (*, y) and z=A (x, y) respectively. 

Now consider the integral 

III 

(R being projection of S on .vv pane 1 

= 11*0 

* ={f^[ p 3 (*.y./i)-F, (x,y,M dx dy 

=| f R F 3 (X. y, A) dx dy- Jf 3 (.V, y, ft'p dy . 

For S u we have | 

dx dy= cos Yi ^Sx=k*n l dS x f 

where nj is a unit normal vector to the surface dS, in outward 
direction. 1 

For S 2 , we have * * ?■ I 

dx dy—cos y 2 k-n a dS, f 

where n 2 is a unit normal vector to the surface rfS* in outward direc¬ 
tion. 


and 
So that 


R f 3 (x, y, A) dx dy =| j F, k-n t dS t - 
R F 3 (x, y, A ) dx dy =-j F 3 k*n 2 'd$ t ' 

f F a (X, y, A) dxdy-\\ R F A x, y. A) dx d K 

F 3 k. ni dS x + jj 5j F 3 k*n 4 dSi 


,F 3 k-(a i dS 1 +a 2 dS i ) 


¥ " 
l 


is k-n dS; 

J 

Consequently 

... 

Similarly projecting S on other coordinate planes, we may find 

n 

- dx dy Sz 


[ V nS'—niS’i+iijSo] 

.. XI) 


f dh ^ II f a j. n iS. . . .(2) 
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Adding (1), (2) and (3), we get 

k-n ]dS 

l\\y(‘ l +i k +‘|-)-( f i | + f J+W * *> * 

HI divF^ =n s F-n^=|| J F. ( «. 

Afore. The theorem can be extended to surfaces which are such that 
lines parallel to the coordinate axes meet them in more than two 
points This is also true for multiply connected regions. 


1.52. DEDUCTIONS FROM GAUSS’ THEOREM 

(1) The volume integral of the gradient of a scalar point function may 

& th ‘ - -i »'*• A*. * £ 

HSv v * dy ~\\s*° <IS (Agra, I960 , 56) 
Gauss’ divergence theorem, is 


J|J K div F</F=|f F. Bi f5 

Assume F=^a ; 

where a is a constantjvector. Then it becomes 

}}| K ^ -^ a ) dV= f J 5 ^a.n dS 
Since V.(*)=(V*). a^ a . ( V #> and *—*(*> 

*' « being constant 

OT IfJV W 

cross product U.° iUCt °f Gauss s divergence theorem is replaced by 


{{f K vxAdv=jj- BXA ^=fJ s dsx A : 
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Putting F—aX A in Gauss’ divergence theorem, we get, 


JJJ F divF<*K=jJ 5 F.ndS 


where a is a constant vector, 


or 

Since 

and 


jfJ„V.(axA) dK=JJ 5 (axA).niS. 

V.(axA)=—a.(V xA) 

(jix A).n=a.(A x n)=(A x n).a. 

-Jj"a.(V XA) </v=j|^a.(Axn) dS. 


or 

- Ill, 

, V x A dv= a. j j^Axn dS 

or 

-JUr 

V X A dv=1A x n 

or 

IIIk 

V xAdv— — f| s Axn dS- 

Note. Definition of grad <j>, div F and curl F can 

(1) grad 

<f>= Lim - 

n <f>ds 
s 

K-M) 

1 

V 

0 w 

n.F ds 

(2) div 

F= Lim s 

s 

v+o 

V 



I nxF ds 

(3) curl 

F= Lim J 
F->0 

1 S m A 

V 


II 


t 


nX A dS. 


we herebelow prove (1), the other two can be proved on similar 
lines. 

Let us take a point P enclosed in a small legion of volume V 
bounded by a surface S. Then the first deduction of §1.52 gives 

\ s n t dS= V* dV- n(W)«+e] 
where (V^) 0 denotes the value of V<4 at P and e-j-0 as V-*0 

/. Lim ij ~p — =(V^)o= grad <j>. 

* -H) 
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1.53. PHYSICAL INTERPRETATION OF GAUSS’ DIVER¬ 
GENCE THEOREM 
The Gauss’ Theorem can be stated as 

J V.n riS=J div V dV, 

V 

where the vector point function V denotes the velocity-vector of an 
incompressible fluid of unit density and S denotes any closed surface 
drawn in the space of the fluid, enclosing a volume V. 

Since the scalar product V n represents the velocity-component at 
a point of the surface S in the direction of the outward drawn normal, 
therefore V’n 85 expresses the amount of fluid flowing out in unit 
time through the element of surface 8 S. As such the integral round 

the surface S, i.e., j V-n dS gives the amount of fluid flowing out of 

S 

the surface 5 in unit time. But in order to maintain the continuity of 
the flow the total amount of fluid flowing outwards must be con¬ 
tinually supplied so that inside the region there are sources producing 
fluid. 

Now the div V at any point represents the amount of fluid passing 
through that point per unit time per unit volume. So div V may be 
regarded as the' source-intensity of the incompressible fluid at any 

point. Thus the integration rour.d the volume V, i.e., j div V dV 

y 

denotes the amount of fluid supplied by the sources inside S per unit 
time. % r 

Hence the equality f V*n div V dV is justified. 

S v 

ie. y the total volume per second oj a moving fluid flowing out from a 
closed surface S is equal to the total volume per second offluid flowing 
out from all volume elements in S. 

1.54. GAUSS’ THEOREM 

If S be a closed surface and r be the position vector of a point 
(*> y> 2 ) with respect to on origin O , then 

IB?* 

is equal to 0 or 4n according as O lies outside or inside of S • 

First case. When origin O lies outside the closed surface S, the 
divergence theorem gives 

i! S "(?)HnK v (£)‘ n ' 



VECTORS 


15 ! 


But V-(^)=V-(r- 3 ») 

=(V r-*)T+(r*)V-r 
* = -3/-*r r—(r - *) (3) 

* = — 3r -, +3r~*=0 

i.e. V * s zer0 everywhere inside V 

Provided r#0 in V i.e., O is outside the closed surface S. 


Then J \s 7* dS= °' 


Second case. When O lies inside the closed surfaces . 

Here F is not defined at the point O within S , so we cannot apply 
divergence theorem. To overcome this difficulty let us surrjund O by 
a small sphere of radius a and surface S , with its centre at 4p and lying 
within S . For S x outward drawn normal will be directed^ towards U 
and function F will be continuous and differentiable at all points 
within S and S v . 

The divergence theorem can now be applied to the two closed 
surfaces and S i.e . 





(O being outside the region SS,) 



=4tc. 


1.55. TWO GREEN’S IDENTITIES 

First Identity. If ^ and are scalar point functions having continuous 
derivatives of the second order at least, then 



152 


MATHEMATICAL physics 


The divergence theorem is 

111,—fl,— 

Taking F^V^, we have 

J]j K V-(^7«t) dV— (^V 'I')• n dS= jj^V <|») dS. 

But v ^V<B=^(V-V<]')+(WWV4'> 

=MVV)+(V«-(V«. 

orJfJ^V^+W-V-W 


Second identity: 

‘1V~\\ S (<4V*~ W)-</!S 

Putting F=^V^, in divergence theorem, we get 

JjJ K V-(W) jJ s (W)-n</S=JJ s (W)-</S 

But V-(W)=*(V-W)+(V<M-(W) 

=+VV+(V«-(V+) 

JJJ K V ( ^ V ^) rfF=JJJ F [ ^VV+ ( V?i ) - (v 'i' ) ] dV 
And 111 K WVV+(V^)-(V'^= ...(1) 


Green’s first identity, is 

flJ F 0V 2 <R(WHV«] .. .(2) 

Subtracting (1) from (2), we find 

Problem 143. Verify divergence theorem for F=jc 2 i+y 2 j+z*k taken 
over the cube 0 < *, y, z < 1. 

The divergence theorem is 


We have 


JJJ F VF^-JJ s F-.iS. 


F=x*i+/j+z I k 
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v ■ F “(* h +i |r+ k |-)- ( ** 1+/1+I ’ k) 

=2x+2y+2z. 

Now the volume integral , 

V’F dV= || y 2(x+y+z) dxdy dz 

= [* f 1 f* 2 (x+y+z) dx dy dz 
J-*=oJ>’=oJ z=0 

=2 f f Cx+J’+I) dx dy 
] x=o\y—0 

=2 [* (x+i+i) dx. 

Jjc=0 

=2 [*+*+*] 

=3. 

The surface integral is contributed by six faces of the cube, i.e. 


Jj 5 F n<JS= || 5j F u dS, + {{ 5 /-"^+ J J s , F adS > 

(face x=0) (face *“1) (facey—O) 

+ Ik r "^‘ + Ik/'“ rfs ‘ + Ik. F '" A 


(face y=i) 

For face S 1 , x—0, n=—i 

ff 


JJ* 


F*n dS x 


(face 2=0) 

-X 2 ds x 


(face r—1) 


I 

1 \ i ° 

y =0 Jz=0 


dS^O 


For face S t , x—l, n=I. 

j j Sj Fn dS t - J (xM+^j+z*k)-(l) dS t 


( 1 ) 
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= f 1 f 1 dx dz= 1. 
J>’=0 Jz=0 

For facets, y— 0» n=—j, 

Jk r **-Jk # * 

«® 0 . 

For face S 4 , y= 1, n=j. 

II*'-ML 44 * 

= P f 1 dx dz — 1. 

J *=0 J 2=0 

For face S s , z= 0, n=—k 

Ik'"*"!!* 0 * 

= 0 . 

For face S’, r=l, n=k 



Therefore, j Fn </S=0+l+0+l+0+l. 

= 3. ...(2) 

From (l/and (2) it follows that the volume integral=Surface 
integral. / 

Problem 144. Evaluate 11 • n dS 

where r is the position vector of any point on the closed surface. 

The divergence theorem is 

II* 

Given F=(jci+>>j+zk) 

JJ 5 r n dS={|J F VW+ 7 j+zk)rfF. 



4-X^c ■ 


(Jr 
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Now V -(*!+rt+zk)=(i l^+i^+k j^yw+yl+zk) 


Therefore 


It 


r*n dS= 


3dV=3V 


U - -Air 

where V is the volume of solid bounded by closed surface S. 

Problem 145. (a) State and prove Gauss 9 theorem / 

(b) If p denotes the charge density and j the current density due to 
the charges , show that the equation ~ ~\~div j =0 expresses conserva¬ 
tion of the total charge . {Agfa, 1966) 

{a) lfjNfte the outward flux of electrostatic intensity E* through 
any dosed surface S , then 


JV=j E-JS=4*0, 


where Q denotes the total charge enclosed by the surface S % 

According to the definition the outward flux of electric intensity 
through any closed surface is proportional to the total charge within 
the surface. 

We know that the flux of a vector E across the surface element dS 
is defined as the scalar E*c/S. Therefore, if S be any surface, closed or 


open, the flux ofE across S'is j E-dS. 


Now the electrostatic intensity or the electrostatic field vector, i.e., 
E at a point due to n charges e u e 2 , . .. e n is defined as 
n 

E= 2 7-3 h, 

/= 1 r< 

where r, denotes the position vector of the point relative to the rth 
charge e { . 




=2 2 etu,, 

J i = l 

(since the solid angle do* subtended at a point by a 
surface element of area dS is given by rftos® ~ a # dS) 

where c o t is the solid angle subtended by the closed surface at the ith 
charge. But w<= 47 r or 0 according as e t is inside or outside the 
surface and 
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Hence j YL-dS—AnQ. 

S 

(b) Suppose that a charge of density p is flowing with mean 
velocity V. 

The charge crossing the surface ele¬ 
ment dS in a unit time is 

P V<fS=j-<fS ... (1) 
where j is given to be current density 
Fig. 1.54 vector or conduction current vector. 

Now the current say i across any surface S drawn in the medium 
is given by i— | j • dS while the total charge inside a closed surface 
s 

S enclosing a volume v is given by Q— j p dv. 

V 

.^Assuming that there are no sources or sinks inside the surface, the 
rate at which the charge is decreasing is 

“I Tt dv ‘ ’ ” (2) 

V 

Since this is due to the outward flow of charge, we have from 
(1) and (2), -j-g rA== j j-dS= j div j dv 

V S V 

by Gauss’ divergence theorem §1.51 
or +div j)rfv=0. 

The volume being arbitrary, the integrand must vanish identically 
and thus we have the equation of continuity or the equation of con¬ 
servation of charge as 

|~-+div j=0. 

Problem 146. Prove that V^X V'y.dS=0» 

Put F=V^x V'| in Gauss’ divergence theorem 

j (V^X V'l') , dlS= j F*<fS— JJJ^V-FrfF 

■=jjj F V- ( V^xV^)dF. 

But V-(V^X V<W=Vt|/ curl V^-curl V«HO. 
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||| K V-(V^xV<J>)</F*= ||| K fV'J' curl V?5-7f curl V<|>] dV 
= 0 . 

Hence J 5 (WxV<J<)-dS=0 
Problem 147. (a) If H=cwr/ A f prove that 

H«n dS—0 for any closed surface S \ 

(b) If n is unit outward normal to any closed surface of area S show 
that jjjp div n dV—S. 

(<*) Given H=curl A. The Divergence Theorem gives 
But V •H=V*(curl A) 

=0 *' w. 

(b) The Divergence Theorem gives 

jjj^divn^ 

Problem 148. Prove that 

(a) j^F- W dV~ <5 F dS- W F dV. 

(b) | 5 V^-cwr/F dV— f (Fx V$ dS. 

^The divergence theorem gives 

\ y * W dr- J y y -m dv- - *f dv 

. '-{^V-F-F-VflrfF-J^V.FrfK 
~J^VF-dK+ j^F-V* dK-j^V-F tfK 
»{ K F.V^dF. 
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(5) Applying divergence theorem in R. H. S. of 

curl F dV= f (Fx V$. dS, we get 
t V J S 

J^V^curl F</F=j F V(FX VfidV 

=| F [V^‘ curl F-F-curl Vfl dV 

= |^ V^-curl F dV as curl V$S=0. 
Problem 149. Show that volume enclosed by the surface S is 

V-(r 2 ) dS 

s 

where r is the position vector to a point of dS. 

The divergence theorem gives 

J s Vr 2 - dS =j yV-iV^dV 
' . V *[2r 2_2 r] dV 
. V *(r) dV 


=2 

=2 


3 dV 


dV*~6V 


-Jr 

V=\ j 5 Vr 2 -</S. 

Problem 150* Prove the following : 

« \\i 

(b) ' r 5 n jj j^5r> r JK. 

(ar) The divergence theorem gives 

"ni^[^ v-r+v 'F- r } ,K 

=2 \\\y A ^ + \\\y-^ T - jiv 
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( b ) We have 

ik—iii,-*.- 

Problem 151. Show that Green’s second identity can be written as 

Wlv^' *-*V* 

The Green’s identity is 

*jj, dS | 

where n is unit normal vector. 

>" d $£ 

■■ *-W* *) ^-JJ S (# 


1.56. GREEN S THEOREM IN THE PLANE 

Let R be a closed region in the x-y plane bounded by a simple closed 
curve C and ^ and ^ be two continuously differentiable functions of x 
and y , then Green's theorem in the plane is stated as 


/ c (+ *‘+*«w^II R {fx J i) ix * 


where C is traversed in positive ( anti-clockwise) direction. ' 

Let the region R be bounded by single closed curve C having the 
property that any straight line parallel to the axes cuts C in at most 
two points and let the parallels AM*(say x—a), BN (say x—b); QF 
(say y—c) and DE (say y=d) limit thie curve C in the xy plane as 
shown in Fig. 1.55. 

Suppose the equations of the curves A QB and ADB are respectively 
y=fi (*) and y=f t {xf. 


Th “- 
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Fig. 1.55 

A gain if the equations to the curves DAQ and DBQ are 
x=F l (y) and x=F 2 (y), respectively, then 

M**-U™*%+* 

=\ d c [* <x - ,) TFZ Jr 

=J* (f 2 , y)-+ (Fu ?)] d y 

~\* e HF u y) dy+\ e d 4>{F lt y)dy 

=$c+ d3 f 

fc**- J!«8S** 

Adding (1) and (2), we find that 

£.<♦&+* *>-Jl.dt-fO**- 


( 1 ) 




( 2 ) 


1.57. VECTOR FORMS OF GREEN’S THEOREM IN THE 
PLANE 

Vector treatment of Green’s Theorem yields two different forms. 

Fora 1. If f=<{'i+^j and r=wxi+>’j, then Green's theorem takes the • 
form 

^c f, * = Jf* (vxf),k ds ' 
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Green’s theorem in the plane is 

$c i * dx+ * 

Given r=xi+>j 

i.e., dr*=dxi+dy\, 

dx+<jt dy=($ i+#) • (dxi+dy\) 
—t’dr 

and V xf— I j k 

d_ Jd_ 8_ dz ' r dz 

dx dy dz 

< 1 • * 0 

so that 

Substituting values from (2) and (3) in (1), we get 
JJ* (Vxf)kflS 


..CD 




• • • (2) 

k 




...(3) 


f t dS: 


where ds—dx dy represents the element of area., 

Form 2. If f=<f»i+$j, dS=dx dy, g—fxk and n be the outward 
drawn unit normal to C, then Green's theorem gives 

^ c g-.*= 

where ds is an element of the curve. 

Let r be the position vector of any point P and T be the unit tan¬ 
gent vector to the curve, then 

r=xi4-yj, so that dr=dxi+dyj and 

T JL 

«fa* 


Now n and k, both being vectors normal to the tangent at any point 
of the curve, the definition of cross 
product yields 

kxn=T. 

So that, <1* dx+<f> dy 

=* (<M+^J) • (<6d+ dyf) 

=tdr 

=t 'Ts ds 

= f T *>( •• T =§) f7-\ 

=f»(kxn) ds 
=(fxk)n<k 



Fig. 1.56 
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(Y in a scalar triple product dot and cross can be interchanged) 

Also g= fxk==(<ld+#)xk==^i—<|j 

so that 

"dx 8y 

Substituting these values in Green's theorem i.e. 

we get 

Note. Physical Interpretation of Form 1. Vector form 1 of Green’s 
theorem is 


Assuming that f represents a force field acting on a particle whose 


position vector is r, the integral may be interpreted as ex¬ 

pressing work done in moving the particle around the closed path C 
and it may be evaluated by the value of V xf. 


As a particular case if V xf=0 i.e. if f= V 0. 0 being scalar; then 
the integral around a closed path is zero. It follows that the work 
done by a particle in moving from one point of the plane to the other 
point of the plane is independent of the path traced in moving from 
one point to another in the plane. In other words this fact can be 
expressed by saying that the force field is conservative. 


Conversely, if the integral around a closed path is independent of 
the path joining any two points in the plane i.e. the integral around 
the closed path is zero, then V xf—0 where f=<Jd+jij. 


i.e. 

Giving 


8 * 8 * 


8x~8y 


1.58. GREEN’S FORMULA 

Suppose that '!'= — is a scalar point function which has uniform 
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finite and continuous derivatives upto the second order in a region 
V enclosed by a closed surface S. 


Take a fixed point P within the region, such that r 
is distance from P to a variable point of the region 
and r its position vector relative to P. Now since tp 
becomes infinite at P, therefore to remove this 
difficulty enclose P by small sphere of radius e. 
Take surface of this sphere as S v Clearly in the 
region V, bounded by 5 and S u is twice conti¬ 
nuously differentiable. 


But we know that, 

v ' { ' =v ( 7 )“ v [(F+A^ ] = ~^ 

and V a +=v(-y 2 )=0. 



Thus, applying Green’s identity to the region bounded! by S and 
Si, we get ^ 


At the surface Si the direction of unit normal drawn outward from 
the region considered will be towards P, so that 


(- 7 ) 1 =. 

ran rn 

L r* Jr=e L r 2 Jr=s 


Taking to the limit as e->0, we find 

Lim dS^ 4 ^* (P)= 4** (**) (2) 

i* 

* ,, «> 
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In the limiting case when e-*0, (1) yields with the help of (2) 
and (3), 

Thus 

or [7 w-#v (})]•» 

which is known as Green’s formula. 

1.59. POISSON’S EQUATION WITH ITS SOLUTION 

Let 4> be a scalar point function vanishing outside a finite region, then 

the equation 

W=~4*P, 

is known as Poisson’s equation. 

Poisson’s equation is VV—~ 47C P •••(!) 

Green’s formula is 

4*#P)= [y dS-\ y y V*** ... ( 2 ) 

(for a region bounded by a surface S) 

= L [j W-*v(y)]dS+4*{-J- dv by (1) . .. (3) 
In case the region V tends to infinity S also recedes to infinity. 
Supposing that for large values of r, <f> is of the form — where * 
remains bounded, | | is the form 

So that [7 W-*v(y)JdS-»4>. 

Then 4* #P)= 4 * j ^dv 

or «P)=J-£- dv. 

The volume integral being carried over the whole space remains the 
same as the volume integral over the region outside at which, p is 
zero. 
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Victor equivalent 

If f=/ii+/,i+/a k- 

and F's/il+FJ+Fj k 

where V*F=—4vtf. 

Then F (Pj=j-£dv. 

V*F= —4«f is equivalent to 

; V‘F|-4rc/ g ; V*F 3 =-4*/, 

Thus for a point P of the region 

Ft (**)= J7 dv ; F, (P)=j£ dv ; F s (P)= {£ dv. * 

Imposing suitable conditions on f u f 2 , f a , and multipljftng these 
relations by i, j, k respectively and then adding, we have ; 

1 Fi(F)+J W)+k F,(P)= j (I/ I +J/,+k f 3 )ydv s 
F (P)= Ji dv. 

1.60. LAPLACE’S EQUATION WITH ITS SOLUTION 

///or 0 /vwce differentiable scalar point function (f> V 2 true for 

every point of the region , /Ae function $ is said to be harmonic in the 
region . 

The equation VV=0 ...(1) is called Laplace’s equation. Green’s 
formula is 

4^ (F) “Js[t v * - * v ( f)} 

by(1) 

which follows that the harmonic function <j> at any point within the 

di 

region can be expressed in tesms of the values of <f> and at any 
point of the surface enclosing the region. 

Problem 152. Verify Green’s theorem in the plane for 

$ (xy+y 1 ) dx+x' dy 

where C is the closed curve of the region bounded by 
y=x 2 , and y=x. 
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The shaded region shown in Fig. 1.58, represents the positive direc¬ 
tion traversed by the closed region C made up of a parabola and a 
straight line. 

Given, <|»=(x,y4\y*) and <f>=x 2 . 

Evaluating the integral along ‘.n=x 2 , w « have, 

Y 1. f ,fi v —1— .1 /Jv 



| + dx+$ dy 

— J[(x • x^x 4 ) dx+y dy] 

-f 1 n (x'+x 4 ) dx+ [’ y dy 
J x—0 }y~=o 

^T^we 


=i+i+£ 


Fig. 1.58 


Evaluating the line integral along_y=x we have 
| 'i' dx+<f> dy==|[(x 2 +x 2 ) dx+y*</y]=|^_ i 2x* dx+ j® ^ y 2 dy 
«-l. 

the required integral=44 — 1 = — -fo. 

A|S0 M= 2j:and |. =*+ 2 >'- 
Th “ s ' 


=| f/j t 2jc— dx dy 

“Lot*'-* * 
“l!-o<*•-■*•)* 
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It is evident that j 4 1 dx -+ <f> dy — Jj —^T - ) l,x ^ n 

Thus Green’s theorem is verified. 

Problem 153. Evaluate f c U-» * **" C “ 

die triangle whose vertices are (0, 0) l > o') ’ ( 2 ’ / 

» *«*• W *' vane. from 


° to T == lx~o sinx<fx_ *’ . 


V 

p 

The line integral along QP on which 



x= — and y varies from 0 to 1 

2 


n 

= r {(y— 1) 0+0 <fy}=-0. 5 


0 

J^-0 

The line integral along PO for which 

(T°) 


V* — and x varies from — to 0) 

■K 


rig. 139 


__ j° —sin x^ix+ “* cos * dx | 

-r t + c ° s * + v sin x h > =1 ~^ “*"■ 

_5_i.. 

Hence the line integral along C——1+0+1 4 „ 4 « 

(4) In order to use Green’s theorem we have 

34» i — —sin x 
<li==)'—sin x, ^=cos x, ’ gx 

• / c »&+**’)- J fr ■- §■)* 1i * l ~* m x ^'l 

J-jj- K-sto *-l) *1 * 

' - ” *» “|*/2 
J_-|-(-xcos x+sinx)- —Jp 
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2 


7t 


n 


4 


Problem 154. Compute <f {(xy-x 2 ) dx+x'y dy) over the triangle 

bounded by lines y=0, x=l, y=x and verify by Green's theorem. 

The line integral along OP where y=0 and * varies from 0 to 1. 

=* f 1 — x 2 dx=~h 

J *=0 

The line integral along PQ for which x=1 and y varies from 0 to J 


Jy=o 


{(y-l)0+y</y}=*. 


The line integral along QO for which x=y and y varies from 1 to 0 
= | J {{y'-y l ) dy+y 3 dy}= - j° y 3 dy=—\. 

Thus the total integral along C 

= —i+i—i==— T V* 

Now, by Green’s theorem, we have 
| {(xy-x 2 ) dx+x*y dy) 



=11 ["if 




*■ which verifies the Green’s theorem. 
i.61 STOKES’ THEOREM IN SPACE 

; This states that if, F is a vector function, which is uniform, finite and 
continuous along with its derivative in any direction , then the tangential 
line integral of F oygrjjpiy closed surface S bounded by a curve C is 
equal to the normgyt&jace integral of curl F over S ; i.e., 

f c ^\\ s ^^nJS^\\ s (Vx^dS 

where a is the unit normal vector at any point of S diawn %, the se nse 
In which a right handed screw would move when rotgttS fn ihesense of 
description of C. ' (Agra 1956, Vikram 1969) 

Consider a surface S such- that its projections on the xy. 
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yz, zx planes are regions bounded by simple closed carves as shown 
in Fig. 1.61. r 

Take the equation of surfadfe as 
/ (z, y> z)—0 i.e., t 

z=fi (x , y ) 

or y=A (x, z) or x=/ a O', z) 

If F-Fii+fy+Fjk, . I 

then we have to prove that J_1-► y 


jjjVxiFJ+FJ+W’n^ 
=/ F-ir 


Let us first consider, 
[V x(F,i)]. n </S 


Fig. 1.61 


'jxFj *n dS 

= rfLj_fL k i. n d 5 

dz * dy J 

r^ n .j_^Ln.kl^ 

dz 1 dy J 


and r=x|+^j+ 2 k=xi+;'j+/ 1 (a, y) k 

So that ip-=j+-i^ k since z—f x (x, y) 

dy dy t 

Now J^-is perpendicular to n as is the tangent to the surface S. 
■ «.-0-a-i+f-.-k-0. 

Giring n-J—^-o-k-? n-k. 


As such (1) yields x 

tVx(F,i)]-.^—[-^-|-+-fk]..k iS 

But on the surface S, we have 

F t (x, y, z)=F, tx, y, A (x, y)]=F^c, 

Ml, AH. Ql-AH * 

dy "** dz dy dy 

The relation (2) with the help of (3) gives 

tVx(F l i)}. B dS-r-|^ n«k dS=-^Hdxdy 
••• J J s t V X (F x i)] *dS=\\ R -%~dxdy 
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where R is the projection of S on xy plane. 

Green’s theorem in plane gives 

£^ Fdx— — J ^ w ^ ere ’ s boundary of R. 

Now at each point {x, y) of the curve C x the value of F being the 
same as that of F x at each point (x, y, z) of C and dx being the same 
for both the curves C and C u we conclude that ^ 


f Cl Fdx ~fc F ' dx 

u. /</.*— I1*1F * dr 

The equations (4) and (5), give 

... (5) 

fJ 5 [ Vx ( Fi )] ndS=<f c F 1 dx 

... (6) 

Similar contributions are made by the projections on 
planes, therefore 

the other 

Jf 5 [Vx(F,j)].n dS=<f> c Ftdy 

...(7) 

JJ s [Vx(F a k)]-n dS=f c F i dz 

... (8) 

Adding (6), (7) and (8), we find 



*jth 


. [V XfF.i+FJ+^k)]. n dS-*f (F x dx+F, dy+F t dz) 
J 5 (V XF) -dS= J (V x TrndS=$ c F -dr. 


Problem 155. If <f> is continuously differentiable scalar point function * 
then show that 


fc**-l\ s ™***- 

Put F=a^, where a is a constant vector, in the Stoke’s theorem, 

J c (^)-*-{} 5 [Vx(«fl!.H<« 

But j/n know that 

V x(a$=grad ^xa+^ curl a=V^xa 
•’* * J c * A= “ j J, (V*x ■)•■ dS * 


«—JJ s *x V^«udS 

=—| s *-V^xn<iy=aj|| 5 V^xuiS 
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Since* is a constant vector 



Problem 15b. Show that 

J c *xF=jj s (nxV)xF<fc. 

Putting f=a x F, a being a constant vector, 

Stokes’ theorem gives 

J c (axF).*=j| s tVx(axF)]-nrfS 

But we know that . 

V x (a x F)-a V • (F)-F V *(a)+(F- V) t-fi- V) F 
=aV*F—(a-V) F * 

and [(*• V)F]*n=(a* V) (F»n). 

/. J (axF).*=Jj 5 [a (V-F)n*a-V (F-n)]dS 

i.e. a. J Fx<fr=a.J{ s l(V-F)n—V (F-n)]^’ 

(Since a is a constant vector) 

Jfx*-JI,kv-i).-vm« 

=|| s —[ ( nx V)xF] rfS 

or |</rxF=|| 5 [(nx V)xF]</5. 

Note. Stokes* theorem in the plane is sometimes known as Green 
Theorem in the plane. 

Problem 157. Verify Stokes' theorem for ¥={2x-y) i—yz*j-;y*zk, 
where S is the upper half surface of the sphere ^ 2 +> >2 +z 2 *=/ and C is 
its boundary . 

Stokes' theorem is 

j c F<fr= Jj 5 (VxF)-ndS. 

In z=0 plane the boundary C of the surface Sis a circle x*-hy !s= V 
Put x=cos t, y=sin / and z=0 for which 0< t <2* so that thesfr 
form the parametric equations of C. 

J C F *= c [(2a— >) l] [</xi+iyj+ < fek]=J c (2x-y) dx 
■» t fl [2 cos t —sin /] (—an t dt) 
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J 


2tc 
/« 0 


(2 sin t cos /—sin* /) dt 


= 7C. 


and 


=0i+0j+k=k. 

]J 5 (V xF )-nrf5=JJ 5 k- n rfS 


=||^ </r J;’ since k*n dS—dx dy 


R being the projection of S on xy plane. 

Th '“- II R** d, -\7-*-Ty-WU-*) dXlly 


=Jo va—^ 2 ) = 4 -J=™ 


which verifies Stokes’ theorem. 

• Problem 158. Evaluate (V X F)-n dS for 

F =(>>-2+2) i+(>>z+4) j-xzk, 

where S is the surface of the cube x—y—z=0 ; x—y—z—2 above the 
xy plane. 

Stokes’ theorem is 

J c F-A= j j 5 (V xF)«n dS 

Here the boundary C of the surface S is a square bounded by 
the lines x=0, x=2, >>=0, >=2 in the xy plane. So 

Ic F -*“ Io, F '*+ I, C F "*+ J fl , F '* +1,0 F * 


X 


(0,2) 

R 

(2,2) 

_ ^ 


^-—i 

Q 

> 

C 

> 

* 

0 

(2,0 ) P 


Fig. 1.62 


Along, OP, y—0 and x varies from 
0 to 2. 

••• \ Qp F-A«=J [2I+4j]-[<£xi] as 

dy— 0 and dz=*=0 

=2 f 2 dx= 4. 

J AT—0 

Along PQ, x—2 and >> varies from 
0 to 2, so that dx= 0, <fc—0. 
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•’ \pq F ' A= Jk^+^HI*] 

“Mo dy = % - 

Along QR, y—2 and x varies from 2 to 0; so that dy= 0, dz=0. 

L p - A -J 

- 4 K*- 1 

Along J?0, x=0 and y varies from 2 to 0 so that dx=Q, dz=0 
•• [4j]-[r/>j]=4 

Hence |^F*Jr=4+8~*8—8=—4. 

Problem 159. Verify Stokes' theorem for the vector |F=(r, x, j’) 
taken over the half of the sphere x 2 +y 2 +z 2 =a 2 lying ab&e xy plane . 

The projection of the surface on r=0 plane is a circle x 2 +^=*a*„ 
of boundary C (say), 


and F—zi+xj+jk 
ic F ’* 

= c (Oi+zj+j*).(dxi+</yj) 

>-+« . 

= xdy 

y^-Q 

= ° ±V (a*—/) dy y '* 
=2 J“ V (a*—>*) dy, 

put x—a sin 0, so that 
dx~a cos 8 d8 

=2 J" /2 a*cos ! 0d0=*a a . 



But V XF= I j k =(i-j+k) 

in 
0* 0>> 
z * ^ 

• • JJ^ (V xF)*n (i—j+k)*n dS 
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= ||^ (l*n—j*n+k*n) dS 


-IL** 

_R 1( jR 2 , _R 3 being projections on zy, yz, xy planes, respecting and 
projection on zy plane being the same as that on xz plane, the first 
two integrals cancel out. 


Thus 



Ca fV (a*-**) 

]x--a J>’=—\/ (a 2 —x 2 ) 


dx dy 


=2 


f° V (a*—x a ) dx 


=4 


| a V (a--x 2 ) dx 



Hence, 



F*c/r 


which verifies Stokes’ theorem. 

\ /Problem 160. Prove that 

where S is a diaphragm enclosing a circuit C. 

Putting F=axr, where a is a constant vector, in Stokes’ theorem, 
i.e . 


J c F *=JJ 5 ( Vx F) -n^, 

We get 

| c (axr)-A=jj 5 Vx(axr)-rfS 
Bet, V x (axr)=aV *r—(a* V) r==3a—2a*==2a. 

| c (ar)x*=[j s 2a-</S 

a*jrxA=2aJJ s dS 
Since a is an arbitrary constant vector 
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Jrx.fr—2 J|,«. 

Problem 161. Prove that a necessary and sufficient condition that 
£ F-rfr=0 


for every closed curve C is that VxF=0 identically. 
The condition is sufficient: 

Since if V x F=0 


Then Stokes’ theorem gives at once, 




d5S=0. 


Also the condition is necessary: Since if £ F dr—0 round any 

closed curve C, then taking V xF?£0 at some point P, there will be 
a region with P as an interior point where VxF?Mf provided 
v x F is continuous. Assuming S to be the surface obtained in 
this region whose unit normal n at each point has the same direction 
as that of V x F, we may express V x F=An where A is a positive 
constant. Thus Stake’s theorem gives 

JJ s (V xF) n n n rfS=A jJdS^O 

i.e. it yields positive contribution. 

This is contrary to our hypothesis and hence V X F=0. 

Thus necessary and sufficient condition for 1 F*dr=0 is that 

V xF=0. 

Problem 162. Prove the following : 

(n) c X'dt—0. 

(b) 

(«) By Stokes’ theorem 

| c r-<fr=||^[Vxr]*n</5=0 as Vxr=0. 

(b) By Stokes’ theorem 

j c foVM=JJ 5 [V X V <f>)\ • n dS. 

■But V x(*V*)=*V x(V*)+(V0x(V*) 

-0+0-0 
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(c) By Stokes’ theorem 

| c J | 5 IV x <*V 401^ 

But Vx(*V40-#Vx(V+)+(V#)x(V4») 

=VjxV<p. 

| c l^V«W'*”j| s (V^xV+)- n 

_|J 5 (V+xV^)•» 0) 

and -( W *--JI s Vx(4»V^)-«i^ 

1 (by Stokes’ theorem) 

= _ j| s {<}>Vx(V£)+V<l'X V$‘i» ds 
as 4*V x(V^)=0 ...(2) 

It is evident from (1) and (2), 

| c fV <J»*</r= - J c +V*-*. 

Problem 163. If $ E•*= J s H<fS * 

where S is any surface bounded by curve C, show that 
_ _ i 3H 

VxE ~ c at ’ 

_ _ i aH /n 

Let V xE- -p-gr '' {1) 

Then Stokes’ theorem yields 

f E *=f| s (VxE)-nrf5=|| s (VxE)-dS 

*<» 

—MM®-* 

—e ijjL— 

the integral being independent of t. 
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Problem 164. If the normal surface integral of a vector point func¬ 
tion G over every open surface is equal to the tangential line tntegral 
of another function F round its boundary, prove that 

G=curl F. 

We know that the normal surface integral of a vector point func¬ 
tion G is given by J G*dS 
where S is a surface. 

And the tangential line integral of vector point function F is given 
by j c E-dr. 

Now we are given that 

JJ S G is -Jc **• -<» 

Stokes’ theorem, yields 

Jc F -HI S (VxrWS= JJ S (VxF) -fS 

i.e. |J 5 G^S=JJ 5 (VXFMS by (1) 
which follows that 

G= V xF 

t.e. G=curl F. 

1.62. SOME THEOREMS 

THEOREM 1. The necessary and sufficient condition that a vector 
point function F be an Irrotational vector function in a simply con¬ 
nected region is that curl F =0 at every point of the region. 

The condition is necessary, since if F be irrotational then there 
exists a scalar ^ such that F=V<£ 
curlF=curl(V#=Vx W=0 

The condition is also sufficient, since if curl F=0 then it follows 
from Stokes’ theorem that 

F*<fr= curl F'<fS=xO 

showing that F is irrotational. 

THEOREM 2. The necessary and sufficient condition that a vector 
point function F be a Solenofdal vector function in a simply con¬ 
nected region ts that dtv F=0 at every point of the region. 

The condition is necessary, since if F be solenoidal then at any 
point, we have by §1.52 (note) 

showing that F is solenoidal. # 
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The condition is sufficient, since if div F=l), then Gauss’ divergence 
theorem yields, 

J r F-</S— J^div F dV—0 

showing that the Flux J s FdS across every closed surface is zero. 

Note, div curl F=0 =» divergence of every curl is zero i.c., curl of 
every function is solenoidal. 

THEOREM 3. If F is a continuously differentiable vector point func¬ 
tion such that div F—0, then there exists another vector point function 
f such that F=c«r/ f. 

Firstly to show that f is any function whose curl is F, take a general 
function f+V^ whose curl is F, <f> being continuously differentiable 
scalar point function. 

Assuming that curl f=F=curl g, we have curl (g—f)—0 
which follows that g—f is the gradient of some scalar $ i.e. 
g—f=w giving g=f-f- 

But if <f> be any scalar point function, then 
curl (f+V0)=curl f+curl 


=F+Vx V^=F 
which proves the proposition. 

Now to prove the main theorem, let us suppose that 
F=F 1 i+/’ 2 j+F s k 
f^/i'+Ai+Zak 


Then, curl f=V xf= 


i 

J? 

cx 

k 


j 

a_ 

cy 

ft 


k 

€_ 

c- 

f. 




So that F=curl f gives on comparision of the coefficients of 

I, j> k, 


p _ Oft p 

x ~Zy 


ekjk F __ tk 

t= (X ’ ' cx 


Also, 


df\ . SF, , IE 
dx + cy " r bz 


Ik 

'ey 


-o 


If we suppose that/,=(), then (1) gives 

a/s 


F t = 


% 8'ving k 


and F. 




r 

J x 0 


F<> dx+<j> (y 9 z) 


cx 


giving 


k= [ F 3 dx+ty (y, z), 

J *Q 

y, z being parameters 


( 1 ) 

( 2 ) 

(3) 

(4) 
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Wc get from (3) and (4),| = - f* d x+ Q 

. ^ J*o O’ s.v 

3A _ f 

1F-J: 


and 

So that 


f* ifk rfv + w 

J*o ^ 


...(5) 
... ( 6 ) 

l , dy dz~ Jx, \W + l?) dx+ ry-fz 

=11 with the help of (2) 


j>, r)-F, (x 0 , y, r)+|^ 

If we now suppose that ^=0, then 

di fy ' 

gp amF i ( x o> y> *) gives ^=J^ # F i (*o. y, z) dy 

As such we find from (3) and (4) etc. * 

/i=0, f 

r ^ 3 dx > 

J*o 

/>= - f* F a dx+<f> (y, z), 

J *0 

where $ (y, z)= [ y F x (x 0> y, z) dy 


It is evident that f l9 f 2i / 3 as determined here are the compo^ 
nents of a vector f whose curl is F. 

Hence div F=0=*F=curl f. 


1.63. THE CLASSIFICATION OF VECTOR FIELDS 

(Kanpur 1968 , Agra 1954 , 63> 65) 
If curl F=»0 i.e. VxF=0 thenF=grad ^ or F is called as a 
Lameller Field or a Zero Curl Field. Also if div F=0 i.e. V *F=0 
then F=curl f or F is called as a Solenoidal field. It is conventional 
to classify the vector fields into four: 

(1) When curl F=0 and div F=0, then the first condition shows 
the field to be lameller or irrotational 
implies 

since curl F=*0=—=>F=grad ^ and in 
view of second condition it gives div 
grad ^asO i.e . V 2 0 i.e. Laplace’s 
equation showing that the field is sole¬ 
noidal or incompressible. On the whole 
such a field is termed as a type of field, 
which is irrotational motion of incom¬ 
pressible fluid as shown in Fig. 1.63. 



-> 

S7*F^0, VXF^O 

Fig. 1.63 
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t 


VXf==0 
i V.F> 

Fig. J.64 
f#0or Vx(Vxf)^0 
/.e., grad div f—V 2 f^0 
This shows that if f is solenoidal then 
we must have div f=0. so that gTad div 
f=0 and as such V'f^-O. Hence such 
a field is termed as the type of field 


(2) When curl F—0 but div F^O. 
Then curl F=0 gives F—grad f and in 
view of second condition this fields, 
V grad <f> t^O i.e., V 2 ^#0. So this 
field is termed as the type of field which 
is irrotutional motion of compressible 
fluid as shown in Fig. 1.64. 

(3) When curl F^O but div F=0. 
Then div F=0 gives F=curl f Which in 
view ol' first condition fields curl curl 



VXF*0 
V • F=*0 



which is rotational motion of incom¬ 
pressible fluid as shown in Fig. 1.65. Fig. 1.65 

(4) When curl F^O, also div F^O. This type of vector fields is 

most general and it is termed as the 
type of field which is rotational 
motion of compressible fluid as 
shown in Fig. 1.66. 

In fact this field is made up of 
two fields namely (i) Lameller vector 
field (i.e. having no curl but may 
have div only), (ii) Solenoidal vector 
field (i.e. having no div but may 
have curl only). Mathematically, 
F=grad ^+curl f 
div F=div (grad ^+curl f) 

=div grad $ V div curl f=0 

-W 

But div F^O, therefore VV^O which determines 
Again curl F==curl (grad ^+curl f)=curl curl f 

V curl grad 

= -7 2 f 

But curl F#0, V 2 f#0, where f is solenoidal vector field 

and this determines f. 

Such a decomposition of vector field comprising Lamaller and 
solenoidal field is known as Helmholtz's theorem. 


So that 


w4 


ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 165. JProve that if A, B end Care three nort-coplanar vectors, then any 

vector F can be put In the form F«*B xC+pC x A+yA xB 

Determine a, £ and r {Agra, 1971) 
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;,vr.s 

^““[BXC. CX*. »XBI-(BXC,. Ip><£*»*, 

=[BCA] [CAB] •• [CAA]-0 
=[ABC] [ABC] 

=[ABC] 2 

But [A. B, C]=^0 since A, B, C are non-coplanan 

It therefore follows from (1) that [BxC, C x A, Ax ^ ^ vecto r F 

ie B X C, C x A, A x B are three non-coplanar vectors an 
«n be expressed in the form F=aBxC+pCxA+YA xB f • • • (2) 

Now to determine «, multiply W triple prtfucts vanish 

a.f ; 


giving 


IU * = [ABC] , 

Similarly multiplying (2) scalarly by B and C success.vely we fin j 

and y= EaSc] [ 

X^roblem 166. //A (f) be a vector function of the scalar voriablt^t*. 
constant length, then show that Ml) a vec,or P er P endiCU ar ^ gr a, 1968) 

■ A J A 


Differentiation gives, 


9A rfA -2 A- 
2A- dt~' 2A dt 


. d A =0 when A 
dt 


■constant* 


Or 


A(»).f,A(0 =0 


{Agra, 19W 


which follows that A(t) is a vector perpendicular to ^ A(t). 

•-problem 167. Show that div (V« X V* >=0 

By §1.35, div (V« x Vv)=Vv.curl V«-V«-curl V» 

=Vv-curl grad u-SJu. curl S* ad * Prob lem 9l\«) 
=0 as curl grad «=curl grad v 0 y j 958 ) 

Problem 168. Show that V- (aXr)=0. a being a constant vector. 

Take a-flil+osJ+ask, r=xi+yj+zk and verify it- b y 

Problem 169. In the gravitational field of a mass m, the poten * ^ obtaiH 

- ~, where r is the distance from the mass, given by r * fog force and 

the'components offeree vector by differentiation. 1977; Agra, 1955) 

show that it is zero . 1 

Here JfK—=• then F„—£ etc andF-M+M+W- 

It is easy to verify V xF«0. 
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Problem 170. Find the Cartesian components of vector C which is perpendicular 
to the vectors A (-2! — j*— 4k) and B (3i—j—k). (Agra t 1953) 

It is easy to find the components of AxB which is perpendicular to A and B 
both/ Am. —3, —10,1 

wTroblem 171. Prove that (AXBMCXA) —(A-C) (B*A)—(B*C) (A*A) 

/ (Agra, 1962) 

Problem 172. The rectangular components of a vector A are 

^ 3z z 3y* * *3* 9z* 9 9y y lx 

Where f is given function of (*, y, z). 

A vector prtw/wc/ <?/ two vectors and evaluate A.r A . gradf 

(Agra, 1962) 

Here A^i+^j+^k-lAri+yjT^xV/^rxV/etc. and k is easy to show 
that A. r=0=A . grad/. 

Problem 173. Establish Poisson's andLaptace's Equations. 

Gauss's theorem, for a volume distribution of density p, gives 


N= A«n 45=47: j v p dv. 


where N is the flux of the electrostatic intensity A at a point of closed surface , 
on vhich the positive unit normal is n. 

With the help of divergence theorem, we find 


v (div A) 4v=4tt p dv 
(div A—4^p) 4v«0, 


which is true for all volumes however small. 

.*. divA~47rp=0, /.e., div A=4 t:p 
or V*A=4^p. 

... V(VA)=-4^p 

or V 2 A=—4~p. (Agra, 1961 , < 

This is known as Poisson's equation. 

In free space. P=0. 

.*. V 2 A=0. 

This is known as Laplace's equation. 

^/Problem 174. Show that curl ( a * r )» where a is a cons* 

vector and r—*H-yj-j-zk. 


Here, curl ^=V* 7T-( i f x +l£ +^)^~r 
Now Tx * Xr+ ^( #x l§) #xr " 


r=ix+yj+zk gives— - 4 

r*«x*+y*+s* gives—- 

ox r 


,x ^(- 5 T-)=-7f[ ,x ( #x ^+^-ix(»xi) 


a-(i-a) r]+i[(W) a-(U) I] 



183 


VECTORS 


„_i£- fxa-(ixa) r]+ I] 

•=--^6-a+7I t** a,+ r> r * 

sto «y. !*„(. »> * ' , , Mk . 

3 /axr\ _ 2 L-a+T' ( kz *) + 73 “ JT" 

■» , l * ir (- r i-) r; ,+ '* ' 

... 

lix 2 +yl+^)_ a+ il (xi+yi+zk}-a 

-“ r 6 r 

+ J| _-L[(i-a) i+U-a) l+0») k] 

3 a , 3r , 2L_i since if «=a 1 i+a 8 J+#^. 

= - 75+75 r-,+ r* r» 

(i.a)i+(i-a)i+0‘-»)k=fx i + od+fl,k '* 

, , • • • (2) 

* + 4(a.r). i 

** r 8 T r* }. 


Hence from (1) and (2), 


, axr 

Prollt . „ « -i- - — — *- *“” 

tm mW * • *«* “7*f 0 "'o„',”«r,.o« .MlyW to W*. 

,h< vKKw& b, | G ;” s "“ , .tap h “.rf“n'oVSre''> 'Jjg/l™ 

-**. “ j .gi;yas afe-«jflrs 5 




ssttre- W 1 V!*“‘”,„„i7 a n<l more dreeny long 

tS-SSttSK WSSal o‘r 

.— 


naturatoess^fmpTcity and dir< * ,nes * . h icist wit h his mind’s eye visualized the 
As an example, Faraday the g at P J d go he had a visual elher 

lines of force emerging from the nufc s were travelling throogn 

manner in which the electro-magnet.c wa theorem t0 him 

around him and so divergence ana -echanttf and 

meaning. be quote d from geometry, mec " 

Numerous other examples can be quo 
mathematical physics. 

«r ThewcZ "product of two vectors is a vector. 

, (ft) The gradient of a scalar function is a vec•or. (Agra, 1965) 

Problem 177. What is Green's theorem. Use ,t to 


nut *•> 

»*<!» , »*Y ®!l=-4rtp (x, y, z). 

Tx* +_ «F + a ’ 2 


(Agra* 1965) 


v^ibk. m. (.) rm. M (AxV>xR “ /rm lht 

JU <AxV>:«. *re A » * — *" W 

origin to a point P: \ x > y* z >' 
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(6) Find the directional derivative of the function 4> (x, y, z)~2xy+z >1 in the 
direction of the vector H-2j-f2k at the point (/>—/, 3). 

(c) If the divergence of a vector field H vanishes , show that it can be expressed 
as the curl of a vector field A. ( Bombay 1 1965) 

(a) Let A =*A m i+A f j-M# k and zk 

! 2 ) k 

then AXV= A x A„ A t (ZA, ZA, \. (ZA^ a^Y 
j_ _a_ z_ ~ ay ) \ 9x 9z )' 

lx ly Iz 

Sothat (Ax7) XR-{(£*" 

+(^--17) k }x(*i+Ji+A) 

™" —2(/4* i-M* k) ~ 2A 
-> 

It is also easy to show that (A X V)* R=0 

(b) 4=2xy+z* 

V4=(l k +y h+ V h) (2 x y+^)=2yi+7xi+2zk 

“-2 i+2 j+6 k at x=l, j-=- 1, 3 

j-L2i4-2k 1 

A unit vector in the direction of H~2j+2k is —— — (i+2j+2k). 

V l 2 +2-+2 2 

Since the directional derivative along a unit vector u is u • grad <fri.e. t u*V^* 
therefore the required directional derivative in the existing case is 

= V(‘+2J+2k)'(-2i+2i+6k) 


'i[- J+4 +' 2 ]-f.- 


(c) Tt is easy to show that div H—0=^H—curl A by Theorem (3) of §1-62. 
Problem 179. (a) Prove the divergence theorem of Gauss. 

(b) Prove that jj, (NxF)</S-JJj K (VxF)</F 

where F is a vector field and N is the normal unit vector to surface S enclosing 
the volume . (Bombay, 1965) 

These are well known theorems. 

Problem 180. (o) Prove the following by using vector methods : 

(/) The medians of a triangle meet in a point of triscction of each other . 

{2) Sin (a +$)*=sin a cos (S+ cos a sin $ 

(b) Prove that 

yflK x B] x fA x C]=([A X B].C) A 


^ fi h ) + 7*s5Te W ( sin )' 

'a)-(l) See Problem 14 (6). 


8* 

Zjfi 


r* s/»*6 
( Nagpur , 1965-, Agra, 1966) 



VECTORS 


185 


(2) Take J, 1 unit vectors along OX t OY two mutually perpendicular axes and 
consider two coplanar lines OA and OB 

* # 

making angles * and P with OX. If a and 

b be unit vectors along OA and OB t < 
respectively then 

a~cos * i-f sin a j J* ^ 

b^cos p i—sin $ J yA 

If c be a unit vector perpendicular yA 

to \ and | both, then yA 

bxa=l.l sin (a-fp) * y'x* 1 

i.e. % sin (*+W £~(cos £ i —sin PJ) 0 o f "" ^ 

X(cosa i+sin ot j; £ I 

*=fsin a cos P+cos « sin W e 
v 1 x]—c 

sin (a+p; =sin a cos P+cos oc sin p. 

[b) (1) L.H.S— [A x B] x [A x C] Fig. 1.67 

~([AXB]*C) A—([A xB]-A) C 
“(LAxB]*C) A v LAxB]-A=[ABA]=0. 
d 2 d 2 d 2 

(2; We have * n carlesian coordinates. 

The transformations to polar coordinates are 

x~r sin 0 cos 4> f y=r sin 0 sin 4>, z=r cos 0 .. (1) 

Let us first change x , y, z to w, z (cylindrical coordinates) by the trans¬ 
formation 

x*=ucos <fr t y—u sin 4> t z—z (2) 

_ y 

So that n=V x 2 +y 2 and ^tan -1 ~ 


Jfl , du . . 3^ 

Also, — =«»'*, 8 — sm*,- 


sin < 3<ft _cos£ 
r dy~~ r 


- r 

* T _ 3v 3v 3 m . 5v 3^ j 3v sin ^ 3v . .., t . 

Now -17=17 57+?T 97 =cos * 15-T1J* s,m, ' ar,y 9, 

= sin ^iL + -£2iiJl 

du u ^ 

- I?)* 

a™;*. * 2 v • / 3v \ / ^ 3 sin ^ 3 \ / A 3v sin ^ 3v \ 

Agara J*~u\u )=r s *ii J « Hi v cos ^—~ 9?) 

=co^ (cos 3 M8 jT+—If)-— 


(cos <t> 


3 2 v . , 3v sin ^ 3 2 v cos^ 3 v \ 

3w3^ ~ Sm * 3r ““ u H 2 u *4 I 


\ VUVfp ** "Y *• 

/ , ®*v 2 sin 4> cos ^ 3 2 v sinty 3 2 v stn*d 

A ^ a 2 3* 2i "~F~ 3« 


2 sin d cos^ 3v' 

«* 
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9 f v . 8 ®v , 2 sin 4 cos 4> 8 2 v , cosfy 3 z v . cosfy 8y 

Similarly T-j-sin ^ ~ “ ~TuW ^ «* 8* 2 ' r u 8u 


2 sin <t> cos ^ 9* 
-«S- 17 


A ... 9 2 h , J_?v , 

Adding ^ 5 - +-jp =-+. u du + U 2 ^2 
*2 

Adding r-s- on either side of (4), 
dz* 

8 2 v 1 8 2 v , 8 2 v i_ 8v .,.(j 

V V— J«2 ’ 1 " « 2 8^2 + + u 9« 

Now by putting w- r sin 0, r=r cos 8, the transformations (2) reduce to th 
form (1) and by applying (4), we get 

i!n4.2i v = Jfi+-L^+-i-- ...« 

8«s + 8 r 2 8/- 2 i " r2 982 ir 

1 8v 1 / . fi 8v cos 6 8v \ . .. (• 

anl * u 9u ~ r sin 8 \ Sm 8r r 80 / 

Substituting values from ( 6 ) and (7) in (5) we find 

„„ 8 2 v 2 8v 1 8 2 v , cot 8 8v 1 9 2 * 1 

V * 1 '—r 1r +r- 80 2 + r 2 8 r + r 2 sin 2 0 8^ 2 

1 8 / . 8v \ 1 8 / • o ® v \ l 1 _*' 

-W 87( r V) + 7 2 1I5T 80 V S,n 9 757 + r 3 sin 3 6 J, 
V2= r^^( r2 + aV( sin ° ^) + ~ l sin 2 0 8f 

Problem 181. Evaluate the following : 


OS 8 j9_v \ 

T~ 80/ 


« 4 rf 


(ii j f f f e ,k-r dWyife [r= V'^+> 3 + 2 3 , r-(x, y, *)] 

(2?C) Ijj r (<4*r«,/96 

. 32 <J, 02^ gity 

v^Problem 182. ( a ) Starting from the definition + 3^2 a * 2 

V z + iw polar and cylindrical coordinates . 

(A) Write l/ie general solution of the equation in polar coordinates.^ 

(Se^Problem 180). 


I Sep 

sJJfoblem 183. (a) Prove the following identities : 

(0 V-(Vxv)=0. ( 11 ) V X (V 4)^0 . - 

( 6 ) S/iow that if a scalar point function <f> depends only on the magnitude oj 1 

position vector r, then c r, er fcew# //te unit vector in the direction oft. 

dr 

-> 

(c) 5Aow that V Xr~0 

(JYere vir a vector function oft and V=i--+j/- +ky- /« ™ ual nota,ii 

X y {Agra. 19( 

V/lroblem 184. (a) Define (i) J/ie f/or product and ( 11 ) The cross product oft 
vectors. Show that Ax(BxC)—B (A*C)—C (A*B) 
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(b) If 4 is my scalar and A any vector, then show that 
(/) div j A*»A • grad div A . 

(//) curl t A-4 curl A—A X frad <f> [Wfcram 7967, (1) 69 flfao] 

Problem 185, Explain how the Laplacian operator \J*can be expressed in my 
tystern of orthogonal curvilinear coordinates. Hence express it in cylindrical and 
spherical polar coordinates, ( Vikram , 1967) 

See §1.45 anf §1.46. 

Problem 186. Using the Theorem of Gauss prove the following identities : 

(/) V +dr**j) s +ndS, (//) J K VxFrfr-^nxFrfS . 


/fere 5 fa fl closed surface enclosing the volume V and n fa the unit normal 
vector at the surfaci element dS. "■ {Agra, 1968 ) 

✓ ->-> ♦ 
problem 187. Explain the meanings of the operations V.V* <w»d V x - s h° w ihat 


Vx(AxB)=(B.V)A-(A.V)B-B(V-A)+A(V-B) * (Agra, 1972) 

Meanings are clear from §1.24, §1.28 etc. For second part see $.33. 

Problem 188. (a) Prove the Green’s theorem ? 

( b ) A vector field is given by A=(x 2 -f*}> 2 ) i +(y 2 +x 2 y) j > 

Show that the field is irrotational and find the scalar potential (Bombay, 1970) 
First part is the well known theorem and for second show V X 
Problem 189. Establish an expression for the components of the curl of a vector . 
A in orthogonal curvilinear coordinates and hence obtain the radial component of 
curl A in spherical polar coordinates (r, 0, ^). {Agra, 1974) 


Se^l.42, §1.45. 

^Problem 190. Find the divergence, the gradient of the divergence and the curl of 


the vector r n r t where r is a position vector. {Agra, 1974 ) 

See Problem 98. 

Bfoblem 191. If div A=0, show that curl curl A- — V 2 A (Agra, 1975) 

Problem 192, (a) Clearly explain the physical significance of divergence and 
curl and express them in spherical polar and circular cylindrical coordinates. 

(b) If a vector function F depends on both space coordinate (,v y :) ard time i 

show that 


dF— (dr.V) F+^-F ill ( RohiUand, 1976) 

Problem 193. Define Solenoidal and Irrotational vector fields. Show that 
r n t is an irrotational vector for every n, but is sotenoidal only if n»-3, where r 
is the posithn vector of a particle. 

In the gravitational field of mass m, the potential at a distance r is given by 
Obtain the components of force and show that Us curl is zero. 

See § 1.63 and Problems 111 and 169. ( Rohilkhand, 1977) 
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MATRICES 

2.1 DEFINITIONS AND NOTATIONS 

A set of mn numbers, real or complex, arranged in a rectangular 


array of m rows and n columns such as 'a n a lt . ,a ltt ' 

a n a 2t . .a in 

l"®ml . 

is called a matrix of order mxn. 


In other words a scheme of detached coefficients a i} arranged in m 
rows and n columns is called a matrix of order m by n or an mxn 
matrix or a matrix of type mxn. 

In case m—n, the rectangular array becomes a square and so the 
matrix having number of rows and number of columns equal is called 
a Square Matrix of order n. 

Any matrix obtained by deleting any number of rows and any 
number of columns from a given matrix is said to be a Sub-Matrix 
of the given matrix. 

The mn numbers a,j, (i~l, 2,.... m: j—\, 2, ... n, i^j) constitu¬ 
ting the mxn matrix arc called its elements or constituents. The ele¬ 
ments an ( i—j ) of a square matrix A are called its. diagonal elements 

n 

and their sum as trace of A denoted by tr. A = 2 a (i 

i=i 

A matrix is usually denoted by capital letters like A (in clarendon 
type) or [a i} ], where a tj represents the (/,y')th element i.e., the element 
in the ith row and 7 th column of the matrix. 

Thus an mxn matrix may be expressed as 


'<*n 

where 1 

a t 1 *22 

^ 2 „ and 1 


but «V =7 




We have so far used only a pair of brackets i.e. [ ] to denote a 
matrix, but a pair of parentheses i.e. ( ) and double bars i.e. || j|, 
are also sometimes used to indicate a matrix. 

A matrix having all of its elements zero is said to be a Noll Matrix 
and denoted by O e g. 


’0 

0 

0 " 



0 

0 

0 

ro 0 

01 

0 

0 

0 

or Lo 0 

OJ 
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A square matrix of order n having all its diagonal elements unity 
and zero elements everywhere else is called a unit matrix or an iden¬ 
tity matrix and denoted by I n . Thus 

I„= 


1 

0 

0 ... 

0-1 

0 

1 

0 ... 

0 

0 

0 

• 1 ... 

0 

-o' 

o’ 

0 ... 

”i _ 


column such as 

[a lt a» . a P ] and 


row or a single 


r b i 1 
L b„ 


the first one being a matrix of order 1 xp is called a row matrix and 
the second one being a matrix of order qx 1 is called f column 
matrix: | 

A single element constitutes a matrix of order lxl. | 

In relation to matrices, the numbers are usually known a|s scalars; 
for they behave as operators exactly like ordinary numbers ns multi¬ 
pliers and hence are called scalars. 

ILLUSTRATIVE EXAMPLES 
1. r2 3 —n is a matrix of order 2 x 3. 


ti -i -a 


2. 2 -3 


5 

1 


6 

0 


is 


a square matrix of order 3. 


r 2 

0 3"! is a sub-matrix of the matrix 

"2 

0 

3 

-1 

21 

L4 

5 6J 

4 

5 

6 

7 

8 



9 

4 

2 

1 

5J 


4. 4, 0, 6 are the diagonal elements of the matrix 


p 5 6 i 

2 0 3 

L2 -5 6j 

, 0, 3, 2, -5, 6 i.e. if [a„]=f4 5 61 

2 0 3 

L2 -5 6j 
Also trace of A i.e. tr A =-4+0+6=10. 

5. TO 01 is a 3x2 null matrix. 

0 0| 

_0 OJ 

6. ri 0 Ol is a unit matrix of order 3. 

0 1 01 


whose elements are 4, 5, 6 


then a u =4, q»,=5, 
a 13 —6 etc. 
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7. [2 3 —5] is a 1 x 3 row matrix. 

-2 is a 4x 1 column matrix. 

1 

5 

L 7 J 

2.2. EQUALITY OF MATRICES 

Two mati ices A and B defined as 
A =[a„] and B-[6„] 

are said to be equal if both are of the same order mxn i.e. A has the 
same number of rows and columns as B and each element a i} of A is 
equal to the corresponding element b tj of B / e. a t j—b ti for each pair 
of subscripts i and j. 

Hence for equality, the two matrices must be identical in every 
respect or broadly speaking, the two matrices are equal if and only if 
one is a duplicate of the other. 

ILLUSTRATIVE EXAMPLES 

1. If A=[fl u a 13 | and B=J”6 11 

I a. n 1 I b 3 \ b i3 I 

L fl 31 fl 32j L^31 ^32 J 

then A=B if and only if 

au — b u , Oi2~bi2, 0 31 a 22“^22> fl 31~^31» a 32 ’=bs2. 

2. The matrices rl 2l and rl 2 5l being of different 

L3 —4J 13 -4 Oj 

order are not comparable for equality. 

3. The matrices f2 3l and [2 3“| are comparable but not 

N bij 

equal as tlie element of 2nd row and 1st column of the first matrix 
is not equal to the corresponding element of the second matrix. 

4. The matrices f2 1 5"! and r2 1 5"| are equal. 

LO 9 7J L0 9 7J 

5. The matrices r4 5 27"l and F2 2 5 3® “I are equal. 

L6 0 3J |_3.2 0 V9 J 

corollary. Equivalence Relation on Matrices 

If there arc three matrices A, B, C such that they satisfy the 
following three properties. 

( 1) Rcflexivity A=A 

(2) Symmetry A—B implies that B=A 

(3) Transitivity A =B and B=C imply that A=C 

Then the equality of matrices is said to form an equivalence rela¬ 
tion. 
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2.3. ADDITION OF MATRICES 

Two matrices A —[an] and B=[/»<,] are said to be conformable for 
addition if they are of the same order i.e. they have the same number 
s> r 0 f rows and the same number of columns. The sum of the two 
matrices A and B is then defined as the matrix each of whose elements 
is the sum of the corresponding elements of A and B i.e. 
A+B=[fljj]4-[/; (J ] 

— +^ij] 

For example i»* 


then 


A+B-r 2-1 0+2 3+0l = r 1 
L— 4+3 1-4 5 —5J L^-l 


-4+3 1 

corollary 1. tr (A+B)=/r A+/rB e.g. if A = r-1 

l 2 


if A= 

~«ii 

a 12 . 

• a ln 

and B=j 

rt>n 

b \2 ••• 



°2l 

a 2 2 ••• • 

• #2 n 



b-n 

b %2 

••• Is n 


~ a ml 

#m2 • • • • 

.. Cl mn ~ 



9-b m i 

b m2 

... bfr n J 

then 








* 

A+B= 

ran+^n 

0 L2 J rb 

12 

• 

.. a 

J n + b Xn 

i 



a 2 i+b z i 

U 22 b 

22 

... . 

a 

2n"l“ bin 

T 




“l - b mZ 

• • * • 

•• ^r/in H" bmn— 

\ 

As an other example if 






' 

A= 

r 2 

0 31 and B= 

r- 

1 

2 

01 



L-4 

1 5J 


L 

3 — 

4 - 

5J 



a 


] 


B=r2 31 then tr (A+B)=I+4=l#2+3 

Lo iJ 


and 


=tr A +tr B 


corollary 2. Subtraction. The difference of two matrices A and B 
which are conformable for addition may be defined as the sum of the 
two matrices A and (—B) where (—B.) is the matrix obtained by 
'multiplying eyery element of B by — 1. Thus 
' „ A—B=A+(—B) 

i.e. the elements of the difference matrix A—B are obtained by sub¬ 
tracting the elements of B from the corresponding elements of A. 

So if A=[a i; ] and B=[6 W ], then 

Ar-B=[a, 7 ] - [/>,,]-6„] 

As an illustrative example if 

A=r 2 5 — 3 "| and B=r 4 0 3 l 

LO 7 —8J L—2 0 SJ 

then A—B=r 2—4 5^0 - 3 - 3 l=r -2 5-6 1 

LO—(-- 2 ) 7-0 — 8—5 J L 2 7 - 13 J 

corollary 3. Multiplication of a matrix by a number (scalar) 

If A is a matrix of any order say mxn defined as 
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A= 

"On 

0*1 

0« - 
^22 ••• 

... 

... ^2n 


~^tnl 

^f»2 ••• 

... fltuii- 


then the addition law follows 


A+A— 

~a n 

a 12 ••• 

... o ln -j+ 

"Ail 

«13 ... 

&i n 



a 2i 

O ^ i) ... 

0 2n I 

j 


^22 '*• 

• • ^2 n 




ct tn2 

... 

- flml 

... 



or 2A=2 


a l2 •“ 

... 

~2a n 

2(?i2 . • • 

... 2#. in ~ 


a 2 i 

a 22 ... 

... CI 2n J 

2a 1L 

2^22 

2^n 


~ a mi 

a m2 ... 

... 


••• 

... 2 d mnmm 


Similarly 


2A+A=3A=3 

”^11 

a 12 ... 

... 


^21 

d‘2.2 * * « 

... fl r 2n 


- ^ml 


• • • ^mn— 

—- 

“3a„ 

3^] o ... 

... 3tf ln 


3o sl 

3^22 ••• 

»« • 3 d 2 n 


- 

3^w2 

... 3^,1, 


or in general if k is a number, real or complex and A is a matrix 
then k A the matrix obtained by multiplying every element of A by A: 
is said to be the scalar multiple of A. 

As an illustrative example if A = r 0 2 31, tljen 

L-l 5 4J 

2A—2f 0 2 3l = r 0 4 6-1 

L-l 5 4J L— 2 10 8J 

3A=3f 0 2 3l = r 0 6 9-1 

L-l 5 4j L— 3 15 12 J 

It is easy to verify that 
A+A=2A=5A—3A etc. 

and similarly (3+/) A—A+A (1+0+A etc., where i—V — 1 

corollary 4. Linear Combination of Matrices 

The same law of addition can be applied to combine any number 

of matrices. Thus if A, B, C.. K be a finite number of matrices 

each of order mxn (say) and a, 3, y.£ be scalars then 

«A+?B+yC+.+ kK=[van ~r r pbij-\-yCij +.jMr.-J 

Where A=[o„], C=[c,-,J., K=[*„] 

As an illustrative example if 

A=T2 3 01, B=rl -2 31, C=r2 -1 51 

L4 -1 2J L0 4 5j 13 0 4j 

then 













matrices 


193 


3A-4B+2C=f 6 -4 +4 9—(—8) +(-2) 0 -12 +101 

L12 -0 +6 -3-16 +0 6 -20 +8 J 

«=r 6 15 —21 

L18 -19 — 6J 

corollary 5. /r. (XA)—Afr. A, X being scalar e.g. if A=f2—21 so 

LO-IJ 

AA=r2A — 2Al clearly tr. (AA)=2A—A=A and A tr. A=A (2—1)=A 

L 0 -X J 

so tr. A A A. 

2.4. PROPERTIES OF MATRIX-ADDITION 

[1] The Commutative Law 

If A and B are two matrices of the same order say mxk, then 

A+B=B+A 

Let A=[a„] and B=[6<,3, i=l,2,...m , 

7=1, 2,...n ■ 

We have 

A+B=fa,,]+[A,,]—[a,y+ bi,] 

—[bii+tiij] since b„ and are scalars 

“l^ol+lflul 

=B+A 

i.e. the commutative law of addition holds. 

[2] The Associative Law 

If A, B, C are three matrices of the same order say m x n, then 
(A+B)+C=A+(B+C) 

Let A =[a„\, B=[i„] and C=[c„], /=1, 2,...m 

j=* 1. 2 ,...n 

We have (A+B)+C=(l«J+M+fr«] 

=(I fl u+ bti\) + [c </] 

=[o«+(/».7+^«)]. bit, Cu being scalar* 

=I c »J + ([^i j + c «J) 

=A+(B+C) 

i.e. the associative law of addition holds. 

[3] The Distributive Law 

If A and B are two matrices of the same order say mXn and k is a 
scalar then k (A+B)=&A+A'B 
Let A«■ [a, *] and B =»[&<,], i=l,2,...m 

7-1. 2,...n 
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We have, k (A+B)=* 

—[k (fly+h«)] 

=[&<?<,+*M 

=M+[*M 

=*[*.,]+*M> k hetos a scalar 

=*A+A:B 

i.e, the distributive law of addition holds. 

[4] Existence of Additive Identity 

If A be a matrix of any order say mxn and O a null matrix of the 
same order such that when it is added to A, leaves it unchanged 
i.e. A+0=A 

then O is said to be the additive identity of A. 

Its proof immediately follows from the fact that if A=[o,,] and O 
is a null matrix i.e. a matrix having each of i s elements zero, then 

A+O=K+0] 

=[a tj ] since a zero added to any scalar 
leaves it unchanged. 

=A 

Because of this fact O is said be an additive identity of A. 

[5] Existence of Additive Inverse 

If A be a matrix of any order say mxn, ■and there exists a matrix 
—A of the same order such that if it is added to A gives a null matrix 
O. 

i.e. A+(—A)=0 

then (—A) is said to be the additive inverse of A. 

Let A=[a„] 

Then, — A=—[a<, ]=[—««] 

So that A+(— A)=[a < ;]+[—a*,] 

=[au-a„] 

=0 

Because of this fact (—A) is said to be an additive inverse of A. 

[6] The Cancellation Law 

If A, B, C are three matrices conformable for addition then the 
relation A+B=A+C 

holds if and only if B=C 

Let A-[*,], B=[6jj], C=[c„], i=l, 

7 = 1 , 2 ,...«. 

Then the relation A+B=A+C follows that (/J)th elements on 
either side are identically equal i.e. 

Oi}+bij*=aij+c {J 

which yields 

bu—c (j , since a iit b ti , e« all are scalars. 
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i.e. (i,j) th element of B-(/,/)th element C for all values of i and/ 
As such B=C 

Hence the relation A+B=A+C holds if and only if B—C 

= rl 2 -31, B=[\J * 

L5 0 2j 14 

~[o 3 2J 
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Problem 1. If A-fi 2 B-f3 -J 2^andC 

J 21 then find 


(0 A+B 
(ij) A—C 
(ji7) — 2A 
(iv) 2A+3B-4C 
(/) We have 
A+B=rl 2 
L5 0 


-3 
2 

=rl+3 2-1 
L5+4 0+2 
T4 , -.J 




3 -1 
.4 2 
3+2-1 
2+5J 


I] 




9 2 


(/j) We have 

A-C=fl 2 


G o 
[\-i 


-31 _[4 1 2-1 
21 LO 3 2J 
2-1 —3—2-1 

0-3 2—2J 

51 


=r— 3 * - 5 1 

L 5 -3 oJ 


<hi) We have 

—2A=—2rl 2 -3-1 
L5 0 2J 
®r 2 -4 61 

L—10 0 —4J 


10 

(/v) We have 

2A+3B—4C=2£l 


l -IV* 3 - 


Problem 2. If A 


L4 

r 2+9-16 4-3-4 
L10+12—0 0+6-12 
-5 -3 -81 

22 -6 llJ 

[U t '1 


1 21-41-4 

2 5J LO 

- 6 + 6-8 


■[ 


and C= 


4+15—: 

-7 

2' 

2 

5 

0 

3. 

1 

2~ 

3 

2 


8J 


l] 
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Verify that A+(B-C)=(A+B)-C 
and determine the matrix D such that A+D=B 
We have 



From (1) and (2) it follows that 

A+(B-C)=(A+B)-C / 


Hence the required relation is verified. 

Now given that 

A + D=B 

Adding (—A) to both sides, we get 
A+D—A=B—A 

or D-fA~A=B—A by commutative law 

or D=B—A since A—A=0 by existence of additive inverse. 



Which is the required matrix. 

2.5. MULTIPLICATION OF MATRICES 

Two matrices A and B are conformable for multiplication if and only if 
the number of columns in A is equal to the number of rows in B. The 
product of the two matrices A and B denoted by AB is then defined as 
the matrix whose elements in the ith row and jth column is the algeb- 
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rate sum of the products of the elements in the ith row of A by the 
corresponding elements in the jth column of B. 

In other words the product AB of two matrices conformable for 
multiplication, is the matrix whose element in the rth row and /th 
column is the inner or scalar product of the rth row of A by the /'th 
column of B, while the inner product or scalar product of two 
numbers x and y with components .y„ .v 2 ,....y„ and y u y it ...y n is 
equal to 

* 1 /'l + *2>’ 2 +.+ *» •>'» 

It should be noted that inner product of two numbers with 
unequal numbers of components is not defined. 

As an illustrative example if 


~ An 

a 12 

^13 


B- 

r*u 


fljji 

<hi 

^23 

| and 



bz 2 I 

an 

<*32 

^33 



- ^31 

^32 J 

a tl 

a 42 

a i3 - 






then it is clear that the two matrices are conformable^ for multi¬ 
plication since the number of columns in A is equal to th| number of 
rows in B. ? 


AB- 

" a a 

bn 

+ Ol2 

bn 

+":3 

bn 

an 

bit~rdi2 

^224 ^13 

^ 3 * 


do 1 

bn 

+a-> 2 

b 2X 

+a t 3 

bn 

flfoj 

^ 12 *"^ ^22 

^22 + ^23 

bn 


^31 

bn 

-ha 3! 


+ ^33 

bn 

ah 

^ 12^^32 

^ 2+^33 

^32 

! 

- a l\ 

bn 

+ a 4 . 

bo i 


bn 

an 

^12 + ^42 

^22 4^43 

^ 32 - 


It is worth noting that the product BA is not defined, since the 
number of columns in B is not equal to the number of rows in A. 

In the product AB, the matrix A is known as Prefactor and B a» 
Post factor. 

As an illustration in generalized form if 
A- = [<**,], a matrix of order mxn 
B=[M, a matrix of order nxp 

then AB—C (say) is a matrix of order m xp ' 

i.e. C=[c tjfc ] is a matrix of order mXp such that 


n 

2 a it b lk 
/-I 


—On bne-{-a ti b.iif-p... -\-a,n £>„* ; 

Thus 


C= 

* C 11 

c 12 ... 

... C\ v 


C 2 i 

c 22 *- 

..♦C 2 p 


L c*i 

r m2 ... 

••*Cmp - 


i«=l, 2,...m and 
7=1.2 ,.../> 


corollary, tr (AB )—tr (BA), all matrices being square of order n. 
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If A=[a«], B=[M then AB=C say=[c„] 
n 

where c i} — 2 an, bid 

k*=l 


Let BA=D=[</„] where (hi— 2 b i]c a kl 

k** 1 

Thus tr . (AB)=2c«=2(2fl lfc b ki ) 
i i k 

= 2 1 a tk b ki (on interchanging the order of summation) 

*-t/=l 

= 2 (2 b k i a<») 

*= 1 /=! 

- 2 d ki =tr. (BA) 
k=\ 

which proves the proposition. 


2.6. PROPERTIES OF MATRIX-MULTIPLICATION 

[1] The Commutative Law for Multiplicaticn does not hold in general 

Consider the matrices 



These are conformable for multiplication and so 


1+0 

0-2 

2-6 > 

= " 1 

-2 -4" 

2+0 

0+3 

4+9 

2 

3 13 

3+0 

0+1 

-6+3 J 

-3 

1 -3 


and BA=r 1+0-6 -2+0+2 ir—5 Ol 
L 0+2-9 0+3+3 J~L-7 6j 


It is apparent that the product matrix AB is of order 3x3 while 
the product matrix BA is of order 2x2 and therefore the two pro¬ 
duct matrices are quite different i.e., 

AB^BA 

This follows that the commutative law of multiplication does not 
hold. 

Had the order of the matrices AB and BA been the same, then it 
would be possible that AB+BA if every or at least one element in 
AB would differ from the corresponding element in BA. Though there 
are a few exceptions in which case the commutative law holds good. 
Such cases will be considered in the discussion of special matrices. 
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In fact for a given pair of matrices A and B it is possible that the 
products AB and BA may not be conformable. For example if A is 
of order m xn and B of order nxp, then the product AB is confor¬ 
mably and will be of order mxp while the product BA is not confor¬ 
mable since number of columns in B is not equal to number of lows 
in A. Thus the product AB exists while BA does not. 

[2] The Distributive Law for Multiplication holds Good 

If A, B, C be three matrices of suitable orders such that the products 
A (B+C) and AB, AC are conformable then 

A (B+C)—AB+AC. 

Suppose that 

A=[o w ] is of order mxn 

B =[b ik ) is of order nxp 
and C=[c,*] is also of order nxp 

Then, (B+C) is of order nxp and A is of order mXn so that A 
(B+C) is conformable and of order mxp. Also AB andaiC both are 
of order mxp so that the sum matrix (AB+AC) is of-order mxp. 
Hence the matrices A (B+C) and AB+AC are of the same order so 
that they are comparable for equality. 

Now, 

(f, Ar)th element of A (B+C)= 2 (b jk +c jk ) 

7=1 

n n 

*■ 2 a U 2v*+ 2 Oij Cj k 
7=1 7=1 

—(i, &)th element of AB+(i, k)th element of AC 
=(i, *)th element of (AB+AC) 

for all i=l, 2,. m and k= 1, 2. .p 

A(B+C)=AB+AC 

A similar procedure will show that 
(B+C) A=BA+CA 

where B, C, A are of orders mxn, mxn, nxp respectively. 

Hence the matrix multiplication is distributive with respect to 
addition. 

[3] The Associative Law for Multiplication holds Good 

If A, B, C be three matrices of suitable orders such that the 
products (AB) C and A (BC) are conformable then 

(AB) C-A (BC) 
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Suppose that 

is of order mxn 
B=[£>,*] is of order n xp 
and C—[r*d is of order pxq 

Then, (AB) is of order mxp and C of order pxq so that (4B) C 
is of order ni x q. Also (BC) is of order mxq and A of order mxn so 
that A (BC) is of order mxq. Hence the matrices (AB) C and A (BC) 
are of the same order so that they are comparable for equality 

n 

Now (/, Ar)th element of AB— 2 an b 

l 

P n 

So that (/, /)th element of (AB) C= 2 {2 a i} b jk ) c kl 

k~ 1y-1 

P n 

■=2 2 ai : b Jk c kl 

A*»l /* 1 

p 

Also, (;', /)th element of (BC)= 2 b jk c k i 

k—1 

n p 

So that (/, /)th element of A (BC)-= 2 (2 b Jk a {j 

j-\ k=*\ 

n p 

= 2 2 a {i b 3h c kt 

/-I A«1 

P n 
*= 2 2 
k = l y—l 

==(/, /)th element of (AB) C 

for all i=l, 2,.. m, /= 1, 2,...g 

/. A (BC)-(AB) C. 

Hence the matrix multiplication is associative. 

[4] If A. be a matrix of order mxn and O a null matrix of order 
nXp then the product AO is another null matrix of order mxp i.e. 

AO fl , p—Oflj, p 

Also if O be an mxn null matrix and A a matrix of order nxp 
then their product is a null matrix of order mxp i.e. 

n A = O m , p 

Conclusively if A be an n-rowed square matrix and O an n-rowed 
null matrix, then 


AO=-OA=0 
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[ 5 ] If the product of two matrices A and Bis a null matrix then it is 
not essential that either of them is a null matrix i.e. 

If AB=O, it does not necessarily mean that at least one of A and 
B is a null-matrix. (Meerut, 1967; Gorakhpur, 1961) 

As an illustrative example if 



A=ri 

IT and B—r— 

1 11 


12 

2j L 

1 -lj 

then 

AB=ri 

n r-i i 

W-l + I 1-1*1 


L2 

2j L 1 -1 

J L— 2+2 2--2J 


=r° 

01=0 



Lo 

OJ 



i.e. the product of two non-zero matrices A and B is a zero matrix. 
[6] If I be an m-rowed unit matrix and A an mxn matrix then 


I ra A=A 

Suppose that Aa matrix of order mxn. !, 

Then, I m A is a matrix of order mxn and so is comparable to A. 

m 

Now, (/Jjth element of I„, A= 2 (i, A)th element of I m • a M , 

Ar=l 

But the (i, A)th element of I m is zero except when k—i, therefore 
the right hand sum of the above expression will have only one term 
different from zero and that is the fth term which is equal to 

(t, i)th element of I„,c„=l -a i} 

=c„ 

(/,y')th element of I m A =--a t) 

, — (/, y )th element of A 

which follows that 

Im A=A 

Similarly it may be shown that if A be an mxn matrix and l n ao 
n-rowed unit matrix, then 

A I„=A 

Note. This result shows the existence of a multiplicative identity. 

[7] Positive Integral Powers of Square Matrices 
If A is a square matrix of order n (say), then 
A*=AA 

and the associative law of multiplication leads 
A*A=(AA) A=A(AA)«=AA* 
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or a*=AAA=A*A=AA* 

In the generalized form if p. q are two positive integers, then 
A P A 4 =(AA...A, p times) (AA...A, q times) 

=AA...A, (p+q) times 
=A P+4 

and -(A P ) 4 =(AA...A, p times) 4 
=A 4 A 4 ...A 4 , p times 
=A P4 

corollary. If I is a unit matrix of any order, then 
I 2 =I*=...=I P —I. 

Problem 3. Find the product of the matrices 

A=f2 12/1 and B=r 2 —1 0~\ 

L/ 1 1 U 0 4 1 

-2 10 
_ 1 -3 2 J 

The matrix A is of the order 2x4 and B is of the order 4 x 3 so 
that they are conformable for product and the product matrix will be 
of the order 2x3. 

Now, 


r 2 1 2 11 

r 2 

-1 

0 1 

Li 1 1 iJ 

0 

4 

1 


-2 

1 

0 


L 1 

-3 

2 J 


=r2-2+l-0+2-(-2)+l-l 2(-l) + l-4+21 + 1-(-3) 

Ll*2+1 - 0+1 - (—2)+l -1 1 *(—1)+1 *4+1 - l + l -(—3) 

2-0+1 -1+2-0+1 -21 
1 -0+1 -1 + 1-0+12J 

~[l 1 9 

Problem 4. If A=r 1 -2 31 andB=f 2 3 1 

U 25 J LjjJ 

find AB and show that AB+BA. 

Since A is of the order 2x3 and B of the order 3x2, therefore A 
and B are conformable for the products AB and BA both. AB will 
be of the order 2x2 while BA will be of the order 3x3. 

Now, AB=r 1 -2 31 f 2 3 1 

1 -2—2-4+3 -2 1-3-2-5+3-11 

L-4-2+2-4+5-2 -4-3+2-5+5-lJ 

-Q8 - 3 ] 
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a 

1 -2 3-1 

■4 2 5j 


r2-l-3*4 

-2-2+3-2 

2-3+3-5T 

41-5-4 

-4-2+5-2 

4-3+5-5 

L2-1-1-4 

—2-2+1 -2 

2*3+1 * 5 J 

r -10 2 

21*1 


-16 2 

37 


L-2 -2 

nj 



It is clear that AB and BA being of the different order cannot be 
equal 

U AB^BA. 

Problem 5- If Aa —j" cos a sin a" and Ap =f cos $ sin pi 
l— sin a cos a. L— sin 0, cos pJ 

ro that 

A«+p= f cos («+ P), sin («+ p)l 
L— sin (a+p), cos (a+p)J 

then prove that 

Aa Ap =Ap Aa = : Aa+p 

We have 

Aa Ap =r cos a sin a! J" cos p sin pi 
L—sin a cosaj L—sin p cospj 

■ f cos a cos P—sin a sin p cos a sin p+sin a cos pi 
L— sin a cos p— cos a sin p —sin a sin p+cos * cos pJ 

= T cos (a+P) sin (a+P)l 
L-sin (*+p) cos (a+p)J 

=Aa+P. 


Similarly Ap Aa =Aa+p 
Hence Aa Ap =Ap Aa =Aa+p. 

Problem 6. IfA=Y3 —4 \ prove that A n —[l + 2n —4n~\ 

U l\ L n l — 2n\ 

where n is any positive integer. 

We have 

A.=AA=[3 - f] [3 -4]-[» = 4;|] 

A ’= A!A ^ =!] U -J]-G =^ 2 1 

= ri+2-3 -4-3] 

L 3 1 -2-3J 

A 4 =A*A> =f7 -121 f3 -4W9 -161 = ri+2-4 -4-41 

L3 -5 J Ll iJ L4 -7 J L4 1-2-4J 
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Assuming that the result is true for an integral power n, we have 

A”=ri+2n -4 m-] 

L n -2 mJ 

Multiplying both sides by A 

A n+I —rl+2/i —4«> [3 —41 — f t -{-2 (n-f-1) -4 (n+l)-| 

[ m 1 —2«J Ll 1J L m+1 1~2(m+1)J 

Thus if the law is true for A n , it is also true for A' ,+1 . But it is true 
for m=2, 3, 4 ,... ; hence by the method of induction the same law is 
true for any positive integral value //. 


2.7. PARTITIONING OF MATRICES 

In many cases it is found rather convenient to regard a matrix as made 
up of a certain number of its submatrices which may be treated as 
the elements of the matrix. This can be done by drawing any number 
of lines parallel to the rows and columns of the given matrix. The 
submatrices contained in rectangles so formed are then treated as the 
elements of the matrices. This process of dividing a given matrix into 
certain number of sub-matrix elements is known as the Partitioning 
of matrix. 

As an illustrative example if A is a matrix defined by 

A=r i 2 
0 
3 

then this matrix can be partitioned in different forms by drawing 
lines parallel to row or column or both. 

In the first instance, we may partition it as 

A=r 1 2 4 

■2 0 -5 


U l 4} 

L 0 3 6 J 


0 3 6 - 

= fAn") where A n = 

U 21 J 1-2 

In the second instance we may have 


[4 5 4 ] 


and A 2 j=[0 3 6] 


[~2 j 0 - 5 ] 

L 0 : 3 6 J 

=t A u A 12 ] where A u = 


In the third instance we may express 

A^r 12 4 1 

—5 

6 _ 


iu=r 1 ”| and Ai> =f2 4 

-2 0-5 

L 0 J [3 6 J 


-r 1 

-2 


L 0 3 





matrices 


205 


fA u 

A U 1 

where A n =r 1 

2 1 

A, ***T 41 

La 21 

A 22 J 

L—2 

oJ, 

* 1--5J 


A*]—[0> 3J, A 2 j—[6 ] 

As another example if we have two matrices of the same order say 


A— 


0 

1 


and 


-2 

5 


0 

4 


L-i 


1 3 -1 

partitioned identically as below 

A— “ 0 

2 

-5t '["A], i a "] 


3 

4 LA ai . al J 

L —1 


2 J 

and B=r—2 

0 

3n=rB xl b„i 

1 5 

4 

2 LB}] B aa J 

L 3 

—1 

6 J 


then the two matrices A and B are said to be identically partitioned. 

The two identically partitioned matrices A and B are comparable 
for addition if the corresponding sub-matrices in A and B sire of the 
same order i.e. the order of A n , B u is the same, the order of A u , 
Bn is the same, the order of A 21 , B n is the same and the order 
of Ajj, B 22 is the same in the above example and then we have 

A+B=rA u A la i+rB„ B lf -J 
LAjj A 22 J LB}] B 22 J 
■rAu+Bu A],+Bi,1 
«-A t i+B 2 i A22-TB22J 


2 .8. PRODUCT OF MATRICES BY PARTITIONING 
Let A be a matrix of order mxn and B be a matrix of order nxp 
so that the matrices A and B are conformable for multiplication 
| AB . Now if the two matrices are partitioned, then the partitioned 
matrices will be conformable for multiplication ‘ when to each partition 
‘me of A parallel to the columns there corresponds a partition line of 
B parallel to its rows such that the number of columns of A lying 
between two adjacent partition lines is the same as the number of rows 
of B lying between corresponding adjacent partition lines.' Broadly 
speaking if in A there lie a partition line after third column, another 
line after fifth column, then in B a corresponding line should be after 
third row and the another line after fifth row. 

It is notable that partition lines in A parallel to its columns may be 
drawn in any arbitrary manner. Two matrices A and B partitioned 
m the above described manner are said to be conformably partitioned 
jor multiplication, for, with such partitions the two matrices can be 
multiplied as usual, with sub-matrices as the elements. 

As an illustrative example if A be a matrix of order 4x5 and B a 
matrix of order 5x6 partitioned as below: 
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A= 


-2 1 

3 -1 

2 

3 2 

2 5 

0 

4 5 

0 5 

3 

.0 2 

6 7 

4 , 



Al* 

a 18 i 

La 21 

A 2 * 

A 23 J 


where 


An 

A 13 

A 2 j 

A 2S 

a 2S 


and B= 


is of order 2x2 
” 2x2 

” 2x1 

” 2x2 

” 2x2 

” 2x1 

0 2 3 4 

5 4-2 5 


-2 3 
6 2 


2 

-2 


0 

3 


3 

4 


4 5 
-6 0 


■where 


Bn 

Bn 

Bji 

®22 

Bji 

B S j 


0 4-1:2 

is of order 2x3 
2x3 
2X3 
2x3 
1x3 
1x3 


7 8 


[ Bn B 1S 1 

B*i B 2 j I 

B»i BjjJ 


of order 3x2 


Then it is clear that A and B are conformable for multiplicatior 
Also the partitioned matrices A and B are conformable for multipli 
cation, for, the partitioned matrix A is of order 2x3 and the parti 
tioned matrix B is of order 3x2. 

Thus, 

ab=i 


=rA n B 

LAn B 

= r |"2 i 


fA u 

a 12 

a«i 

*11 

B n 

LA 21 

a 22 

a„J 

*21 

B 2 % 




1**1 



L3 2 


3G 


'n 4“ A 2 2 B 

2 
4 

-2 
6 

2 
4 

-2 
6 


sm 
cat? 
k a g 

T 5 8 41+ 
LlO 14 5j 


— 2J L2 

mi 

31 + rO 


B 3i An B 12 +A l2 B 22 +A 12 83 ^ 
•n+Aas B 31 A 21 B 12 +A 22 B 22 +A t2 B 32 J 

mr? -ac_SS 

-a a 4 


- 5 J + K I] [- 


[- 


3i+r° 

2J L6 7J L5 - 

8 ~ 3 5l+r0 8 

A 15 26J 10 0 
T13 2 8l+r—2 
L22 6 13J L 


-2 3 


] + l 

g] 

[0 4 - 1 ] 

] + l 

3 ] 

[2 7 8 ] 

[] + 

[4 

| [0 4 - 1 ]- 

;] + 

G] 

| [2 7 8 ] 


i] 


27 


18 15 l+r 4 14 161 
•22 lOj LO 0 0J 
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r25 28 2l+f -10 15 20l-fr0 12 -3l 
LlO 8 —4J L— 2 21 46 J LO 16 ~4j 

r4l 22 22l+r25 -30 0l+r6 21 241 
LlO 12 4J L41 -18 30J 18 28 32J 


rl3 

13 

7 

If 15 

34 

39 . 

L 4 

29 

31 

JU9 

-16 

23. 

r 15 

55 

19 

1 \12 

13 

46' 

L 8 

45 

38 

J L59 

22 

66 

13 

13 

7 

15 

34 

391 

4 

29 

31 

49 - 

-16 

23 

15 

55 

19 

72 

13 

46 

8 

45 

38 

59- 

22 

66J 


2.9. SPECIAL MATRICES WITH THEIR PROPERTIES J 
While defining a matrix, we have already mentioned a few, of the 
special types of matrices like square matrix, null matrix, row and 
column matrices, unit matrix etc., but in this section we pave to 
consider almost all the special types of matrices with their properties 
in relations to others. Some types will be discussed in more Retailed 
than a few others which are rarely used in different branches of 
mathematics applied mathematics and mechanics. 

[1] Square Matrix and Special Square Matrices 

A matrix A having the number of rows and columns equal is called 
a square matrix e.g. 

A— o n a lt .Oj 

a tl a 2i . a tn 

L <j„i . a nn J 

Here A is said to be a square matrix of order n or an n-rowed 

square matrix or simply n-square matrix. 

A matrix which is not a square qjgtrix may be called as a 
rectangular matrix, e g. 

I" a u a n a is "| 

L ^22 ^33 J 

which is a matrix of order 2 X 3. 

Determinant of a square matrix. The determinant of a square 
matrix A is the determinant which has got for its elements all the 
elements of the matrix A in the same places. It is denoted by I A I. 
Thus if A=[a„] then | A |=| a„ \ . 

As another example if A be a n-square matrix given by 

A=r On Oig . Om ’1 

I 0*1 a %% . 

°ni <*»* 


Ann J 
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then i A an fl i».°i« 

^22.® 2 ™ 

Unj ■■■■ a n 

It is easy to show that the determinant of the product matrix AB is 
equal to the product of the determinants of the square matrices A 
and B of the same order i.c., 

I ABM A I I B | 

Or, in general the determinant of the product of any number of 
square matrices of the same order is the product of the determinants 
of those matrices i.e. 

| ABC.K |=| A | | B | ! C \* . | K | 

Special square matrices. While discussing the properties of matrix- 
multiplication we have mentioned the commutative property. In 
relation to square matrices A and B of the same order say n, we can ' 
say that if AB=BA then A and B commute and if AB= —BA then 
A and B anti-commute. It can be easily verified that an n-square 
matrix A commutes with itself and also with identity matrix I„ i.e., 

AA=AA 
and AI n =l„A 

If A is a positive integer, then the matrix A with the property 
A m —A is said to be periodic. In case k is the least positive integer 
such that A* +1 =A, then A is said to be of Period k. 

In the case when k— 1, so that A 2 =A, then A is slid to be idempo- 
tent and if p is some positive integer such that A P =Q then A is called 
nilpotent. In case p is the least positive integer such that A |, =0, then 
A is said to be nilpotent of index p. 


1LLUSTRA T1VE EXAMPLES 
IT 5 0 4"] 

2 3 9 I is a square matrix of order 3 
L-l 5 oj 

2. [ 2 3 4 ] is a rectangular matrix of order 2x3 

I A I 


3. The deteiminant of the 3-square matrix f2 0 4"]is 

5-2 1 


4. The matrices |j pj and j> Sjcommute for all values of a, p, y, 8, 
nee 1 

f? i] B Si jsi-[i ?][;i] 


5. The matrix 


2 -2 
-t 3 
1 -2 


-4 "I is idempotent, since 
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2 -2 -41 

2 __ 

r 2 -2 -4“ 

-13 4 


-13 4 

1 -2 -3 


1 -2 -3 . 


=: 

’ 2 -2 -4" 



-1 3 4 



1 -2 -3 


6. The matrix 


1 

3 

2 


-2 

2 

0. 


1 -2 -6 
-3 2 9 

2 0 -3 

~6T r 

9 i 
, -3 J 


' 2 -2 -4 

-13 4 

1 -2 -3 


is periodic of period 2, since 


1 -2 - 671 

-3 2 9 

2 0 -3 

-6 -S’; 


1 -2 - 6 ") 
3 2 9 

2 0 —3J 

-2 -6 
2 9 

0 -3 


7. The matrix 


1 

2 


-2 -1 


•5 -6 -6~r 1 

9 10 9 j -3 

-4 -4 -3JL 2 

1 -2 -6 

-3 2 9 

2 0-3 

3 “j is nilpotent of index 3, since 
6 
-3 


i 


1 1 3" 

3__ 

r i i 3~ 

T 1 1 3 1 

5 2 6 


5 2 6 

5 2 6 

-2 -1 —3 J 


i__ 2 _i -3 

-2 -1 —3 _ 



1 13 

5 2 6 

_ —2 -1 —3 

0 0 0 
0 0 0 
0 0 0 

[2] Row Matrix and Column Matrix (Row and Column Vectors) 

A matrix having only one row and any number (>1) of columns 
is said to be a row matrix or a row vector e g., a row matrix of order 
1 x» is 

fall .Oj n ] Of fal 

A matrix having only one column and any number (> 1) of rows 
is said to be a column matrix or a column vector e.g., a column 
matrix of order mxl is 


Oil 

a n 


Ol 

a. 


or 


L Oml J L U m _J 

In expressing vectors as matrices, the elements of the row vector or 
column vector are known as the components of the vectors. Thus 
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we can define a n-vector as *an ordered n-luple of n real or complex 
numbers written in a horizontal or in a vertical line.' 

Algebraic operations on vectors. If A and B be two vectors with 
components a lt a 2 ,...a n and b u b 2 ,...b n respectively, then it is easy 
to show that 

(/) A+B=[a,, a,.+ h . b„] 

=[fll + Aj, a 2 -\-b 2 , .,On + ^nl 

(r») kA—k[a x , a 2 .<?„], k being a scalar 

=[ka u ka 2 , . k a n \ 

(iii) A B= a 1 b l -r a 2 b „+. +a n b„ 

(iv) AA= | A l i =a 1 a^a^ a 2 + . +a„ a n 

=1 fli l 2 +| a 2 \ 2 + .+| a n I*' 

(v) A vector will be a unit vector if | A | => 1 

(vi) The vectors A and B will be orthogonal if A.B=0 

(vii) The vector O [0, 0,. 0 ] is said to be a null vector 

(viii) A+0=0+A=A 

Linearly dependent and Independent sets of vectors. A set of n vec¬ 
tors A lt A 2 ,.A n is said to be linearly dependent if there exists a 

set of n (of which at least one is non-zero) scalars k x ,k 2 , . k n 

such that 

ki Ai+fcj A 2 +.H~ k n A„—0 

In the case when k x =k 2 — .=£„=(), the set of n vectors A t , 

A,,.A„ is said to be linearly independent if 

Aj-(-A : 2 A 2 +...+ k„ A„= 0 . 

A vector A is known as a linear combination of the set of vectors 

Ai, A 2 ,., A„ if it is expressible as 

A=&i A, -\-k 2 A 2 +. k n A„ 

where k u k 2 , ., k n are scalars. 


IUUSTRAT1VE EXAMPLES 


1 . 

2 


)02 4]isalx4 row matrix (or row vector). 


r 


a 3 x 1 column matrix (or column vector). 


• A—[4, 6, 0, 3] and B=[2, 3, 4, 0] are two vectors, then 

t B=[4, 6 ’ °* 3J+[2 > 3 > 4 > °1—[6> 9, 4, 3] 
'3A-2B=3[4, 6, 0, 3]—2[2, 3, 4, 0] 

=[12, 18, 0, 9]—[4, 6, 8, 0]=[8, 12,-8, 9] etc. 

. ^ e se * vectors [1, 2, 3],[2,—2, 0] is linearly independent since 
1 2, 0]=0 is equivalent to a system of equations 

*i+2* 2 =0, 2 /c 2 —2A: 2 =0, 3 ^=0 
which are satished only if Ar 1= =A: 2 =0. 
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5. The set of vectors [2, 4, 10], [3, 6, 15] is linearly dependent, 
since 

k x [2, 4, 10 ] 4 -& 2 [3, 6, 15]=0 is equivalent to a.system of equations 
2 kx+3 k t *=0, 4 ^+6 k 2 =0, 10 fcj+15 fr g =0 
which are satisfied when k x ==3, k 2 = —2 t.e., non-zero values of k x 
and k t . 

[3] Nnll Matrix 

If all the elements of a matrix are zero then it is said to be a 
null matrix and denoted by O e.g., 

“0 0 0 0“| is a null matrix of order; 3x4. 

0 0 0 0 

!_0 0 0 oj 

The commutative law of multiplication holds go$d in case of a 
null matrix e.g., if 

A=r 2-1 T and 0«r 0 

L3 iJ Lo oJ 

then AO=r 0 0 -|=0A=0 

L° OJ 

We have also proved that a null matrix acts as an additive identity 
of any matrix i.e., as in the above example 

A+0=r2—11+r0 0 ]=[ 2—1 1 =A 

L3 lJ Lo OJ L 3 IJ 

[4] Unit Matrix or Identity Matrix 

A square matrix of order n having unit elements in the Principal or 
leading diagonal and zero elements everywhere else, is called a unit 
matrix or identity matrix and denoted by I„. Thus 


ri o o... 

...on 

and for w=4, I 4 = 

ri o d oi 

0 1 0... 

...0 

0 10 0 

0 0 1... 

...0 


0 0 10 

i - 

o: 

©: 

© i 

...i J 


0 0 0 1 

_ _ 


It is clear that a square matrix A=[u<j] is the unit matrix if 
o«=1 for i—j 
=0 for i^J 
It is also evident that 

I„=I„ 2 =I n s =. 

The commutative law of multiplication also holds good in case of 
a unit matrix e.g., if 

A=r~l 2 0 1 and I 8 = 


1 0 0 
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[5] Upper and Lower Triangular Matrices, Diagonal and Scalar 
Matrices 

A square matrix A of any order n, defined by 
A—[o.J 

is said to be an upper triangular matrix if its elements a,,—0 for t>j 
where i, j are positive integers ranging over from 1 to n. Thus an 
upper triangular matrix of order n is 


r an 

a u 

^13 — 

• • • &\n 

0 

a 22 

#23- •• 

.. Mon 

0 

0 

a 33 ... 


_ 0 

0 

o.... 

*.Mn n 


The square matrix A=[a„] of order n is said to be a lower triangular 
matrix if its elements o„=0 for i<j where i,j are integers such that 
l<i<n, Thus a lower triangular matrix of order n is 

r a n 0 0.0 ” 

a%i #22 0........0 

®31 ^32 ^33.0 


L- dm Ch%2 Qns . &nn —' 

A square matrix of order n which is both upper and lower 
triangular is called a diagonal matrix e.g., 

•~a n 0 0.0 ' 

0 Oj 2 0.0 

0 0 U 33 . 0 

Lo 6 . a nn J 

This is denoted by diag [a llt a 22 , a 33 . a nn ] and the sum a lx +a 22 

+.+a nn is called its trace i.e., tr \=2a t , 

i 

In a diagonal matrix if all the diagonal elements are equal to a 
scalar quantity say A i.e., « u =a 22 =a 3 3 =... =a nn =A, then the matrix 
is called a scalar matrix e.g., 

"AO 0.01 

0 A 0.0 

0 0 A.0 


LO 0 0.AJ 

It bears the name scalar matrix due to the reason that if a square 
matrix A of order n be multiplied by the scalar matrix of order n, 
then it is equivalent to multiplying the matrix A by a scalar. 

In case A=l, the scalar matrix reduces to a unit matrix. 

In other words an n-rowed square matrix [a,<l is called a scalar 
matrix when 

a«=A (some scalar) for i=j. 

=0 for r#/. 
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ILLUSTRATIVE EXAMPLES 


i.ri 

0 

0 


2 . 


3. 


1 

-2 

3 

2 0 


2 

-1 

0 

0 

5 

4 


is a 3-rowed upper triangular matrix. 


is a 3-rowed lower triangular matrix. 


i— 

'[ 


O' 

0 

3. 

O' 

0 

2 


3 
5 

-2 

0 
0 
-1 

is a 3-rowed diagonal matrix. Its trace is 2+1+3 
i.e., 6 

is a 3-rowed scalar matrix. That’s why? Because if 


we multiply it by a 3-rowed square matrix A= 


then 


‘ 1-121 

r2 0 01 

=r 

3 4 5 

0 2 0 


—2 5 4 . 

0 0 2 



2 

6 

-4 


-2 

8 

10 


4 

10 


=r 1+-1 

2 1 

3. 4 

5 

l-t 5 

4j 

i= 2 r 1 

-1 21 


4 5 

J L-2 

5 4j 


-1 21=2A 


i.e., A has been multiplied by the scalar 2. 

Problem 7. Show that if AB=A and BA=B then A and B are 

idempotent. 

We have ABA=(AB) A 

=>AA as AB=A 

=A J ... (1) 

Also ABA=A (BA) 

=AB as BA=B 

=A as AB=A ... (2) 

From (1) and (2) it follows that 

A 2 =A=ABA 
Hence A is idempotent. 

Again consider 

BAB=B(AB) 

—BA as AB=A 
=B as BA=*B 

and also 


BAB—(BA)B 

—BB as BA a B 
=B* 

It is clear that BAB=B 2 =B 
Hence B is also idempotent. 
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Problem 8 If A and B are n-square matrices then show that A and 
B commute if and only if A-AI and B-AI commute for every scalar K 
If A—AI and B—AI commute, then 
(A-AI) (B—AI)=(B-AI) (A-AI) 
i.e. AB-A(A4-B)+A*I=BA-A(B+A)+A*I v AI=A etc. 

The comparison gives 

AB=BA since A+B=B+A 
i.e. A and B commute. 

Conversely if A and B commute then AB=BA. 

Consider (A-AI) (B—AI)=AB-A(A+B)+A*I 

=BA-A(B+A)+A 2 I 

=(B—AI) (A-AI) 

which follows that A—AI and B—AI commute. 

Problem 9. Derive a rule for forming the product BA of an mxn 
matrix B and K—diag (a n , a 22 .. • a„„) 

Given A=ra„ 0 .0] 

0 Oaa ......0 I 


and suppose that 
B=rb„ 


bn...b ln 
baa...Do n 


bml b„ 


then consider the product 


BA=rA 


b 2 i b 

btnl K 


*11 

0.. 

....0 

0 

#22.. 

....0 

o' 

0. 

,Mnn 


=rb u o n b\ 2 a 2 ” . b ln a„„ 

I btiOn b 2^022 . b 2n a n n 


'~-b mx a l i b m2 a22 . b mn a nn j 

which follows that the product BA of an m x n matrix B by a n-square 
diagonal matrix A is obtained by multiplying the first column of B 
red° U i secon< * co ^ umn ® by a 2i and so on. This gives the requi- 

[6] The Transpose of a Matrix 

The matrix of order n/.m obtained from any matrix A of order 
mxn, by interchanging its rows and columns is called the transpose 
of A and is denoted by A' or A r . Thus if A=[<*„], 

?, r where a’ ti =a (/ i.e., the (j, /)th element of A 

is the (f, j) th element of A, e.g., if 
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A=r5 4 -2- then A'=r 5 1 3 6" 

1 0 2 4 0 4-4 

3 4 -5 L-2 2 -5 2J 

L6 -4 2- 


Properties of the transpose of a matrix 

I. The properties of the transpose of a matrix coincides with itself, 
i.e., if A. be a matrix then (A')'=A. 

Let A=[a<y] be the matrix of order mXn. 

Then A' =[a' it ] is the matrix of order n x m. 

So that (A')' will be the matrix of order m x n. 

As such A and (A')' are the matrices of the same order. 

Again, (i,j)th element of A ={j, i)th element of A' 

=(i,/)th element of (A')' 

Hence (A')'=A. 

II. The dHerminant of the transpose of a square itfatrix is the same 
as the determinant of the matrix. 

Let A —[an] be the square matrix of order rii 
Then the transpose of A i.e. , A' will be the square matrix of order n. 
Now, | A 1 = | a ti 1 = a u a 12 . a ln 

a 2l fl 22.°2n 


I &ni Qn2 . a nn 

and \ A I = | fl ,, I — | an a 2 j. an 2 

fl 12 fl 22. fl 2n 

a^n a 2 n . @nn 

a n a u . a ln since the interchange 

a n a 2i .a 2 „ of rows and columns in 

. a determinant does not 

a nl a n2 . a nn change the value of the 

determinant. 


—I A | . 


Hence the determinant of the transpose of a square matrix is equal 
to the determinant of the matrix. 


III. If k be any scalar and A a matrix, then 
(kA)’=kA' 

Let A=[C(J be the matrix of order mxn. Then A' and so kA' 
is a matrix of order nxm. Also {kA) is the matrix of order mxn 
and so {kA)' is the matrix of order nxm. Thus the matrices kA' 
and {kA)' are of the same order. 

Now, 

(/, y)th element of (&A)'=(. r)th element of kA 

— -times the {j, »)th element of A 


=«A a it 
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=k times the (i,j)th element of A' 
=(/,/)th element of kk! 

Hence (&A)'*=ArA'. 

IV. The transpose of the sum of two matrices A and B ( conformable 
for addition) is the sum of their transposes i.e., 

(A+B)'=A'+B' 

Let A—[a„] be the matrix of order mxn 

and B „ „ mxn. 

Then (A+Bj will be the matrix of order mxn 
and (A+B)' „ „ nXm. 

Also A' is the matrix of order n x m 
and B' „ „ nxm 

so that (A'+B') is the matrix of order nxm. 

Thus, (A+B)' and (A'+B') will be the matrices of the same order 
nxm. 

Again (j, i)th element of (A+BV=(/, j)th element of A+B 

=a t> +b t , 

and (j, i)th element of (A' + B ) =(/, i)th element of A'+(j, »)th 

element of B' 

=(/, /)th element of A + (i,j)th 
element of B 

—a,i + b ij 

—{j, i)th clement of (A+B)' 

Hence (A+B)'=A'+B'. 

V. Reversal law for a transpose. The transpose of the product of two 
matrices A, B ( conformable for multiplication) is the product of their 
transposes taken in reverse order i.e., 

(AB)'-B'A' 

Let A=[fl,..] be the matrix of order m x n 
and B=[/;,*■] be the matrix of order nxp. 

Then AB is the matrix of order mxp and so (AB)' is the matrix 
of order p x m. 

Also, A' is the matrix of order nxm and B' is the matrix of order 
PXn so that B'A' is the matrix of order pxm. 

As such the order of the matrices (AB)' and B'A' is the same. 

Again, (k, r)th element of (AB)'=(i, *)th element of AB 

n 

— S a tJ b jk 

J=1 

Now A'=[a',,] where a' u —a ti 
and B'=[&'*,] where b' kj =b )h 


.. • ( 1 ) 
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n n n 

.'. (k, /)th elemsnt of B'A' = 2 b' ki a'n— 2 b lk a iS = 2 a l} b jk 

7 = 1 7=1 7=1 

=(k, »)th element of (AB)' from (1) 

Hence (AB)'=B'A' 

Note. The general reversal law for a transpose may be stated as: 

If A, B, C,.K be any number of matrices-conformable for 

multiplication in order, then 

(ABC.JK)'=K'J'.C'B'A'. 

[7] Symmetric and Skew-symmetric Matrices 

A square matrix A is said to be symmetric if its transpose coincides 
with itself i.e., A'=A. 

In other words a square matrix Ais said to .!be symmetric if 
o.j—Oji for all integral values of i and j e g. if 


A=| 

~a h gl 


~a h g~ 


h b f\ 

jthen A'=| 

h b f 


Ls / cj 




i.e., A'=A and hence A is the symmetric matrix. 

It is evident that the total number of independent elements in a 

77 2 —11 

symmetric matrix of order n is —^- i.e., £n (n+1) since all the 

n diagonal elements are independent and of the remaining elements 
rp—n the equidistant elements from the diagonal are the same, so 
that the number of independent elements other than the diagonal 
elements is J (« 2 — ri). 

Again, a square matrix A such that A' = —A is said to be skew- 
symmetric. In other words a square matrix A is skew-symmetric if 
a„= — a,i for all integral values of i and j. It follows that a it =—a" 
for i—j, so that 2 o„=0 i.e., tf„=0 which shows that all the dia¬ 
gonal elements of a skew-symmetric matrix are zero. 


As an illustrative example, the matrix 



1 

0 

4 

-5 


2 

-4 

0 

-6 


-31 


5 

6 

OJ 


is skew-symmetric. 

The number of independent elements in a skew-symmetric matrix 
is clearly J (nr—ri). 

Problem 10. Every square matrix can be uniquely expressed as the 
sum of a symmetric matrix and a skew-symmetric matrix. 

Let A be any square matrix. Then we have 
A=J (A+A')+i (A-A') 
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Denoting i (A+A') bv P and * (A-A') by Q we have 
A=P+Q. 

Now P'=(KA+A')}' 

{a'+(a');> 

=+ {A'+A} V (A')'=A 
(A+A') 

=P 

which follows that P is a symmetric matrix. 

Also Q'={£ (A-A')}' 

=*{A'-(A')'} 

=i {A'—A} 

— (A—A') 

= -Q 

lyhlch follows that Q is a skew-symmetric matrix. 

Thus the square matrix A is expressible as the sum of a symmetric 
matrix P and a skew-symmetric matrix Q. 

Now to show that this representation is unique, let us assume that 
if possible A can be expressed as 
A=R+S 

where R is a symmetric matrix and S a skew-symmetric matrix. 
Consider, A'=(R+S)'=R'+S' 

=R S as R=R' and S'=—S 
$(A+A')=P=R and £ (A-A')=Q=S 
/. e., R is not different from P and similarly S is not different from Q, 
showing that this representation is unique. 

[8] The Conjugate of a Matrix 

If the elements of a matrix A are complex quantities, then the matrix 
obtained from A, on replacing its elements by the corresponding conju¬ 
gate complex numbers, is said to be the conjugate matrix of A and 

is denoted by A. 

Thus if A=[a (} ], then A=[a,J where a it denotes the conjugate 

Of fl.y 

As an illustrative example if 


A=f 1—5/ 

—24-7/ 

5 

2/ 

—-+6/ 

3—4 i 

—/ 

-2 

L-3-5/ 

4+5/ 

0 

—7/ 

A=r 1+5/ 

—2—7/ 

5 - 

-2 r 

-5-6/ 

3+4/ 

/ • 

-2 

L— 34-5/ 

4-5/ 

0 

7/ 
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Ike properties of the conjugate matrices 

L The conjugate of the conjugate of a matrix A coincides with 
itself i.e., (A)=A 

Supposing that A=[<7^] is the matrix of order mxn, the matrices 

85 

(A) and (A) will also be the matrices of the same order mxn. 

Now (*,/)th element of A—conjugate of the (/', j)th element of A 

and (/, j)tb element of (A)=conjugate of the (i,j)ih element of A 

=conjugate of a if 

—a ti , since if a 0 =«+/|3, then a, ; =«—ip 
and (a <J )=a+jp=a 0 
=(/J)th element of A , 

Hence (A)=A. 

II. The conjugate of the sum of two matrices A and B ( conformable 
for addition) is the sum of their conjugates i.e., (A+B) =A+B 

Suppose that A=[o w ] and B—[b<j are the matrices of the same 

order mxn. Then the matrices A and B will also be of the same 
order mxn and the order of the sum matrix (A+B) and so that of 

its conjugate (A+B) will be the same i.e., mxn 

Now A+B=[o M ]+[fe w ]=:[fl ji +ft,'j] 

(A+B)=conjugate of [fl.i+ijJ 

=conjugate of a, ; +conjugate of b i} 

= S,j + 6<; 

=A+B 

Hence (A+B)=A+B. 

III. If a. be a complex number and A a matrix'of any order say m X n,. 
then 

(aA)=«A 

Let A=[a <; ] be the matrix of order mxn. 

Then A will also be the matrix of the order mxn. 

Now, aA=ot[a„] 

=[a an] 

(aA)=conjugate of [a a (/ ] 
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=[a an] 

=* [s„] 

s=ocA 

IV. The conjugate of the product of two matrices A and B (confor¬ 
mable for multiplication) is the product of their conjugates i.e. 

(AB)=A B 

Suppose that A=[o,j] is the matrix of order mxn 
and B—[/>,*] is the matrix of order nxp 
So that AB is the matrix of order mxp. 

The order of (AB) will also be m xp. 

Again the orders of A and B being mxn and nxp respectively, the 
order of A B will be mxp. Thus the orders of the matrices (A B) and 
A. B are equal. 

Now, (/, &)th element of (AB)=conjugate of (f,j)th element of AB 

n 

=conjugate of 2 a ti b Jk 
J—t 

n _ 

— 2 o 0 b jk 
j=i 

/-= 1 

=(/, j)th element of AB 

Hence AB=A B. 

[9] The conjugate transpose of a Matrix 

The matrix , which is the conjugate of the transpose of a matrix A is 
said to be the conjugate transpose of A and is denoted by A 9 or A' 
or A r . 

As an illustrative example if 

A-f—2+3/ 3-4/ /t 

1—5/ -5-3 1 4+tJ 

then A'=j~—2+3/ —5/1 

3-4/ -5-3/ 

L _ i 4+i J 

So that A® or A'=[“—2—3/ 5/ 1 

L 3 i?' "3±?J 

It is easy to see that A'=(A)' 
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The properties of conjugate transposed matrices 

I. The conjugate transpose of the conjugate transpose of a matrix A 
coincides with itself i.e., (A 9 ) 9 —A 

we have A 9 =A'=(A)' 

(A»)'={(A)'}'=A since (B')'=B 
so that (A 8 )® i.e., (A 9 )'=(A) 

=A V (A)=A 

II. The conjugate transpose of the sum of two matrices A and B 
(conformable for addition) is the sum of their conjugate transposes i.e., 

(A+B) 9 =A 9 +B 9 

we have (A+B) 9 =(A+B)' 

=(A'+B) 

=A'+B' 

=A 9 +B 9 j 

III. If * be a complex number and A a matrix of ahy order then 

(«A) 9 =oc A 9 
we have (aA) 9 =(aA') 

=a A' 

=a A* 

IV. The conjugate transpose of the product of two matrices A and B 
(conformable for multiplication) is the product of their conjugate trans¬ 
poses in reverse order i.e. 

(AB) 9 =B 9 A 9 , 

we have (AB) 9 =(AB)'=B'A' 

=B'A' 

=B® A 9 

[10] Hermitian and Skew-Hermitian Matrices 
A square matrix A—[an] is said to be Hermitian if A coincides with 

its conjugate transpose i.e., A=A e (=A') or if the transpose of A 

coincides with its conjugate i.e., A' = A 
Thus a, 7 =a„ for all integral values of i and j. 

So that an—Hu for i=j 

Which follows that every diagonal element of a Hermitian matrix 
is equal to its conjugate and it is only possible if all the diagonal 
elements are real. 

As an illustrative example, the matrix 

[ 5 2+3/ —i "1 is Hermitian. « 

2-31 3 -3-4/ 

/ -3+4/ 0 J 
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A square matrix A=[<Zo] is said to be Skew-Hermitian if 


A e__A or A' =—A i.e., a„= — a„ for all integral values of i and/ 


Thus 2ii=—a ti for i=j 

i.e., a n +a ti =0 

Which follows that every diagonal element of a Skew-Hermitian 
matrix is either zero or a pure imaginary number. 


As an illustrative example, the matrix 
“ 3/ -3+4/ 4-5/' 

+3—4/ —4/ 5, 

—4—5/ _5 o . 


is Skew-Hermitian. 


Problem II. Every square matrix A can be uniqualy expressed as the 
sum of a Hermitian matrix and a Skew-Hermitian matrix. 


We can express 

A=J (A+A«)+|(A-A 9 ) 

=P+Q where P=A (A+A 9 ), Q==| (A—A 9 ) 
P 9 =i (A+A 9 ) 9 

{A 9 +(A 9 ) 9 } 

=i (A*+A) v (A 9 ) 9 =A 
(A+A 9 ) 

=P 

■which follows that P is Hermitian. 


Also Q 9 =i (A-A 9 ) 9 

-1 {A 9 —(A 9 ) 9 } 
(A 3 -A) 

= -HA-A 9 ) 
= -Q 


which follows that Q is Skew-Hermitian. 

Hence the square matrix A is expressible as the sum of a Hermitian 
and a Skew-Hermitian matrices. 

In order to show that this representation is unique, let us assume 
if possible that there is another way of representation say 
A=R+S 

where R is Hermitian and S is Skew-Hermitian. 

Consider A 9 =(R+S) 9 =R°+S° 

=R—S as R is Hermitian and S is Skew-Hermitian. 

These give R=| (A+A 9 )=P 
and S=i (A—A®)=Q 

which show that R is not different from P and similarly S is not 
different from Q. Hence this representation is unique. 

Problem 12. If A, B, C are three matrices conformable for multipli¬ 
cation in the given order, then show that 

(ABC)'=C'B'A' 

We have (ABC)'={(AB)C}' 

=C'(AB)' by the reversal law of transposes 

=C'B'A' 
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Problem 13. If A and B be symmetric matrices, then show that AB 
is symmetric if and only if A and B commute. 

Since A and B are symmetric matrices, therefore 
A'=A and B'=-B. 

We have (AB)'=B'A'=BA ... (1) 

But AB is symmetric if and only if (AB)'=AB .. . (2) 

From (1) aad (2) it follows that AB is symmetric if 

AB=BA 

i.e., if A and B commute. 

* 

Conversely if A and B commute, AB—BA, then 
(AB)'=B'A'=BA=AB. 

Thus if A and B commute AB is symmetric. t 

Hence AB is symmetric if and only if A and B commute. 
Problem 14. If A is a m-square matrix and P is a Matrix of order 
m X n then show that B=P'AP will be symmetric or Sjkew-symmetric 
according as A is symmetric or skew-symmetric . | 

Assuming that A is symmetric, we have 

B'=(P'APy={P'(AP)}'==(AP)'(P'y by reversal law of transposes 
-FAT V (AP)' =P'A' and (P')' =P 
—P'AP v A is symmetric so that A'—A 
Thus (P'APy=P'AP 

which follows that P'AP is symmetric if A is symmetric. 

Again if we assume that A is skew-symmetric i.e., A' = —A then 
B'=(P'APy = ~P'AP (proceeding as above) 
which follows that P'AP is skew-symmetric when A is skew-symmetric. 

Problem 15. If A and B are Hermitian , show that AB+BA is 
Ilermitian and AB—BA is Skew-Hermitian. 

V A an ' B are Hermitian 
A 9 =A and B 9 =B 

Consider (AB+BA) 9 = (AB) G +(BA) 9 
=B°A Q +A 9 B G 
=BA+AB 
= AB+BA 

which follows that AB+BA is Hermitian. 

Again we have 

(AB—B A) 9 =(AB) e —(BA) 6 
=B°A e —A 9 B 9 
=BA—AB 
=—(AB—BA) 

which follows that AB—BA is skew-Hermitian. 

Problem 16. Prove that every Hermitian matrix A can be expressed 
as B+/C where B is real and symmetric and C is real and skew 
symmetric . 
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V B and C are real, 

B»=B'and C # =C' . •. 0) 

(because the conjugate of a real number is itself) 

Again since B is symmetric and C is skew-symmetric, we have 

B'=B and C'=—C ...(2) 

(I) and (2) yield, 

B 8 =B and C 9 =—C 
Now assume that 
A=B+rC 
A 0 =(B+/C) 9 

=B°— iC° Conjugate of / is 

=B—/ (—C) 

=Bf/C=A 

which follows that A is Hermitian. 

Hence the result follows. 

[II] Adjugate Matrix or Adjoint of a Matrix 

If A=[n tJ ] be a square matrix of any order say n and An represents 
the cofactor of the element a,j in the determinant | A | i.e., | a iS | oj 
the square matrix A, then the transpose of the matrix [Ay] is called as 
the adjugate or adjoint of A and is denoted by adj A. 



a 12‘ •• 


, then adj A= * A u 

A 2 i* .. - 

...A n i 

a 2l 

022-” 

• • • # 2 n 

A u 

A aa .... 

***A n2 

l 



L Aj n 

A an* •• 

... A nn - 


The determinant of the adj. A i.e., | adj A | 
gate determinant of A or the adjugate of | A 
As an illustrative example if A—1~ a h g' 

\h b f 
18 f c. 

cofactor of a—1 b f \~bc~f 2 in I A I =1 t 


is said to be the adju- 


b f = bc—f 2 in | A | = a 

h 

g 

f c h 

b 

f 


f 

c 


r ' / —fg~ch 
? c 

b \=hf-bg 
f i 


Adj A=f bc—f 2 gf—ch hf—bg~ I 
gf-ch ac—g 3 gh—af\ 

\_hf—bg gh—af ab—ft-J 

An important relation between a matrix A and its adjugate. 

If Abe a square matrix of any order say n and I the unit matrix o) 
the same order then 

A (adj A)=i A | I—(adj A) A 


bc-p 

gf-ch 

hf-bg 
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Let A=[e, y ] be the square matrix of order n, i.e.. 


A— 'a n a 12 . .a ln ' 

a 2l a 22‘ a 2 n 

\~Ct n i d n2 . 

Then if A, v is the cofactor of a {} for all integral values of i and j, 
we have 


adj A=rA u 


• • • A n i'"’| 


A.22 ■ • * 


LA ln 

A 2n -• • 

• • • A nn - 


Since the orders of A and aclj A are the same, therefore they are 
conformable for product. Moreover both of them bating square matri¬ 
ces, their product is commutative. : 

Now we know by the properties of a determinant lliat if the elements 
of a row (column) of a determinant are multiplied jby their own co¬ 
factors then the sum of the products is the value of the determinant 
and the sum of the products of the elements of anyfrow (column) by 
the cofactors of the corresponding elements of another row (column) 
is zero i.e , if 


an 

^12 * * •' 

• •Mm 

a 21 

a 22 .... 

• M 2n 

a n\ 

a n2 ... 

• • • ^nn 


and A n , A 12 ,.are cofactors of a u , a lt ,...e tc., then 

a n A u +a 12 A 12 +. +a ln A ln =| A | etc. 

and On A 2 j-|-njj A 22 -|-.“firm A 2n =0 etc. 


Applying these results, we thus have 


=i a t 


ri o. 
o 1. 


•On 

.0 


LO 


,i. 


=1 A 1 I. 


A (adj A)= 

"flu 


Ctin~~ 


“'An 

Ail-- 

• • • Ani 

#21 

#22 *** 

.. M 2 n 


A 12 

A 2 2 * * 

•**f»A 2 


-&nl 

#n2 • • * 

• “^nrr 


—Am 

A 2 n* • • 

• .*A n n“ 

SSS 

"I A 

| 0... 

.0 

1 





1 0 

i 

1 A I 

.0 

i 





L o 

0.... 

-1 A 1- 





Similarly it may be shown that (adj A) A=| A 11 
Hence A (adj A)=| A | I==(adj A) A ... (1) 

which follows that multiplication of A and adj A is commutative 
and that their product is a scalar matrix having every diagonal ele¬ 
ment as | A |. 
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Note 1. We have shown above that 

A(adjA)-r'A | | , 

L 0 0.| A I J 

Taking determinants of either side we get 

A (adj A) |=) i A | 0 .0 

0| A!.0 

i 0 0.| 

or A | adj A | =1 A |’ 0.0 by the properties of deter- 

1.0 minants. 

0 0.1 

/.<?., | A | | adj A |=( A I" 

which gives | adj A |=1A l"" 1 . • . (2) 

Note 2. If the square matrix A of order n is such that | A 1=0, 
then A (adj A)=(adj A) A=0. 

Note 3. If A and B are two n-square matrices then 
adj AB —adj B adj A 
which may be shown as below: 

Applying the result (1) we have 

AB (adj AB)=[ AB | I=(adj AB) AB ... («) 

Now AB adj B-adj A=A(B adj B) adj A 

=A ( | B | I) adj A by (1) 

= 1 B 1 (A adj A) 

=| Bid AH) by (1) 

' =|AB[I 

and (adj B-adj A)AB=adj B [(adj A) A] B 
- A =adj B-| A j I-B 
= | A | {(adj B)B) 

% =1 A | t B | I 

=1 A 1 B 1 I 

AB (adj B-adj A)=(AB) I=(adj B-adj A) AB . . . (0) 

From (*) and (P) we conclude that 

adj AB=adj B-adj A ... (3) 

Note 4. The result of note 3 can be extended to the case of three n- 
square matrices A, B, C i.e., 

adj ABC=adj C - adj B - adj A. 

It is easy to show it as below: 

By result (3) we have 

adj A(BC)=adj BC-adj A 

=adj B-adj C-adj A by (3) 
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[12] Singular and Non-singular Matrices 

A square matrix A=[«,/] is known as si '<’u!ar matrix if its deter¬ 
minant | A !=0 i.e., | a,, |=0. In case | A |#0 the matrix A is 
known as non-singular matrix. 


ILLUSTRATIVE EXAMPLES 


1. The matrix 


since 


21 17 

24 22 
6 ' 8 
L. 5 7 


21 17 7 

24 22 6 
6 8 2 
5 7 1 

2. The matrix 


10 =0 
10 
3 
2 

A = 


7 101 is singular 

6 10 
2 3 

1 2J 


~ 12 3 

27 7 
26 9 


7" 

17 

22 


is non-singular since 
I A 1-3*0. 


[13] Reciprocal Matrix or Inverse of a Matrix 

[Agra 1970 ; Allahabad 65: Gdrakhpur 1963, 65] 

If there exists a square matrix B of the same order as that of A such 
that AB=BA=I, I being a unit matrix of the same order then B is 
said to be the inverse of A and is denoted by A -1 . Thus by definition , 

AA- 1 =A- , A=I ... (1) 


When the inverse of A exists, then A is said to be Invertible. . 

Inverse of a matrix in terms of its adjugate 

According to the definition if A is an invertible matrix, then 

AA- 1 —A-*A—I ...(*) 


Also, we have from §2.9[11], 

A (adj A)=(adj A) A=| A [ I 

A (m 3dj A )-(rxr adj A >“‘ 

From (a) and ((2) it is obvious that 

AA -1 =A ■ adj A^ and A~‘ 1 4=^j-^-| adj A ^A 




• • (P) 


either of which lead to 


A -1 —adjA ... (2) 

I A I 

which gives the inverse of a square matrix A in terms of its adjugate. 

THEOREM I. The necessary and sufficient condition for a square 
matrix to be invertible is that it is non-singular. 

To prove that the condition is necessary let us assume that A is 
a given square matrix which is invertible and let B be its inverse. 
Then, AB—I (by definition of inverse) 

Taking determinant of either side we get, 
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I AB | =| 1 [ 
or | A | | B | =1 

which is only possible if neither of | A | and | B | is zero i.e., if the 
matrices A and B are non-singular or if j A | ¥^0. 

To Prove that the condition is sufficient, let us assume that | A MO 
and there exists a matrix B such that 

- 7 -r aij A 


Then. 


B= 7 

AB—A- 


1 


A ! 
1 _ 

A 
1 _ 

A 


adj A 
(A adj X) 

| A ' I from §2.9[11] 


and similarly 
i.e., 


=1 

BA--I 
AB—I—AB 

which shows that A has an inverse i.e., A is invertible. 

THEOREM 2. The inverse of a matrix is unique. [Agra, 1970 ] 
Let A be an invertible (square) matrix and if possible let us assume 
that B and C are two inverses of A, then 

AB—BA=I 
AC=CA—I 

Now CAB=C (AB)—CI--C 
Also, CAB—(CA)B=IB=B 

so that CAB=B=C 

i.e., B is not different from C 

Hence the inverse of a matrix is unique i.e., there exists only one 
inverse matrix to a given matrix. 

Properties of Iniferse matrices 

I. The Reversal law for inverses. If A and B are two n-square non- 
singular maizes ( conformable for multiplication) 
then (AB)-’ -=B 1 A- 1 

Since A and B are non-singular square matrices, they areinveitible. 
Let their inverses be A' 1 and B 1 respectively. 

AA~ 1 =A“ 1 A=I 
and BB -3 =B _I B—I 

Now | A | s*0, | B | /O imply that | AB [ — | A | j B | #0, 
which shows that AB is also invertible. 

Let us now consider a matrix C given by 
C=B 1 A" 1 . 

Then, C (AB)MB- 1 A" 1 ) (AB) 

=B 1 (A- 1 \)B 
—B 1 ())B 



MATRICES 


229 


=B 1 B 7 IB=B 
=1 

i.e., (B- 1 A" 1 ) (AB)=I 
Similarly it can be shown that 
(AB) (B- 1 A _1 )=I 

These results follow that B -1 A -1 is the inverse of AB i.e., 

(AB) -1 =B _1 A" 1 . • ; (3) 

Note. The result can be extended to any number of square matrices 
which are conformable for multiplication i.e., 

(ABC...JK)~ 1 =K _1 B 1 A- 1 

II. If X is a non-singular matrix, then the inverse of its inverse 
coincides with itself i.e., (A -, ) -1 =A 

We have AA _1 —A _1 A=I j 

Which can be interpreted as that A is the inverse of A -1 i.e., 

(A-‘)- l =A. . • -(4) 

III. If X is a non-singular matrix, then the transpose (conjugate 
transpose) of an inverse is the inverse of the transpose (conjugate 
transpose) of X i.e. 

(A -l )'=(A') -1 and (A- 1 ) e =(A 9 )- 1 
Since A is non-singular, it is invertible and therefore 

AA- 1 =A- 1 A=I • • -W 

Taking transpose of either side and using I'=I, we have 
(AA -1 )'=(A -1 A)'=I 

or (A -1 )'A'=A'(A -1 )=I by reversal law of transposes. 

Which follows that (A -1 )' is the inverse of A' i.e. 

(A') -1 =(A -1 )' . . (5) 

Again taking conjugate transpose of either side of (y), we have 
(AA -1 )®=(A -1 A)®=I 9 
or (A -1 )® A®=A®(A -1 )®=I 7 I®=I 

which shows that (A -1 )® is the inverse of A® i.e. 

(A®r 1 =(A- 1 )® .. .(6) 

IV. If X is invertible then 

tr. (ACA ~ l )=*tr. C [,4g -a, 197.1 1 

If B=CA -1 , then 

tr. (ACAr»)«/r. (AB) 

—tr. (BA) by Cor. of §2.5 
—tr. (CA -1 A) 

—tr. Cl ' 

=1/. C 

Problem 17. Compute the adjoint of fO I 2~ 1 

\ 1 2 3\ 
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then t A | *= 0 1 2 
1 2 3 
3 1 1 

The elements of the first row of | A | are 0, 1, 2 and their cofactors 
are 

2 3 1-11 31 1 2 ; i.e., — 1, 8 , —5 respectively. 

1 11, 13 1 I, 3 1 I 

The elements of the second row of | A | are 1, 2, 3 and their 
cofactors are 

-| 1 2 1 0 2 | -1 0 1 I'/.e., 1, — 6 , 3 respectively. 

1 1 1 I, 3 1 I, | 3 1 1 

The elements of the third row of | A | are 3, 1,1 and their 
cofactors are 


11 2 —10 2 110 II t.e., — 1 , 2 , —1 respectively. 

I 2 3 , 1 1 3 [Jl 2 I 

.*. The matrix having its elements as cofactors of [ A 1 is 




Problem 18. Verify the following: 

(0 The adjoint of an identity matrix is the identity matrix. 

(ii) The adjoint of a scalar matrix is a scalar matrix. 

(W) The adjoint of a diagonal matrix is a diagonal matrix. 

(iv) The adjoint of a symmetric matrix is a symmetric matrix. 

(v) The adjoint of the transpose of a matrix is equal to the transpose 
of the adjoint matrix. 



(0 Let I=fl 0 0 .0"|be an identity matrix of order n x n. 

0 1 0 . 0 

0 0 1 . 0 


L0 0 0.lJ 

. K denotes the cofactor oi (i, j)th element of 111 [for all 
integral values of I and 7 ranging from 1 to n, then it is clear that 
A(j=l for i—j 
=•0 for i=£j 
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So that Adj 1= 


‘I 0 0. 
0 1 0. 
0 0 1. 


-I. 


(«’) If 


LO 0 0.1J 

A=rX 0.Onbe a scalar matrix of order nXn, then 

1 0 X.0 


.0 0.XJ 

as in (i). 

A<*=A"'' 1 for i—j 
=0 for ij±j 

So that Adj A^rX"- 1 0 . 

0 X"- 1 . 


.0 

.0 


which is a scalar matrix. 


_0 0.X^U 

In other words A=XI t 

Adj A=adj XI=X"-^I which is a scalar matrix. 

(iff) Let D=fa 0 01 be a diagonal matrix of order 3x3. We 


=fa 0 01 be 
0 b 0 
.0 0 c. 


shall verify the result for it, but the result can be verified for a dia¬ 
gonal matrix of any order in the similar way. 


Then D n =Z>c, D M =ac, D iS —ab 

Du=Di8=D 21 =D 23 =D 3 i=D 32 =0. 


Thus, adj D=ffcc 0 0 1 
0 co 0 
LO 0 ba} 

which is also a diagonal matrix. 

(iv) If A is a symmetric matrix, then A'=A and so | A' 1=1 A |. 
Thus if A a denotes the cofactor of (/,/)th element in | A |, then 

A«=A* in | A 1 

As such the adjoint matrix of the symmetric matrix Ms also 
symmetric. 


(v) Let A 


f«u 


<hi 


a lt . a Ln~] 

a »i . fl 2» 


.0«m-l 

Then, if A it denotes the cofactor of (i,J )th element, 


adj 


A= 

~A n 

An... 

••*A 


An 

Aii*.. 

... Atii 


■A ln 

Ain... 

•.•A**- 
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(Adj A) =fAu A, .Aj„ 

A »1 Aja. A tn 


^21* * * 

...am 

a%2" 

...0*12 

#2n* • * 

• • - 0nn* 

“An 

Ai2- 

A‘21 

A 2 2‘ 

—A n i 

A«2 


It is clear that (adj A)' —adj A' 

Problem 19. If A is a square matrix of order n, then show that 
adj (adj A)= | A r 2 A 
We have (adj A)A= | A | I 
We can thus express by replacing A by adj A, as 
{adj (adj A)} adj A= | adj A | I 
So that, {adj (adj A)} (adj A) A—l adj A | IA 
or adj (adj A) l A l 1=1 adj A | A from (1) and smcdA^A 
or | A | {adj (adj A)}= | A I” -1 A V l adj A H A | 

adj (adj A)=! A |"~ 2 A ^ r _ 

Problem 20. Find the inverse of the matrix YU / ' 

U 1 o_ 

Let A=ro 1 11 
1 0 1 
U 1 °J 

• |A |=|0 1 l 1=0—1 ( — 0+1.1 expanding about first column 

1 0 1 i 
I 1 1 oj 

= 2 . 

Now the matrix having its elements as the cofactors of the corres¬ 
ponding elements of | A 1 


r 

0 

1 1 

"1 

1 

11 

1 1 

0 

l 

01 

1 

1 

01 

11 

1 

— 

*i 

1 


0 

1 

-10 

1 


! i 

0 


1 

0] 

11 

1 

■ 

i 

i 

11 

— 

0 

1 

1 0 

1 

L 

0 

1 


1 

1 

1 11 

01 


1 11 
■1 1 
1 -lj 


Its transpose gives the adj A i.e., 
adj A=[“—1 1 1 


=r-i 1 r 

1 -1 1 
1 1 -1. 
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Now we have A - 1 = 7 - 7-7 adj A 

A 


that 

Given 

So that | D | 


=if-l 1 

n=r-i 


1 - l 

1 i 

-i i 

L 1 1 

-ij L i 

i -IJ 

—diag [d lt d 2 , . 

.dn], dy, d 2 ,.... 

• A# 0 , then prove 

—diag [<ff\ df 1 . 

. dn' 1 ] 

[Banaras, 196G\ 


D= 


rd x 0 0 .. 
0 <4 0 .. 
0 0 d t . 


LO 

■■dy 0 

,0 d, 


0 0 ... 
0.0 


0. 


0 0 d,. 




=d 1 d 2 ...d„^0 since dy, d 2 , 


dn*0 


i.e., 

Now adj D= 


10 0 0 . d n | 

D | is non-singular and therefore D is invertible 


rd,d, 


i_ 

1 


2 “3 . 

0 

.0 " 

7 adj D 


dn 0 . 

dy d 3 .... 


...0 

.40 


0.0.0 d x d 2 . J 

1 , 


d 2 

0 


0.0 


T 0 

“2 


0 0 


0 . 


i_ i_ 

L dx' d/- 

df\ df\. 


..0 

2 

d n j 


•i] 

A' 1 ] 


rA On is | 

• A 1 

°1 

LB CJ 1 

.-C-'BA " 1 

c-*J, 


=diag 

=diag 


where A, C are non-singular and hence find the inverse of the matrix 

-1000 -1 
110 0 
1110 
.1 1 1 1J 

Suppose that the inverse of the given matrix i.e., rA O'] is TP Q"| 

LB CJ U SJ 

where P, Q, R, S are the submatrices of the inverse matrix which has 
been partitioned so as to be conformable for premultiplication with 
the matrix £A Oj i.e.. 
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or 


.( 1 ) 

.( 2 ) 


fA onrP Qn=ri on 
Lb cJ Lr sj Lo iJ 
tap aq n==rl on 
Lbp+cr bq+csj Lo iJ 

Comparison yields, 

AP=I i.e., P=A^‘ as A is non-singular 
AQ=0 i.e., Q=0 as A is non-singular 
BP+CR=0 and BQ+CS=I 
or BA _1 +CR=0 and CS=I from (1) and (2) respectively 
or C -1 BA -1 -f C _1 CR=0 and S=C -1 as C is non-singular 
or R=—C -1 BA _1 as C _1 CR—IR=R ...(3) 

and S^C 1 ... (4) 

Putting the values of P, Q, R, S, the inverse of the matrix £A Oj is. 


let us partition it as 


r p 

Qn it 

?.,r a- 1 

° n 

Lr 

sJ 

L-C 1 BA" 1 

c*l 


Now to find the inverse of 


ri 

1 

1 

LI 


o 

l 

l 

l 


0 

0 

1 

1 


0-1 

0 

0 

IJ 


0 

1 


0 

0 


11:10 
Ll 1 : 1 1. 

When it is compared with 


[b a- 


we have 


A=rl on, o=ro on B=rl in, c= 

Ll lJ Lo OJ, Ll lJ 

Now it is easy to compute A -1 =r 1 On 

L-l oJ 


xi a 


^’[-1 a 

As above, £P Qj is the inverse of £A Oj 

P=A _1 —r i on 

L-l oJ 

Q=O=r0 on 

Lo oJ 

R=C _1 BA _1 =—r i onri 

L-i oJ Li 


On when 


-[J J][-i 
"B J] 


!][ 

a 


°1 

oJ 
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-b -a 

and S=C~ 1 =|' 1 Oj 

Hence the inverse of rl 0 0 is ‘r 1 On rO On" 

1 0 0 L-l Oj 10 OJ 

l1 1 ?J Lis -}] [-! 8lJ 

t.e.,r 1 0 0 0 -] 

-l o; o o 

0-1 10 

L 0 0; -1 OJ 

[14] Unitary Matrix and Orthogonal Matrix 

A square matrix A having its elements as complex numbers is said to 

be unitary if 

A'-(A-*) or (A)'=A -1 or A 9 A=I j 

In case A is real i.e., the matrix A consists of real numbers as its 
elements, the matrix A will be unitary if A'A=I for, in this case 
A*=A'. 


As an illustrative example the matrix 


1 


A*= 


So that A*A= 


V 2 

V2 

-i 

-1 

■ V~2 

VTJ 

1 

i * 

V 2~ 

VY 

—£ 

-l 

•v'T 

v rJ 

-r jl 

i 


is unitary, since 


V 2 V 2 
-i 1 


LV2 V 2 J 

1 01 = 1 . 


1 


V 2 \' 2 

-i 1 


LV 2 V2J 


■B ?]■ 


Hence the matrix A is unitary. 

A real unitary matrix is known as orthogonal matrix i.e., a reaf 
matrix A is orthogonal if A'A=I=AA 'for, in this case A'=A -1 
The determinant of an orthogonal matrix is +1 or —1. 

The orthogonal matrix is said to be proper or improper according 
as its determinant is +-1 or — 1. 

Since |AA'|=|1|=1 
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U, | A I | A' | = 1 
or | A | 2 =1 as . A | = | A' 

we have |A|=±1 

As an illustrative example the matrix 

A=rcos 6 sin 0"j is orthogonal, since 
L— sin 0 cos 0J 

AA'=rcos 0 sin rcos0 —sin tn 

L— sin 0 cos Lsin 0 cos 0J 

-G ?]“’ 

and | A | = | A' | = |cos 0 sin 0]=cos 2 0+sin 2 0=1 
— sin 0 cos0| 

[15] Normal Matrix and Normal Form of the Matrix 

A square matrix A is said to be Normal if AA 9 =A*A. 

The normal matrices include diagonal, real symmetric, real skew 
symmetric, orthogonal, Hermitian, Skew-Hermitian and unitary 
matrices. 

As an illustrative example the unitary matrix 
A= 1 + / — 1+f is Normal, since 

2 2 
1-hi l — i 

AA e =l=A e A 

The normal form of a matrix isfl r OT 

Lo oj 

[16] Elementary Matrix and Elementary Operations 

A square matrix of order n is said to be elementary matrix, if it is 
obtained from a unit matrix I„ by subjecting it to any of the following 
elementary operations (transformations): 

tr*\ Interchange any two rows (columns) to be denoted by Rn 
for the interchange of ith and y'lh rows (columns) aud the 
elementary matrix obtained may be denoted by E,> 

(t'O Multiplication of elements of any row (column) by any non- 
zero scalar, to te denoted by R t (A) {C, (A)} for the multiplication of 
tn row (column) by A^O and the elementary matrix obtained mav 
be denoted by E, (A). 

(nt) Addition to the elements of any row (column) the corre c 
atng elements of another row (column) multiplied by any no 
** ar > be denoted by R lS (A) {C t , (A)} for the addition to 
tcoiumn) of theyth row (column) multiplied by’A^O and the meu- 

J®/ix obtained may be denoted by E.-, (A) for row operr md 
oy E, i} (A) for column operation since E' W (A) is the transp > 

It may be verified that 

I E w |-1 
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IE, (A) I =M0 
I E«(X)| = |E'«(A) | =1 
which show that no elementary matrix is singular. 

As illustrative examples, the elementary matrices obtained from 


I 3 = 

ri 

0 

0" 

are 









0 

1 

0 










_0 

0 

1 









Ej2 “ 

"0 

1 

0" 

E 2 (>)= 

"1 

0 

01 

and E 23 (A)= 

ri 

0 

on 


1 

0 

0 

0 

A 

0 

0 

1 

A 


0 

0 

1 


0 

0 

1 


0 

0 

l 


An elementary operation is said to be the Row operation or Column 
operation according as it is applied to rows or column 
By the elementary transformations or rather say th|t by a series of 
elementary row and column transformations, a matrix can be redu¬ 
ced to the normal form. This part will be discussed in the section 
of ‘Rank of a matrix’ in more details. j. 

THEOREM. Every elementary row (column ) transformation of a 
matrix can be brought about by pre-multiplication (past-multiplication) 
with the corresponding elementary matrix. [Mllahabad, 1966 ] 

Consider two matrices A and B of orders mxn and nxp respec¬ 
tively such that 


A^fR! and B= 

»2 


•[C,, C 2 .,CJ 


where R,, R z ...R m are the rows of A and C 2 ,.C„ are the 

columns of B. Then by the ‘row by column’ rule for multiplication, 
we have 

AB=r R A R i c *- R i c »"i 

R 2 C, R 2 C,. R 2 C 


_R m C, R m C 2 . -R m C»- 

which follows that if the rows of A are subjected to any elementary 
row (column) transformation, then the rows (columns) of AB are also 
subjected to the same transformation. 

Conclusively every elementary row (column) transformation of the 
product AB can be effected by subjecting the prefactor A (post factor B) 
to the same row (column) transformation. 

We shall apply this result to the required proposition. Suppose 
that A is a matrix of order mxn and I an identity matrix of order m. 
Then it is obvious that 

A—I A. 

The above result can be applied to show that every elementary row 
transformation of the product A can be effected by subjecting the pre¬ 
factor I to the same transformation i.e., by pre-multiplying A by the 
corresponding elementary matrix. 
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Again taking A=-AI, it can be similarly shown that every column 
transformation of the product A can be effected by subjecting the post 
factor I to the same transformation i.e., by post-multiplying A by 
the corresponding elementary matrix. 

As an illustrative example, take 
A=Tflu fli3 (in 

I a 21 ^22 

L°ai fl 32 °33 a 3i 

and suppose that R lt operation gives 

B = [ fl 2 l #22 #23 ^21 

a n a i3 a \3 a n 

1_#31 #32 #33 a -’*J 


lake the elementary matrix E 12 = 


obtained from the 


identity matrix 


Consider E 12 A 


1 0 0 

0 1 0 

0 0 1, 

0 1 O' 

1 0 0 

0 0 1 


of order 3x3. 


#n a iz °13 a u 
#21 a 2i . a 23 #24 

L fl 31 a 3l a 33 a 3iJ 


#21 o 22 o 23 a 2 4 

#n a l2 fl 18 On 

L#31 °32 a 33 #34j 

=B 


which shows that the product B is effected by subjecting the prefactor 
E 12 to the same row operation i.e., by pre-multiplying the matrix A 
by the corresponding elementary matrix. 

Inverses of the elementary matrices 
Eu being the elementary matrix obtained by interchanging fth and 
yth rows (columns) of an idertity matrix I, may yield back the original 
identity matrix I on interchanging fth and 7 th rows. But by the pre¬ 
ceding theorem the interchange of fth and ,/th rows (columns) of E« 
may be effected by pre-multiplying (post-multiplying) by the corres¬ 
ponding elementary matrix E,, i.e. 

E,i Eij=I 

or (EJ-^E .7 

which shows that Eu is its own inverse. 

Again if E< (A) is a matrix obtained by multiplying the fth row 
(column) of an identity matrix I by X then I may be obtained back by 
multiplying the fth row (column) of E,(A) by X -1 But by the preceding 
theorem the multiplication of fth row (column) of E,(X) by 1 /A 
(i.e.. A -1 ) may be obtained by pre-multiplying (post-multiplying) Ei(A) 
by the corresponding elementary matrix E* (A -5 ) i.e. 

E, (A- 1 ) E< (A)=I {E, (A) Ei (A- 1 )=IJ 

so that {E, (A)}-1=E, (A -1 ) 
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which follows that the inverse of E< (X) is E< (X -1 ). 

Further E,v (X) being the elementary matrix obtained by adding the 
elements ofy'th row multiplied by X to the elements of ith row of an 
identity matrix I, the original identity matrix I may be obtained back 
by adding to the elements of ith row of E« (X) the corresponding 
elements of7th row multiplied by —X. But the same row transfor¬ 
mation on E a (X) may also be effected on pre-multiplying E« (X) by 
the corresponding elementary matrix E,v (—X) i.e„ 

E « (— X) E„ (X)=I 
or {E,i (X)}- J =E,, (—X) 

which shows that the inverse of E« (X) is E,j (—X). 

The same result may be shown to hold in case of column operation. 

Conclusively the inverse of an elementary matrix is ilso an elemen¬ 
tary matrix of the same type. 

[17] Equivalent Matrix , 

A matrix B is called the equivalent to a matrix A i/p can be obtain¬ 
ed from X by a sequence of elementary transformations and denoted 
by B~A. * 

As an illustrative example if 

A= -6 -2 -4 51 

3 4 5 -1 

6 2 4 -3 

then A~ 0 0 0 21 by R 13 (1) 

3 4 5 -1 

L 6 2 4 —3_ 

THEOREM 1. Two matrices X and Vi are equivalent if and only if 
there exist non-singular matrices R and C such that 

' RAC=B 

where R=R,R 2 .R n and C=C 1 C 2 .C m ; R's being operations 

affecting rows and C's those affecting columns. 

If A and B are equivalent matrices, then B can be obtained from A 
by a series of elementary operations. But the elementary row (column) 
transformation can be effected by pre-multiplying (post-multiplying) 
A by the corresponding elementary matrix, therefore if we denote the 

elementary row transformations by R x , R 2 ,.R„ and elementary 

column transformations by C 1; C 2 .C m where Rj represents the 

first elementary matrix corresponding to the first elementary row 
transformation, etc., and similarly C x represents the first elementary 
matrix corresponding to the first elementary column transformation 
etc., then 

(R„.R.R*) A (C,C,.C„)=B 

he. RAC=B 

where R and C are non-singular matrices. 

corollary. There are three fundamental properties of the relation 
RAC=*B: 
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(i) Refiexivity. Every matrix A is equivalent t^|elf /.**# if,we take 
R=I, C=I, then IAI=A ,» 

(if) Symmetry. If a matrix B is equivalent to another matrix A, then 
A is also equivalent to B, for if 
B=RAC 


then A=R _1 B C 1 

where i? _1 and C _1 are non-singular matrices. 

(Hi) Transitivity. If A is equivalent to B and B is equivalent to C 
then A is also equivalent to C, for if 

A-=PBQ and B=RCS 
then A=PRCSQ=(PR) C (SQ) 

where PR and SQ being the products of non-singular matrices, are 
themselves non-singular. 

THEOREM 2. If a square matrix A is reduced to an identity 
matrix I by a series of elementary row operations, then the same series 
of row operations applied to I yields the inverse of A i.e., A -1 . 

Suppose that E 1( E 2 .E, are the elementary matrices and I the 

identity matrix, Such that 

(E r .E 8 Ei) A=I 

Then, post-multiplying both sides by A -1 , wc get 

(Er .E 2 E,) AA-'=1 A- 1 

i.e., (E r .E 2 E t ) I=A 1 

which proves the proposition. 

Note. In practice, we write, A—IA 

and perform a series of elementary row operations on A and prefactor 
I till A is reduced to I and I is reduced to B such that 


I=BA 

which follows that B is inverse of A_ 
As an illustrative example if A= - 


then take 

' 1 
-3 
2 


* 1 3 -2' 

-3 0 -5 
2 5 0 


or 


or 


or 


-21 H 0 01 

-5 ~ 0 1 0 

oj Lo o ij 

3 -2 1 f 1 0 01 
9 -11 H 3 10 

-1 4 J j_—2 0 lj 

0 101 f- 5 0 3*1 by R 13 

1 21H-13 1 8 

-1 4j L- 2 0 lj 
1 0 101 r-5 0 3*1 

0 1 21 H “13 1 8 

0 0 25J 1_—15 1 9j 


by R. n (3) and R 3l (—2) 


(3) and R aa (8) 


by *32 (0 






cs 


:n 
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-i -1 1 by R u (-2/5) and R u (-&) 



This gives, A _I = 


In practice we may write the stej 

write 

r i 3 - 2 i 

= 

ri o oi 


-3 0 -5 


0 1 0 


L 2 5 0 


0 0 lj 

or r 

1 3 -2 ' 

=: 

'10C 


0 9 -11 


3 1 C 

m 

0-1 4 


-2 1 C 


A (the form Af*IA) 


or 


0 10l=r-5 0 31 

1 21 -13 1 8 
14 -2 0 lj 


A by R n (3) and R n (-2) 


A by R u (3) jand R ti (8) 


or 

‘i 

0 

10' 

= 

'-5 

0 3" 

A 


0 

1 

21 


-13 

1 8 



0 

0 

25 


-15 

1 9 . 


or 

'l 

0 

01 

= 

1 1 • 

a 

* 1 

V 


0 

1 

0 


3 

4 

Tf 

11 
TT 


.0 

0 

25 


.-15 

1 

9 „ 

or 

r l 

0 

01= 

ss 

' 1 ■ 

3 

~T 

s : 

~TT 


0 

1 

0 


2 

T 

4 

*3T 

1 1 
TT 


0 

0 

lj 


— > 

. T 

TV 

9 

TrJ 


by Rn (1) 


A by R lt (—i) and Rn (—{{•) 


'A by J1 $ (A) 


which gives the required inverse. 

[18] Canonical Matrix 

This is a non-zero matrix in which 

(i) the first few rows have non-zero elements while the elements of 
succeddirig rows may be all zero, 

(it) the first non-zero row is unity, and 

(iii) all the other elements of a column which contains the first non¬ 
zero element as unity, are zero. 

As an illustrative example, the matrix 
is Canonical. 


'1 0 0 0*1 is 

0 0 0 0 

0 0 0 0 


Problem 23. Show that ~the matrix fa+/y — 3+iSl is unitary if 

Lp+/B a—/yj 

“*+? : +y J +5 J =/. 

Denoting the given matrix by A, it will be unitary if 
A*A=I 
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Consider, A*A=r «-*Y P _/ . 5 l [“+*1 _P+ ?1 
L —(3— /S «+JyJ Lp + J5 cc—fyJ 

=r« 2 +P 2 +Y 2 +6* 0 I 

L 0 a*+p*+Y*+5*J 

which becomes an identity matrix if 

<x 2 +(J 2 +Y 2 +8 2 =l 

Hence A is unitary if a 2 +|3 2 +Y 2 +5 2 =l. 

Problem 24. If A is a unitary matrix and B=AP where P ^0, then 
show that PB _1 is unitary. 

Let C=PB 1 
Then C=P (AP)" 1 

_p p-i ^ by reversal law of inverses. 
or C=IA=A 

which follows that C is unitary, since A is unitary. 

Problem 25. If A is real skew-symmetric matrix such that A 2 +1=0, 
then show that A is orthogonal. 

Given A 2 +I=0 . . . (1) 

V A is given to be real skew-symmetric, 

A=—A' 


Premultiplying both sides by A, we get 
A 2 =—AA' 
or — A 2 =AA' 

Adding (1) and (2) we find, 

A A =I 


which follows that the matrix A is orthogonal. 


Problem 26. Reduce the matrix A to its normal form, where 


A= 


[ 012 
4 0 2 
2 13 



We have, A~(" 1 0 2 
0 4 2 
Ll 2 3 

~n o 2 

0 4 2 

|0 2 1 


-2] by C lt 

fj 

“2j by R 31 (-1) 


10 0 
0 4 2 
0 2 


1 

0 

i 

1 


0j by C n (-2) and C„ (2) 
oj by R t (i) 


. . . ( 2 ) 
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1 0 0 0 ' 

0 1 £ 4 

0 0 0 0. 

: 1 0 o o : 

0 10 0 
0 0 0 0 


by *3, (-2) 


by C 3S (-£) and C a (-4) 


1 0 

1 0 0 

0 1 

0 0 

.0 6 

0 0. 

h 


.6 

oj 


which gives the normal form of A. 

Problem 27. Applying elementary transformations, find the inverse of 
the matrix ] 

A=r 0 2 13- 

11-1-2 
12 0 1 

.-1 1 2 6J 

We may write, A=IA 


0 2 1 3] 

= 

-1 0 0 0-1 

11-1-2 


0 10 0 

12 0 1 


0 0 10 

L-l 1 2 6J 


L0 0 0 1. 


or 


or 


or 


or 


or 


r 1 3 0 i -\ 


-1100-1 

0 2 14 


0101 

0 3 2 7 


0 0 11 

L-l 1 2 6.j 


Lo 0 0 iJ 


rl 3 0 l“l 

= 

rl 1 0 0-1 

0 2 14 


0 10 1 

0 3 2 7 


0 0 11 

LO 4 2 7_ 


Ll 1 0 IJ 


•13 0 n 

CS5 

rl 1 0 O-i 

0 2 1 4 


0 10 1* 

0 11 3 


0-11 0 

.0 0 0 -1J 


_1 -1 0 -IJ 


|A by R n (1), R ti (1) an d R3* (1) 


A by R n (1) 


A by (—1) and R lt (—2) 


rl 3 0 0 

021 0 

011 0 
L.0 0 0 —1. 

13 0 0 
0 10 0 
0 110 
0 0 0 1 . 


■2 0 0 
4-3 0 
3 -4 1 
.1 -1 0 

• 2 0 
1 1 
3 -4 
-1 1 


-n 

-3 

-3 

-u 

0 

-i 

1 

0 


A by R 14 (1), R 34 (4) 
and R34 (3) 


-n 

0 

-3 

1J 


A byR M (—l)and 
*i(-D 
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or 


rl 0 0 Ol 

ass 

--1 -3 3 -1-1 

0 10 0 


1 1-10 

0 0 10 


2-5 2-3 

Lo o o ij 


L-l 1 0 IJ 


A byl? n (—3) and 

■Rs* (-D 


which follows that A -1 = 





[19] Derogatory and Non-Derogatory Matrices 

An n-rowed matrix is said to be derogatory or non-derogatory accor¬ 
ding as the degree of its minimal equation is less than or equal to n. 

Note. If m (x) is a scalar polynomial of the lowest degree with lead¬ 
ing coefficient unity, such that m (A)=0 then the polynomial m (x) 
and the equation m (x)=0 are respectively known as the minimal 
polynomial and the minimal equation of the matrix A. It should be 
committed to memory (t) the minimal polynomial of a matrix is unique 
(«) the minimal polynomial of a matrix is a divisor of every polyno¬ 
mial that annihilates the matrix. 

For example if A be a n-square matrix with each element unity, 
then A 2 =nA and the polynomial x 2 —nx annihilates A. Hence x 2 —nx 
is the minimal polynomial of A. 

THEOREM. Every unit matrix of order > 2 is derogatory. 

If I be a unit matrix of order n (> 2), then the polynomial m {x) 
=x—1 annihilates I so that x—1 is the mininial polynomial of I, 
since degree of x— 1 is 1 (<n) therefore I is derogatory. 


As an illustration 



— 1"] is derogatory. 
-1 
4_ 


Note. The minimal polynomial of a matrix is a divisor of every poly¬ 
nomial that annihilates the matrix. 


Let m (x) be a minimal polynomial of A and h (x) be another poly¬ 
nomial that annihilates A. Then Division algorithm leads 

h (x)=m (x) q (x)+r (x) ... (1) 

where r (x) is a zero polynomial or its degree is less than that of 
m (x). 


Put x=A in (1), 

h (A)=m (A) q (A)+r (A) 


... ( 2 ) 


V m (x) and h (x) both annihilate A, (2) gives 
0=0? (A)+r (A) i.e., r (A)=0 

showing that r (x) also annihilates A. If r (x)#0, then it is a non-zero 
polynomial of degree less than that of m (x) and thereby contradicting 
that m (x) is minimal polynomial and hence the only possibility is 
that r (x) is zero polynomial. 

Then (1) gives h (x)=m (x) q (x) 
i.e ., m (x) is a divisor of h (x). 
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2.10. RANK OF A MATRIX 

While defining a matrix, we have already mentioned that the matrix 
constituted by the array of elements which are left after deleting any 
number of rows or columns or both of a matrix is said to be its sub¬ 
matrix. A square sub-matrix of a square matrix is known as a princi¬ 
pal sub-matrix which may be obtained by deleting the corresponding 
rows and columns of the square matrix. If it is obtained by deleting 
only some of* the last rows and the corresponding columns of the 
square matrix, then it is called as leading sub-matrix. 

It is worth-noting that a square sub-matrix is not always obtained 
from a square matrix, but it may be obtained from any matrix after 
deleting certain numbers of row and columns such that the remaining 
matrix may have equal number of rows and column!. 

The square sub-matrices of a matrix play an important role in 
deciding the rank of the matrix, for, the maximum order of the non¬ 
singular square sub-matrix of a matrix determines ip rank. 

We have also mentioned that the determinant df a square sub¬ 
matrix of a matrix A is said to be the minor of the tiatrix. The minor 
is principal or leading according as the corresponding sub-matrix is 
principal or leading. 

As an illustrative example of A=| 


7, 8, 9 are the minors of order 1; 


Si 

4 

7 


1 2 , 

1 3 , 


3 1, 

112 1 , 

1 3 , 

4 5 

4 6 

5 

6 1 

1 7 8 1 

7 9 


then 1, 2, 3, 4, 5, 6, 


2 3 
8 9 


4 5 
7 8 


4 6 
7 9 


5 6 | are the minors of order 2. 
8 9 


The sub-matrix r5 6l is a principal sub-matrix of A. 

L8 9J 

The sub-matrix fl 21 is the leading sub-matrix of A. 
L4 5J 


It is also clear that the square sub-matrices of orders 1, 2, 3 are all 
non-singular, which follows that the maximum order of the non¬ 
singular square sub-matrix of A is 3 and hence the rank of A is 3. 

Definition of Rank of a Matrix 

Let A be a given matrix of order mxn and p be a natural number 
such that 

p^min (m, n) 

where min (m, n)«=the smaller of m and n for m#n 
=m=n for m—n 

Let us now delete any (m— p) rows and («—p) columns of the mat¬ 
rix A, so that the retained elements constitute a square sub-matrix of 
order p, whose determinant is a minor of the matrix A, of order p. 
Clearly there corresponds a syystem of minors of A to each admissible 



246 


MATHEMATICAL PHYSICS 


value of p. A definite positive integral value r of p, with the following 
two properties is known as the rank of the matrix A ■ 

(/) There is at least one minor of order r, which does not vanish. 

(ii) All the minors of order (r+1) vanish. 

Conclusively the rank r of a matrix is the largest integer for which 
the statement “ not all minors of order r are zero ” is valid. 

Thus the rank of a null-matrix is zero, the rank of a non-singular 
square matrix of order n is n and the rank of a singular square matrix 
of order n is less than n. 

The rank of a matrix A is denoted by p (A) or Rank (A). 

In determining the rank of a matrix, the following statement is 
often found useful: 

“If in a given matrix a certain r-rowed determinant is not zero and 
all the (r+1)—rowed determinants o] which this r-rowed determinant is 
a first minor are zero, then all (r+l)-rowed determinants of the matrix 
are zero". 


ILLUSTRATIVE EXAMPLES 
1. The rank of the matrix 


ix ri 3 
2 4 
_3 1 


is 3, for the minor of 


order 4 is obviously zero and none /of the minors of order 3 are zero. 


2. The rank of 


3. The rank of 


1 

2 

3 


2 

4 

6 

2 

4 


3 

7 

10 . 

3 


i 


is 2. 


r 1 2 3 i 

L2 4 6j 


is 1. 


2.11. SOME THEOREMS ON RANK 

THEOREM 1. Elementary operations do not change the rank of a 
matrix. 

Let A ==[<!<,] be the matrix of order mxn and rank r and let B be 
the matrix obtained from A by elementary operations. Suppose that 
r' far) is the rank of B. 

Case I. Let us first assume that B is the elementary matrix obtained 
from A by interchange of a pair of rows. 

Suppose that B 0 is any (r+ l)-rowed square sub-matrix of B, so 
that (r + 1) rows of the sub-matrix B„ of B are also the rows of some 
uniquely determined sub-matrix A 0 of A, with the only difference that 
the identical rows of A 0 and B 0 may or may not occur in the same 
relative positions. But we know that an interchange of a pair of rows 
of a determinant results in the change of its sign, therefore we may 
have 

I B 0 M A 0 | or | B 0 |— | A, | 

Now the rank of the matrix A being r every (r+l)-rowed minor 
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of A vanishes i.e., | A 0 1=0 and hence ( B 0 |=0, showing that every 
(r+l)-rowed minor of B also vanishes. As such r', the rank of B ban 
not exceed r, the rank of A i.e., 

r'<r 

Moreover A can also be obtained from B by interchange of rows 
and therefore a similar procedure will yield that 

r<r' 

The results r'<r and /*</•' imply that r=r' i.e ., the interchange 
or a pair of rows does not alter the rank of a matrix. 

It can be similarly shown that the same result holds for column- 
operation. 

Case II. Let us again assume that B is the elementary matrix obtained 
^ mu ltiplying the elements of a row by a aon-zero scalar say 

If I Bq | is any (r+l)-rowed minor of B, then (ir+1) rows of the 
sub-matrix B 0 of B are the (r+1) rows of A 0 of A 0r one of the rows 
of (r+1) is multiplied by A the corresponding kow of A 0 , which 
happens when B 0 contains the affected row. Applying the property 
of a determinant that the multiplication of any of its row by A results 
in the multiplication of the determinant b.y A, we have 
I B 0 1=1 A 0 1 or | B 0 J=A 1 A 0 ] 

But the rank of A being r, every minor J A 0 1 of order r+1 vanishes 
i.e., | A |=0 and hence | B 0 |=0 showing that every (r+l)-rowed 
minor of B also vanishes. As such r', the rank of B cannot exceed r, 
the rank of A i.e., 

r'<r 

Moreover A can be obtained from B by multiplying the row of 
B (which was assumed to be multiplied by A) by and therefore 
a similar procedure will yield 
r<r' 

Thus r'^r and r<r' imply that r=r' i.e., the multiplication of the 
elements of a row of a matrix by a non-zero scalar A, does not alter 
its rank. 

It can be similarly shown that the same result holds for column- 
operation. 


Case III. Let us further assume that B is the elementary matrix 
obtained by adding to the elements of ith row of the matrix A, the 
products with any non-zero scalar A of the corresponding elements of 
another say jth row of the matrix. 


i I 1S (r+D-rowed minor of B corresponding to the minor 
I A 0 I of A, then it is apparent that if the sub-matrix A 0 does not 
contain the ith row of A, | B 0 [~j A 0 1* also if ith andyth rows of A 
contained in A 0 , ( B 0 |=| A 0 |, because by the property of a deter¬ 
minant, if the elements of any row are increased by the same multiple 
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of the corresponding elements of another row, the determinant 
remains unchanged. 

But if /th row of A is contained in A 0 and /th row not, 
then | B 0 |=| A 0 l+M C 0 I 

where C 0 is a (r+ l)-rowed square sub-matrix of A such that all the 
rows of C 0 except the /th coincide with those of A 0 while /th row is 
obtained by replacing the elements of A 0 in the /th row by A times 
the corresponding elements in the ,/th row. Clearly ± | C 0 I is a (r+1) 
rowed minor of A. 

But the rank of A being r, every minor of A of order r +1 vanishes 
i.e., I A 0 | =0, | C 0 1=0 and hence | B 0 1=0 showing that every (r+1) 
rowed minor of B also vanishes. As such r' the rank of B cannot 
exceed r, the rank of A. i.e., 
r'<r 

Moreover A can be obtained from B by an elementary transfor¬ 
mation of the same type and therefore a similar procedure will yield 

Thus r'<r and r<r' imply that r=r' i.e., the addition to the 
elements of a row of a matrix, the products with any non-zero scalar 
A of the corresponding elements of another row of the matrix does 
not alter its rank. 

Conclusively the elementary operations do not alter the rank of a 
matrix. 

corollary 1. Equivalent matrices have the same rank. 

If A and B are two equivalent matrices, then by the definition of 
equivalent matrices B can be obtained from A by a series of elemen¬ 
tary operations and hence by the preceding theorem, the rank of 
A=the rank of B. 

corollary 2. The rank of the transpose of a matrix is the same as 
that of the original matrix. (Meerut, 1967) 

If A is a matrix then its transpose A' is obtained from A by 
interchanging its rows and columns i.e., if 

A=[<Jjj] of order m x n, 
then A'=[a,,] of order nxm 

Let r be the rank of A and r' that of A'. 

If P be a square sub-matrix of A of order r such that | P [^0, then 
P' will be a sub-matrix of A' of order r. 

But | P |=±| P'| by the properties of determinants 
IP'MPI^Ocos |p 1*0. 

Thus by the same argument as in the above theorem 
r’>r 

Again if Q be a square sub-matrix of A of order (r+1), then Q' 
will be a corresponding sub-matrix of A' of order r+1. 
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But the rank of A being r, | Q |=0 
and since | Q |=| Q 1 

| Q' |=| Q |=0 showing that every minor of A' of order (r+1) 
is zero, therefore 

r'<r 

Hence r’>r and r'<r imply that r’—r i.e. , the rank of the trans¬ 
pose of a matrix is the same as that of the original matrix. 

THEOREM 2. Everynort-singular matrix of ordet m'Xrt and rank 
r(>0) can be reduced to one of the following normal farms : 

! ° j. ^ Ir "j, [Ir i O], [T r ] 

by a series of elementary operations. 

Suppose that A— [a {i ] is the given non-zero matrix,of order mxn 
and rank r. So A being non-zero will have at least oae non-zero ele¬ 
ment say a*,=A 7 ^ 0 . If we interchange the Ath row with the first row 
and the /th column with the first column, we find d matrix B with 
its leading element as A i.e,, 

B=r A f)]j b 13 . bji . b ln “j 

b 2 i b i2 b 23 . b 2 i . b in 

U> m i bmi b m j. b m i . b mn J 

If we divide the elements of the first row of B by A, we get another 
matrix C with its leading element unity, let it be given by 

C — r 1 0 12 Cjj. Cn .C ln " 

C 2t C 2 3.c 2l .c 2n 


L-Cml C mi . C m3 . C n i . C mn J 

If we now subtract the suitable multiples of the first column of C 
from the remaining columns and the suitable multiples of the first 
row of C from the remaining rows, then we get a matrix D with 
leading element unity and all the other elements of the first row and 
first column as zero i.e., of the form 

D=rl 0 0. 01 

d ti d 2 3 . d in 


L0 dm2 dm2* * d mrL ~ 

which may be expressed as 

ri o o.on or r i 

0 

o 

L 0 A 2 


O’] by oartitioning 
At. 


where A x is a matrix of the type (m—1) x (n— 1). 

If Aj^O, then proceeding as above, we can find an elementary 
matrix from A 2 with leading element unity and all other elements of 
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the first row and the first column as zero. Continuing this process r 
times, we shall get an elementary matrix of either of the forms. 


(0 pr 

O "| when r<m, n 

Lo 

oJ 

(«) r i. 

"1 when m—r, r<n 

L 6 

J 

m Hr : 

O] when r<m, n—r 


(iv) [I r ] when m=n=r. 

THEOREM 3. If A is a matrix of rank r, then there exist non- 
singular matrices P and Q such that 

PAQ=ri r on 
Lo oJ 

Suppose that A is a matrix of order mxn and rank r. Then as 
given in the preceding theorem, if r<m, n, A can be reduced to the 
normal form ri r On by elementary operations. But by theorem 1 of 

Lo oJ 

§2.9, the elementary row (column) operation is effected by pre¬ 
multiplying (post-multiplying) the corresponding elementary matrix of 
suitable size, therefore corresponding to A the matrix of order mxn 

and rank r, there exist elementary matrices Pi P 2 .P„ each of order 

m and Q t Q 2 .Q ( each of order n such that 

p « p -1 p i A Qi Q* Q«=fir on 

Lo oJ 

Here each of the elementary matrices P lf P 2 .etc, and Q lt Q 2l . .. 

etc, being non-singular, their products are also non-singular and so 
if we take 

.P«> Q=Qi Qa.Qi 

then PAQ=rl, On 

Lo OJ 

where P is of order mxm and Q i.e., of order n X n. 

THEOREM 4. If A is a matrix of order mxn and rank r, then there 
exists a non-singular matrix 

(/) P such that PA=j'Gj 

where G is a matrix of order rxn and rank r and O is the null 
matiix of order ( m-r ) x n. 

(») Q such that AQ=[HO] 

where H is a matrix of order mxr and rank r and O is the null-matrix 
of order mx(n—r). 

„ Preceding theorem there exist non-singular matrices P, Q 

such that PAQ rl. On 

Lo oJ 

matrices,^heiP 1 Q *. Q< ’ Whe " Ql ’ Qi . Qt are elementar > 
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PA Q x Q*.01 • • 0) 

Lo oJ 

Post-multiplying the left hand side of (1) in succession by the 

elementary matrices Qf\ Q i~f\ .Qr 1 * Qf 1 * and eff ectil Jfc the 

corresponding column operation in the right hand side of (1) while no 
column operation would affect the last (m— r) zero rows, we shall 
find a relation of the form 

pa -[§] 

But we know that the elementary operations, do 001 alter the rank 
and hence the rank of PA and so of G will be r, which is the rank 
of A. 

(iO Take .P s ; where P lt P,.P. are elementary 

matrices, then we have as in case (i), 

PiP a P,.P.AQ=rlr Ol ; . (2) 

Lo oJ 

Pre-multiplying the left hand side of (2) in succession by the elemen¬ 
tary matrices Pi -1 , Pf 1 . Pr 1 and effecting the corresponding row 

operation in the right hand side of (2) while no row operation would 
affect the last ( n—r ) zero columns, we shall find a relation of the form 
AQ=fH O] 

where the rank of AQ and also of H will be r, since the elementary 
operations do not alter the rank and the rank of A is r. 

THEOREM 5. The rank of a product of two matrices A and B whose 
ranks are r x , r t respectively cannot exceed the rank of either matrix 
i.e., if r be the rank of product AB, then 

r^r x and r<r 2 . (Agra, 1968 ) 

Let A be the matrix of order mxn and B the matrix of order nxp, 
so that the product AB is conformable and has order mxp. 

By the preceding theorem, A being the matrix of order mxn and 
rank r u there exists a non-singular matrix P which is the product of 
elementary matrices, such that 

PA= [§] ...(» 

where G is a matrix of order r x x n and rank r x and O is the null 
matrix of order (m—r x )xn. 

Post-multiplying either side of (1) by B, we get 

PAB=£Gj B ... (2) 

But P being the product of elementary matrices, we have 
rank of (PAB)=rank of (AB)=r ... (3) 

For, the elementary operations do not alter the rank. 

From (2) and (3) it follows that 
rank of r G 1 B=r 

LoJ 


... ( 4 ) 
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But rGl B has at most r, non-zero rows which arise by the multi- 

LoJ 

plication of non-zero rows of G with the columns of B, therefore 
rankof^Gj B<rj .-*(5) 

Thus from (4) and (5) it is apparent that 

r^r 1 i.e„ the rank of (AB) < the rank of the prefactor A ...(<*) 
Again r=rank of (AB) 

=rank of (AB)' by corollary 2 of Theorem 1. 

=rank of (B'A') V (AB)'-(B'A') by reversal law 

of transpose 

<rank of the prefactor B' by (6) 

<rank of (B) 

i.e., the rank of (ABK the rank of the post-factor B. 

THEOREM 6. The rank of a matrix does not alter by pre-mult i- 
pljcation (or post-multiplication) with any non-singular matrix. 

Let A be any matrix and P a non-singular matrix such that the 
product PA is conformable and let 

B=PA • • - 0) 


Then by the preceding theorem, 

rank of (B)=rank of (PAXrank of (A) 
(1) may also be written as 
A=P ] B 

rank of (A)=rank of (P _1 B)< rank of (B) 
From (2) and (3) it follows that 

rank of (A)=rank of (B). 

Problem 28. Find the rank of the matrix VI 3 

\3 9 
U 3 


. • • ( 2 ) 

... (3) 


4 31 
12 3 
4 1 


(Agra, 1970) 


Denoting the given matrix by A we have 



The matrix A is of the order 3x4 and so it 
order 1, 2 and 3. The minors of order 3 are 


can have minors of 


1 

3 


41 

1 

3 

3 


1 

4 

3 


3 

4 

3 

3 

9 

12 

3 

9 

3 


3 

12 

3 


9 

12 

3 

1 

3 


41 , 

1 

3 

1 

9 

1 

4 

1 

» 

3 

4 

1 

1 

1 

1 

3 

1 

1 

3 

4 

1 

1 

3 

12 

1 

1 

3 

3 

3 

3 


3 

3 

3 


3 

3 

3 



3 3 

3 

1 

1 

1 

> 

1 

1 

1 

, 


1 

1 

1 

9 


1 

1 

1 


all of which vanish as they consist of at least two columns identical. 
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The minors of order 2 are 


11 

31 

1 1 

41 

1 1 

31 

13 

4 


3 

3 


4 

3 I 

1 3 

9 >, 1 3 

12 l,| 3 

3l,|9 

12 

L 

9 

3 

1. 

12 

31, 

1 1 

31 

1 1 

4 1 

1 

31 

13 

4 I 1 

3 

3 

1 

4 

3 


|l 

31,1 1 

4 1,11 

11,13 

41,1 

3 

1 

1, 

4 

1 

1, 

1 3 

91 

1 3 

12 1 

1 3 

31 

1 9 

12 


9 

3 I 


12 

3 1 

1 1 

3 1,1 1 

4 1, 1 1 

11,13 

4 

I, 

13 

l! 

> 

4 

1 | 


all of which do not vanish e.g. 

I 1 3 1=3—9=—6? t 0. 

I 3 31 

Hence the rank of A is 2 


Problem 29. Find the rank of the matrix 

A=r 


=r 1 3 4 31 

3 9 12 9 1 

-1-3 - 4-3] 


(Qorakhpur, 196Sj 


We know that the elementary operations do not alter the rank or in 
otherwords the equivalent matrices have the same ! rank, thus since 


therefore the rank 



matrix of orders 3 and 2, vanish 


(-D 


is clearly 1 , for, the minors of equivalent 


Problem 30. Reduce the matrix A to the normal form and hence 
find its rank, where 



1 2 31 

3 0 3 

-2 -3 -3 
1 2 3J 


(Delhi, 1960) 


We have A'' 


1 

1 

1 

LI 


0 

2 

-3 

0 


0 

-2 

-5 

0 


or A '—'i 


ri 

o 

o 

L.0 


0 

2 

-3 

0 


0 

-2 

-5 

0 


01 

0 

-6 

0J 


0-1 by C tl (-1), C 31 (-2) 

0 andC„(—3) 

—6 
OJ 

by R al (-1), R ai (-1) and R tl (- 1 ) 
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o 0 Ol by Ri (*) and J? s (- 1 ) 

1 -1 0 
3 5 6 

0 o oJ 

0 0 On by C n ( 1 ) and C 4 (t) 

1 0 0 
3 8 1 
0 0 OJ 

10 0 O ' 1 by C 24 (—3) and C 3 (i) 
0 10 0 
0 0 11 
0 0 0 OJ 
0 0 01 by C 43 (— 1) 

1 0 0 


0 0 1 0 

Lo o o oJ 

Is Ol which is the required normal form and its rank is 3. 

Lo oJ 

Problem 31. Find the non-singular matrices P and Q such that PAQ 
is in the normal form, where 

A=r 3 2-1 5] 

5 1 4 -2\ 

[/ -4 11 - 19 J 

The matrix A being of order 4x 3, we may write, 

r 3 2 -1 5 >ri 0 °l A r J 0 0 °~I 

5 1 4-2010 0100 

1-4 11 -19j L° 0 0 0 10, 

0 0 1 - 


1 -4 11 —19 

0 21 -51 -93 

0 14 -34 62 


by Rn (—5) and R 3l (—3) 

or n 0 0 o>ro o 

0 21 -51 93 0 1 
0 14 - 34 62J U 0 


order 4X3, we may write, 

5 >fl 0 01 Arl 0 0 0-1 
-2010 0100 
-19J LO 0 1J 0 0 10 
Lo 0 0 lJ 

9 T=ro 0 llArl 0 0 0-ibyjRx 

0 10 0 10 0 

J Ll 0 oJ 0 0 10 
Lo 0 0 lJ 

l9l=ro 0 llArl 0 0 0] 

93 0 1 -5 0 1 0 0 

62J Ll 0 — 3 J 0 0 10 


by Cjjx (4), (3) (—11) and C 4 K 19 ) 
or fl 0 0 0 l =[0 0 llArl * 
033301 -5 0 i 

|0 2 2 2J Ll 0 “ 3 J 00 

LO 0 


llArl 0 0 0 - 
-5 0100 

—3J 0 0 10 

Lo 0 0 1. 

llArl 4 -11 19 
5 0 1 0 0 


11 19-1 

TT ITT 1 
0 0 


by C, a), C a (-^) and C 4 (A) 
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1 1 
TT 



18-1 

TT 

0 

0 

1 

TT - 1 


by Ri ($) and R a (i) 


n 

0 

0 

0" 

sss 

"0 

0 

r 

A 

r i 

4 

T 

0 

TTV 

9 

'ill 

0 

l 

0 

0 


0 

i 

5 

IT 


0 

1 

T 

_1 

T 

1 

T 

L° 

i 

0 

0 


Jt 

0 

_ 3 

— 


0 

0 

_ 1 

TT 

0 









Lo 

0 

0 

1 

¥T-J 


✓32 ( 0 C42 

(-D 


p 0 0 0" 


ro 0 n 

A rl T TTT Ttt - ! 

0100 



0 1 - 7 ‘ • -4 

[0000 


Li -i T. 

0 

h HO 

1 

00 

00 


by -^32 ( 1) 

which gives the required normal form i.e ., 



Problem 32. Find the rank of the product matrix AB when 



Hence rank of (AB)=0, since the rank of a null-matrix is zero. 


2.12. SOLUTIONS OF LINEAR EQUATIONS 
In this section we shall make an attempt to apply the concepts and 
consequences of matrices discussed in the previous sections, to find 
the solution of any system of linear equations, homogeneous or 
non-homogeneous. 

It should be clearly noted that a system of n linear equations in n 
unknown variables has not always a solution, e.g. the system of 
equations 

(0 2x+3y=71 has a single solution namely x—2, y=l 

4x—5j=3J 
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(it) 2x—3y=l\ has no solution 
—4x+6y=2i 

and ( iii) 3x+2y=5 1 has an infinite number of solutions 

6x+4y=10J 

Homogeneous linear equations 

Let there be a set of m homogeneous linear equations in n vari 
ables x 2 , ^3 . 

filial. 

^21^1”t _ ^22‘*2"4’.~"f~ ^2 nX n = 0 


<W*1+<W*2+.+flm»5f» = 0 

In contracted form this set of equations may be expressed as 


a 12 ... 

a 2l a 22"" 



"*1 ~ 
* 2 

— 

1 - 

O O •• 
1_ 


... Gmn - 




Lo J 


Writing, 


~ a ll Olf- 
°21 fl 22”' 

. a \n *" 

x= 

*2 

0 = 

rO -1 

0 

• 

&m2 • 


> 

~x n J 

9 

_o _ 


where A, X, O are the matrices of orders mxn, nxl and mxt 
respectively, the given set of equations is equivalent to a single 
matrix equation 

AX=0 ... (1) 

Let us assume that r is the rank of the matrix A of order mxn. 
As regards the solution of the set of homogeneous linear equations, 
the following results can be summarised: 

I. A system of homogeneous linear equations always have one or 
more solutions. 

Since r cannot be greater than n, therefore, 
either r~n or r<n. 

In the first case the equation (/) will have no linearly independent 
solutions, for in that case trival (zero) solution is the only solution, 
while in the second case there will be (n—r) independent solutions 
and therefore the equation ( 1 ) will have more than one solution. 

II. The number of linearly independent solutions of AX—O is (n—r) 
i.e. if we assign arbitrary values to (n—r) of the variables, then the 
values of the others can be uniquely determined. 

Since the rank of A is r, it has r linearly independent columns. 
There is no loss of generality if we suppose that the first r columns to 
the left are linearly independent for, it amounts only to renaming the 
variable components of X. 
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Taking C lt C 2 .C„.C» as column vectors of A, we can 

write 

A=[Cj, C 2 ,.C r ,.CJ of order 1 xn 

so that the equation AX=0 is equivalent to 

*1 Ci+A'j C 2 4". +X' 2 Cf +. 4**n C„=0 . . . (2) 

Each of the column vectors C r +u C,-+ 2 ... t C» being linear com¬ 
bination of Cj, C 2 ,...C r , we have the relations of the form 


Cr+l = ^'u C| + k i2 C 2 +. +k lr C r 

Ct+ 2 =fci 2 Ci + At 22 C 2 +.+Af 2 r Cr 

C B ~&ii C|+Aj 2 C 2 4-.4 kir Cr 

Where l—n—r 

Now the relations (3) can be rewritten as 

kll Ci + &1 2 C 2 4-. ~¥k v Cr -1. C r +j +0. 

C r+2 +...+0. Cn — O 

fc'il Ci+^22 C 2 +.+&2r C r + 0. C r+1 ~l. 

C,+ 2 +..‘+0. C n =0 


} 


w 

k 

} 


kn Ciri-A'i.. C 2 4-.4 -ki T C r +0. C r + 1 4-0. 

Cpf 2 4-.— 1. C»=0 d 


. • • ( 3 ) 


...( 4 ) 


Comparison of (2) and (4) yields 


r Jr ^ 

K ll 

x 2 = 



f 

ki 2 


Ar 2 2 


kii 

kir 


Ji^r 


kir 

—l 


0 


0 

0 

1 

-1 


0 

. 0 . 

1 

9 ■ 

6 

9 l 

.-i - 


which are (n— r) solutions of AX=0. 

These ( n—r) solutions constitute a linearly independent set of 
solutions, for if we have 

* 1 X l 4-* 2 X 1 4- .4-fc„_,X„_=0 ... (6) 


Then a comparison of (r - 4 - l)th, (r4-2)th,.nth components on 

either side of (6) will give 

&!=(), k 2 =0 ,.. k n - r —0 


In order to show that every solution of AX=0 is some suitable 

linear combination of these (n—r) solutions X,, X.,,.. \„- t , let u» 

construct a vector 

Xt-v,+i Xi4‘vV,+ 2 X a 4-.v„ X„- f ... (7) 

Which is also a solution of AX=0, as it is the linear combina¬ 
tion of its solutions. Obviously the last (n—r) components of (7) are 

all zero. Let its first r components be y t y.,, . y,. Then the vector 

with components y lt y t , . y„ 0, 0,.0, 
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is a solution of AX=0 and hence from (2), we have 

y t Ct+y,c»+ . +y r c f =o 

But the set of vectors C a , C*.C f is linearly independent, therefore 

yi=0, >> 2 =0 .. y r =0 

which shows that (7) is a zero vector and thus 

X“ —X x —Xr+2 TCj. Xn Xn—r 

Hence every solution X is a linear combination of the n—r linearly 
independent solutions Xj, X 2 ,.X„_ r 

Note 1. In case n=r, there is only one solution x 1 =x 2 =... 
B=x n =0 and when n>r, there is a unique solution other than Xi=x s 
= . ..=x B =0, provided that the rank of the matrix of the coefficients 
of the (n—r) arbitrary chosen values is r. 

Note 2. If X!, X 2 , X 3 .Xn—r be a set of (n-r) arbitrary indepen¬ 

dent solutions of the equation AX=0, then its general solution is 

X=k 1 X l +k i X t + .+ k n . r Xn-r 

where k lt k 2 , . k n - T is a set of (n—r) arbitrary values. 

III. If the number of equations is less than the number of variables , 
then the solution is always other than 

x 1 ^x t =...=x n =0 

IV. If the number of equations is equal to the number of variables , a 
necessary and sufficient condition for solutions other than jc 1 —jc 2 —... 
=x„—0 is that the determinant of the coefficients must be zero. 

Non-Homogeneous Linear Equations 

Let there be m non-homogeneous linear equations in variables, 

Xu x . . such as 

au*i+a lg x 2 +.+a ln x„=* 1 

a 2lX\~\~ a 22.Xz~\- . ~\-0 ln X n = b2 


UfnlXi + ‘•“’•~htl m „X n — b m 

The system of given equations is equivalent to a matrix equation 


■flu 

<*21 

<*i*~ 

<*«••• 

»..0ln 

...fljn 

px" 

*2 

— 

r*. I 
*■ 


^ m2 * • 

• *n- 

—X n - 


1 


Denoting by 


'an 

a ti 

a 15l ... 

a t «... 

•• n 

X= 

x z 

and B— 

r*x -l 
b* 

Ln«i 

a m% 

• • • 

» 

-*«- 


-L- 


we have the matrix equation 
AX=B 

This equation is said to be consistent i.e. the equation possesses a 
solution if the matrices A and [A, B] are of the same rank, where 
[A, B] denotes the matrix 
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"Oil 

a*x 


a it- 

a tt- 


'—GmX &m2 . &mn J 


Here the matrix A is called Coefficient Matrix and the matrix 
{A, B] is called Augmented Matrix. 

THEOREM. The system of non-homogeneous equations AX—B 
possesses a solution if 

Rank of (A)—Rank of [A, B] 

i.e., if r and p be the ranks of the matrices A and [A, B] respectively, 
then the given equations are consistent when r —p and inconsistent when 
r< p. ; 


Supposing that C lt C 2 ,..., C„ are the column vectors of the matrix 
A, the equation AX=B .. . (1) 

is equivalent to 


[Q. C,.CJ 



( 


L*» J 


i.e., x 1 C 1 +Jf,C 2 +.+x„C„=B ... (2) 

The rank of the matrix A being r, it has r linearly independent 
columns and so there is no loss of generality if we assume that the 
first r columns form a linearly independent set such that each of the 
remaining n—r columns is a linear combination of these r columns. 

Case I. If the given set of equations is consistent, then there must 
exist n numbers say k lt k 2 , . k„ such that 

Ar 1 C 1 +fc 2 C 2 +.+&„C„=B ... (3) 

But each of the (n—r) columns C r+1 , C r+2 ,.C, being a linear 

combination of first r columns C x , C 2 .C r , it follows from (3) that 

B is also a linear combination of C x , C 2 .. C r . As such the greatest 

number of linearly independent columns of [A, B] is also r showing 
that r is also the rank of [A, Bj. Conclusively the system of equations 
AX=B is consistent if rank of (A)=rank of [A, B]. 

Conversely if the ranks of A and [A, B] are the same say r, then the 
greatest number of linearly independent'columns of [A, B] will be r. 

And since the first r columns C x , C 2 ,.C r of [A, B] form a linearly 

independent set, therefore the column B is expressible as a linear com¬ 
bination of the columns Ci, C 2 ,.C r . As such there exist r scalars 

ki, k t ! . k, such that 

*iCi+*,C.+.+fc,C r =B 

w.,*iC 1 +^C,+...+A: f C r +0-C f+1 +0-C f+ ,+...+0-C„=»B ... (4) 

Comparison of (2) and (4) leads to 

Xi = ki, Xt—kt, . x r =kff x r +i —0, Xr> 2 s 0. 

which constitute a solution of AX«B. 


X n =0 
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Hence the given system of equations is consistent if and only if the 
ranks of the coefficient matrix and the augmented matrix are the 
same. 

Case II. If rank of (A) < rank of ([A, B]), then the equations AB 
x=.-B are inconsistent as is obvious from the Case I and hence the 
given system of equations has no solution. 

Note 3. The most general solution of AX—B is 

X,+*xXi+*A+.+£»-, X„_ r =Xo+Y 

where X„ X 2 ,.X„_, is a set of (n—r) solutions of AX=0 and X„ is 

any fixed solution of AX=B, also k u k t . k n -r is any set of {n—r) 

constants. 

Here A (X 0 +Y)=AX„+AY 
=B+0—B 

So that X 0 +Y is a solution of the given equation i.e., AX=B. 
Conversely if Z be any solution of the given equations, then 
A (Z—X 0 )=AZ—AX 0 
=B-B=0 

showing that Z- X 0 is a solution of AX=0. 

If we write Z=X 0 +(Z—Xo) 

then it follows that every solution Z of AX=B may be expressed as 
the sum of a fixed solution X„ thereof and some solution Z—Xo of 
the auxiliary equation AX=0. 

Note 4. If A be a n-rowed non-singular matrix, X be an nxl 
matrix, and B be an nxl matrix, then the system of equations 
AX=B has a unique solution. 

A being n-rowed non-singular matrix and B being a matrix of order 
nxl, the ranks of both A and [A, B] will be n and so the system of 
equations AX=B is consistent i.e., possesses a solution. 

If we pre-multiply either side of AX—B by A -1 , we have 
A 1 AX=A 1 B 
or DC=A 1 B 

i.e. X-A'B 

is a solution of AX—B 

In order to show that this solution is unique, let us assume if possi¬ 
ble that X„ Xj. are two solutions of AX=B, then we have 



AXj.=B and AX 2 -B 

which follow that 

AXi=AX. 

c 

»-» 

> 

! 

M 

AX,-A- 1 AX 2 

or 

IX,=IX, 

i e,. 

X,-X ; 


which shows that the solution is unique. 
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... (0 

A |#0, then pre- 


2.13. CRAMER’S RULE 
If a matrix equation is of the form 
AX=B 

where A is a non-singular square matrix i.e., 
multiplying either side of ( 1 ) by A - ', we have 

A 1 AX=A~ 1 B 
i.e., IX=A 1 B 

or X-A^B 

A -1 being unique, these are the only solutions. 

As a particular case if we consider a set of three n 0 n-homogeneous 
linear equations <' 

U31 JCj "1” 032^2 U33X3 == b 2 | 

the system is equivalent to the matrix equation ? 



B= 


’bi 

b 2 

PJ 


we have AX=B. 

Premultiplying by A" 1 , we get as above 
X=A 1 B 

But we know that 

1 

TXT 


( 2 ) 


k-i- 


adj A 


Here 


and 


I A | = 


adj A 



where A,* etc. are the cofactors of the elements a n etc. in the deter¬ 
minant 1 A | . 

Here ( 2 ) may be expressed as 


*1 __ 1 r An A gl An b x 

x t I A 11 An A al A S | b t 
„*sj LAjs A 1S AgaJ [_o 3 _ 
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1 0*2 

*28 

—1 «i* 

0i* 

0it 

0i* 1 

1 

*38 

1 0»> 

0*» 

0** 

0** 1 

1 0*1 

**23 

1 0n 

0i» -1 an 

0ii 

1 0*1 


1 0*i 

0*3 1 

0*1 

0** 

1 0*1 

088 1 

— 1 0n 

01* | 

0u 

0i* 

1 «»1 

032 * 

1 0*i 

0** 1 

0*i 

0** J 


[ST 


b, i 

022 

023 

-b % 

0ii 

01* 


0t* 

on r 


088 

083 


0** 

0*3 


0** 

o*» 1 

*i 

021 

023 

-\-b 2 

0n 

01* 


0u 

«i* 


1 031 

033 1 

0*i 

0** 1 


0*1 

0„ 

hi l 

021 

fl 22 

~b t 

I 0n 

01* 

|+^a 

011 

01* 


031 

032 


1 031 

0** 


0*1 

0**1 J 



*12 

*13 

-*• on 

01* 

*13 

b t 

*82 

*23 

fl 21 

0*2 

*23 

b% 

fl 32 

*33 

0*1 

03* 

*33 

0n 


*13 




0*1 

b 2 

*83 




o*i 

b* 

*33 




0ii 

*12 

br 




0«i 

*22 

b 2 




0»i 

*32 

b z J 





which is equivalent to 


*i 

*12 

*22 

*32 

*13 

*23 

*83 

*11 

*21 

v —. *81 

b, 

k 

*13 

*23 

*33 


0n 

0*1 

0*i 

*12 

*22 

*32 

*i 

** 

b’d 

«u 

0i* 

Oil 

* * 0n 

01* 

fli* 

* X 2 — - 

*11 

«i* 

0i* 

0*i 

0** 

0*3 

0»i 

0*3 

0*3 


*21 

0*2 

0*3 

0»i 

0*2 

0*3 

0*1 

03* 

031 


*31 

0i* 

0*3 


This result may be extended to the general case and thus gives the 
rule given by Cramer. 

*For a given set of n non-homogeneous linear equations in n variables 

x lt x%, . x n each x t (f=l, 2. n) is a quotient, the denominator of 

which is the determinant j A | of the coefficient matrix A and the 
numerator of which is a determinant obtained from | A | by substituting 


bi "| for the ith column of 
b t I 


the column vector 


Problem 33. Solve : 2x+3y-z—0 
x—y—2z—0 
4x+y-Sz=0 

The'given system of equations is equivalent to the matrix equation 
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matrices 


or 


or 


3 -1 

’ x “ 

1 -1 -2 

y 

.4 1 - 5 . 

_ z . 

: 0 5 3 " 

’ X ' 

1 -1 -2 

y 

0 5 3 . 

.*. 

r 0 5 31 

r * 

1 -1 -2 

y 

0 0 ' oj 

l 2 J 


*0 where O* 


tn 

=0 by Ru (-2) and R n (-4) 


1=0 by jRsi (-1) 


which is equivalent to 

5 y+ 3 z =0 

x—y—2z=0 

giving x—\z, y=—i z 

which give the solution for arbitrary values of z, 
The general solution is given by 




where zs«=5 k is an arbi- 
• trary parameter. 


Problem 34. Solve 4x+2y+z+3u=0 

%X 3 /+«-0 7 “ =0 (Meerut, I960 

The given system of equations is equivalent to the matrix equation 
- - -- - =0, where 0=p'" 1 


[ 4 2 1 3lrx-|= 

6 3 4 7 V 
2 1 0 1J z J 


or 


or 


[i 

B 


1 3 1 

4 -tJ 

in 

0 oj 


x 

y 

z 
L u 


1=0 by R n (• 


-|) and R 31 (—4) 


x 

y 

z 

LhJ 


=0 by R» t (—4) and R» (t) 


which is equivalent to 

Ax+2y+z+iu=0 

z+u= 0 

. . y+u 

giving, z=—«, x=- 

The rank 


:- n 


3"l is 2 and number of unknown variables 
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Number of independent solutions =4—2=2 
If we choose u=k x and x—k t 
then, y^-2k. i -k l and 2 =*-^ 
which give an infinite numoer of non-trivial solutions. 

Problem 35. Solve x+2y+3z=0 
3x+4y+4z=0 
7x+10y+I2z=0 

The given system of equations is equivalent to the matrix equation 


1 2 
3 4 

7 10 

: 1 2 3 

0 -2 -5 
.0 -4 -9 

[1 1 OB 

which is equivalent to 


or 


or 


3l f x 1=0, where 0=f 0 " 
4 > 0 

12 z J L° J 


\ 


•x"|=0 by R u 

!] 


(-2) and R 31 (-7) 


=0 by R 2 (—i) and then R 3i (4) 


:v+2j'-r3z=0 

j+lz=0, z=0 


giving *=0, ^=0, z=0. 

Moreover the rank of the coefficient matrix 


ix f 1 2 3"li; 

3 4 4 

_7 10 12 _ 


lis 3 which 


is the number of unknown variables and hence the system has only 
zero solution. 


Problem 36. State the conditions under which a system of non-homo- 
geneous linear equations will have 

(0 no solution, (//) a unique solution, and (i/7) an infinity of solu¬ 
tions. ( Meerut, 1967 ) 

Let the system of non-homogeneous linear equations be equiva¬ 
lent to the matrix equation AX=B 

where A is of order mxn, X be of order nxl and B be of order 

mxl 


(i) The equation AX=B has no solution if 
rank of (A)# rank of ([A, B]) 

(it) The equation AX=B has a unique solution if 

rank of (A)=rank of [(A, B)]=number of unknown variables. 

In particular if A is a square matrix, then AX=B will have a 
unique solution if | A | ^0. 

(fi) The equations AX=B will have an infinite number of solutions 
if rank of (A)=rank of ([A, B])< number of unknown variables. 
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Problem 37. Solve the equations by using matrix methods : 
x+y+z=6 
x-y+z=2 

2x+y—z=l (Agra, 1970) 

The given system of equations is equivalent to the matrix equation 



which is equivalent to 


] 

by Rn (—1) and ^ (1) 


x-hy-fz=6 
—2y=—4 
3x=3 


giving x=l, y=l, z=3. 

Problem 38. Show that the equations 
x+2y—z—3 
3x—y+2z—l 
2x—2y+3z=2 
x -y+z=-l 

are consistent and solve them. 

The given system of equations is equivalent to the matrix equation 



Denoting the coefficient matrix by A and augmented matrix by C 
we have 


2 

-1-1 

» c= 

rl 

2 

-1 3-1 

-1 

2 


3 

-1 

2 1 

-2 

3 


2 

-2 

3 2 

-1 

lJ 


Li 

-1 

1-lJ 


Here fourth order minor of A vanishes but none of the third order 
of A vanishes, therefore the rank of A is 3. 


Again fourth order minor of C is 


12-13 
3-121 
2-232 
| 1 -1 1 —1 , 


4-12 3 

4-2 3 1 

4-4 5 2 

,0 0 0 -1 


by adding the 4th 


column to 1st and 3rd and subtracting 4th column form 2nd 
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S3 1 4 —1 2 by expanding along 4th row. 

4-2 3 
14 -4 5 
«=4 112 
1 2 3 
14 5 

=4 1 1 2 by subtracting 1st row from others. 

0 1 1 
0 3 3 

=4 11 by expanding along 1st column. 

3 3 

=0 

i.e„ 4th order minor of C vanishes, biSt none of 3rd order vanishes, 
as may be seen easily. So the rank of C is also 3 

rank of (A)= rank of (C) 

/.«?., rank of coefficient matrix=rank of augmented matrix. 

Hence the given system of equations is consistent. 

Now in order to solve the given system by performing jR m (—3), 
■Rsi (—2) and /?«, (— 1) on (1) we have , 



which is equivalent to 

x+2y~z=3 

—7y+5z= —8 

9 7 _ 9 0 

T Z -T~ 

giving —l,y=4, r=4. 

Problem 39. Solve by Cramer's rule the system of equations 
x+2y+3z—10 
2x-3y+z=*l 
3x+y-2z=9 


Here A= 


n 

2 

3~l, so that 

I A| - 1 

2 

3 *=52. 

2 

-3 

1 

2 

-3 

1 

L3 

1 

-2J 

3 

1 

-2 
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By Cramer’s rule x«= 


and 


Hence x=3, y=*2, z= 1. 
Aliter we have | A | = 



»u = 


Ml 


Ml 5 


-3 

1 


"I 2 

3 Ji=+7: 

1 

-2 

|=5; A*i= 

1 1 

-2 1 





A»i=| 

-1 2 

1 

=+7; A„= 

=1 1 

3 1—11; 

1 3 

-2 


1 3 

-2 | 





A,,—I 1 





12 

2 - 

3 1= 

1 

II 

ec 

M 

*< 

1 2 

1= +5; 

3 

1 1 

1 

3 1 

1 


• 11 ; 


=+<; 


A 33 =| 1 2 1—7. 


2 -3 


Thus 


A" 


_± 

A 


j A=f 5 7 11} 

7 -11 5 • 

L» 5 —7j 

i r 5 7 n l 

adjA=I 7 -11 5 

52 Lll 5 -7j 


Hence the solution of tiie given system of equation is given by 


EH 


52 

. 1 
'52 


which gives jc«=3, y—2, z—l. 


u -i m 

50+7 + 991 , fl56l 

. 70-11+45 104 , 

[l 10+4-63 J 52 L 52 J 
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2.14. CHARACTERISTIC MATRIX AND CHARACTERISTIC 
EQUATION OF A MATRIX 
Matrix polynomials. An expression of the type 

F(x)=A 0 +A 1 x+A s x i! -f...+A m x m > 

where A 0 , A x , A 2 ...A m are all square matrices of the same order, 
is known as matrix polynomial of degree m provided A,.,^0. The 
matrix polynomial is said to be n-rowed where A 0 , A 1( A 2 , ...A m are 
each of order n. 

The non-zero coefficient A,„ of the highest power of x is called the 
leading coefficient. 

The degree of the sum of two matrix polynomials cannot exceed 
the degree of either polynomial. 

The degree of the product of two matrix polynomials is less than 
or equal to the sum of the degrees of the two polynomials. 

Characteristic matrix. If A be any n-rowed matrix and I be an 
n-rowed unit matrix, then the matrix polynomial A-xI of the first 
degree is said to be the characteristic matrix of A. 

Characteristic polynomial. The determinant | A—xl | is known as 
characteristic polynomial of the matrix A. 

Characteristic equation. The equation | A—xl | =0 is said to be 
the characteristic equation of the matrix A. 

Cayley-Hamilton Theorem 

Every square matrix satisfies its own characteristic equation, 
i.e. if | A—xl | =a o +a l x-fa 2 x 2 +...-t-fl n x B -= s 0 

be the characteristic equation of a square matrix A, then 
fl oI+fliA+a 2 A 2 +... -f a„ A“=0, 

where every x has been replaced by A and so a 0 =a fl x°=a 0 A°=a 0 I. 

Adj (A—xl) is a matrix polynomial, since the adjoint of (A—xl) is 
a matrix having its elements as ordinary polynomials in x. 

By the property of adjugate polynomials, we have 

(A—xl) adj (A—xl)=- | (A—xl) | I ... (1) 

The relation (1) stands between three matrix polynomials namely 
(A—xl), adj (A—xl) and | A—xl | I of which the last one is a scalar 
matrix polynomial. The relation (1) also shows that (A—xl) is a left 
factor of the scalar polynomial | A—xl | , so that its left functional 
value is O for x=A. Thus 

| A—xl | I=0=(flo+fliX+flaX J +.-.+a»x*)I 
*=a 0 I+a 1 lx+a i lx i +...+ajx*. 

For x=A, it gives a 0 l+a 1 A+a 2 A 2 +...+a„A , »‘==O. 

Aliter. Since | adj C | = | C | n_1 , we may suppose that 
adj (A-xI)~B 0 +B 1 x+B 2 x a +... +B,- 1 x- 1 , 
then (A—xl) adj (A—xl)=- | (A—xl | 1 gives 
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(A~ *1) (B 0 +Bj.x+ B 2 x 2 +... +B„_ 1 x b_1 ) 

—(a 0 +a 1 x+a i x i + ...+a n x n ) I 
•v =A 0 l+fl x Ix+fl 2 1x 2 4-...+a ,, Ix n . 
Comparing the coefficients of like powers of x, 

AB(|—iijl 
ABi Bo ™ a X I, 

ABj—Bj—fljlj 


B n _j—Ool* 

Pre-multiplying these by I, A, A 2 ,...A" in order and adding, 
we get a 0 I-f a x A+a 2 A 2 + a„ A"=0. 


... ( 1 ) 
Obvious that when 

I- 


corollary. Cayley-Hamilton equation is 
o 0 I-f a x A+a a A 2 +... + a n A n =O 

In characteristic polynomial | A—xl | it is 
n—0, a 0 = | A i ^0. 

Thus premultiplying (1), by A -1 , we get > 

A- 1 - a - 1 1- — A--— A 2 —...—— A” -1 . 

Q 0 00 00 

Note. The right and left functional values of an n-rowed matrix 
polynomial G(x) for any n-rowed matrix C are defined as 
G,(C)=A 0 +A x C+A 2 C 2 +...+A k C*, 

G r (C)=A 0 +CA X +C 2 A 2 +... +C*A k , 
when G(x)=A 0 +A x x+A 2 x 2 +... + A k x*. 

If G r (C)=0, then C—xl is called a right factor of G(x) and con¬ 
versely and if 01(0=0, then C—xl is called left factor of G(x) and 
conversely. 

Problem 40. Find the characteristic equation of the matrix 


H 2 31 
2-14 
3 11 


and verify Cayley-Hamilton theorem for it. 


Since 

A 

=r 

1 

2 

3" 








2 - 

1 

4 








3 

1 

1_ 





.’. A-xI=ri 

2 

3“ 

—X 

’1 

0 

01 

= 

'1 

—X 

2 

-1 

4 


0 

1 

0 



2 

L3 

1 

1 


_0 

0 

1. 



3 

so that | A—xl 

I- 

1- 

-x 


2 


3 

1 

SB —, 



2 


-1 

— X 


4 

! 




3 



1 

1 

—, 

x! 



2 

-1—x 

1 


i] 

. l-x J 


Hence the characteristic equatian is 

—x*+x 2 -H8x-f30=0. 
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Now in order to verify Cayley-Hamilton’s theorem, we have to show 
that 30I+18A+A* A*—O. »• • (1) 


Here 


i=n o oi A-ri 2 jr 

0 10 2-14 

0 0 1J, |_3 1 U. 


A 2 =f 


and 


A S =A 2 A=| 


so that 30I+18A+A 2 —A 3 
*=30 


IP 

2 

3" 

2 

-1 

4 

L 3 

1 

1. 

in 

2 

3' 

2 

-1 

4 

L 3 

1 

1 


14 

12 

8 


3 
9 
6 

'62 39 68' 
48 21 78 
62 24 62 


a 


i 


’1 0 01 +18 n 2 3l+fl4 
0 10 2-14 12 

0 0 1 L 3 2 lj 


3 

9 

6 


-r62 39 68 
48 21 78 
62 24 62 



3 


=f30+18 + 14- 
0+36+12- 
0+54+ 8- 


-62 

-48 

-62 


0+36+3-39 

30-18+9-21 

0+12+6-24 


0+54+14 
0+72+ 6 
30+18+14 



*ro o o 
'o 0 0 
0 0 0, 
Hence Cay 


=o. 


ey-Hamilton theorem is verified. 


2.15. SUB-SPACES AND NULL SPACES 

Sub-space of an n-vector V„. A set S of vectors of V» is said to be a 
sub-space of V„ if it is closed with regard to the operations of addition 

—► -> 

and scalar multiplication, i.e., is J£ lt ho any two members of S, then 
—> —> —> —> 

5i+ 5 2 is also a member of S and when i be any member of S, kX, is 
also a member of S, k being a scalar. 

Every sub-space of V„, being the scalar product of any vector with 
the scalar zero, contains the zero vector. 

Any sub-space arising as a set of all linear combinataions of any 
given set of vectors, is said to be spanned by the given set of vectors. 

A set of vectors is called the Basis of a sub-space if the sub-spaoe is 
spanned by the set provided the set is lineary independent. 

—► —> -+ —► 

For example if Z u 5 2 , 5 a> ... £„ be a set of vectors defined as 

5i«[l 0 0...0], 52=[0 l 0...0],.X=[0 0 0...0 1J, 
then this set is a basis of the vector space V„ if 

—> 

* r “1“ • • • 4“'&«5» *= 0, 

which is satisfied, when ^=*0, Ar*=-0, £,=0,..., £,=0, so that the set is 
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linearly independent and that any vector Z.=*[a u a 2 ,...a n ] of V„ may 
—> -> —► —> 

be expressed as +a £ t +... +a„5*. 

Dimension of a sub-space. The number of vectors in any basis of a 
sub-space is said to be the dimension of the sub-space, e.g. dimension 
of V„ is n. 

If we have a matrix A of order mxn, then each of the m rows of 
A consisting of n elements is an n-vector and each of the n columns, 
consisting of m elements is elements is an m-vector., 

The row space of A is one which is spanned by the rn -rows which is 
a sub-space of V„ and the column space of A is the space spanned by 
the /i-columns which is sub-space of V TO . 

The dimensions of row and column spaces are respectively known 
as row rank and column rank of the matrix. 5 

Premultiplication by a non-singular matrix does nbt alter the row 
rank of a matrix. : 

The row rank of a matrix is the same as its rank, 

The column rank of a matrix is the same as its rank. 


Null space and nullity of a matrix. The sub-space generated by the 
vectors X, such that AX=0 is said to be the column null space of 
matrix A of order mxn and rank r and its dimension n—r is said to 
be the column nullity of matrix A, i.e., 

rank of A-f column nullity of A=number of columns in the 

matrix A. 

Similarly the sub-space of the solution of YA=0 is said to be the 
row null space and its dimension m—r is said to be the row nullity of 
the matrix A, i.e., 

rank of A-f row nullity of A=number of rows in A. 

In case of a square matrix the row nullity and the column nullity are 
equal. Thus if p(A) denotes the rank of A, v(A) the nullity of square 
matrix A and n the number of rows of columns of A, then 
p(A)+v(A)=n. 

Sylvester’s theorem i.e.. Law of nullity. 

If A and B be two n~rowed square matrices, then , 

max. {v(A), v(B)Kv(AB)<v(A)+v(B), 
where v(A), v(B), v(AB) stand for the nullities of A, B and AB. 

If p(A), p(B), p(AB) denote the ranks of the matrices A, B, AB, 
then we have 


p(A)=«—v(A) *) 
p(B)=»—v(B) > 
p(AB)=n—v(AB)J 

Now we know that corresponding to the matrix A of rank p(A) 
(say), there exist non-singular matrices P and Q such that 


( 1 ) 
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PAQ=ri, on. (2) 

Lo oJ 

[Note. Here if A be an w x n matrix, then P and Q are mxm and 
nxn matrices respectively and then the form (2) is said to be normal 
form of A while every non-zero matrix of rank r can be reduced to 
the normal form by a sequence of elementary transformations.] 
Premultiplying by P -1 and postmultiplying by Q -1 , (2) gives 

A=P~ 1 [X Ol Q -1 . ... (3) 

LO OJ 


Consider another matrix C given by 

_ C=P~ 1 TO O IQ- 1 , ... (4) 

Lo o„_ r J 

so that A+C=P~ 1 fl r O 1 Q-I=p-1Q-1. 

Lo o_J 

It follows that A+C is a non-singular matrix. 

Now p(C)=n—p(A) 

and P(A+C)=n. 

But A and C being non-singular, we have 
P{(A+C) B}= P (B), 

i.e ., ?(B)=p(AB+CB) 

<p(AB)+p(CB). ... (5) 

Also p(CBKp(C)=/i-p(A). ... (6) 

Thus (5) and (6) yield 

p(B)<p(AB)+«-p(A) 
or p(AB)>p(A)+p(B)-n, 

i.e., if A, B be two n-rowed square matrices, then 

p(A)+p(B)-n<p(ABKmin. f P (A), p(B)] 
or n—v(A)+n—v(B)—«<«—v(AB)<min. {«—v(A), n—v(B)} from (I) 
or v(A)+v(B)>v(AB)>max. {v(A), v(B)}. 


This proves the theorem. 0 

Problem 41. Find the basis of the row and column null spaces of the 


matrix 


ix 1 1 

1 -1 
, 3 1 


Pot the column null space, let us consider the matrix equation 



or p 1 —1 fl-x -1 on subtracting the first row from 

JO —2 3 —2 | y _q 2nd and 3 times the first row from 

LO 0 0 OJ z 3rd and then subtracting the new 

Lw J second row from the third new 
row in the first matrix. 
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This is equivalent to 


*+y—Z+W=0, 

—2y+3z—2»v=0, 
which yield y—?z~w, x= —\z, 
so that the general solution of (1) is 



where z and w may be trea¬ 
ted as two parameters. 


Hence the two solutions 

r—in 

9 

r <h 


» 

S 


-i 


1 


0 


L oJ 


L lJ 


constitute the basis of the 


column null space of the given matrix whose nullity thus is 2 (two). 


Now for the row null space, let us consider the matrix equation 


[xyz] f 1 


1 - 

-1 

1 

— 

-1 

2 

L3 


1 

0 

or [xyz] f 

’1 

0 

0 


1 

-2 

3 

1 

3 

-2 

3 


n-o | • • • (« 


01=0 on substracting the first column 
—2 I from 2nd and fourth and adding it 
—2j to the third column in the second 
matrix. 


or [xyz] fl 0 0 01=0 on adding { times the second column 

1 —2 0 0 to the third and subtracting the 

I 3 —2 0 OJ second column from the fourth, 

which is equivalent to 

jt+y-l-3r=U, 

—2y—2z=0, 

giving y=—z, x= —2z, 

so that the general solution of (2) is 

fx y z]=[—2z, —z,z]=z[—2, —1, 1], 
where z may be treated as a parameter. 

Hence the solution [—2, —1, 1] constitutes the basis of the row 
null space of the given matrix whose row nullity is thus 1 (one). 

The required basis of the row and null spaces of the given matrix 
are respectively 

[-2 -1 





1 

-1 

1 


-1 


2 

0 



=o 


and 
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2.16. TRANSFORMATIONS 

n 

Linear forms. An expression of the form 2 a^Xj said to be linear 

7 = 1 

form of the variable .r,. 

Transformation. If an be the given constants and x } the variables 
then the set of equations 


X,= 2 a u x, (for /= 1, 2 ...n), ... (1) 

7=1 

is called a linear transformation connecting the variables x f and the 
variables X t . 

'fl n a u .a lB "| is said to be the 

a 21 a 22 . a 2 n 


The square matrix A=y = 


matrix of transformations. 

The determinant of the matrix 


*n\ u n2* 




a |=k»„|=* 

a u 

fl 12 • 



a n 

#22*•• 

• • a 2 n 




... M nn 


is said to be the determinant or the modulus of the transformation . 

For the sake of convenience and brevity (1) is written as 

X=Ax, ... (2) 

when | A !=0, the transformation is called singular and when 
| A 1^0, the transformation is said to be non-singular. 

In case of non-singular matrix the transformation may be expressed 
as x=A~*X (on premultipl)ing (2) by A” 1 ). 

In particular the linear transformation 


Xi — Xj, X2 — X%% • • •Xn— 


whose matrix is 


r 0 0 
0 1 


0 

0 


=1 is said to be the identical trans- 


LO 0 0 0J 


formation and its determinant is unity. 

Resultant of two linear transformations. If the two successive 
transformations be Y==PX and Z==QY, then the resultant transfor¬ 
mation is determined by Z=QPX which shows that the matrix of 
the resultant of two linear transformations, is the product of the 
matrices of the transformation, due regard being paid to the order 
of multiplication. 

Evidently the rank of the product of two matrices cannot exceed 
the rank of either factor and if a matrix of rank r is multiplied (in 
alsor^ ^ a rion ~ sinsu,ar rmtrix > the rank of the product is 
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Orthogonal transformation. Any transformation x—AX that 
transforms 2x 2 into 2X 2 is said to be an orthogonal transformation 
and the matrix A is known as orthogonal matrix. 


and its transpose 


*11 

^ 12 *•• 

• •Mm 

^21 

« 22 -* 

... fl 2 n 

a n\ 

# n 2 ‘* 

• *M nn 

<*11 



« 1 * 

* 22 ” 

. . M n2 


then A A'=1 which is the necessary and sufficient 

condition for a square matrix X to be 

orthogonal, 

since if x r = a rl Xj + a r + • • •+ <*r»|f»> 

then 2 X r s = 2 x r 2 = 2 (a rl X 1 +a r ,X e +...a fn X if gives 
r=l r==l r=l * 




for i=l, 2...n,j‘=l, 2. ...n and i¥=J- 
Now AA'=I gives I A | | A' 1=1, 

where | A |=|A' I as interchange of rows and columns does not alter 
the value of the determinant. 

1 A |*=1, i.e., | A | = ±1. 

Evidently the product of ttwo f t^orthS 

orthogonal transformation. For if x AX and X 
gonal transformations then AA'=I, BB =1. 

\ [AB] [AB]'=ABB'A' by the law of reversal transpose 

* ==AIA' 

=AA'—I. 

Orthonormal Set. A set of vectors is paid to be an orthonormal set 
of vectors if 

(0 each vector of the set is a normal vector 
(it) any two vectors of the set are orthogonal 

Wh J a compter n-vector X is said.Jo be orthogonal .o another 
complex n-vectory if (X, Y)=0 t.e., if X Y • ...vectors 

„ T r« ■rr s x.x°” p — 

to to*othe* wot* using the Kroneeler delta eymbol t„-0 W 
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a set S’ of complex n-vectors Xi, X s ,.X* is termed as an ortho- 

normal set if (X<, Xy)=6<j, I—1, 2,...k,j+l, 2,...k. 

THEOREM 1. Every orthonormal set of vectors is linearly in 
dependent. 

Suppose that the vectors Xi, X*,...X* form an orthonormal set of 
vectors. 

Thus (0 X< is a normal vector for every i i.e. X 4 *X*=I 

(//) X„ X, are orthogonal vectors for every ij such that i&j 

i.e., Xi*X ,=0 for every i and j, i^j 
Consider a relation o x X 1 +o 2 X 2 +..-+a* Xk=0 ... (1) 

where a x a 2 ,...a i are scalars. 

Premultiplying (1) by X x * and applying above condition (1) and 
(ii), we find a x 1=0 or a,=0 as I?&0. 

Similarly premultiplying (1) by X 2 ®, Xj®,.successively, we 

may get a 2 =0, a*=0., a k — 0. 

As such all the scalars a u a . a k being zero, the relation (1) 

follows that X a , X 2 ,. X k form an orthonormal set of linearly 

independent vectors. 

THEOREM 2. Show ihat a real matrix is Unitary if and only if it 
is orthogonal. 

If A is a real matrix, then A®=A' 

V A is unitary if A®A=1 or if A'A=I i.e., A is orthogonal. 
Conversely if A is orthogonal then A'A=I 
i.e., A®A=I, i.e. A is unitary. 

2.17. HERMITIAN FORMS 

n n 

Any expression of the forms 2 2 a i} x,X'Xj 

j~i /=; 

where is said to be a Hermitian form in n-variables. 

n n 

It is easy to see that 2 2 a iS x } x } —X'AX where A —[a tj ] 

/-2 /=/ 

=X®AX 

Where X is a Column vector with components x lt x t , x,, . x n and 

X* is a row vector with components * x , . .Also the matrix 

A is Hermitian as 

THEOREM 3. A Hermitian form assumes only real values. 

We have (X»AX)=X*AX, 

where X*AX being a single element matrix coincides with its 
transpose. 

.*. X®AX=(X®AX)'-=(X®AXV 
=(X 7 A X)', V x*=x 

-(SF A' (X')'=X«AX, V (X)'»X*, A'=A and (X')'-X 
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so that (X*AX)=X*AX, 

i.e., X*AX coincides with its conjugate and therefore it is real. 

Linear Transformation of a Hermitian form. Consider a Hermitian 
form X e AX. 

Any non-singular linear transformation say X=PY, i.e., X*=Y*P* 
gives 

X 9 AX=Y 9 P 9 APY=Y 9 B Y (say) 
where B=P # AP is the matrix of the transformation. 

Now B 9 =(P 9 AP) 9 =P 9 A* (P»)» 

=P*AP~B, ; 

i.e., B is also Hermitian if A is Hermitian, singe for a Hermitian 
matrix A e =A 

2.18. CHARACTERISTIC ROOTS AND VECTORS OF A MATRIX 
(EIGEN VALUES AND EIGEN VECTORS) 

A non-zero vector X is called a characteristic vector of a matrix A, 
if there is a number A such that AX=AX. 

Here A is called a characteristic root of A corresponding to the 
characteristic vector X and vice versa. 

Characteristic roots are often known as Proper, Latent or Eigen 
values and characteristic vectors are known as Proper, Latent or Eigen 
vectors or in variant vectors. 

We have AX=AX=AIX, I being a unit matrix 
°r (A—AI) X=0. 

Since X=£0, the matrix (A—AI) is singular, so that 

| (A—AI) |=0. 

which follows that every characteristic root A of a matrix A is a root 
of its characteristic equation | A—AI |=0. 

Conversely if A be a root of the characteristic equation | A—AI J 
=0, then the matrix equation (A—AI) X=0 possesses anon-trivial 
he., non-zero solution for X, so that there exists a vector X#0 such 
that AX=AIX=AX. 

. It follows that evey root of the characteristic equation of a matrix 
is a characteristic root of the matrix. 

Thus if A=[a 4J ] be an w-rowed square matrix and A an indeter¬ 
minate, then the characteristic equation 

! A— AI |=0 gives o u —A a tl a ls . a ln -O 

a »l a it —^ c 33 . a tn 

a )i a 33 —A. a tn 


®»i s«i .—AI ... (1) 

which is an ordinary polynomial in A of degree n and hence will give 
n values of A on simplification. These n values of A are it eigen values 
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of this equation. To every eigen value there corresponds an eigen 
vector. 

As an illustrative example if 



then its charactristic equation | A—XI |=0 is 

1-X 1 3 -0 

5 2-X 6 

-2 -1 —3—X 

which yields on expansion X 3 =0 
giving X 1 =0=X 2 =X 3 i.e., all the three eigen roots are zero. 

Nature of the eigen values and eigen vectors of special types of 
matrices. 

THEOREM. 1 The eigen values of a Hermitian matrix are all real. 

(Rohilkhand, 1977,'Agra, 1970; Vikram, 1969) 

Let X be an eigen value of a Hermitian matrix A. Then by 
definition there exists a vectos X^O, such that 

AX=XX. 

Premultiplying by X* we get 
P e AX=X*XX 

=XX»X=XX»IX ... (1) 

so that •■•(?) 

Also by §2.17, we have X»AX=X»AX, 

so that X*AX is a real number and therefore in particular X*IX is 
also a real number. 

Hence from (2) it follows that X is a real number, i.e., all the eigen 
values of a Hermitian matrix are real. 

THEOREM 2. The eigen values of a skew-Hermitian matrix are 
purely imaginary or zero. 

If A be a skew-Hermitian matrix and AX=XX, then 

m x=(/x) x. 

But rA is Hermitian and therefore its eigen values /X are real. It 
follows that X is either zero or purely imaginary number. 

Note. In this case X*AX=—X*AX. 

THEOREM 3. The modulus of each eigen value of a unitary matrix 
is unity, i.e., the eigen values of a unitary form have the absolute 
value 1. 
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Let U be the unitary matrix, A an eigen value of U and X a 
corresponding eigen vector; then 

UX=AX. ... (1) 

Taking conjugate transpose of either side, we get 

X®U®=AX®. ... (2) 

Post-multiplying (2) by (1), we get 

X B U e UX=AAX«X, 

A being complex conjugate of A 
or X®X=AAX®X as U*U=I, U being unitary 

or (1—AA)X®X=0. 

Since X=£0, therefore X®X#0 and hence 

1— AA=0, i.e., AA=| A| 2 =l, 
i.e., the modulus of A is unity. i 

Note. The above three theorems when particularised, give that 
(i) the eigen values of a symmetric matrix are real,; 

(n) the eigen values of a skew-symmetric matrix are zero or purely 
imaginary, and 

(iii) the eigen values of an orthogonal matrix have the absolute 
unity and are real, or complex conjugate in pairs. 

Thus taking A as an eigen value of the matrix A and X the corres¬ 
ponding eigen vector, we have 

AX=AX, 

A 2 X=AAX=A 2 X, 

a s x=aa 2 x=a 3 x. 


Therefore 


[A B —I, uA" -1 4-1(2)A" -2 1 ) n I (n ,I] X 

=[A"—la,A- 1 +I (2) A»- 2 —1)" I (n) ] X, ... (1) 

since A°“I. 


If the characteristic equation be taken as 
I A-AI |=(—1)“ [A"-I (1) A»- 1 +I (J) A n - 2 +...+(-l) B 5<«)1=0, 
then (1) reduces to 

A»-I (1) A"- 1 +I (2) A b - 2 -...+(-1) b I(„,I=0, ... (2) 

which is Cayley-Hamilton Theorem. 

THEOREM 4. Every matrix equation satisfies its own characteristic 
equation. (Cayley-Hamilton Theorem). 

It is easy to show that the theorem that every square matrix 
satisfies its own characteristic equation also holds for singular 
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matrices as well as for matrices that have repeated eigen values. Its 
proof has already been given in §2.14. 

If A is non-singular matrix, then multiplying the result (2) above 
by A -1 , we get 

A - i _ lzil^!^[A n_1 —I, n A” -2 -f I( 2 jA n " 3 —...+(—1)" I(n-i)]> 

1 <»> 

which gives a method of finding the inverse of a matrix. 

THEOREM 5. Any two given vectors corresponding to two distinct 
eigen values of a Hermitian matrix are orthogonal. 

Let Xj and X 2 be two eigen vectors corresponding to two distinct 
eigen values X„ X 2 of a Hermitian matrix A; then 

AX^X.Xj, ... (1) 

AX 2 =X 2 X 2 , ... (2) 

where from theorem (1) the numbers A lf X 2 are real. 

Premultiplying (1) and (2) by X 2 9 and Xj® respectively 

X 2 ®AX 1 =X,X 2 ®X 1 , ... (3) 

X 1 ®AX 2 =X 2 X 1 ®X 2 , ... (4) 

But (X 2 ®AX,)®=X 1 ®AX 2 , 

V for a Hermitian matrix A®=A and also (X 2 ®)®=X 2 . 
therefore we have from (3) and (4), 

(X 1 X 2 ®X 1 )®=X 2 X 1 ®X 2 
or X 1 X 1 ®X 2 =X 2 X 1 ®X 2 

or (X 2 -X 2 ) X 1 e X 2 =0. 

Since X 2 ^0, otherwise the roots wili not be distinct, therefoie 
the only possibility is that Xi®X 2 =0. 

It follows that Xj, X 2 are orthogonal. 

corollary. Any two eigen vectors corresponding to two distinct 
eigen values of a real symmetric matrix are orthogonal. ( Agra , 1974) 

THEOREM 6. Any two eigen vectors corresponding to two distinct 
eigen values of a unitary matrix are orthogonal. 

Let Xi, X 2 be two eigen vectors corresponding to two distinct eigen 


values Xj, X 2 of unitary matrix U; then 

UX,=X lXl , ... (1) 

UX 2 =X 2 X 2 . ... (2) 

Taking conjugate transpose of (2), we get 

X 2 *U*=X 2 X 2 ® ... (3) 

From (1) and (3), we find 

X 2 ®U®UX 1 =X 2 X 1 X 2 ®X 1 

or X^Xi^XjX/Xj since U*U=I 

or (1-W X a ®X!=0. ... (4) 


But U being a unitary matrix, the modulus of each of Its eigen 
values is unity, i.e., X 2 X 2 =1. 
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So that (1 — AgX^rrsA ^—\ (X 2 —X t )^0 ... (5) 

From (4) and (5) it follows that X 2 e Xi=0 i.e. f X t and X 2 arc 
orthogonal. 

THEOREM 7. The eigen vectors corresponding to distinct charac¬ 
teristic roots of a matrix are linearly independent 

Assuming that X t * X 2 ,., X m are eigen vectors of a matrix A 

corresponding to distinct eigen valves A ls X 2 ,.. X n such that 

AXi-hi X, /=1, 2.m, we have to show that Xi, X 2 .X« are 

linearly independent. 

Suppose that X,, X 2 .X, n are not linearly independent but they 

are linearly dependent, then we can choose r such mat l<r<m and 

X u * 2 *. X T are linearly independent, but Xi, X>.X r »X r +i are 

linearly dependent so that there exist scalars a i9 a 2 > .tfr+i not all 

zero, satisfying 

a 1 Xi+a 2 X 2 +.+ u r+1 X r +i=0 ... (i> 

or A X, ^2 Xt “I - .u r +j Xr+i)~AO * 

or Oi AXi+a a AX 2 “f - . a.Ti AXp+i“0 

or (Aj Xi) @2 (A 2 X 2 ) + . Q-r+i (A r +i Xp+jl^O - • ■ (2) 

Multiplying (1) again by A r+1 and subtracting from (2), we find, 

(X A —X r+1 ) X,+a 2 (X.,—A r+ i) X 2 +.+ a f (A,~A m ) Xr=0 

...(3) 

But Xj, X 2 .X, are linearly independent by hypothesis and 

Aj, A 2 ,.A r+1 are distinct, it therefore follows from (3) that 

a 1 =0=a 2 =. =a r 

and then (1) gives a r+l X r+1 =0 

So that a r+1 =0 as X, +j ^O 

Hence a,=0=a 2 =. =a r —a r+1 

which contradicts the assumption that a u a t , .a m are not all zero. 

It follows from this contradiction that our initial assumption is 

wrong and the only possibility is that Xi, X 2 ,. Xm are linearly 

independent. 

THEOREM 8. The minimal polynomial of a matrix is a divisor of 
the characteristic polynomial of that matrix. 

If f{x) be the characteristic polynomial of a matrix A, then by 
Cayley-Hamilton theorem,/(A)=0 so that f(x) annihilates A. Thus if 
m (x) is the minimal polynomial of A, then m(x) is divisor of f(x) by 
§2.9 [19]. 

THEOREM 9. Every root of the minimal equation of a matrix is 
also a characteristic root of that matrix. 

If/(x) be the characteristic polynomial of a matrix A and m{x) be 
its minimal polynomial, then by preceding theorem m(x) is a divisor 
°f/(x) and so there exists a polynomial q(x) such that 

f(x)=m(x) q(x) 

If A be a root of m(x)=0, then m(A)=0 


( 1 ) 

( 2 ) 
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Putting x=A in (1) we get,/(A)=m(A) ?(A)=0 by (2) 
which follows that A is also a root of/(x)=0 
Hence A is also a characteristic root of A. 

THEOREM 10. The characteristic polynomial and hence the eigen 
values of similar matrices are-the same. Also ifX be an eigen vector of 
A corresponding to the eigen value A, then P -x X is an eigen vector of 
B corresponding to the eigen value A where B=P“ 1 AP. 

Let A and B be two similar matrices. Then there exists an invertible 
matrix P such that 

B=P" 1 AP. 

Consider B—A I^P -1 AP—A I 

=P~ X AP—P- x (AI) P V P x (AI) P=A P- 1 P=AI 
=P X (A—AI) P 

| B—AI |=i P-M • I A—AI | . | P | 

=| P -1 11P 1.1 A—AI | V scalar quantities commute 
=1 P" 1 P i • I A—AI | / | CD |==| C | | D | 

=1 A—AI | V | P~ X P | = | I |=1 

which follows that A and B have same characteristic polynomial and 
so they have the same eigen values. 

For the second part, taking A as one of the eigen values of A and 
X corresponding eigen vector, we have AX=AX ... (1) 

/. B (P- X X)=(P 1 AP) P 1 X=P 4 AX V PP X =I etc. 

=P- X (AX) by (1) 

=A (P- x X) 

which follows that P~ x X is an eigen vector of B corresponding to its 
eigen value A. 

corollary. If X is similar to a diagonal matrix D then diagonal 
elements of D are the eigen values of A; 

Since D has its diagonal elements as its eigen values and D is similar 
to A it therefore follows that diagonal element of D are eigen values 
of A. 

Problem 42 If X is a characteristic vector of a matrix A correspond¬ 
ing to eigen value A, then show that k X, k being a non-zero scalar, 
is also an eigen vector of A corresponding to A. 

As given, X^O, and AX=AX ... (1) 

AHO and Xv^O give k X^O 
Now, A (k X)—k (AX)=A AX by (1) 

-A (k X) 

which follows that A X is an eigen vector of A corresponding to the 

eigen value A. 

Problem 43. If X is an eigen vector of a matrix A, then prove that X 
cannot correspond to more than one characteristic values of A. 
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If possible let us suppose that X is an eigen vector corresponding 
i two eigen values A x , A 2 of A. Then, we have 
AX=A x X and AX=A 2 X 
These give, A x X=A 2 X i.e., (A x —\) X=0 
.*. as X^O. 

i.e, Aj and A 2 cannot be different. 

Problem 44. Determine the eigen values and eigen vectors of the 
matrix A=f5 4~\ 

U 21 

The characteristic equation of A is given by | A—A'11 =0 i.e., 

I 5—A 4 =0 i.e., A 2 -7A+6=0 or | A-l) (A-6)=0 

I 1 2—A f 

A t = 1, A s =6 are the eigen values of A. ] 

Now the eigen vector X! of A corresponding to the eigen value Aj=l 
is given by the non-zero solutions of the equation (A 1-11) Xi=0 

([? ru'?])[;;]=« msi-ra 

The coefficient matrix here is of rank 1 and therefore these 
equations have 2 — 1 i.e., 1 linear independent solution. 

These are equivalent to 

4x 1 +4x 2 =0 and Xi+x 2 =0 
which yield, x t = — x t 

If we take x x =l, then x 2 = — 1 so that the eigen vector of A 
Xi—J~ 1J corresponding to the eigen value 1. 

In fact every non-zero multiple of the vector X x is an eigen vector of 
A corresponding to the eigen value 1. 

Again the eigen vector X of A corresponding to the eigen value \—6 
is given by the non-zero solution of the equation (A—61) X»=0 

[-i_a im°o] 

Here also the coefficient matrix being of rank 1, these equations 
have 2—1 i.e., 1 linear independent solution. 

They are equivalent to 

—x 1 +4x l =0 and x x —4 x 2 =0 
which are the same and satisfied by x x =4, jt 2 =l 

4 j is art eigen vector of A corresponding to the eigen 

value 6. In general it may be represented by CX* i.e., C [41, where C 


is any non-zero scalar. 
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Problem 45. Determine the eigen values and eigen vectors of the 
matrix 

A==H 1 41 

10 2 0 

L 0 0 5_ 

The characteristic equation of A is I A—XI |=0 i.e., 

3—A 1 4 =0 ..e., (A—2) (X—3) (A—5)= 

0 2—A 0 A l =2, A,=3, A,=5 

0 0 5—A 


which are the eigen values of A. 

Te determine eigen vectors let us consider the eigen values one 
by one. 

(0 When \~2 the eigen vector X x is given by (A—21) X x =0 


ri 1 

41 

r*r 

= 

roq 

0 0 

6 



0 

0 0 

3 

UJ 


0 


The rank of coefficient matrix being 2, the equation will have only 
3—2 i.e., 1 linearly independent solution. 

These are equivalent to *i+*2+4x 3 =0 


6X3=0 

3x s =0 

The last two give x 3 =0 and then first one gives x 1 +x J = 
Take x x =l, then x«= — 1 and x 3 =0. 


= 0 . 


Hence 


X x =C x 


qc, 

-1 

oj, 


being a scalar 


(ii) When A 2 =3, the eigen vector X 2 is given by (A—3I)X 2 =0 



which are equivalent to x 2 +4x 3 =0 


—x i +6x 3 ==0 

2x 3 =0 

giving x a =0, x 2 =0 and x x is arbitrary say Xi=l, then 


X*=C 2 


C 2 being a scalai 



(id) When A g =5, the eigen vector X 3 is given by (A—51) X 3 =0 


r -2 1 41 


ass 

roq 

0-3 6 

x. 


0 

_ 0 0 0 



0 . 


which are equivalent to —2x 1 +x*-Mx*=0 

—3x 2 +6x,=0 
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giving x t =s2x 8 =-ytfj /.e.2*! =3x t * =6x 

Take x»=*l, so that x,=2 and xi=3 
Hence X 3 =C 8 f3"| C» being a scalar. 


Problem 46. Show that the eigen values of a diagonal matrix are 
given by its diagonal elements. 


Let D=diag [a u , 

ra„ 0 

0 a tt 

Its characteristic equation is 

Lei 0 



| D -AI | =0 i.e. a u -A 0. .0} 

0 . 0 j 

0 .0.V.'.'.'.'.'.'.'aL-A 

i.e. (flj! A) (a M — A)...(a nn —A)=0 

giving A= a n , a i2 ,...a nn which are eigen values of D and these are 
clearly the diagonal elements of D. 

Problem 47. Prove that any square matrix A and its transpose A' 
have the same eigen values. 

IfA=K] 

mXm then A'=[a (3 ] mXm 
The characteristic equations of A and A' are 
I A-1A | =0 and | A'-AI | =0 

ie. a u —h a 12 =0 and a n — A a 2l . a ml 

u n ~ A .<*is ^22 A. a ml 


° nl *if» -a mm 

both the determinants have the same values as interchange of rows 
and columns does not alter the value of the determinant. 

| A-AI | = | A'-AI | =0 

which follows that characteristic equations of A and A' are the «««»» 
and hence they have the same eigen values. 

Problem 48. If A be a non-singular matrix then prove that the eigen 
values of A -1 are the reciprocals of the eigen values of A. 

If A be an eigen value of A and X the corresponding eigen vector, 
then we have 

AX=AX ...(1) 

Pre-multiplying both sides by A -1 and using A _1 A=I and IX—X. 
we get 

X=*A -1 (AX)«=A(A -1 X) or A~ 1 X= -y X which in view of (1) 
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A, so that —is 
k 


follows that y- is an eigen value of A -1 and X is the corresponding 

eigen vector. ( 

Conversely if k is an eigen value of A -1 , then A being non singular 

gives its inverse A -1 to be non-singular and (A -1 ) -1 

an eigen value of A. 

As such each eigen value of A -1 is equal to the reciprocal of some 
eigen value of A. 

Problem 49. If A. is a square matrix of order n and has 
as its eigen values then show that eigen values of k A will be k\, 

.../fcA b» k being a non-zero scalar. 

If A—[a u ] nXn then its characteristic equation is 
i.e. (A—Ai) (A—A 2 )...(A—A„)=0 

The characteristic equation of A: A is | kA— AI 


| A—AI | 
=0 


•(I) 


i.e. 


or 


ka n — A ka u . ka ln 

ka n ka 22 —'h ...,ka 2n 


ka n , 

X 

ka n2 .... 

. 


0n- 

~k y 

a n ... 

A 


021 


a 22~~ 

k ' 



=0 


=0 


“»i 


«■*• 


Mnn k 


or 


A~yl | =0 


l e - (j (y-A 2 ).( J - x »)=° by 0) on putting-^for 

Hence the eigen values of kA are k\, k\,...kh n . 

Problem 50. If eigen values of A are A,,...A n then prove tl 
those of A* will be A^, A 2 2 ,... A„*. 

If X be the eigen vector of A corresponding to a eigen value A ol 
then 


AX=-AX 

or A(AX)=A(AX) 

or A s X=A(AX)=A(AX) by (1) 

or A 2 X=A*X 

which' follows that A 2 is the eigen value of A* corresponding to 
eigen vector X. 
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Hence if A„ A 2 ,...A„ are the eigen values of A, then A x *, 
are the eigen values of A 2 . 

Problem 51. If A and B are two square matrices, then show that AB 
and BA have the same eigen values. Also show that A _1 B and BA -1 have 
the same eigen values when | A | ^0. 

We have BA=(A" 1 A) BA=A _1 (AB) A 

So that BA and AB are similar and hence have same eigen values 
since similar matrices have the same eigen values. 

Similarly BA~ 1 =(AA _1 ) BA -1 =A(A -1 B)A -1 ' 

i.e. BA -1 and A -1 B are similar and hence etc. 

Problem 52. Show that the eigen roots of A 9 are the conjugate of the 
eigen roots of A. 

The characteristic equations of A and A 9 are as given 
| A-AI | =0 and | A 9 -XI | =0 ; 

But | A 9 — Tl | = | (A-M) 9 | = | A—il | _ __ 

•* I a 9 |=|a'|=|a| 

| A 9 - M | =i) iff I A-M |-0 
or | A* — AI |=0 or iff | A—M | *=0 since if z be a 

complex number then z=0 iff T =0. 

Thus A is an eigen value of A 9 iff A is an eigen value of A. 
Problem 53. Show that the matrix A=| 1 0 0 is derogatory. 

1 -I 0 
I 0-1 

The characteristic equation of A is ] A—AI | =0 

ie. 1 —A 0 0 -0 or (A-l) (A+1) 2 =0 

1 —1—A 0 

1 0 —1 — A 

giving A=l, —l, —l, so that by theorem 9, the factors x— 1 and 
*4-1 both must bje divisor of the minimal polynomial of A. 

We have to see whether A(jc)=(jc— 1) (*+l)=x 2 —l 
annihilates A or not. 

Consider A 2 =A-A=p 0 ffl-i 

0 1 0 

LO 0 lj 

A 2 -1=0 

Which shows that h(x) annihilates A and as such h(x) is the mini¬ 
mal polynomial of A. Also degree of h(x) is less than 3 and hence A 
is derogatory. 

Problem 54. IfX be an eigen vector o/B=P -1 A P corresponding to 
an eigen value A, then show that Y=PX is an eigen vector of A corres¬ 
ponding to the same eigen value. 

We have BX=AX 



288 


MATHEMATICAL PHYSICS 


or PBX=PAX or P(P 1 AP)X=PAX 

or A(PX)=A(PX) v PP-^I and IA»A etc. 

which follows that PX is an eigen vecior of A corresponding to the 
eigen value A. 

Such eigen vectors are often called as the invariant eigen vectors. 

Diagonalization of matrices. Let A 1( A 2 , A 3 ...A„ be n distinct eigen 
values of a matrix A and Xj, X 2 , X 3 ...X» be the n corresponding eigen 
vectors. Also let X< be the column vector given by 

X,=| X* 


L Xn< J . . . (1) 

Consider a matrix E whose column vectors are the n eigen vectors 
such that 


rX u X 12 ... 

...X, , 


E= X 21 X 22 . 

•X 2 , j=[X,i] (say) 

• (2) 

Lx nl x nl .. ( 



Suppose that D is a diagonal matrix such that 


rk —'“Aj 0.On 

jo a 2 .0 

=diag [Aj, A 2 ,.A n ] 

•••(3) 


-0 0.A.J 


Then ED= -AjX u A 2 X 12 . 

.\*X ln " -[AjXty] . . . (4) 

^lX 2 i AgX22* 

.A„X a „ 

LXiXn! A 2 Xn2. 

.a b x„„J 


(no summation over j ) 

“(AXig ax 2 ,. 

.AX„) (expressing matrix as vectors) 

=A (X x , X.X„) 


-AE. 


If E be a non-singular matrix, then premultiplying by E _1 , we get 
E^AE^D. 


Thus premultiplying A£ _1 by A and post-multiplying by E, we gel 
diagonal matrix whose diagonal elements are the eigen values. Thh 
process is called the diagonalization of the matrix A. 

A method of diagonalization in practice. Writing the characterisitic 
equation for given matrix, the characteristic roots can be determined. 
If A be a n-square matrix and its characteristic roots are A 1( A,,...A. 
then the diagonal matrix of 


A 


r\ o 

o A, 


LO 0 


0 . 0-1 

o.o 

a.'/.'X 
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e.g., if A=["cos 8 —sin 0 0"] 

I sin e cos 0 0 I 
L<> 0 lj 

then | A—XI |=®rcos 0—X —sin 0 0 ”]=*0 

sin 0 cos0 —X 0 

L 0 0 1—XJ 


i.e., (I-X) (1-2X cos 0+X»)=O 

„ . . 4 2 cos 0+ V4 cos 2 0—4 

Characteristic roots are 1,-=—j- 

t.e., 1, cos 0±f sin 0 

U„ 1, e ±U 

\=e~ l0 ,A,— 1 (say) 

Hence the diagonal matrix is p JQ 


0 e 

L o 0 


i'9 


Note. Besides this method we can diagonalize a square matrix 
(i) by orthogonally similar matrices 
(</) by unitarily similar matrices 
but the above method is rather convenient in practice. 

THEOREM. The necessary and sufficient condition for an n-rowed 
matrix A to b,e similar to a diagonal matrix is that the set of eigen 
vectors of A includes a set of n linearly independent vectors. 

To prove that the condition is necessary. There exists non-singular 
matrix E, such that 

E -1 AEs=D=diag. (X lf X,.X*). 

Pre-multiplying by E, we get 

AE—ED, since EE -1 ^. 

Suppose that E^-p^X,.X»J. 

.'. A [XjX,.XJ-tXA.X*] diag. <\, X*.X») 


or [AX, AX,...AX n ]=[X 1 Xi X J X,...X n X»]. 

This is equivalent to 

AXx-XA. AX.-X.X,.AX.-XA. 

so that Xi, X|,.... X, are n eigen vectors of A whose corresponding 
eigen values are X,, X,,.... X*. As these vectors constitute the column 
of a non-singular matrix, there exists a linearly independent set of n 
eigen vectors. 

To prove Oat the condition is sufficient. Let X,, X», X*,..., X, be a 
linearly independent set of n eigen vectors of the matrix A and let 
X t , X|,.,,, X, be the corresponding eigen values. Then 

AX 1 *X,X 1 , AX,“XjXj,..., AX.-X.X- • • • (1) 

If we write E—(X„ X„...XJ, 
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the system (1) is then equivalent to 

[AX, AX 2 ...AX„]=[A,X„ A 3 X 2 ...A n X B ] 
or A [X 1 X 2 ...X, l ]=[X 1 X 2 ...X n ] diag. (A„ A 2 ,..., \ n ), 
i.e., AE—ED. 

But the n-rowed matrix E is non-singular for its columns form a 
linearly independent system. Thus E -1 exists and hence we have 
E 1 AE=D, 

which follows that A is similar to a diagonal matix. 

Problem 55. Show that ths diagonalized matrix of a real symmetric 
matrix is orthogonal. 

If A be a real symmetric matrix and D its diagonalized matrix, 
then D- 1 AD=diag [A,. A,.AJ, . . . (1) 

where A,. A 2 ,...A„ are eigen values of A. 

/. (D -1 AD)'=diag [A,. A,,...A n ]' 
or D'A' (D^l'^diag [A„ V AD 

which follows that D^D ' 1 i.e., D is an orthogonal matrix. 

‘ robleni. 56. Show that diagonalized matrix of a Hermitian matrix 
is a unitary matrix. 

If A be a Hermitian matrix and D its diagonalized matrix, then 
D _1 AD=diag [A„ A 2 .. A„] and A e =A • • • (1) 

where A„ A 2 ,...A B are the eigen values of A. 

(D- 1 AD) 8 =(diag [A„ A.A n ]» 

or D°A # (D -i ) e =diag [A„ A a ...A n ] 
or D*A (D -1 ) B =D -1 AD by (1) 

which follows that D e =D _1 or DD 9 =DD _1 —I i.e., D is unitary. 

Problem 57. If a n-rowed square matrix A has n-linearly independent 
invarient vectors then it is similar to a diagonal matrix. 

If X,, X 2 ,...X„ be linearly independent invariant eigen vectors of A 
corresponding to eigen values A„ A 2 ,...A„, then AX ( =A ( X< 

for every i. ... (1) 

Consider a square matrix B with its columns as vectors X, such 
that 

B=[X„ X 3 ,...X n ] 

/. AB=A [X„ X 3 ,...Xb]=[AXi, AX 2 ...AX„] 


=[A,X„ A^-.^Xn] by (1) 


=[X„ x 2 ,...aj 

rA, o.... 
0 a 2 ... 

1 - 

o© 


© 

© 

...aJ 


=Bdiag[A„ A 2 .AJ 

B" 1 AB=diag [A„ A„...AJ 
which follows that A is similar to diagonal matrix. 
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2.19. QUADRATIC FORMS AND THEIR REDUCTIONS 
Quadratic Forms. A homogeneous polynomial of the second degree in 
any number of variables is said to be a quadratic form, e g., a.x‘-+ 
2hxy+by *, ax 2 +by-+cz' 1 +2fyz+ 2gzx-\-2hxy are respectively the 
quadratic forms in 2 and 3 variables. 

n n 

The general quadratic form is 2 2 a ti x, x t in n variables x,, 

y=l«=1 

x 2 ...xn where i—\, 2, 3 ...n and j— 1 , 2, 3...W but t*£j. 

The coefficient of each product term is a t} -\-a u , for it arises as x ti 
as well as x jt . In case i=j, the coefficients of square terms, i.e., Xj*, 

X 2 “,...Xn 2 ate Ujj, a 22 | 

If we now define another set of scalars, such thft 
bu—a t , and bn—bn=\ (a„+b )t ) for i= 


then 


n n n n 

2 2 a,jXiX,= 2 2 6,-,x,xi 
y=Ii=l y=l»=1 


i 


which follows that every quadratic form can be so adjusted that the 
matrix of its coefficients is symmetric. 

Quadratic form as a product of matrices. If we have a quadratic 
form 

n n n n 

2 2 a^Xj, where an—an then 2 2 a u x<x,=X'AX, 

;=1/=1 j— \ i=l 

where A is the symmetric matrix of the given quadratic form. 


We have 

A= 


a i2 

a in~ 



fl-21 

2 

... 



- a n\ 

tf»2 

... Qnn- 

Let X= 

1 

l 

; then X' 

=[-Tl, X 2t . 


L x n - 

j 



n 

n 



n 


Now 2 2 a t jXiX,= 2 {a (v x l +a i oX 2 + ...+a in x n ) a,. 

y=i /=i i-i 

From which it is obvious that the form appears as a matrix 
obtained as the product of the pre-factor row matrix with components 

a n x,+fli S x 2 +... +fl 1B x„, 

fl SZ*l + a i!- Y 2+ • • • +**«*«• 


...+a 

and the post-factor column matrix with components 

Xj, X|...Xn* 
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Also it is apparent that the pre-factor row matrix is the product of 
the pre-fector row matrix with components x u x t . x n and the post¬ 

factor matrix A. Hence 

2 2 anXiX^X’AX. 

l /=i 

For example, 

ax' 4- 2hxy + by'^lxy] [a AJ j" x J. 

Congruence of quadratic forms and matrices. An n-rowed square 
matrix B is said to be congruent to another n-rowed square matrix 
A, if there exists a non-singular matrix P, such that 
B=P'AP. 

Properties of congruence of matrices 

(0 Reflectivity. Every matrix A is congruent to itself as 
A-141-I'AL 

(it) Symmetry. If A is congruent to B, then B is also congruent to A. 

If A«P'BP, then 

5=(P')" 1 AP~ 1 =(P“ 1 )' AP" 1 . 

(Hi) Transitivity. If A is congruent to B and B to C then A is also 
congruent to C. 

If A=P'BP, B=Q CQ, then 

A-P'Q'CQPMQP)' C (QP). 

(iv) The ranges of values of two congruent quadratic forms are the 
same. 

If the two congruent quadratic forms be X'AX and Y'BY, then 
there exists a non-singular matrix P, such that 

B=PAP. 


To show that the sets of values assumed by the two forms are the 
same when the vectors X and Y range over a field, let us write X=PY 
so that Y-J* -1 X. 

Xi'AXj is a value of the first form for any vector X, 
and that P-%«Y|; then 

Y/BYjHP " 1 X,)' P' AP(P- 5 x,) 

-X/CP')- 1 P' APP~% 

=X,'AX 1 , since PP- 1 *! etc. 


Congruent transformations. A pair of elementary transformations, 
one row and the other column, such that each of the conespotidinc 
elementary matrices is the transpose of the other, may be ™| I H an 
elementary congruent transformation. It may be of the following 
types: 


<0 Interchange of the fth and /th 
columns as for E'«-Eo. 


rows as well as of the rth and /th 
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(//) Product of the /th row as well as the /'th column by a non-zero 
scalar c as E,(c) AE,(c) for E,'(c)=»E<(c). 

(///) Addition of k times the /th row to the /th row and also the 
addition of k times of the ./‘th column to the /th column as 
Af«(*) for E„'(A:)=E„(*). 

EXAMPLE. Reduce the following symmetric matrix to a diagonal 
form and interpret the result in terms of quadratic forms 



Let us write A=I'AI. 



In order to perform the elementary congruent ttransformations the 
prefactor and the postfactors of A by the row and ^column parts can 
be subjected in two steps: f 


(i) adding l times the first row to the third and (—•§■) times the first 
row to the second row in L.H.S. matrix as well as in the prefactor of 
A; and then 


(it) adding J times of the first column to the third and (—|) times 
the first column to the second column in L.H.S. matrix as well as in 
the postfactor of A. 

We thus have 



-t i 
1 0 
0 1 


Again performing the elementary congruent transformations by 
adding (—V-) times the second row to the third row in L.H.S. matrix 
as well as in the pre-factor of A and then adding (—V 1 ) times the 
second column to the third column in L.H.S. matrix as well as in 
post-factor of A, we have 



Thus we get the diagonal matrix 
B=diag (3, 

which is congruent to the given symmetric 
From (1), we have 



matrix. 


... ( 1 ) 

. . - ( 2 ) 



so that X=PY gives 
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*J 

** 

*jJ 


0 

.0 

>1 

0 

0 



which is equivalent to 

x l =y l -iy i +4y 3 

x,= Jj—... (3) 

This follows that the linear transformation (3) transfoms the 
quadratic form 

r 3 2 -nrxn 

X’AX=[x 1 x,.v. 1 ] 2 2 3 11 x, I 

1-1 3 lJUJ 

[ 3xj~|~2xo Xg"! 

2xj -f 2x 2 +3x, I 
-x 1 +3.r 2 + x 3 J 

=x, (3 a-,+2.t 2 - .rj)+x 2 (2x l +2x 2 +3x 3 ) 

+x 3 (-Xj+Sxj+Xa) 

f= 3xj 2 +2x 2 2 -f x 3 2 + 4XjX 2 +6x 2 x 3 —2x 3 Xi 
to the diagonal form 

Y'P'APY=3>' 1 a +l>'2 2 - i W by (2). 

Note. Corresponding to every quadratic form X'AX there exists a 
non-singular linear transformation X=PY, such that the form trans¬ 
forms to a sum of r square terms 

where d x , d t ...d r are scalars in the diagoifal matrix and r is the rank 
of the matrix A. 

Index and signature. X'AX be any real quadratic forxq of rank r, 
then there exists a real non-singular linear transformation say X=PY 
which transforms X'AX to 


Y P APY=.v l ! +}’ J 2 +... +>■/ -_r,+i —>'*»+*—... -y r , 
i.e., a real quadratic form is expressed as a sum and difference of the 
squares of the new variables, then the number of positive squares i.e., 
s is called the index of the form and the difference s—(r—s)*=2s—r 
is known as the signature of the form (canonical). 

Definite. Semi-definite and Indefinite-real quadratic forms 

If X'AX be a real quadratic form in n variables of rank r and index 
s, then 

If r—n, s=n, the form is said to be positive definite as 

if r—n, s—0, „ „ negative definite as 

-yS-'.-y* 1 ’’ 



MATRICES 


195 


if r<n, s=*r, 
and if r<n, 0, 


„ positive semi-definite as 

yi t +...+y *; 

„ negative semi-definite as 

-y*---y' 

In any other case the form is called Indefinite. 

A real symmetric matrix A is said to be definite, semi-definite or 
indefinite according as the corresponding real quadratic form X'AX is 
definite, semi-definite or indefinite. 

For a definite n-rowed matrix A, there exists a real non-singular 
matrix P such that P'AP=I„ or —1„ according is A is positive or 
negative definite. >' 

For a semi-definite n-rowed matrix A, there exists a real non- 

rt 

singular matrix P such that P'AP 


-rs a-ha 


according as A is positive or negative definite. \ 

EXAMPLE. Determine the following form as definite, semi-definite 
or indefinite. f 

2.r 1 2 + 2xJ +3 x 3 z —4x 2 x 3 — 4x 3 x x + 2x& 2 . 

Let A be the real symmetric matrix corresponding to the given real 
quadratic form, i.e., 

X'AX=2x, 2 + 2x 2 2 4-3.v 3 * — 4x s x 3 — 4x a x x +2x^2 


=*1 (2x l +x 8 —2 x 3 )+x 8 (xi+2x 2 - 


=[x,x 2 x 2 ] 


r 2x 1 

x 1 

L~2x 1 - 


-2x a ) 

"j-Xj ■-2xx 2x 2 + 3xa) 


=[x 1 x 2 x 3 ] 




It is clear that A= 


2x z 
2x 2 
2x 2 

-2 

-2 

3 

1 

2 

2 


—2x s 
-2x 3 
3x a _ 



x a 

x a. 


" 2 1 - 2 " 

= 1 2 -2 , 

-2 -2 3. 


We write 

2 
1 
2 


A-IAI, 

0 
1 
0 

Performing the elementary congruent transformations /?i(=i)+ Rt ; 
J*i+ii8; Cj(—i)+Cj, Cj+Ca, we get 


" 2 1 -21 p 0 01 A p 0 0” 

i.e., 1 2-2 = 010 010. 

-2 -2 3J LO 0 lj L0 0 1. 


p 0 

01 

r 1 

0 

°1 

ri 

-i 

r 

0 i 

-1 = 


1 

oh 

10 

1 

0 

Lo -1 

U 

L 1 

0 

ij 

Lo 

0 

1 


Again performing the elementary congruent transformations, 
—i2? s +i?3 ; —jCj+Cj, 
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so that the linear transformation X=PY, i.e., 



1 - 
0 

i.e., — il's+fl's') 

y»-ly» f 

*»= yJ 

transforms the given form to the diagonal form 

2yi*+W+iy»*> 

so that the rank is 3 and also the index is 3. 




Hence the form is positive definite. 



2 20. DIFFERENTIATION AND INTEGRATION OF MATRICES 
Lhnit of a matrix. The limit of a matrix A (t\ (each element of 
matrix being taken as function of t.) as t-+t 0 is a matrix A (t 0 ) i.e., 
Lim A(/)=A (/„). 
t-+t 0 

The sequence {A (/)} converges to A if each element of A (t) 
converges as t-> oc to the corresponding element of A. 

Derivative of a matrix. The derivative of a square matrix A (t) of 
order n with respect to an independent variable t is denoted by 

~-A (/) or by A' and is defined by 

A . d ... ( d d d 

A ~dt A(,) ~ ! dt° n Tt° n . Tt° ln 

1 d d d 

I dt °2i d( a tt . ~dt atn 

• 

| d . d . d . . 

ldt ani dt ° n *. dt° Hn J 

provided all the elements a t , (t) are differentiable. 

In general the nth derivative of A(l) is defined by 

d'‘A (/) r d*a it (t) ~| 

dr L dr J 

It is easy to show that 

^IA (0 B (f)]=A (r) 


Aju aii w ] 


B (f)=A (r) B'(0+A'(0 B(t) 
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n 

and ^ (1A |)=^T | A t (t) | where A< (f) is obtained from A (t) 

/-l 

by differentiating ith row of | A (r) | and n is the order of A. 

Integral of a matrix. If A (t)=[a (j (/)], then 

II —-01 °« « «*] 

Power series. If there is a square matrix with all eigen values less 
than 1 in absolute value, then the series a„ I+fli A+a* A s +... is 
convergent. The sum of the series is denoted by /(A). Following are 
few convergent series for every A. \ 

^=l+A-f- ( -yA s +. » 

cosA=l-j-y A^yA*. * 

sin A=A—j-y A*+j-jA*. 

and (I—A) -1 =I+A+A*+.converges only for all eigen values of 

A which are less than 1 in absolute value. 

Problem 58. For a matrix A prove that if 

e^-I+tA+jy A*+|-yA 3 +., then 

-4e M »=Ae M . 

at 

Wehavef^e‘4.=^r (W«+i (A)„+4(A%+. 1 

-KA)«+/ (A%+.]-[A +t A*+. ]a 


— {^ A (I+t A+j*yA*+.) J { y=(A e tA )ij 


Problem 59. Show that e A ~e a fcos h x sin h xl when A=f;c xl 

Lsin h x 

cos h x J Lx xj 

we have e A Tl n=e* rcos h x sin h an 

rl n=e*fe* e* 1 =e*«ri 11 

Ll 1J Lsin h x cos h xj 

Ll 1J Le» e-J Ll ij 

Again **-I+A+jy Aj+y A*+. 

“Li ?Mi I] 

+e • 2 *‘ [! !]+•■ 

••••» 

•€ fH3 a*-B C a*. 

«[i+2*+4l 2+.][l 

0—LI 1] 


Hence the proposition. 
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2.21. SOLUTION OF A SYSTEM OF LINEAR DIFFERENTIAL 
EQUATIONS USING DIFFERENTIATION OF MATRICES 
[A] Linear differential equations of first order 


Let the system be 

dr " 

X x +a i2 X a +.+flw (0 

--jp =a 21 x x +o 2 . *,+.+a s *i *»+&g (/) „ 


... ( 1 ) 


dx n 

dt 


On\ JCi+fln t X t + 


+dn n X n +b n (t) J 


which are equivalent to -^-=AX+B .. (2) 

Making substitution X (f)=PY (t), (2) yields .. (3) 

-^[PY (01-P-^—APY+B « V £-0 
But A is similar to P if P _1 AP==D, D being Diagonal matrix 


^=P- 1 A PY+P 1 B (/)=DY+P- 1 B (/) 


... (4) 


which is equivalent to 

yt+c* (0.. y*+c n (t) 

...(5) 


Their solution being given by 

[y$ (0 Cj (t)e~ X * 1 dt ... (6) 

or y, (f)-e X,, JV 0 (0+j* c, (t) e~** 1 dt ] fory'=l, 2, 3,.n. 


.‘. Y(/) and hence X(/) can be determined. 

[B] Linear differential equations of nth order 
Regarding a linear differential equation of nth order as equivalent 
to n linear differential equations each of order one, and writing 


d n d 

jprx(t)+a 1 - d ~ 1 x (/)+•• 

we have on making substitutions x t ( t ) 


..+c n X (t)=b (t) ...(7) 

X (t), X t (t)=~x(t), ..., 


Xn (0 — djtl-1 X (0 

Dxt (t)=*x 2 (t), Dx 2 (0,-Xi ( t ). Dx n - X (t)*=x n (/) and 

DXn (/)= —a x x n (t)—a 2 x n -i ( t )... —a„ x n (t)-i-b (t) where D= 
the system is equivalent to Matrix-equation 
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DX (0= 

VD Xl (/)n 
Dx 2 (r) 

*** 

r 0 1 0.0 n 

0 0 1.0 

r*i oy 

X* (t) 

+ 

r o -i 
0 


-D Xn (r)J 


- —Qn A»-l 

Lx. (0-J 


Loco J 


»AX(/)+B«. 

where we have used the concept of diagonalization. 

ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 60. Write short note on Hermitian Matrices, \ (Vikram 1967) 

See $2.9. [10]. I 

Problem 61. What is a reciprocal matrix ? Show that a ^non-singular matrix 
A— [an] always possesses a reciprocal, \ 

Solve by the method of matrix theory, the linear equations 
^1 + 2^3 = / J 

3x i **“ Xo — 2 i 

4x2+5x 9 ~ -1 f (Vikram 1967) 

See 2.9 [13] Theorem 1 on it for the first part. I 

Now, Matrix form of the given system is AX=B i.e„ whet® 
where A=pl 0 21, B = 

-l 1 
4 4 

By R 2 if-»>, | 


[H D GOT J] wtec ‘Ti¬ 
ls -j -OGOT-i] 
Is -! -!][;0T=1] 


TT MV4W 

rung 


By ^, 2 (D, | 


which are equivalent to 


Giving x 2 = — 


*i +-2* 3 = 1 

-x 2 - 5x s = ~ 1 
3^2 

— and *1 = 


1 

3 ' 3 

Problem 62. (a) Explain mith 
matrix and a Hermitian matrix. 

(b) Find the eigen values and the eigen vectors of the matrix 
1 1 1 1 


2 

3 ‘ 
examples 


what you understand by a unit ay 


(AgraJ969) 


For (a) see $2.9 [14] and §2.9 [10] 

(6) Denoting the given matrix by A, its characteristic equation is 


A—XI1*^ i.e, { 


1-X 

1 

1 


X a -$X*+9X-1=0 
(X—1) (X*-8X+l)*-0 


1 1 1=0 or 

2-^X 3 or 

3 6—X I 

Giving X=»l,4±Vl 5 * 

New proceeding just like in problem 45, eigen vectors can be determined. 

t k T 5+-V/1S k , 

-3/d 10 +YT 5 

S+VIs k , 

L V15+1 -I 


etc. 
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Problem 63. Find the characteristic equation of the matrix 


[HO 


and verify Cayley Hamilton equation for it . ( Vikram,1969) 

Denoting the given matrix by A, its characteristic equation is 

| A-Xl |«0/.*., l-X 2 3 X»-X*~15X-15-0 

2 -1-X 1 

3 1 1-X 

and verify that A*—A 2 —15A—15 I^O. 

Problem 64. (a) Define Hermitian and orthogonal matrices. Give one example of 
each type . 

(b) Find the matrices C and C" 1 required to reduce the matrix 


u -a 


to the diagonal form by the transformation CT 1 AC. 


Problem 65. Show that the six matrices 

-BM-a-K* '71°- 

d "t[— vr v Jl'-![v'r -y/] 


1_[ -1_ 

2 L —Vs 


(Agra,197I) 

-VT] 


satisfy the relations 

AB**D and AC*=BA=*E. 

Problem 66. Define eigen values and eigen vectors of a matrix . Prove that the 
eigen values of an orthogonal matrix are unimodular. 


Obtain the eigen values and eigen vectors of the matrix A= 


Problem 67. If the Hermitian matrices o x » [0 1 


-12 
-25 11 
-42 19 J 


(Agra,1972) 




satisfy the equations 

fl.2as:0<|2 = fl 


o 1 2=a 2 z =o 3 2 ^7, cjc 2 = itT,, OiOi=/o 2 

criOa—080i a «2ie # , CiO24*O2 <, i == 0 

then find the eigen values of the matrices 

Problem 68. Define the trace of a matrix . Prove that two matrices A omf B Aove 
the same trace if B—T~i AT nAere I ft a non-singular matrix . 

7Ae e<gjfi va/«ej o/ a 3X3 matrix H ore equal to the three cube roots of unity . 
Prove Mol H 3 -I, where 1 is a unit matrix of order 3 . (Agra,1973) 

Problem 69. Show that ail the matrices of Problem 65 are unitary . 

Problem 70. Find the reciprocal of each of the matrices of Problem 65 and verify 
that 

D-i=B“iA-i. 

Problem 71. Find the eigen values and normalised eigen vectors of the matrix 

\l 1 T\ 

Lo 1 /J ( ArraJ974) 

Problem 72, [A Significant property of diagonal Matrices ] 

Prove that in case of diagonal Matrices, the commutative taw for multiplication 
holds good. 

If A and B be two diagonal (square) matrices of the same order, then we have 
to prove that 

AB-BA 
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Since a diagonal matrix is such that its all the elements except those in the 
principal diagonal are zero, we can take 

A3«] and B «■[/></ *«] 
where for #/ 


=1 for/-; 

J J 


=aa da tut for/™ /and no summation over / 

a<i #<* 

™[BA]« and zero for *#/ , 

which follows that AB is also a diagonal matrix and AB—BA, 

Problem 73. If M<= fa b\, find M _1 , transpose of M, Hgrmitian Conjugate of 

M and the eigen values of M. f < ( Agra,1975) 

Problem 74. (a) Find eigen value and corresponding orthgnormal vector of the 
following matrix: 



(b) Diagonalize the following matrix : 



(Rohilkhandjm 

Problem 75. Show that eigen values of a Hermitian matrix are all real and its 
eigen vectors corresponding to two distinct eigen values are orthogonal. 

What do you mean by diagonallzation of a matrix? Show that the necessary and 
sufficient condition for the reduction oj two. matrices to the diagonal form by the 
same transformation is that they commute. ( Sohilkhand, 1977) 


See theorems 1 and 5 of § 2.18. 

Tee § 2.18 after Problem 54 and also see Problem 72. 



CHAPTER 3 


TENSORS 


3.1. INTRODUCTION 


It is an established fact that a natural law gives a relation between 
different physical entities and its mathematical formulation is nothing 
but a relation between the sets of numbers representing those entities. 
Tensor Analysis forms that part of study which is rather suitable for 
the mathematical formulation of natural laws in forms which are in¬ 
variant with respect to underlying frames of reference. In brief tensors 
are quantities obeying certain transformation laws. In wider sense a 
tensor formulation is very compact and good deal of clarity in its use. 
The tensor formulation was originated by G. Ricci anrd it became 
rather popular when Albert Einstein used it as a natural tool for the 
description of his general theory of relativity. 

Actually tensor analysis is the generalization of vector analysis as is 
evident by considering a vector function /(r) of a vector r. This vector 
function is continuous at r=r 0 if, 

Lim/(r)=/(r 0 ) 

r->r<j 

and it is linear, if 


/(r+s)=/(r)+/(s) ... (1) 

and /(Ar)=A/(r) ... (2) 

for arbitrary values of r, s, A. 

Now we know that as linear vector function /(r) is completely de¬ 
fined only if/(ai),/(a 2 ) and /(a 3 ) are given for any three non-coplanar 
vectors tj, a 2 , a 2 . In terms of a L , a 2 , a 3 as basis if we assume that 


r=,xiai-fx 2 a 2 -fx 2 a 3 ...(3) 

then we have from (1) and (2), 

/(r)=x 1 /(a I )-f-x 2 /(a 2 )+x 3 /(a ! ) ... (4) 

As such equation (3) yields 

Ar«=r a«, «=1, 2, 3 ...(5) 

Let us put /(a*)=b*. 

So that /(r)—(biai+b^+bjail’r 

(say^ ... (6) 

where the operator ^ : =a 1 b 1 +a 2 b 2 -f-a 2 b 2 consists of nine components 
in three dimensional coordinate geometry and hence it is neither 
scalar nor vector quantity but is a new mathematical symbol called 
as the dyadic. 
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Suppose that there are two vectors u and v such that components 
of vector v are linear functions of the components of vector u 
defined as 

v® — Oat -Ogy Uy~\-Ugy Mg”) 

v v =a„® M,+a,» «, >• .. . (7) 

v,=a« u t +a„ u„+a, t u, J 

In this way the vector v is placed in one-to-one correspondence with 
the vector u. The scheme of coefficient a a p has thus an independent 
meaning if the correspondence is such that the passage from u to v is 
independent of the particular coordinate system in frhich the vectors 
are resolved into components. We call the coefficients 0*3 in this case 
as the coefficients of a tensor. j 

It is observed that the nine components as |nentioned above 
characterise the transformation of the components |>f one vector into 
those of other. The coefficients a *3 in general transform mb into one 
of three parts of v®. \ 

The equations (7) are equivalent to a single vecttfr equation, 

v=^u ■ ... ( 8 ) 

where the operator ^ turns u into v. It is rather graphically known as 
Tensor. 

The essential part of a tensor operation is the array of coefficients 
like a* 3 , written in the form of a matrix such as 

Ojg o«-| 

o„ a v , Gy, I ... (9) 

l_0* x a iV O it J 

As such the dyadic operator turns a vector r into the vector func¬ 
tion /(r) and is expressed as the sum of dyads ab i.e. 

^=2 aa ba 
a 

In a similar way a triadic is expressed as the sum of the triads 

2 aa ba Ca. 
a 

Considering it as an operator that converts vector r into the dyadic 

we may write ^*r =2 (a* b* c* )-r 

Similarly a tetradic is the sum of tetrads, 2 a* ba ca da and etc. 

All such physical quantities as scalars, vectors, dyadics, triadics 
tetradics etc. are collectively knowns as tensors of rank 1, 2, 3, 4 etc. 
and as such the tensors can be regarded as generalized extended form 
of vectors. 

The examples of dyadic i.e. tensor of rank two are : an operator 
relating dielectric displacement vector with the electric vector of an 
electro-magnetic wave in anisotropic medium; a stress tensor relating 
stress and strain in anisotropic medium in which case a component 
of stress T is a function of every component of strain S 
3 

i.e. r* = X aog 53 or T^S 
3-1 


... ( 10 ) 
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where ^ is a nine coefficient operator in three dimensional space. 

Note. The dyadic or tensor of rank two is also known as Stress 
Tensor. 

An Explanatory Note on Dyads and Dyadics 

We know that the gradient of a vector f such as 

Vf=if*+jf«+kf, ...(11) 

is meaningless as it consists of sum of three ordered pairs of vectors, 
but we sometimes take it to define as dyadic and the ordered vector 
pairs as dyads. In (11) we regard Vf as an operator setting up a one* 
one correspondence between directions e at a point and its directional 

derivative ~ t.e. ^=e*Vf ... (12) 

Actually the dyadic Vf replaces an infinite number of vectors 
so that any sum of dyads is called as dyadic e.g. the dyadic 

D=a, b x +a # b*+.+»» b„ ...(13) 

is a general dyadic in which the vectors a* are known as antecedents 
and b* as Consequents, while the dyadic 

®«=»bi *i+bi a,+.4-b* an ... (14) 

is said to be the conjugate of D, such that D is symmetric if D=D, 
and skew if D= —D„. 

In (11) if f is replaced by r^xi+yj-f zk 
such that 

r*=i, r,=j, r,=k, then 

Vr—il4jj+kk=I ...(15) 

where the dyadic I is termrd as Idemfactor as it transforms any 
vector V into itself i.e., 

V I=I V=V for every V- 


3.2. TRANSFORMATION OF COORDINATES 
If we focus our attention on some point of Minkowski’s four dimen* 
sional world and consider the transformation from one system of 
coordinates (x u x t , x 9 , xj to another system (x,' t x t ', x 9 , x t '), such 
that (x lt x t , x t , x t ) etc. 

then we can solve x u x t , x 3 , x t in terms of x x , x t ', x a \ x«' such that 
(Xi, x 9 , Xt, x t ') etc. 

and the differentials dx u dx t , dx u dx K a e then transformed as 


or symbolically 



~— dxt etc. 
dx t 


4 

«&V d> r« ; (fi=l, 2, 3,4) etc. ... (1) 

«-l 
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3.3 THE SUMMATION CONVENTION AND KRONECKER 
DELTA SYMBOL 

Let (x u x t , x a , x t ) and (x a +dx u x 2 +dx t , x a +dx a , x t +dx t ) be the 
coordinates of two neighbouring events considered in Minkowski’s 
four dimensional space. Then the interval ds between these two 
neighbouring events in any coordinate system, is given by 

ds*=*gi 1 dx 1 t +g aa dx a i +g aa dx a *+g u dx t t +2g ia dx l dx a +2g ia dx 1 dx a 
+2g u dx 1 dx a +2g aa dx a dx a +2g ia dx a dx l +2g 3t dx a dx i ... (1) 

where the coefficients gy. v (n, v=l, 2, 3, 4) are functions of x u x a , x a , 
x a . This follows that ds 2 is some quadratic function of the difference 
of coordinates. 

Adopting the convention that whenever a literal suffix appears 
twice in a term that term is to be summed for values of the suffix 1, 
2, 3, 4; the equation (1) can be written as > 

ds t =gpv dxy. dxy (|V=1, 2, 3, 4 and ..(2) 

Since |x and v each appear twice, the right hand side of (2) indicates 
4 4 

the summation 2 2. 

( 1=1 v= 1 

Any literal suffix appearing twice in a term is said to be a dummy 
suffix and it may be changed freely to any other letter not already 
used in that term. Also two or more dummy suffixes can be inter¬ 
changed eg. 

9 2 Xo _ Pxb 0 . dx a 

3jcV 3x'v dx'x ~ 0xV 0x'v 

(by interchanging the dummy suffixes a and (3 and using g@*=go,a) 
Illustration. To prove that 


0A> 

ax'. 


_ dXb 

0XV 0Xv 


==0 if (x# 


v 


= 1 if (x=v where a = 1, 2, 3, 4. 


Here, R.H.S.= 



d*i' 

dxv 


0X|1 

dxf 


Qxf 0X|i 
0Xv + 0X 3 ' 


dx' 3 dX(i 
0*V + 0**' 



dxa 
~ 0Xv 

X(i and xv being the coordinates of the same system, their varia¬ 
tions are independent and so 

dxn. =0 when 


dxy. 

dx* 


dx\ 


=dxv when n=v 

#.- ? £t“ 0when ^ > 


= 1 when (x=v 


and 
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Here the multiplier -|£t acts as an substitution operator. 

OX ot vXp 

If is rather convenient to write 
,d*r =6„ v or 5 1 * which is known as Kronecker delta. 

0Xv * v 

As such the above results can be expressed as 


8^=0 if 

=1 i‘ fi=vj 


% 


Thus if v4(pt) be an expression involving the suffix p, then 


d*n dx’ct 
dxn' dxv 


A(P)=A(?) 


...(3) 

... (4) 


for; the summation on the left, with respect to {* gives four terms 
corresponding to (i=l, 2, 3, 4; one of which will agree with v. 
Denoting the other three values by a, t, p, the left hand side of (4) is 

= 1 -+(v)+0. ^(a)+0. yt(T)+0. A( p) by (3) 


—A(v) 


i.e. t? Aiv-^AM 


..(5) 


Evidently 8** 8 P =8^ 

P V V 

and 5^=4 

M- 

for, in the latter case, —8 1 1 4 6 2 2 + 8 3 3 + 6 4 4 

= 1 + 14-1 + 1=4. by (3) 


... ( 6 ) 
• • • (7j 


3.4. TENSORS AS CLASSIFICATION OF TRANSFORMATION 
LAWS 

We have already mentioned in §3.2 that if we consider the transforma¬ 
tion from one system of coordinates (x x , x 2 , x s , x 4 ) to another 
system (x x \ x 2 ', x 3 ‘, x 4 '), then the differentials dx u dx t , dx 3 , dx 4 are 
transformed as ” 


dXi> 


0x x ' 

0x x 


dxi- 


0 */ 

dx* 


dx* 


dx. 


dx. 


dx, 


or in short as 


3*/ 

0X 4 


dx 4 etc. 


dx'v. 


4 


<x=l 


dXj. 

dx # 


dx « 


(*=1, 2, 3, 4 
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Any set of four quantities transformed in accordance with this law 
is said to be a Contravariant Vector. Thus if a coordinate system 
(A 1 , A*, A *, A*) transforms to the new coordinate system M'\ A' 1 , 
A' 9 , A'*) where 

a=*l 


Then (A 1 , A*, A 9 , A*) or briefly A* is a contravariant vector. Hence 
the upper position of the suffix (which is definitely, not an exponent) 
is reserved to indicate contravariant vectors. 


Now, if we consider an operator ^ such that it is an invariant 
function of position i.e., it has a fixed value at each point indepen* 
dent of the coordinate system used, then the four Quantities 

d<f> d<f> d<f> 


0*1 ’ 0x s ’ 0x 3 ’ 3* 4 
dtft dXj 3 ^ 0 ^ 


dxdXj,' dx x 


+ 


or in short 


0^ 


0Xi 

4 


3*H' 


’ 3x g 
3x« 

rfon' 


are transformed hs 

l 

I 3*3 Ji, 34 3^_ 
+ dXi dx+dx? 0x 4 ’ 


0^ 

dXa 


(«*—!• 2, 3, 4). 


= 1 


Any set of four quantities transformed in accordance with this 
law is said to be a Covariant Vector. 


Thus if A\l be a covarient vector, its transformation law is 

...( 2 ) 

h ^LiCXv.’ 

<*=1 


where the lower position of the suffix indicates covariance. 

Hence the relations (1) and (2) give the laws of transformation of 
vectors. If we denote by Apv a quantity with 16 components by 
assigning n and v the values 1, 2, 3, 4 independently, then a genera¬ 
lization of there laws yields quantities classified as 


Contravariant Tensors 

yj'PV—Qli £ ft* V yt*f> 

0xcc 3xu 

... (3) 

Covariant Tensors 

dx* dxB . n 

A M 

... (4) 

Mixed Tensors 

la: A., 

* 3x(t' 0X0 

... (5) 


There are the tensors of second rank . 

Similarly has 64 components and A^ar has 256 components* 
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Thus a tensor of higher rank is of the type 

0 x« 0 xft 9xx dx t 

A ,iW = ^V fc'v 9*'° 0ATS aPY " *' 1 

Note. A vector is a tensor of rank and an invariant or scalar 
is a tensor of zero rank. 

Bank of a Tensor. The rank of a tensor is determined by the 
number of suffixes or indices attached to it. As a matter of fact the 
rank of a tensor when raised as power to the number of dimensions, 
yields the number of components of the tensor and hence the compo¬ 
nents of the matrix that represents the tensor. As such a tensor of 
rank n in four dimensional space has 4 n component. Consequently the 
rank of a tensor gives the number of the mode of changes of a 
physical quantity when passing from one system to another system 
which is in rotation relative to the first. It is clear from this discussion 
that a quantity that does not change when the axes are rotated is a 
tensor of zero rank, since the number of mode of changes is then 
zero. These quantities named as tensor of zero rank are scalars while 
the tensors of rank one are vectors. 

Problem 1. Explain what is meant by the rank of a tensor. 

(Agra, 1972) 

See the note on §3.4. 

Problem 2. What is a tensor ? (Vikram, 1967) 

Define as discussed in above articles or see 'Problem 6 discussed 
after. 

Problem 3. Define contravariant and covariant tensors. (Agra, 1967) 

Contravarient tensor. If n quantities A* (oc=l, 2,...n) in a coordi¬ 
nate system (x lf x 2 ,...x«) are related to n other quantities A'* 
(*=1, 2,...n) in another coordinate system (xf, xf,...x n ') by the 
transformation laws 

A'+** A* (Contravariant law) 

on charge of the coordinate xa to x'» according to summation con* 
vention, then A * are termed as the components of a contravariant 
vector or a contravariant tensor of the first rank. 

Covariant tensor. If n quantities Ax (a=l, 2 ,...n) in a coordinate 
system (x u x t ,...x n ) are related to n other quantities A'a («=1, 2,...«) 
in another coordinate system (*/, x 2 ',..., x„') by the transformation 

laws 


A’n = ^~-A» (Covariant law) 

according to summation convention, then A% are termed as the 
components of a covariant vector or a covariant tensor of the first 
rank. 
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Problem 4. Show that the velocity of a fluid at any point is a contra - 
variant vector of rank one. 

Assuming that x* ( t ) is the coordinate of a moving particle with 
the time t, we have 


as the velocity of the particle. 

In transformed coordinates the components of velocity are 


But 


v« * = 


dx'a 

dx» 


dxt dx’a 


ir=dzr v * 

which follows that velocity is a contravariant vector of rank one. 

Problem 5. Show that the law of transformation for a contravariant 
vector is transitive. 


We have 

A'n — 

8Xa 




Let 

a"*- a'* 

OX a 




• 

• • 

A" l ‘= * /|P — 

g*'p 

d x”\l 
dx'o 

f S A. - 

CXOL 

dXa 


which shows that contravariant law is transitive. 

Problem 6. Find the components of a vector in polar coordinates 
whose components in cartesian co-ordinates are x, y and x,y. 

As given, suppose that 


x!=x, x 2 —y, 

Xi=r, x 2 "=0 

and (i) A 1 =i, A 2 =y , 

( ii)A'=x , A*=' y . 

Then, we have to find C' 1 , A'*. 

We have the transformations 

x—r cos 0, y—r sin $, 


giving 
so that 


r s —x 2 +y i and 6=tan -1 

_dr dr y_ _ y_ d 30 

dx r ' dy r * dx r 2 dy 

rr =xx+yy and 8= 


x_ 
r * 


Also 
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(/) Transformation law as already defined gives 

jyy — Hit ,4* («=1,2) 

0X« 

8 £t La1 ,W± A * 

1= ^T A + 3x* 

3jc> . , Jflt; as A 1 ®* and • 

3xi 

0fll i+^-y 
A * axj ^ a** * 

_ |L *+ fp as /t 1 =x, x,«T and x t W 

x ., y . 


and 


> 


xx+yy __ r r _• 

~ r r 

A «-hi- *+*&!* 

A - 0X X 0x* y 

„iL *+ |p as X*'=e, X!=X and x,=y 

T *, 2L- 
=—72 *+ r */ 


.* L = 2*»6 


'• » 

part ( 1 ) 


« ^--E- *+!•>“** 

_x*+/; 

“ r 

But xk+y'y =r ; gives on differentiation, 
x*+**+J> * + j>*—r'r+fr *, 

l.e., xx+y'y —r V + r 1 -* 2 — y % 

=r -i+- cos 6—r sin 06 ) 

—(r sin 6+r cos 06 )* 

, =rr+ r*—r* 6* 

s=rr—r* 6*. 

A - f 
=r-r& * 


Thus 
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and 




dx 
x'y +yx 


Qy 


But x'y —yx—rh * gives on differentiation 

Xy +Xy—y x—yx=r 2 o +2^6 
or x'y—yx=rH +2 r r “e 

r 2 e +2rr e 


A'*=- 


r* 

2 r 9 


* 


3.5. SYMMETRIC AND ANTI-SYMMETRIC TENSORS 

a tensor be such that two contravariant or cpvariant indices of it 
can be interchanged without altering the value df the tensor, then the 
tensor is termed as symetrical or symmetric in these indices. 

If. A** and A be two contravariant tensors in a certain system of 
co-ordinates such that 

A^=A^ 

Then if A hv and A*"* become A' H ’ V and A' vlx in another system of 
coordinates, the symmetry will be maintained in this system also if 
A'* V =A’ V ». 

To show it, let us consider 

A’rv— v 

dxe 


=3 d*-- - A&* (on interchanging the indices) 

0 ^ qXcl 

=/4' v ^ as A**=A** 

which shows the symmetry in the other system also. 

Similarly if we consider two covariant tensors, A^v and Av,. such 
that Ay.v=Avn in one system 

Then if they become A'^v and A'vy. in another system, we have 


A'^v= 


dXa 0XP 
9*V P*'v 


Ax$ 


=~~r- ~r~ Afia (on interchanging the indices) 
Ox v oX (1 

=A\p as Aoi^=Afi «. 

In case one index is contravariant and other covariant, the 
symmetry cannot be easily defined. But it is notabe that Kronecker 
delta which is a mixed tensor is symmetrical with respect to its 
indices. 
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Whei} A M is symmetrical, we have 

A U =A U , A 22 =A 22 etc. 

In all, there are 4 r 2 +4= 5 C 2 components. 

As an example the components of the angular momentum of a 
rigid body B^ are connected with the components of its angular velocity 

3 

A* by the relations By.= 2 T^nA*, where 7iw is the inertia tensor. 
«=1 

This tensor is symmetric, because 

Tyji=Ta\i. • . • ( 1 ) 

Now it has been already mentioned that a tensor can be expressed 
as a matrix and the columns and rows of a matrix when interchanged, 
the resulting tensor is the conjugate tensor. As such the conjugate of 
the tensor defined in §3.1 (a) may be written as 

[ Oxx Oyx a, x 
&xy Qyt Ozy 

a xx a yz a„_ 

Thus the tensor fa is the conjugate of fa when 

Oxy—o yx , a xx =a zx and o vz —a zy ... (2) 

If a single tensor satisfies this condition, it is called a symmetric 
tensor. It means that condition (1) is essential for a tensor to be 
symmetric. It has only six independent elements in three dimensional 
space and may be written as 



The relations (2) between the components of tensors follow that 
any symmetrical tensor corresponds with a transformation from the 
principal axes to another rectangular system of axes. To express the 
symmetrical linear functions by graphical function, let us suppose 
that we have two \ectors u and v such that 

y=fa vm . u . -. (3) 

Project u upon v so that we calculate 

u • v= u x v x + ii v v v +n»v„ ... (4) 

where u r . w„, u z and v„, v v , v- are the components of u and f res¬ 
pectively along the principal axes. 

Multiplying both sides of (3) scalarly by u we get 

U'V = U-&y m . U 

—u x v x +u y v y +u z v z from (4) 

(Ox®U*+a,yMv + OM«*)+(a*»«»+fl*vWy+a**M*) Uy 

+«, (a z xUx+a t yU y +a tl ,u t ) 

Say S—a xx u x 2 +a yy u y 2 +a zz u, 2 +2 (a xy «* u y +a yt u t «,+«„ «, «*) 
where S is a scalar point function. 
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From (5), we get 


,..(5) 


=2 [a xx u v +a x , «,]=2 v, fty §3.1 (7) 

cu 9 


1 35 

r u “~ ~ "du x 

Similarly V,- — 

So that v* "V* i+v„ j+v, k; i, j, k being unit vectors along principal 


Similarly 


1 r 35 

'2 L 9 «» 


H-&+ 


=i grad 5. 

Which shows that v is a 
vector perpendicular to the 
surface 5=const, in the 
direction of the outward 
normal. But 5=const. is an 

equation of the second degree _ 

in the rectangular compo¬ 
nents of u regarding these 
as coordinates defining the 
extremity P of the vector u 
the locus of P is a conicoid. 

As a particular case if 5= 1, 
the surface defined under 


f grad S 

Ip 

= Const. 

Im \ 


Fig. 3.1 


certain conditions is the tensor ellipsoid as shown in Fig. 3.1. 

Also u»v=5=l = resolute ol u in the direction of v. 

In the direction of grad S, this resolute becomes ——-r. 

I v I 

Few other examples of symmetric tensor may be given as below 

A n,ot b^Aot, j*d 

and A pkf} — Aoip&y = Afloipy^ AoL$py~ AfbpQLy 

Here the first tensor is symmetric in its first two indices and the 
second one is symmetric in first three indices. 

If a tensor is such that two contravariant or covariant indices of it 
when interchanged , the components of the tensor alter in sign but not 
in magnitude , the tensor is said to be anti-symmetric or skew-symmetric. 
Hence if Aw^-A* 1 * 

then, i 4 >v = ifV 

dx* ox& 

__ dx '* dx J^ A f>* 

dxg 0.x* 

=— A'™ as A**=—A** 
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Similarly if A^=^—A^, then A'^=—A'ty 
Here A 12 ——A 11 etc. and A n —0—A 22 —A 33 
As such number of arithmatic components is 4 C, only. 

Evidently the components of an antisymmetric tensor satisfy the 
relations 

jfpv-j-Avp—O or Apv=*— A\^ ... (6) 

which follows that the tensor changes its sign when indices are inter¬ 
changed. If n=v, then (6) yields. 

A^+A^—O 2 Ann 0 orA^=0 ... (7) 

So in terms of coefficients, a xx —a tf —a,,—0 
and fl«( = Oyxt Ox»— 

give the conditions for a tensor to be anti or skew-symmetric. 

Thus <f> expressed by §3.1 (9) will be antisymmetric if 



The matrix has only three components. The property of having 
only three components is possessed by vectors. This leads to the 
conclusion that an operation of <j> sk on the vector u, is exactly equi¬ 
valent to the vector product of two vectors, since the final result is 
itself a vector v. For example consider the product of the coordinates 
of two points 

ApH^Xp £v—Sj. Xm ... (8) 

In 3-dimensional space, suffixes can have only 3 values (1, 2, 3) 
and so any pair of suffixes can be replaced by a single one which is 
not present in the pair i.e., 

A23— ^ 

A 12 = A 11 —A 2 > 

Ajj— A l3 —A 3 J 

Thus the anti*symmetric system may be replaced by 

5i*v*=+l if ([x, v, o) is an even permutation of (1, 2, 3) 

= 1 if ,, (, odd ,. »> 

=0 if any of the suffixes are equal. 

Now equations (9) yield, 

A x =i [2 A 33 ], A t =\ [2 A 13 ], A s =l [2 A lt ) 

3 

i.e., Ai=i 2 A ^ ...(10) 

v=l 

There being only two terms in sum (10). 

Few other examples of antisymmetric tensors are 
A V|tv 

and = A ^ ~ A A vv^. 
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3.6. INVARIANT TENSORS 

It is not known about any vector which has the same components in 
different systems of co-ordinates, but there exist tensors of higher 
ranks which have the same components in all the frames of reference. 
These tensors are called to have the invariant components or invariant 
tensors in general. One of the examples of such a tensor is Kronecker 
symbol defined as follows : ^ 

With respect to the old frame of reference (i.e., before rotation) 

dXj* C 0 if . 

Hx^~ 4 1 if (ji=v s,nce x * * s independent of x v . 

But dx h _ SXft dx*' 

9 Xv' fix*' Bxv 


Hence 


dx^ 

9xv 


dx h 9x*' 
‘9xv 


'v 9x v 
=v 
ifP^v 


=6^m 


... ( 1 ) 


where 8%= £ jf •* 

iOifp 

The symbol V‘=8„ v =*5'* w =[ l 'i 

l 0 if 


fJL = v 

C u ir ,j,-£ v i® called as Kronecker delta 

symbol. In terms of new frame of reference (i.e., after the rotation), 
we may write 




<>Xh 


9x v ' 


8x h 


9x/ 9x 


_ 9x* 

fop 
~ 0XB 
0Xo, 


_f 1 if (x 

tv' i 0 if {Jt 


9x 

9x<k 


=v 


9xfl 


0x v ' 0x* 


dx& dxv 1 


■6*0 since 6*0=4^ 


*- • • • < 2 > 
UXot 

(In summation convention). 


oujiiiuauuu tuuvcuuou/. 

Hence Sv 1 * is invariant and transforms as mixed tensor of rank 
two. Similarly o^v transforms as the components of covariant tensor 

of rank two while 8'* v transforms as a contravariant tensor of rank 
two. 

Kronecker symbol can be used as substitution multiplier. 

Since A v (in summation convention) 

=8 V , ‘ A* (by substitution of index). 
Similarly, A v =4z^--~rA*» 


dXy dXu' 


and 

while 


8 m v 8»0 

8% 


=6v K 

0 x„ 8x v . dx» „ » 

-^r^r = '^- =5B . 

*>6 1 1 -f 6 2 ®+8 s * (summation convention) 
=3 (in three diihensional geometry) 

*=4 (in four dimensional geometry). 
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Secondly, we define the generalised Kronecker delta symbol, 8 j£ 


by 


6 ** v _ 

»Y- 


1 if fi=(j v=Y and (as 8 j*=l 

-1 if i*=Y» v=P and (as 8 ^= 1 ^, 


0 for all other combinations of indices. 

Similarly we can define 8 j(yj as an absolute (invariant) tensor of 
rank six. 

Conclusively if both upper and lower indices of a generalised delta 
consist of the same distinct numbers chosen from 1, 2, 3, the delta is 
1 or -1 according as the upper indices form an even or odd permu¬ 
tation of the lower, in all other permutations the delta is zero. We 
have for example 

_1 e-')2 1 R 23 g 13 Q . 

0 12 = 1 » 0 32 — — I, O n —'O 21 V » 


5 123 
123 = 


= ° 123 “ 


1 R 213_C 321_1 g312 Q 

5 1 » 5 j 23 ^ 123 °123 

* Evaluation of the various possible combinations of indices shows 

that 


6 *v- °v»“- z [ 


8 v_ 8 j 8 v I 


(5) 


R rV — 8 h 


5 

Alternating or Permutation epsilon tensor. This tensor is also 
invariant component tensor of ihird rank and anti-symmetric m every 
pair of indices. Let be such a tensor ; then 

Gpjv— — €v/u.a~ €aj*v= “ “ €aVp ... (6) 

But if |A=v then — gives Gw* 

or €,*^=0 ’ ’ . 

It is clear that Whenever two indices are equal, the component is 
zeto. Moreover a tensor of third rank in three dimensional geometry 
has 27 components. But in case of the tensor only 6 components 
are non-vanishing. All of them have the same absolute value, 3 being 
positive and the rest three are negative. 

So €i23 == €xv*= 1 = €312 ^ ^231 


and 




,.( 8 ) 


€ 8 13 —€321 —€] 32 — 1 

while all other components are zero. 

Thus all the even permutations of 1, 2 and 3 correspond to the 
components with va^ie +1, while all the odd permutations corres¬ 
pond to.--1. 

The transformation law for this type of tensor in three dimen¬ 
sional space is given by 
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3, 

f'uVr — 2 dpM flvB €ot0y=€j»V* • 

ji> y™! 


f 1 

E ^V* = €j»V«r= i —1 
1 0 


j'.c., € m v* is invariant. 

Consequently 

when M-, v, a are an even permutation 
when (a, v, o are an odd permutation, 
when (a, v, a contain two or more repeated 
indices. . .. (9) 

Similarly the contravariant components can also be discussed, 
€ 128 =€ 812 =€* 81 =1, € 182 =€ 238 =€ sa *=-l, ? 

€ ll2 =€ 288 =€ i11 — =0. ’ t • • • • l*U> 

Pseudo tensor. Let there be a tensor of rank 4, defined such 
that 


f + 1 if is an even permutation of C # 1, 2, 3 
—1 if j,vrp is an odd permutation of 0,^1, 2, 3 
(_ 0 if two or more indices are equal. ... (11) 

These are termed as components of pseudo tensor of rank four. 

In case ^ is a scalar, the quantities are called as pseudo 

scalars since they have only one component. 

From every antisymmetric tensor of the second rank a pseudo 
tensor A of the same rank can be obtained by multiplying the 
former with a pseudo-tensor of rank 4, 


i.e. 'Si* =* ! V""A *a ...(12) 

P a 0-0 

9 

Thus the product of a tensor with a pseudo-tensor is a pseudo tensor. 
It is called dual of a given tensor. 

A useful property of € tensor. 

^-tensor can be used to write the cross product of two vectors 
A and B. 

Let D=AxB, * 

then A2B2 = Gi2t J ^s^3"^~^i32^t^2> ^i> 

B t , B s being components of A and B. 

Similarly D t = (in summation convention) 
and D 3 — € 3 v» AvB* 

or ... (13) 

Evaluating various possible combinations we may have 

€ # ‘ v *€**0=S£g=$£ 6g —8j| 8* 


Thus, if r=*C (AxB)=C*D for D—AxB. 
then, r=C,J> lk (in summation convention) 
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=i^ 9 C h AyB, 

Similarly vector triple product of three vectors can be given as 
E=Cx(AxB)=CxD 

=€»‘ v *Cv (€**»A*£*) 

=Kl Cvj4*B b =^6£ 5{ -85 8 ? )CvA?2l* 

Since 5£ A a =A l * etc., we get 


£,.= 5 ^ A'CvE^-Sl B^CvA* 

=A >‘ (Ct>B*)-B* (C«A«) 

As such E=A (CB)-B (C-A). 

Evaluation of V X (V x W) using €-tensor. 

Suppose, V x (V x W)= V x Z, 
then (V X Z) (l =€ f ‘ v ‘ r VvZ»=€ , * vw V(t (€»« »V*W*) 

7vK“ w*=Kl (i* VvH'H w* VvK«) 


=( 8 r 5 p - 6 a 5 I) (F-Vv^+^VvK*) 

= V*\7(ilV i —V w V'iW H ‘+ tV' , 'ty'tV l '—W lir 7*V* 

So VxZ=?x(VxW) 

=v(v*w)-(v.v) w+(w-v) v-w (v-v). 

Similarly all the vector relationships can be derived by using 
€-tensor. 

Krutkov’s tensor. Let us consider a tensor A**’ 6 ” of fourth rank 
having following properties: 

(1) Antisymmetric with respect to the first pair of indices 

_a 

(2) Antisymmetric in second pair of indices 

A* _ 

(3) Symmetric in cyclic order 

A •* v’B* 4 - A »*’» r+^ »r&_ o 

Then in terms of second derivatives of A 1 **'^ we can form a new 
tensor given by 


3 

£«**= 2 
y'P-o 


b 2 A** , *° 

dxydxa 


. . . (H) 


This tensor is called as Krutkov’s tensor. If we differentiate 
equation (14) with respect to x, we have 
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* IT- 0 - 

e_0 CX 9 


. . . ( 15 ) 


This is an important property of Krutkov’s tensor. 

Problem 6 . Define a tensor. Prove that the Kronecker symbol 8 j is a 


tensor where components are the same in every coordinate system. 

(.Agra 1966, 70) 

We know that the tensors are quantities obeying certain trans¬ 
formation laws so that tensor analysis may be regarded as an 
indispensable part of study which is rather suitable for the mathe¬ 
matical formulation of natural laws which remain invariant when 
one coordinate system is changed to another. ThR rank of a tensor 
measures the number of the mode of changes of a physical quantity 
when passing from one system to another which is in. rotation relative 
to the first. As such tensor of zero rank is a scalar quantity and the 
tensor of rank one is a vector quantity. 

The laws of transformation of vector being defined by 
4 d x / 

A'*= 2 5 — A* (contravariant vector) 

«=i ox * 

and A'^= 2 A*, (covariant vector) 

«= 1 8 x/ 

in Minkowski’s four dimensional space, we define the tensors of rank 
two as follows : 


Contravariant tensor : A’ 1 "*— 4^- ... (1) 

OX*. OX 3 

Covariant tensor : A'*v—^r 2 -, —7 A*n ... (2) 

i/Xp o-^v 

Mixed tensor: A' V = -J 1 - A*!* . . . (3) 

n 8x/ dx& v ’ 

Each one having 4 2 i.e., 16 components. 

Similarly we can define the tensors of higher ranks. 

Now the Kronecker delta symbol S,* is defined as 

r k Xfc 8x Jc fi x j 

* ~ dxi ~~ dxj 8xi 

which is easily deduced from (3) by choosing A to be the Kronecker 
delta S*R so that 


.,v dx* dxv _ 8 x* Sxv' 8 x 0 

** dx/ 8x0 01 dV 8x0 ' dx* 


8 x£ 

8 xJ 


-S v 


and now replacing p by i, v by j this gives 
Sf =A' k ( Zx * 


dxi 


j)X)/_ 

dX0 * 


dx* 8 Xk_ 
'dx/ " 8 x 0 


8 


a 

m 
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From the definition of mixed tensor, it follows that 6<* is a mixed 
tensor pf order two with 16 components in 4*dimensional space. 

In order to show that the components of the tensor 8,* are the same 
in every coordinate system, let us define the symbol V as 
8>=1 if i=k 
=0 if i^k 

fix 

which is evident from 8,*= =0 when i=£k 

0 ' Yf —1 when i=k 


In terms of new frame of reference (or new coordinate system), we 
may have 


R ,k fix* 
S ' ~ Sx,' 


8x k ' dxj 
dx, 8x{ 


= 1 if i—k 
=0 if i^k 


or 




dx’ t dx, dx t 
dxi 3x,-' 3*, 


dx k 3jc # e . . . gxj 

s - a 7 8,‘ since 8, 1 * 

ox i dx, 1 8 x, 


From which it is clear that 8,* is invariant and transforms as 
mixed tensor of rank two. 

Problem 7. Prove that Kronecker delta is a mixed tensor of rank two. 
Its solution has been given in Problem 6. (Agra 1968) 

Problem 8. Show that symmetry properties of a tensor are invariant. 
If then we have to show that A'x^v=A' lt xv 

The definition follows : 


A'xpv— 2 


-1 


dxm 9x8 dx y 
dxx’ dx h ’ dxy 


, AmBy 


and 


A' h xv= 2 


dxB dx * dxy . 

dx'» dxx' dx v ' AB 


The given tensor having symmetrical in first two indices, we have 
A Aj»v —A j, x v and Am By A 

Using this relation and comparing the two equations for A'x?v and 
A’pXv we find that both the equations are identical i.e., A’x^y—A'^xv- 
Which follows that the tensor in other system is also symmetrical 
in first two indices. Hence the properties of symmetric tensors are 
invariant. 


3.7. RULES WHICH GOVERN TENSOR ANALYSIS 
Rule I. The sum and difference of two tensors of the same rank result 
in a third tensor of the same rank. Moreover, ifFxp... and Gx?...are 
the tensors of the same rank, then pFxp,...+qGx?....is also a tensor of , 
the same rank (p, q being numbers). 

Suppose there are two tensors Ax^ and Bx h , then it will be shown 
that 

Axp+Bxp.=Cxp where Cx^ is another tensor of the same rank. 
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Expressing the tensor Ax? in the form of a matrix, we have 
fan 

A Xp.=* <z s i 

J*31 

. Cl1 
and CX|»= c 4 i 

L C 31 



(*iz 

r*u 

bn 

*13* 

a 22 

a 22 

—J b% i 

b% 2 

b %z 

fl 32 

a %2„ 

* L^31 

6 32 

^88, 

C 12 

C 12 




c 22 

C 23 




C S2 

C 33. 

1 




Wl 

] 


f an+^n 

so that ^*,,+5*,,= 


a n+^i 2 au+hjj, 

__ a 28 + 6 jj 023 + 6^1 

Lagi+^si agj+h 32 flsa+haiJ 
If the relations between the coefficients a’s and p's be such that 




then 




Similarly Ax h — Bx^~ 


>11 

C 12 


C 2 l 

C 22 

C 2S 

- C 21 

^32 

CzsJ 

me rank. 


r^i 

d lt 

d 13 l 

K 

d 2 2 

d 3 3 

Ui 

d Z2 

d„J 


-Cx 


i* ( 


-Dxu 


where ax h —bxp=--dx* 

Here Dx^ is again a tensor of the same rank. 
Further, 


pAxr.+qBx^ 



e i2 

*is1 

e 22 

e 22 


„ e 3l 

e 32 

«S*J 


=Ex h 


where pax r .+qbx r .=ex*. 

Showing that E\ h is also a tensor of the same rank. 

The rule of addition may be generalized for any number of tensors 
of any rank. 

Suppose there are two mixed tensors T and S .of rank IV, having 
their r indices (from Aj to A r ) contravariant and s indices (from |*x to 
(x,) covariant, then laws of their transformation may be written as 


r «I-«r 
Pl-P» ' 


dx 

dx' 

dx 

dx' 


\NVdxn 
I Ldx'h 
I N[dx» 

I L dx'»r' 


dx*, ~| r dxjn d x ' { 


h-fc 

If the sum of two tensors 


_ _ ’** "ljfc" ,Xr ... (l) 

dx' B,J L dx Xi" dxx r J 1 * 1 — 1 *«" 

8 x £L~\ ... ( 2 ) 

B«J L dxx y dxXr J t*l-t*» 


dx 


Xx-.X, 


V...V 


Xx...X f _ Xx-.-Xr 

U' , i.e., V 
1 * 1 — 1 *« (*!—(*« 


and S ”"' r be a third tensor 

i*i— 1 »« i*i— 1 *» 

Xi...Xf _Xj...X r 


So that 


V 


.Xj.-.X, 

(*!•••(*« 


- T- ' + 

i*i— 1 *« 
„Xi—V 


S 

i*i— 1 *» 
,,Xx—Xf 


( 3 ) 


(*i- 


{*« 1 * 1 —th 
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axlNf dxn dx*, 

~ ‘"ax' 


dx' 

dx N Sxm fix'*i dx\ T T *i —V 

ax'] —-’ 5 =^’— u 


Ldx'Hi. 

8 xm t 

ax'Bx "dx'e, ’ dx\! 


*1 dx'ui Pa'oit "| r_^1 •••V X1—V "1 

®s J L 9*Xi 0AX r J L |ti...|* f J 

dx'm r 
8 xx r 


by (3) ... (4) 

l*i—tt* 

Which is transformation equation for a tensor of rank N having r 
contravariant and s covariant indices and follows that the sum of 
two tensors of the same rank is a new tensor of the same rank. 

Rule II. The direct product of two tensors gives a new tensor of 
rank equal to the sum of ranks of these tensors. 

Consider two tensors T 1 r of rank N and S° l °* of rank N'. 

t»i—Pi-.p® 

Their transformation may be given as, 

I dx_ I N dxn dx^, dx\± dx\ T Xi-.-V 


Pi-P, 

Then 


dx' 
dx fN' d X{ 


dx'fii 


r\ 


dx'e, 8x\! 

dXfq 3a'«h 


rjs J 

dxX r 
dx'n p 


dx'I 9 *V dx wi '"dxv p Pi...p g 


r 81 " “ r S'H 

Pi- p s 81 • 


•*7 


9a | JV+iV' 9.\>i 3 am« Px'*! 3x'* r 3A fl 3 a,,, 


ax' 


Uf u B*’ ax 


3a'Bx " 3a'Bs 9aXx 9*Ar ax'«i"‘ 0 x't* 
dx «n 3A~ «i P r~ii,..A r "i r 

9*„-0x.„ JLV-m J 


B 1 . 

. dxn. 


■*r 

to 


dx N+N' dx n 
dx' 3a'@x 


dXfq 3a'h 


dx. 


dxj^ y?/ Xx 
dx, v »- 1 ” w 


9A), a 0 A «1 

9x'# s 3 xax 

Ar» *!• 


•M 


0A*,. 

0 XA r 

.(5) 


a*'*/" 3 a'*,, 

where —Ai...x r 

the equation (5) transforms a tensor of rank JV+JV'. 

Rule III Contraction. TAe algebraic operation by which the rank of 

a tensor may be lowered by 2 (or by any even number) is known as 
contraction. ( Agm m9) 

The contraction of a tensor may be affected by adding up all the 
components which have equal indices in a given pair. Any two indi¬ 
ces are converted into a pair of dummy indices. 

Consider a tensor of rank 3 with one contravariant index a and two 
covanant indices 0 and y. Then we have 




3 
S 

«, P, Y =*0 

Replacing v by X, we have 


I* 8jc> 9*7 9 a'a 

*x 0X' M 0x'v * 3 a* 
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l' x 

M 


3 

= £ 

X, ti,X- 
3 

S 

«. P. Y=0 


0 xb 


^pr dx' 




dXy 

dxx 

0 xa dxr 
dx p-dx* 


dxTx 

dx* 


But 


r=«5 


dXy 0 if 

dx m 1 if y= 

Choosing the second condition i.e., if y= 
tion becomes 


0 *r = 


1 , above rela- 


1 rX 




A\ 


3 

S 

i. P=0 
3 
S 

P“0 


.« axa 

► ax'„ 

9xa 


ax'. 




Which denotes the law of transformation of tensors of rank one, 
i.e., vectors. As a general rule we equate a certain covariant index to 
a contravariant index, sum on repeated indices, and obtain a new 
tensor of lower rank. This process is termed as contraction. The con¬ 
traction of a tensor of rank 2 yields a scalar i.e., tensor of rank 
zero. 

Illustration. We know that the scalar product of two vectors is a 
scalar quantity. It follows that the scalar product of two tensors of 
rank one is a tensor of rank zero. As such the rank is lowered by two. 

Rule IV. Extension of the rank. The differentiation of each compo¬ 
nents of a tensor of rank n with respect to x, y, z, gives a new tensor 
of rank («+/), e.g.. 


dA X/* _ 

0Xv 


Bxi l ,'i 


.( 6 ) 


This rule may be proved for a simple case, where the original 
tensor is of rank zero, i.e., a scalar say S(x u x 2 , x s , t) where deriva- 

• t s ds dS dS 

tivcs relative to the axes K are , 3 - * 

ox dy cz 

In system K', the scalar is S'(x\, x' s , x' 3 , t'), such that 
Sfa, x 3 , x 3 , t)—S (x 1 , x 2 , x 3 , t ) 

rkOt rs 

So 


05' 
dx\ 1 

_05 

0 X, 

dx t 

dx\ 

+ 

05 

0X a 

0X* 

0 x', + 

05 

0 x, 

dx$ ") 

dx\ 

05' 

_ 0 S 

dXi 

+ 

05 

dx 2 

05 

0X a 

0X' a ' 

= 0 X 1 

dx t 

0 x a 

0X', + 

0 X S 

dx' t 

05' 

_05_ 

dx t 

+ 

05 

3x g 

05 

dx 3 

dx' 3 1 

~Bx 1 

0 x ' 9 

0X ( 


dx s 

dx' 3 . 


which may be written as a single equation 
35' dx m 05 


dx'~dx'i .dx m 


(I, M-i; 2 ,3) 
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*jc 

This shows that tansforms like the components of a tensor of 

vXm 

rank one, i.e. vector. Thus the differentiation of the tensor of rank 
zero, yields a tensor of rank one. The rank of a tensor can also be 
extended when a tensor depends on another tensor and a differentia¬ 
tion is performed. For example, consider a scalar, i.e., tensor of rank 
zero, say S depending on tensor Ax?, so that 
dS 

dA, r -^ 

is also a tensor of rank two. Thus the rank of the tensor is extended 
by tiyo. 

vKule V. The Quotient Law. If A x B h v is a tensor for all contravariant 
tensors Ax then B^ is also a tensor. 

\\1 L Jfl D f i. n Saa ()Xy 0X X 

We have A ‘i ..=A‘B,, _ 

A'XB. dx » VXy 

~ A B,y Svi?; 


as 


or 


A'*=A* 

dx* 




But A' x being arbitrary, A' x ^=0 so th%t 

»' _p dx r 

J&* 9x'v 

which shows that is a covariant tensor. 

Problem 9. Show that there exists no distinction tetween contra¬ 
variant and covariant vectors if we restrict ourselves to transformation 
of the type 

where b* are n constants which do not necessarily from the components 
of a contravariant vector and a* are constant (not necessarily forming 


a tensor ) such that a* a\ = 6$ 

Given Xu — a$ **+£>• 
i.e., a* xx «=**'— b* 


... ( 1 ) 
.. • ( 2 ) 


Multiplying (2) throughout by ej and summing over the index * 
from 1 to u, we find 

x ,.**«£ Xu'— a* b* ... (3) 
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so that 


Now (1) and (3) yield, 

dx* „• anA 0 jc » « 

dxu' 0xb _ _ 

0X8 -8x/- fl ‘ 

This follows that the transformation laws 
OX 8 OX f, 

define the same type of entity without any distinction between 
contravariant and covariant vectors. * 

vFroblem 10. Show that is not a tensor although Axis a covariant 
tensor of rank one. 


We have A* =|^-,Ax (by covariant law) 

Differentiating w.r.t. x'8 we get 

dA ot 0 xa dA_x , 8^xx . 
0X ? 8 ~dx<,'' 0X'8 + 0X«'x'8^ A 


dxx dAx dXp d 2 xx . 

_ 0x«' 0X^ 0X'8 + 0**' dx'» X 
dxx far dAx 0 2 xa . 

~ 0X«' 0X'b 0x^ + 0x'80Xo,' 

0^4* 

The presence of the second term on the right shows that -r— does 


not transform as a tensor. 

■\JPfoblem 11. If xy, 2y—z 2 and xz are the components of a covarient 
tensor in rectangular coordinates, then find its covariant components in 
spherical coordinates. 

Suppose that x=x lt y—x 2i z=x 2 

Then the covariant components of a tensor Ax are 


/4 1 =xv=Xi x 2 
A 2 =2y~z 2 —2x 2 —x a 2 
A a =xz=x 1 x 3 

Let A ' p be the covariant components in spherical coordinates. Then 
Xi'-r, x s '=e, x a =<f> 


and A'*- f -,Ax •••(!) 

0Xf 

Now the transformation equations are 

x=r sin 0 cos y—r sin 6 sin <f>, z=*r cos 0 
which in existing case become 

x^x/ sin x% cos x 3 ', x 2 =»xi' sin x 3 ' sin x 3 ', x 3 =r 1 ' cos x/. 
From (1) we have 
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i ,_fai . , 9*i_ t ■ d*» j 

Al “0X?* ,+ 8*i 2+ 8*i * 

=(sin x\ cos x'J ) x,x,+sin x' t sin x\ (2x,-x, 2 )+cos x\. x^ 
»(sin 6 cos f) (r 2 sin* 9 sin ^ cos $+sin 0 sin f(2r sin 6 sin 
—r 2 cos 2 8)4- cos 0 (r 2 sin 9 cos 9 cos f) 
Similarly Af and Af can be determined. 

^Problem 12. If A x^ is a skew-symmetric tensor, show that 

B» B’ ,+B? B’ ) A „=0 


V A is skew-symmetric 

A n =A tt =...— 0 and A u =—A tl etc. . •. (1) 

Now left hand expression B* + B^ B* ) A K € 

- (Bv 1 j: + Sr 1 J*) A 19 +(BS B; + Bt 2 2>; Ma.+... 


=(iv 1 2?,*+ B, 1 Bf) A n +(Bf Bf+Br 2 By*) A tl +... 
+(PvJ BS+B, 1 BJ) A n +(Bf 2t,»+2M Bf) A n +... 


-0+0...-W PA+AW) by(l) 

=W BS+B, 1 Bf) {0} by (1) 

■problem 13. Show that every tensor can be expressed as the sum of 
two tensors, one of which is symmetric and other skew-symmetric in a 
pair of covariant or contravariant indices. 

Since M(.v+v<V(.]+i -4viJ 

-Av+C„v (say) 

where B^—i [A^+AvJ—Bv,, is symmetric 

and C,v=4 [i4 P v-^vJ= -Cv^ is anti-symmetric 

Hence the proposition. , 


^Problem 14. Show that A’^ is a tensor (Agra, 1967) 

We hav, j*-§S pi-A’ 

** r dx, dx\ox»dx‘ y |Mrv 

which follows that A r h ,v according to transformation law, is a mixed 
tensor of rank 4, contravariant of order 1 and covariant of order 3. 
N^Problem 15. If A x and B* are the components of a contravariant 
and covariant tensors of rank one, then show that C x *=A X B,> are thi 


components of a mixed tensor of rank two. 

We have X'i=X*^and *'„=*» 

S. tot C-i 

which shows that c£ transforms as a mixed tensor of rank two. 
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.JprftMem 16. Show that the contracted tensor A^* v is a mixed tensor. 

we have " 

■ ,8fr| dx't ?x'g 9x/ dxx dx* 3x v 
«Plf — dxj dx, dx, dx* 0xs' dx r ' AxiLV 
Setting S=y and summing we get* , 


. ,ifo 9 x 5' 9xV dxx dx* 9x v ,t t> l i> ■ 

A tfiy~dx 9 dx, dx’* dx'» dXt Al * v [ f 

dxj' dxn dxx dx* V T, f 

— 8x. 9x, dx'u dx't’ 
dxj' dx\ dxx dx* 

~ dx, dx, dx .' a?i 

If we compare it with the transformation law > 
J,n dx% dx* dxx dx* A ,t I 

*» “3x. 9x r ax,' dxt' x *- I 


l f>' y ^ 


then we conclude that A is a tensor of rank f|ur, contravariant of 

rank 2 and covariant of rank 2, 1 * •/ 

Problem 17. If the components of a tensor are zero in one co-ordi¬ 
nate system , f Aew prove that the components are zero in all co-ordinate 
systems. 

Consider the components of a tensor in the form 

i|al* (a2’...#a« # 

where the indices X x , A f ,...A rr p x , run through the integers 

1, 2 

The components then transform according to the rule 
r ,A x , Aa,... Ar Idx |AT foAi' dxx/ dxx/ dx» x dx» 2 dXfisj*!, *2 •••Hr 
*‘ 1 ’ nax'l ax fcl ax., -ex,/ ax^ 7 ax M — 9x.' ® 1 ’ »*-•* 

where , represents a Jacobian and N is the weight of a tensor 

field. 

In this equation T'^’ *£...*1 are the components of a tensor in K‘ 

system of reference while J^V J£,*”‘ ( £ r are those in the system of 

reference K. Hence if ’*.* are zero then T' X £ X £." X *, are also 
zero. 

Similarly its components are zero in all the other coordinate 
systems. 

ProUem IS. A quantity A ((*, v, a, t) function of coordinates x t trans¬ 
forms to another system of coordinates as 

A'U a v rw- 8 *- lx *' dx y 'Bx£ f * 

A (a, p. y, 5 ) dxu , g Xy 13^ 0Xt A (l*. v . ®. T > 
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Is it a tensor ? If so give its order and rank. 

Yes it is a tensor as it transforms according to the transformation 
law of mixed tensors of rank 4 having a contravariant order 3 and 
covariant order 1. 


3.8. THE FUNDAMENTAL TENSORS 


In §3.3, we have already shown that the interval ds between the two 
neighbouring events (x u x 2 ,x 3 , * 4 ) and (x.+dx,,, x 2 +dx 2 , x 3 +dx 3t 
Xt+dXi) considered in Minkowski’s four dimensional space, is given 
by 

dXp dxv (|a, v=l, 2, 3, 4) 

(in summation convention by §3.3 (2) 

and g^=g^ 

A convenient way of writing it, is adopted as 

ds s —g^ (dx)* (dx)*. ...( 1 ) 

Now dr being independent of the coordinate system, is an invariant 
or tensor of zero rank and therefore the equation (1) shows that g MV 
(ax)* multiplied by an arbitrary contravariant vector (dx)* always 
gives a tensor of zero rank; hence g^ (dx) 1 * is a vector since the dot 
product of two vectors gives a scalar i.e. a tensor of zero rank. Again 
gr* multiplied by an arbitrary contravariant vector (dx)* always 
gives a vector and hence g „ v is covariant tensor (by quotient law). 

To show that g hV is a covariant tensor, let ui assume that g MV 
becomes g ^ when* the coordinate system becomes (*') from (x) 
Then, ds being invariant, we have 


ds 2 =g' h .s ) (dx')* (dx')* 

From (l) and (2), it follows that 

g'rV (dx')* (dx')*=g^ (dx)* (dxy 

"*■' $ii*ir dx * dxd== g»v ( dx )* i-dxy 


... ( 2 ) 


- 3 v ' 

=g<nB dx* dx a since dxf—-~-dx* 

dx % 

and (x, v are dummy suffixes on the R.H.S. 

The equation is true if 


, ox / Sxv' 

8 ^ dx* 2.xa ~ 8 ** 

Interchanging the primed and unprimed letters we get 

9** dx*' 

Let us further assume that g stands for the determinai 


S Su Sl2 ifl3 SlA 
Six #22 #23 SiA 

#31 #32 #33 #34 

&41 &42 $43 £44 


• • • 0) 
•. . (4) 

.( 5 ) 
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and g'* v is defined as the cofactor of g^y in determinant (5), divided by 
g, i.e., 

^ v== co ^ r_org g ym gf (6) 


sr 


8 


Considering the inner product g^g v<r we have, 

g h « g vff =g M g vl +g M g v2 +gK3 g v3 +gM g vi 
which with the help of assumption (6), becomes 

g h w g v<r = cofactor of gyi in g+g^ 2 - or coftctor gy s in g 

-f g> 3 . cofactor of gv 3 in g+g M cofector of gy t in g]. 

= — xO /. e. 0 when 
g 

=— xg i.e., 1 when (x=v. 

8 , 

For, when p#v, we get a determinant with two <jows indential and 
when n=v, we reproduce the determinant g divided by itself. 

We write 


g/= 



.(7) 


It is therefore clear in view of §3 - 3, that gJ has not the same 
property as the substitution operator or the Kronecker delta 8/. 
Thus, m 

gs ^**=y4 v +0+0+0 by (7) 

= A \ ... (8) 

The equation (8) shows that g/ multiplied by a contravariant 
vector yields a vector and hence by quotient law, g> v is a tensor such 
that its components are the same in all coordinate system, because 
v becomes g' h v in another system of coordinates then 
0X* 2*v' 


if g»» 


g 


g* B 


<-Afl 
?*« . 

dZ since ex 


dxy b 3 x' v 


_ dxy 

sssr;W.p> 

Hence gV v =g/ (F, v—V, 2, 3, 4) 

Again gy" has the same meaning as g h * with K=v and we have 

gv V =gl 1 +g2 2 +gj 3 +g4 4 
=1+1+1+1 by (7) 

—A. ... ( 10 ) 

Further, we shall show that g v * is a tensor when g^m g v " is a tensor. 
Multiplying the covariant vector g^ A* by the vector g v<r , we have 
g„ g" A*=gS A* by (7> 

=A' by (8) 
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which shows that the product is always a vector. 

The tensor character of g l * v may also be shown by denoting the 
covariant vector g^ A v by B^. Then we have 

g n A 1 +g 1 tA i +g 13 A t +gnA t =B 1 

with similar three equations for B t , B z and B t . 

Solving these four equations by the method of determinants we 
can easily find 

A l =g n B l +g 1 *B 2 +g lt B 3 +g li B i 
with similar expressions for A*, A * and A*. 

So that A*+g>"* Bv 

which follows by quotient law that is a tensor. 

Hence we have defined in this article, the three fundamental tensors 

gg/, g hV 

of covariant, mixed and contravariant characters, respectively. 

Problem 19. Transform ds t ^dx i +dy 2 +dz 2 into polar and cylindrical 
coordinates. 

The transformation equation from cartesian to polar coordinates 
are 

x=r sin 0 cos y—r dq»0 sin z—r cos 0. 

If a point (x 2 , x 2 , x 3 ) in cartesian becomes (x,', x 2 ', x 3 ') in polar 
system of coordinates, then 

x 1 =x, x t —y, X 3 =2 
and x 1 '=r,x 2 '=0, x 3 '=^. 

So that gii=g S 2=ff33= 1 

and ?ii=^i3=fs3=°- 

Now, from equation (4) of §3.8, we have 
_ 0x H 9 xv 
g * $ ~dx*'dx'» gl * y 
. _dx h 0xv_ 

g n ~dxl' 3Xi' g ^ 

If? *“ 

-dHSMsy 

as x x =* etc. and gu^#**** 5 ****®* 

=sin 2 0 cosV+sin* 0 sin* ® 

=sin 2 0+cos 2 0=1. 

r* sin*« 


Similarly 


and 




'-(shsdm*)’ 
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Also 


git 


fa* fay _ 

~'d Xl ' dx a ’ 

d*i 0 Xx „ ,dx t dx t fa, 
~ gn ~r a3~» *** > 


3** 


" 8 *!' 0 x 4 
fa fa 

06 


3y 


0 r 06 + dr 


fa a ' dxg' 
jiy 0 z _ 0 z 
"06 + 0r 06 


fax dx a 


git 


=sin 6 cos <j> (r cos 6 ccs ^)+sin 6 sin ^.r cos 6 sin £ 

+cos 6 (—r sin fl) 

= r sin 6 cos 0 (cos* <H-sin* $)—rr sin 0 cos 6 
=rsin 6 cos 6 —r sin 6 cos 8=0.' 


Similarly, g'is=0—£''**• 

Hence ds'*=g'^ (dx'y (dx') v gives 

ds'*=g' n (dx.r+g'tt (dx t r+gtt &c.')* 
=dV 2 +r 2 d6*+r* sin* 6 #*. 

Again the cylindrical transformations are 
x—r cos 0, y—r sin 6, z—z. 


so that Xx—x, x t —y, x 3 —z 

and Xx’—r, x t '—6, x a '=z. 

Giving, gu=g»*=g»a=l. 

Also as above and since g lt =gj 8 =g M «0, we have 
' f'll-l.g'M-' A t»SS-l 

g'li = 0=g'xt=g't3. 

Hence «fe'*=g'n (</x,')*+g'>a W*s')*+g'» (dx 8 ') 2 
=rfr 2 -j-r* de t +dz i . 

Problem 20. Show that g^y is a covariant tensor of the second order. 
Let ds be the distance between two neighbouring points P(y*) and 
Q (ym+dy*), then 


But 


where 


ds*— 2 dye dye 


—gay dxa dx^ 

~ = £ 3ya 3ya 8ya 9ya 
P«1 faa 0X T 0X« 0Xy 


Hence in new coordinates, 
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dyt djCp 9 ya dxy 
'dx h dxt 8 ^ v dx\ 
dxp fay dyp dy$ 
dx'f dx'n dXp 0x v 


dx h dxv 

which follows that g^w is covariant tensor of second order. 
Problem 21. Show that go,a dx* dx» is anJnvariant 
g'*a' dx* dx’»=g*a dx* dx». 


We have 


or 

or 


, dx’* 0x'b 

8r "“ 8 **?x;~dxr 

* dx'a 


.faj _ 

V fcB 8**. dxt 
/ , . 0?'o, 8x'a 


-£<»v) = 


dXu. Sxv 8l *j 


dXp dxv= 0 , 

since dXi is arbitrary 


, 0JC'* 0X'B , , , j 

or g 0,0 gj— -g— rfx,. Axv 5 =g^v Ax* Ax v 

or g'o,B dx* dx'»=gp,v dxjdxv by (1) of §3.2 

which shows that g*B dx* dx b is an invariant. 


3.9. ASSOCIATED TENSORS: RAISING AND LOWERING OF 
SUFFIXES 

The process of raising and lowering of the suffices of a tensor is 
employed to obtain the new tensors associated with the given tensors. 
'In fact this process of raising and lowering the suffixes of a tensor 
changes a covariant suffix into a contravariant suffix and vice versa. 
These operations merely depend on the inner product of the given 
tensor with a fundamental tansor. 

We define the raising of the suffix of a vector (/.«., a tensor of rank 
one) by 

A l *=g M Av ... ( 1 ) 


and the lowering of the suffix of a vector, by 

* A h —g h v A *. ... ( 2 ) 


In general for a tensor like A , the operation of raising p is defin- 

v 8 ll v$ 

ed as AA\ ... (3) 

«fiv 


and that of lowering t* as 




... ( 4 ) 
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The definitions are quite consistent; for, if we first raise a suffix 
and then lower it, the original tensor is reproduced, e.g., multipli¬ 
cation of (3} by g?m in order to lower the suffix on the left, yields 

aSa rs 

-v 

-l.- A y l bj (7) of P.8 

*PV 


by (8) §3.8 , 

Kper 

which verifies (4). 

It is however worth notable that the raising of ft suffix v by m»a ns 

of g M is accompanied by the substitution of |a for v and the operation 
of plain substitution of f* for v is carried by g^ ; conclusively, 
multiplication by g™ yields substitution with raising, 
multiplication by g/ yields plain substitution, $nd 
multiplication by yields substitution with lolrering. 

The operation of raising and lowering of suffixes is applicabe to a 
tensor of any type. For example if A** is a contra variant tensorof 
rank, two, then 


A^—g^v B' kV so that second has been lowered 
>tvB=g,.v A** so that first has been lowered 
A^v=g h u gvP A** so that both have been lowered. 

Similarly if £*p is a covariant tensor of rank two, then 
Bn^—g^ 2?*v so that second has been raised, 

Bg v =g hv Bug so that first has been raised, 

£i*v—gi*a gvg so t jj a t both have been raised. 

If two tensors are such that either of them can be obtained from the 
other by any combination of the operation of raising and lowering the 
suffixes, then these tensors are known as associated tensors. 

Problem 22. Show that for a rectangular system of co-ordinates the 
raising and lowering of a suffix leaves the components unaltered in 
three-dimensional space. 

We have in ordinary three-dimensional space. 
ds i =dxi+dxt+dx t 2 


where 
so that 
and 


x s ^y, x,=z 
8ii = 8n—8aa—l 

ft*“fts == ft* == 0 . 


8i i ft* 8is 
8 = \ fti 8tt Sts 
ft l ft t ft* 
We thus have 



1 

0 

0 

a= 

0 

1 

0 


0 

0 

1 


= 1 . 


ii 11 


cofactor of g u in g 
8 


!l 

°l 

1 0 

IL 
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Similarly #*’=£**=1, 

which follows that 

so that all three tensors are merely substitution operators. Hence the 
proposition. 

Problem 23. To show that dummy suffixes have a certain freedom of 
movement between the tensor-factors of an expression, prove that 

(i) A*»B**=A**B*0, 

(ii) 

(/) Since we have 

A^fagvtA** 

and 

Therefore A^B'">=g h *grtA'*g' k '‘g*BuB 

or A^Br^g^g^g^grtA^B^A^B** 

So that 

(ii) Since g^B^=B^. 

gSg^BS^gSB^^B** 
and similarly gv*A h *=A h v gives 

g^gVH Ap* ^ g*** A ~ Agtf, 
A^B^^g^g^A^.g^g^B^ 

-AfBf. 


3.10. LENGTH OF A VECTOR (i.e. A TENSOR OF RANK ONE), 
ANGLE BETWEEN TWO VECTORS AND ORTHOGO¬ 
NALITY OF VECTORS 

, We deal in elemantary vector algebra that the square of the length of 
the vector is its scalar-product into itself and ,the two vectors are 
mutually perpendicular if their scalar product is zero. Thus if A*, B» 
be two vectors, then condition of their orthogonality is 

ApB^ss 0 . ... ( 1 ) 

Also if l is the length of the vector A,, (or A**), then 

A„A*=*P. ... (2) 

In case a vector is self-perpendicular, its length will be zero, i.e. 

Ai>A*=*0. ... (3) 

Now we have 

ds i =g^ (dx)r. (<£*)» 

=“(f*v dx*) (dx'*) 

=< **V dx\ ...(4) 

the diplacement is self perpendicular if 
dxv dx^—O, 

*' e ‘ </j=0 . 
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It shows that a displacement is self-perpendicular when it is along 
s light track 0. 

Now, if 6 is the angle between the two vectors and B^, then 
scalar product of the two vectors 
008 v (length of A/ V(length of B/ 

____ 


V(A*A*) V(BgB») ~ /{(A* A*) (B*B*)} 


... (5) 


3.11. METRIC TENSOR, RIEMANNIAN SPACES 
We have ds*=dx* dx *, by § 3.10(4) ... (1) 

where dx* with the help of transformation (1) of § 12 can be expres¬ 
sed as t 

7_ ~ dX* 


Similarly 


dx* = dx v as dxv=(dxp. 

CXp 


With the help of these transformations (1) can be written as 

ds*= dx" dx' ... (2) 

dx/ Wv 

But ds 2 =gpv dx" dx'. ... (3) 

Comparison of (2) and (3) yields 

dx* dx* ,a\ 

g ^~ dx/ aTV • * * (4) 

which transforms as a tensor when a coordinate system changes from 
x' to x". Therefore 

dx* dx* dx* dx/ dx* dx/ ' 
dx*’ dx/ ~ dx/ dx$" dx/ dx/ 

, dx/ dx/ ' • • • (5) 

Here g^ is a covariant symmetric tensor of rank two. It is called 
the metric tensor. 

There are ‘spaces’ where we cannot introduce a cartesian coordi¬ 
nate system, e.g. two dimensional ‘spaces’ of that kind which include 
the surface of a sphere. Introduction of a coordinate system with 
latitude $ and longitude 9, makes it possible to express the distance 
between two neighbouring points on the spherical surface, in terms of 
their coordinate differentials, like 

dr*=R* (#*+cos* <f> dti 1 ). 

\On assuming equator as 0=0, north pole as 0=-y, south pole as 

~f) 
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Whenever we define a ‘squared infinitesimal distance’ which is an 
homogenous quadratic function of the coordinate differentials, the 
manifold is called a metric space or a Riemannian space. In case it 
is possible to introduce in a Riemannian space a coordinate system 
with respect to which the components of the metric tensor take the 
values at every point, the coordinate system is a cartesian one and 
the space is called a Euclidean Space. In fact Euclidean spaces are the 
particular cases of Riemannian, Spaces. 

In all cases where the infinitesimal distance is expressed by equation 
(3), ds 1 being an invariant, g,,y is always a covariant tensor. 

Problem 24. A hyper surface in a Riemannian space is given by 
xt=x t (u u u t ) : 

then prove that the coordinate curve of the surface is given by 
ds'—h^y du* du v 

L u dx* 5*8 

where h^-g^a —-=— 

. dU» CUy 

We have 

ds i —ga.& dx* 


_ dx * , 3x@ , „ 

=g*0 -r— du* -— du '» 


»,» 0Xv 




du* du v 


dx H 

9x« 3xe 
dx h 3xv 
=A,»v du* du*. 

Problem 25. Surface of a sphere is a two-dimensional Riemannian 
space. Find its fundamental metric tensor. (Agra, 1974) 

If a be the fixed radius of a sphere, then its surface is given by 


<&*=a 2 dd 2 +a 2 sin 2 0 d<f>*, with equator as 0=~ , north pole as 

0=0 and south pole as 8—n 

so that gu—o 2 , g 2i =a 2 sin 2 0 

gl2 — 0=g 21 . 


g= 

I gll gl2 1 = 

1 a 2 


0 


1 #21 g%2 1 

| 0 a* 

sm z 0 , 

= 

a A sin 2 0 





cofactor of g lt 

a* sin 2 

e 

l 

6 — 

g 

~ a 4 sin 2 

0 

“a 2 ’ 

1*22 — 

cofactor of g tt 

a* 


1 

g — 

g 

a 4 sin 2 

T 

~a* sin* 0 

g l2 = 

0=g tl . 





3.12. CHRISTOFFEL’S 3-INDEX SYMBOLS 
Here we introduce two expressions (not tensors) known as Christo* 
fifel’s symbols of the first and second kind. These will be found of 
great utility throughout our subsequent work. 
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Christoffel symbol of the first kind 


i>, •=[,*, *]= M^&r+ d £r— i£r ) 


dx* J 

dg*x dg*v\ 


dXu 


dxx ) 


2 \ 3xv T cx u 

Christoffel symbol of the second kind 

It is obvious from these expressions that 

[(*v, <r]=[v(i, o] i.e. r h v, *=r VM ,* 

9 

and {nv, o}={vji, or} i.e. = T* lt 

showing that they are symmetrical with respect to ft and v. 
We also observe that 

- g "X [( av , \] 


( 1 ) 


( 2 ) 


... ( 3 ) 
... ( 4 ) 


{(iv, or} = 


i.e. 


and 


C =g 4X i*,v, x 
x 


[(*V, o]=g»A {ftv, i.e. J^v, *=*$*x i^ ¥ 

To prove the result (5), we have from (1), on leplacing a by A, 

M£r> 

Multiplying both sides by g" x , this becomes 

g" x [^v, X]=~ 2 g'* ^ ^ 


( 5 ) 

( 6 ) 


dx h dxxJ 

={|iv, a} from (2). 

This proves the result (5). 

Again to prove the result ( 6 ), interchanging A and o in (2), 
we have 

O'*»-3**-(&+£"£) 

—g Xv |Av, a], from ( 1 ). . 

Multiplying both sides by g*x , this becomes 
g*X {t*v, *}=g.xg’ x [hv, a] 

=[t*v, a), 

which proves the result ( 6 ). 

Now we have from (1), 

dgv* 




dXf. dx* J 

j (dg**. dg*v_dgy* \ 

2\ dgv + dx* dg h J 


. dgv ^ dx* dg, 
1 ( dg** dgv* cg*v dgp* dg*v dgy* 

' 2 \ dxy ~^dx*, ~ r gx* ’’’ dxy dx* dx, 

dg** 1 
5 dxy ' 


0 


• {T) 
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i.e. Av, *+2*v, 

Problem 26. #?»</ the Christoffel's symbols corresponding to 

(Agra, 1974) 

(a) <fe*«o* </0*+a* rin* 0 #*. 

(b) <fe*»<fr*+r 2 </8*H-r* rm* 0 dp. 

(a) We have ds 2 =a 2 </0*+a* sin* 0 dp, 
so that gu=a 2 , g 4a =a® sin* 6, g lt —0—g n 




gw 

gx2 

a* 

0 

• • 


&21 

Z>22 

0 

a* sin* 0 


=a* sin* 6, 


giving 


* 11 . 


cofactor of g n a* sin* 9 1 


g 


a 4 sin* 0 a* 


Similarly, g**= fl4 s | n Tjj: and g**-0=g“. 
Thus Christoffel symbols of first kind are 

-i [o+o— ~ (a* sin* 0) j 

«*— a* sin 0 cos 0. 


Similarly, [12, 2]= 0 y (a* sin* 0}=a* sin 0 cos 0. 

The rest of all are zero, and the Christoffel symbols of second kind 
are 

(22, l}=g u [22, X] 

=g u [22, l]+g“ [22, 1] 

=-ij (—a* sin 0 cos 0)+O=—sin 0 cos 0. 

Similarly, (12, 2W*» [12, X] 

=g M [12, 2]+g** [12, 2] 

—0 + . r rr (a* sin 0 cos 0)=»cot 0 
a* sm a 0 

and the rest of all are zero. 

(b) We have <fc*=A*+r* </0*+r* sin* 0 d dp, 
where x x =r, x 2 =0, x s =^ 

and g u —1. g M =r\ g s3 =*r* sin 0, 

£ 11 =0=g 13 =...etc. 




gu g« Sit I 
g»i In go I 
g»i gas go ' 
1 0 0 
Or* 0 
0 0 r* sin* 0 


r* sin® 0, 
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r 4 sin 51 


« cofactor of g n 

g g 

cofactor of g ti r 2 sio 2 8 

g 

gK=! cofactor of g, 3 
and the rest all are zero. 


giving 


Similarly g li = 


r 2 sin* 


r* sin 2 8 
r 4 sin* 8 


* 1 . 


g 


'r 4 sin 2 8 


V sin 2 8 


I 

73' 

1 


Now the Christoffel’s symbols of the first kind are 


»*• »= i (if 


dgn %u'> 


= 0 . 


dXi dx x j 

Similarly [11,2]=0=[11,3]. 1 

In a similar manner, it is easy to show that ' : 

[22, 1]= —r, [22, 2]=0=[22, 3] * 

[33, 1]= —r sin 2 8, [33, 2]——r 2 sin 0 cos 8, [33,13] =0 
[12, 1]=0=[21, 1], [13, 1]=0=[31, 1] I 

[12, 2]=0=[21, 2], [12, 3]=0=[21, 3] 

[13, 1]=0=[31, 1], [13, 2]—0=[31, 2] 

[13, 3]=r sin 2 8=[31, 3], [23, 1]=0=[32, 1] 

[23, 2]=0=[32, 2], [23, 3]=r 2 sin 8 cos 8=[32, 3] 
and the Christoffel symbols of the second kind are 
{22, 1}=^ [22, X] 

g 11 [22, l]+g 12 [22, 2 ]+g 13 [22, 3] 

= — r+0 +0= — r. 

Similarly {3, 3, 1}=— r sin 2 0, {11, 1}—0, 

{33, 2} = — sin 8 cos 8, {13, 3}= =i, {23, 3}= 
and the rest all are zero. 


=cot 8 


3.13. EQUATIONS OF A GEODESIC (Agra, 1963, 65, 66) 

We sometimes define a geodesic as the path of shortest distance on 
the surface between two given points on it. Here our aim is to deter¬ 
mine the equations of a geodesic or path between two points for 
which 

j ds is stationary. 

Assuming that the initial and terminal points of the path are fixed, 

| let the path be deformed by giving every intermediate point an arbi- 
[ trary infinitesimal displacement 5x y, so that the expression 
ds 2 =g^v dXp, dx't yields, 

Ids S(ii)=>5 (gyv) dXp dxv~\- 6(<£*y) <£xv+g^v dx^ ft(dxv) 

—dXp dx^~ d> f V 5(<fjr^)-rg^v <£v„ 5(dx V ) 

... (I 
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The stationary condition is 

S (ds)=0. 


J 


.( 2 ) 


Substituting the value of 8 (A) from (1) m ( 2 >> we * et 

On changing the dummy suffises in the las. two term., th.a 
becomes 


i 

or i 


fell •».+ (*« y-+fc»T>a (te ')} * -# 

\ * dx 9 / J N 


IntegraUng the second terms by parts, we have 


J V . . . l_ WaiL + U A 


where the integrated part vanishes as 8 *. vanishes at both the limits. 
We are, therefore left with 

if & f -w “• *-*&( *" ^ +<r " ^ <t ‘° 


1 

f fdxp 


M 

or $ 

1 L ds 

ds 8x® 

~ds\ 


This will hold for all values of the arbitrary displacement (5x.) at 


all points if 


winis ii . . 

. rdx, *rv If *cv + . \ Uo 

* L“5T *■ FxV"M*' v * * 'J 

orIf **s-* d* *® v ds* * * *_ 

— 

But we have 

Jxj! £? and %r ^ 

IF * 0x, ds da dx» ds 

to that the last relation becomes 

, dx? dxv 8g^v , 8g«* dr, jxy _ i gig ^ -\g*-£* 

i p- A dg ds io <& 
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Replacing the dummy suffixes f* and v by c in the last term. 


f/t get, 

i 


ds ds 


/8gi*v 

1? 

1 

1 

I 

V s*~ 

0X* 

0 *y 


, dXf. d* ( dgp V SgVc \ +ft 

or * ds ds \ dx 9 0x,» dx\) 


d*x« , _ d*x»\ 
g *' ~dF +8 "’ d? J 
. d*x» n 
!+g** ^5 0* 


Multiplying throughout by — g"*, this becomes 

2~3F~dF g VI* + 9x„ 0 * 8 

. d 2 x. . d* dx v , „ n _ ft ? 


d*x. _ ft 

•r -“0 


**^+?3r^“>= 0 '- 

g**g«*=g** 


d*x* , . . dx* d* _ ft 

or ^ + ""-* ) -ar-ar- 0 . .fe w 

which may also be written as smce -^~r —£• ^ * * * v ’ 

d**« dx^ dxy =Q | 

& J 

which corresponding to «-l, 2, 3, 4 gives four equations determining 
a geodesic. 

3.14. LAW OF TRANSFORMATION FOR CHRKTOFFTEL’S 
SYMBOLS (Agra, 1966,68) 

Considering the two coordinate systems x * and x » in a Riemanman 


where 

and 

where 

Now we have 


d 2 * , n « dx a dx T 0 
dr 2 1 dr dr 

...(1) 

r; r ={Pv.<*> 


rf *' r -o 

d!r* + dr 

... (2) 


r£ ={BY, «>'. 

dxm 0*' dxx 
“3T = 0* dT ew - 
I**', d /dx'*\ 4 / dx« > dxA 

dp s= dr V dr / "35 V 5 ** * / 
d /0X«'\ dxi 0x«'d 2 * 

“ W\0* / dr + 0*x dy* 
0 2 *' dx„ d*a Wd 2 * 
“0XM0XA srs-^xx *** 
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* ^ 0 *x»' dx* . dxv , dx* cPxx 

°5x (1 0xv ds ds ds* 

(replacing A by v in the first term). 
Substituting these values in (2), we get 

ex'* d*xx, 3»x,' fag. dxv « fa*'dx£ dx»dXy Q 
exx ds* **” fix,* dxv ds ds py dx^ 0xv ds ds ** 

O y • 

Multiplying by s—r, this equation becomes 

Cx Qt 


(Pxx 
ds * 


+K 


dx'a Sx'y Sxx t dfa* fax \dx± dxv 

ds ds 


dxp oXv 3x'*' r Sx,, dXv dx\) 
Interchanging a, p, y, with A, (*, v respectively, this becomes 
</*x,. / x 8xV dxj fa* d*x’x fa* \ dx* dx y 
ds* + v ** v dx* 0 Xy 0jcs dx y dx'xj ds ds 

Comparison of (1) and (3) yields 
r « _p/X 3*V fa'y dx* 

1 Pt ^ 0 xs 0 x r dx'x 
This may also be written as 


= 0 . 


dfa'x dx* 


ln , , ,,, 3xV 3 *'v Sr* 


0XS 9x y 0x'jl 
3*x'a dx* 


dx* dxy dx'x 


( 3 ) 


•( 4 > 


(Agra, 1968 > 

This gives the law of transformation for r£ y , i.e. (Py, a}. It is 
clear from this transformation that r£ y are not the components of a 


tensor, so that rj| r may be zero in one coordinate system, but not 
all coordinate systems. 

We may also arrive at the Christoffel symbols and their law 
transformation by another method. We have by §3.8 (4) 

dXX dx* 


g**=gvr 


dx'* dx'» 


in 

of 


Differentiating it with respect to x' y , we have 
dg'** _ egx? dxy fax dx t ( fax &Xp. dx^ d 2 xx \ 

dx'* 0x v dx'y ex'* ox's'^M 0*'* 0x' y 0x'a + 0x'a dx'ydx'*) 

... ( 5 > 

The other two equations may be obtained from it by cyclic 
permutations of the indices a, p, y, and these are 

0g'»T Cgx |> 0Xy dXX fa* . ( dXX 3 8 X|> dXf. d*xx \ 

dx'* 0Xv dx'* dx a 8x' y " t ’® i '*\ox'a 0x'* 0x' 7 0x' y 3x'„ dx'$) 

...(«) 

, dg'y* dgX* 0Xy dXX dx h / 0XX 0% 3x» 8*XX \ 

4110 0x'p “ 0Xv fa'* dx'y 0X * * X *\0x' y 0X'p 0x'* + 0x'* dx'» dx'y) 
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Subtracting (5) from the sum of (6) and (7) after ^hanging dummy 
suffixes in their first terms and then dividing by 2, we get 

< dg'»7 , d*A fa* 8*v ,/^v , dg r dgx,\ 

0X'« + 0X'8 0X' y / 0X'a 0X'8 0x' y * *\ 0Xi + 0X K fay / 

.1 / fa* d 2 x,> dxx _d**x _ _ fax c 2 X p 

TK>.|* 0x fc ' 0Xy' *" fay' dx,' 0xa' "* 0X y ' 0XS'0X«' 

0X|> 0 2 XX 0*X 0 8 X|> 0X,, 0 2 XX \ 

+ 0X*' 0X8' 0x y ' 0x«' dXy 0X8 ' 0X8' 0X y ' 0x«'/ 

In the last term of right hand side, interchanging the dummy 
suffixes A, (a wherever necessary in order tofmake all the second 
differentials of x p only, we get | 

„ fax fav fav , i„ (dxx I 0% . fax 

r «8, y =ri ( .,v * r t~ 5 Z 7 } ar-rmchr7V„ , s Y '+ a* ' 


,p. y =l *,.,v 8xu , dxfi , exy'^ 0x y ' 

0*X|> fax 9 2 X „_fax 8 2 X(J fax 8 2 *i» 

0X*' 0X8 ,+ fax' fas' 0X« 0X*' 0X8' 0f/ 0x« , ‘0x y ' 0X8 


fax 9fai> \ 
”0X8' 0Xy' 0X» / 


„ 0XX 0X M 0*V , 0ATX 3*X|» 

=rAf ‘- v far far fa^'+^fa/ 0x*' 0X8'* * • • W 

Also we have the transformation law for the contravariant funda¬ 
mental tensor as 

g'Y^gflxjL |*L. ... (9) 

Multiplying together the corresponding sides of (8) and (9), we get 

vr.r' . — dx •* 8 * v 8 *t fa«' 

* r «8, y -g rx„,v 3jftt , 3^ 8xr » 0x, a*. 

. M fax 0% 0x y 0X.' 


+f^x 


•“fay' 0x«' 0x'e dx, 0x« 


0xx 8x„ 0x t „0x, dx/ 

: 0X*' 0x'8 0Xw dXy dx, M v 


0 8 Xy, 0X,' fax 0X y ' 

0x fc ' 0 x'b dx, dxJ dx, ® 


- ?** fa>* fa* J. 

■0X.'0x'8faT ? + 


0x»' 3x'8 ' 


fax dx* 0y» ' r > 
! ax.' an' dx. 1 *1*+' 


0*Xj» 0X,' 


0**' 0X8' dX, A**" 1- 0X«' fas' 5 *dx, 
nr p<* _p* 0XX 0X^. 0X»' 0 2 X,» fa/ 

•> ** 0X«' 0X8' dx, + dx,' dx 8' dXp' 

Replacing x by p, p by y. « by a, A by n, (* by » and e *by A, this 
becomes 

'« „X dXp 0x v 0x*' 0*Xv 0X*' 
l 8r"Vv-0x8' 0x/ 0xx + fas' fa y ' 0x v ’ 
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Again replacing v by * in the last term, 

pi dXp 3x v 9X. ' 9 2 xi 3^' 

1 ar— Q Xfi ' dx y ' axi + 0xa' 0x y ' 0xi * 

,, , -i,0^M 3x v 0x'« , 0 2 X1 0x« 

l -e. (PY» «} -W *) axB , 0J(A + 0XJJ » 0Xy ' 0 Xi » 

Interchanging primed and unprimed letters, this yields 
, , .,,, 0x/ 0x v ' 0x* . 0*xi' 8x* 

{PY. «}-{(«, x ) dXy 8xx '+ dxH dXy sx'x 
which is the same transformation as obtained in (4). 

In the given Euclidean space such as 

<&=(d Xl )*+{dx*y+...+(dXn) 1 , 


y... do) 


r* =o. 
1 


The equation (10), yields 

r* - 

* n v- 


0 2 xa dx *' 


V- 0X0' 0X r ' 0XA 
If this new system is also cartesian, then g»0=constant 


or 


r ,9t —o 

i j|y~u 


or 


... do 

(Agra, 1965, 66, 67) 


8*xx n 
0X8' dXy’ ' 

and then the symbols transform like tensor. 

Integrating (11) twice, we get 

xi=a« A x*'+h\ 

where a* A and b x are the constants of integration. 

This follows that the co-ordinate transformation between 
cartesian co-ordinate systems is linear. 

0X 

Now inner multiplication of (10) by g~* f gives 

tv* Jxy 8x f r i dx„ 0x v 0x»' 0x> 0 8 X1 dXu_ 

1 » A 0x»' — 0x«' l »‘v Q Xft > fay 0X1 **'3x tt ' 0X8' 0X y ' 0X1 

dXp dXy dXf 0X*' ri X , 0Xf 0X»' 9*Xl 
“0X8' 0x r ' 0Xu' 0X1 '* v " t "0x.' 0X1 0X8' 0X T ' 


two 


l.e. 


3% 


0X|, 9xv p f 9*Xf 1 

3xa' 0X y ' *‘ v+ 0X8' 0X y '’ 1 

_TV* 0Xf 0Xj, 0Xv 

^ AY 'S_/ “ * _/ #• 


.( 12 ) 


0X8' 0X' y 0X|t' ** v 0X8' 3X y '* 


3.15. PARALLEL DISPLACEMENT OF VECTORS 

Consider an absolute contra variant vector A* (x u x t , x t , ...x n ) in a 
cartesian co-ordinate system. Then, we have 
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and A»=A'*p£,- 

dXm OXu 

jj,. 3 a x,/ 3xs j_ , , dx/ JAtt 
dA ~A dX t dx%dXy ' dx r +fi£ dA ■ 

If we now assume that the components of A* are constants, t.e. 
dA*— 0, then the above relation becomes 

8V -- 


dA'i*=A* 


dxa 3x. 3x y ' 


=A 


,,3x. 3 2 X|t' 0 X 0 






... av fa» m. . , : (i) 

3x0 3x* 3x y ' 3x.' y ' • 

From the preceding section we have the law of transformation 
„ 3 2 x > < 3x'» , „„ 3X0 axy 3V 

3 1 y- 3x y ' 3x»' 3x k + 0x r ' 3x,' sir 

But in the cartesian co-ordinate system, we have rj[ ? =0. 

0*x k ' 3x„' 


r'C = 


Now 


r*~ 3x y ' 3x»' ax. 

8.“. 


Sx,,' 3x. 


3x« 3x.' 


^"r';.rfx y ' 


... ( 2 ) 


Di£ferentiating this equation partially with respect to x y ', we obtain 
8*x/ 3x0 3x. gx^' 3 2 x.' 

3xs 3x« gx y ' 3x„'~ 3x. 3x y ' 0x.'’ 

. r'«* Sx * Sx * 

• • y * 3X0 3x. 3x y ' 3x c ' 

With the substitution of these values in (1), we have 
dA'»-- 

or interchanging the primed and unprimed letters, 
dA^-AT* v dx r . 

Thus if A* is parallely displaced with respect to any Riemannian 
V n along any curve, we have 

d JH _ AT* ^ 

da Vw da 

Now we write 


^^M-A-AT* dx . r 
8 s da + 79 ds 

-- A ’ T r.7r+ A 'rJ% 


• ■•( 3 ) 
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which represents a parallel displacement of a vector A* along the 

gj * 

curve. Here -=— is known as the intrinsic derivative of A* w.r.t. s. 
os 

But the equation of geodesic is 

, r i* dx * dx » rs 
H?'*' l '*ds ds 


... (4) 


So the equation (4) represents the parallel displacement of unit 
dXm 

tangent vector -rg- along the geodesic. 

3.16. COVARIANT DERIVATIVE OF A VECTOR (Agra, 1959,70) 
We have already introduced the transformation law of covariant 
vector as 

(by §3 4) 

dx; ?V ex. ’ { y 85, ; 

Where ^ is an invariant function of position. 

This relation follows that the derivative of an invariant is a 
covariant vector, but we should carefully note that the derivative of a 
vector is not a tensor. We shall now find certain tensors to be 
employed in place of ordinary derivatives of vectors. 

Now consider when dx^ is contravariant and ds invariant. 

It is a contravariant vector and represents velocity. Thus if >4,* is a 
covariant vector, then the inner product aJ^~ is invariant. As such, 

dx 

the rate of change of A h per unit interval along any assigned 
curve must be independent of the co-ordinate system 

... (1) 


t.e. 


£( a ^) is invariant - 


This leads to an assumption that we keep to the same absolute 
curve however the co-ordinate system is varied. This result being of 
no practical importance is now applied to a geodesic. 

The expression (1) on performing differentiation yields 
dA? dx,, . (Px *. . . , . . 

dx7~ds‘~ds' +A,k ~ds 18 mvariant alon S a geodesic 

The equation of a geodesic is 

^' ip « dx rdxw_ n 

d?~ +r "ira 0 


.( 2 ) 


i« 




dx„ dxw 
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Its substitution in (2) gives 

dx h dx*( dAp j \ . . 

■ararvsf-^M» 

Since ^ and both are contravariant vectors, their cofactor 


^1* ri* 


’* 0Xy 

We write 


—r^A* is a covariant tensor of rank two. 


A,., v (or simply 


(Agra, 1964) 


...(3) 


and call the tensor A h , v the contravariant derivativiof A? w.r.t. x v . 
The result (3) may be arrived at by another method as follows; 

We have 

pi? dx$ 0 x$ 9x® pi ... 

M dx V™ 0xV Sx'v+0jcV 0xV *» • ’ *'' 

and the transformation law of covariant vectors gives 

A! CX% 

A *~w; A ' 

which on differentiation with respect to x' v yields 
dA'n 0 2 x» dx§ dx( dA» 

dx\ ~3x' h 3x' v ^*+0jcV‘0x\ 0x1 
Applying (4) and changing the dummy suffixes in the last term, we 


r ,f fa, _ faa_dxB r * j 
c\ V 1 •** fa', oxV 3x'v 1 * 


5x tt 8xa cA* 
~dx'u dx'v 0xs* 


... (5) 


Again we have from law of transformation of covariant vectors 


so that (5) becomes 


A 0Xi -A' 

A *w, * 


<*Aj> 0Xq 5x6 ( dA 

0x' v ** v 5 = 0xV 3x' v \0xj 




o ^ 

Showing that —r* v obeys the law of transformation of a 
covariant tensor. We thus approach the result (3). 

From (3), by raising a suffix we get an important associated tensor 
as follows: 


We have 
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so that from (3) we have 

. dA* _pk a 

v dAv l ' v 

K- r '" “• bys31I<6) 

=^4—+r.v,k^* by §3.11(7) 

CXv 

Multiplying throughout by g*”, this becomes 
tr a„ v^'lj’+g^r.v, • a • 
or /!%=£.**'I^+ITv A* 


MT+ r +A' 
- Sxv +i,v • 


... (7) 
(Agra, 1970) 


which is called the covariant derivative of A*'. 

Similarly the tensors A'*^ and A 1 " 1 obtained from (3) and (7) y 
raising the suffixes are known as contravariant derivatives of A? an 
A*, but they are of no practical importance. 


3.17. COVARIANT DERIVATIVE OF A TENSOR {Agra, 1963) 
The covariant derivatives of a tensor of rank two are formed as 


A*, %A„-r%A^ 

... (1) 

.v , .v v dA V pk pV A * 

A^m (or A .)=-03^ “"^k + l k 

... (2) 


... (3) 


and a general rule for giving covariant differentiation with respect to 
x, may be illustrated as follows: 

i 4 Ai*v* aB ^P^Ak* -I ’v* A X* 

+*t. i4 w • • • (4) 

In order to show that the quantities on the right are actually tensors, 
we proceed as follows: 

In place of (1) of § 3.16 we may use to say that 
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dx>,d i x^ J _ A dxp. d*x v 




dA^t dx, dXf. dxs, , A dx\ 

1x7 dT~dF 17 +A ^ ds d F 
is invariant along a geodesic. 

But along a geodesic, we have 

, d t x ¥ . . d*x, _» dXp dx, 

3 T -=-^«vF„, -r- -T~ 


ds ds 2 


and 


ds* 

d*x. 


. d*x v . _ 

'‘ v 'ds r '*°‘ ds* 

/ Sy4|,v p* , p« J \ dx h dX\ 

Vk; “ r - ^• v_r v A ^)~dsS 


•*' ds ds 
. p« dxv dx, 

'WV ^-ar* 

dx,, dxy dx,' . 


ds 


is invanant. 




. dx„ dx v dx, . . . i; 

Au.v, ,—- -r^-r is invariant • 

* ' * </s ds ds 

which shows that A h \, is a covariant tensor of ran|c three. 

The results (2) and (3) may be obtained by raising the suffixes v and 
{a as follows: >, 

Since A^ y =g y , d* , therefore, 
dnr» * s 


dA?v 

‘ dx ,' 


■r;^. y 




= d,, ) — r yw gttAp 

dA* h t dg y , r » . r .• 

—1 i»*d* y —1 r*>*d ,» 

=gy.“‘- r *,^*T+(|f7- r r'- •)< 

=g y ,%^-r* d. T +r.„ y A\ by (7) of §3.12. (dgm, 1959) 
ox* 

Multiplying throughout by g vr , this becomes 
g vr A „„—g'‘ y gy^ x ^~'g' > r+? vy r**.r 

v ad! 


i.e., 


*n». 


-r;, g" d. y +r>; by (5) of §3.12. 

p* ,v , _v ,• 

■ * T * »r^ f» 


0X, 

which is the result (2). 

Again, since <4* =g y , A*\ we have 


l y»t 


0>4 V V v v « 

=33^- r ;,dl +r.,d y 
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‘ =4; (*r^' v )-r% *«^ V +C 4 

by (6) of §3.12. 

or A ,= ?y .^-V^(|g I - r r-. *)+r V .c 4 

r.., y +C 4 by (7) of §3.12. 
Multiplying throughout by g M , this becomes 

g- r X}. .=e r gj^ +g"A" ['•.„+*" rj. 

u. <c J§;+v;.A"+r:.^ 


0 A” 


-j*A"+rl w A~ 


which is the result (3). 

Problem 27. Prove that g*s, y =0 i.e., covariant derivative of fundamen 
tal tensor vanishes identically. (Agra, 1963, 65, 68} 

We have by §3.17(1). 

- dga 8 •••(!) 


g*B,r* 


0X, 


Bu, 

that rt.-ta 

*'’*'*■ 

Similarly (^+|g f -|g r > 


Adding the last two relations, we get 
Substituting this value in (1), we get 


£»0> y =£ / .B r^y+g|»« fgr r* 7 gl.t r^ygftm 
= 0 . 

Problem 28. By starting with » verify the first 

result of 13.17. 
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Given that 

A' a =*A •••(!) 

A gx0' 

Differentiating with regard to x' y , we have 

0 j' o dA»v 9x„ dx h 9x v ,J 5 x * l*? xi d** —L*i!_ 

l)x y ' = 9xi 9x y ' 9x«' dxfi'+ ** v 0x«' 9x y ' 9 xb' ** dx* dXB dXy 
f)A»vdx* dxv dx. , A r r . 2 a> ^ dxt ax^lSxy 

- 8^S5 ! 8S r 55? + '*'i ■”'ES ! **■' 

, . r r * -r v -521122,1 by (12) §3.14. 

+^i*v^r #y dx ^ 1 8 „ dx j dx ^ j gXot | 

a^'.e . r ,« a** d J^.-A mT'*— l»V 

or -03^7“^^ r »* w 3 xb' 14 ® y **•' 

3^4-v dXf. 9xv 9x> . r i* d*« ?*2- 

“ aSTSSTW dx y ' “ v *” 3*«' Sx y ' a* 

. r i| 3x t 9x„ Bxp. 
-*•" 1 f> 9x«' av 9x«' 

or using ( 1 ), this becomes r 

i£=f-^'.v r; y -^V' r 0 y =(^£ f_r ^* i4 ' v_ r , v* ^Oa^Taxa 7 ax? 

d r , dx* ?xv 9 x g 

i.e. ^ r— A v»> • 0x.' 0 x 0 ' 9x y ' 

showing that A**, , is a tensor of rank three and is the covariant 

derivative of A^m with respect to x*. 

This verifies the first result of §3.17. 

Problem 29 Show that the distributive law of ordinary differentia¬ 
tion holds good in case of covariant differentiation of a product, i.e.to 
show that (Agra, ivov, ojj 

(i) (B„ C v ), *=2V, •Cv+BpCv, 

(ft) (B>- C' 1 ), *==57. C'+B* C y , . 

(0 R.H.S.==jB|a» iCv+B^Cv,* 

-(s- r ‘' & ) c » +j '-(s- i '- c *) 

- 4- (^v)-r;»(j?.Cv)-r*. (B„c.) 

v. 

(it) R.H.S.=Br„C v +-B'‘ c >* 

=Gf-+ r '-- B ") c ' +s '(i; +p ~ e *) 

=4- (^cv)+r:, (B-co+C <*■«» 
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Problem 30. Prove that 
(a) *£“0- 


(Agra, 1959, 55) 


(b) s;„=o. 

(a) We have 


(Agra, 1965) 


g««rf**=6* 


=0 or 1. 

Differentiating with respect to xx, this gives 
Multiplying throughout by g' r , we get 

r '^+ r ' a .^'- 0 

r g' f g« (Ttx^-Tx,, «)+*«» by (7) of §3.11 


r 8" r \ x +g' r r*„+|£=o by (5) of §3.11 

Now *£=!£- +C ** V +C g*» 

<=0 by (1). 

(b) ~O v *+ r *.6% 

-o-r’+r* 


.. 0 ) 


Problem 31. Show that the covariant derivative of an invariant is thc^ 
same as its ordinary derivative. 

Let / be an invariant, so that I A^ is a covariant vector. 

Now the covariant derivative of IA,, is 


.aJL-%L>. 

a* v 


I Am, 


~ A 'H. +, Qk~ r ''' A ') 
- A 4k +IA " .. 

But from Problem 29. 

(lAf), v=/, vAp+IA, ,, v 
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0/ 


/, v Ap+IAp, v 


i.e. 


or 


Jfv 

'-' A >- A *irL 

T dI 
7 ‘ V “0^ 


which shows that the covariant derivative of an invariant is the same 
as its ordinary derivative. 

3.18. THE CURVATURE TENSOR (RJEMANR CHRISTOFFEL 
TENSOR) ? 

Consider an absolute contravariant vector A*. Its qovariant derivative 
gives the mixed tensor! * 

A\ ,=~+^r*,by(7) of §3.16. 

If this is again differentiated covariantly, then w| have 


A '- = fc7 +A ’* r *"- A 'r r ~ b y ( 2 ) of § 3 - 17 

=ek( i £ +A ’ r '’) + (ii' +/ “ r ") r - 


f 




h 


, dA 


; r, ~ +A ^ + {W +A,r l') r ~ 
-Q£+ A, <) r ^ 


ax* dx, n ax* 
Similarly, 

A* d%A ' I dA * 

dx f dXvdXf 


...(I) 


r -+' 4 ' | f + 0£- M ’ I '«0 r - 

^ 


Subtracting (2) from (1), after changing the dummy suffixes 
wherever needed, we get 

a• -a* r* -r* r*\ 

A *r» "»•* ■'* \0x* dx r ^ 1 * r 1 ** 1 i** 1 S*y 

(Agra, 1958) 

The quotient rule follows that the cofactor of A* must be a tensor 
of rank four, so that we may write 
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where 


. 8r w....^Egg- 

dx, dx, 


-r* r,»» Tp f - 


mere ~*rw a X9 ext •' - 

This tensor is kno wn as curvature tensor. On contraction this ten 
yields two new tensors as follows : 


(0 Cv= 


ar 3 . K 


(XI 


fr 


p w _r" 

»»* 1 ftv f 


■>*V 0Xy CXff 

=i?,xv (say). 

This tensor is known as Rice! tensor. 


.(4) 


(») B\ 


sr 0(t ^ov n »_pi p* 

-fl — +1 Vfx I Dv 1 *V l si* 


•pv = 0Xv 

0X* 


0Xv , . . 

(the last two terms cancel when P and 

(say). ^ 


So 


iV|. : = ®cv(* : 


"‘ex. 


ar 3 

q^jL 

9xv 

r 3 

L d(l 


/<* aC\ 


\ dx* ) 

=—5>v 

This shows that the tensor S^ is anti-symmetric. 
Again, we have from (4), 


( 6 ) 


•RjxV = 


ar 3 


(XO 


er 3 

VX |iV 


0Xv 

ar 3 


0X* 

ar 3 


jiP p*_p® n* 

” 1 pv A jjv 1 pv 1 


0l l*a A °v,p* p* n B p* 

v ** (interchanging o and H- in second term 

rj v -rj v r @ V 


Similarly, 


Rv,x=—rTp 


Si* 


.r® r* 

x vM- 1 0* 


n* p® P* 

l 4 f*V 1 0* 


—Sv„+r; w 

(interchanging n and v in second tern 

i?ixv—/V=S>v+ Svi. 

=S H v-^v from (6) 
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i,c. • • • (7) 

This shows that R^ is symmetric. 


3.19. RIEMANN—CHRISTOFFEL TENSOR OR COVARIANT 
CURVATURE TENSOR 

The tensor is known as Riemann Christoffel or covari¬ 
ant curvature tensor. (Agra, 1963, 64, 65) 

We have 


■*..(r;.r:,-r; v r‘ 


3r* sr* 

u.rt V* .. 


fid ^ |XV 


a* v dx, 

a 


?) 




_n* djfr* ° ('r* r* )+r* - 

4 •*« 0x v 0x c lif * »**' T ^ 0X„ 


flfom (3) of § 3.18 




=r , ^lo- r«v, r— r* r« r , ?- 


=r; w r.v, f-r; v r ..,,+ 


aiy, t _« dgft 
0Xv hv 0Xv 

0f|*». r 0f<*v. t 


, n « 0gf» 

1ST +r ^. 


0Xv 


0Xg 

-r 


< dgr* , n * aj># 


0Xv ^ '* v 0X, 
(replacing e by a in the last two terms) 


p« ( p r * ( p dgypA 

=r v*v “ v *' ** J -I H ” ,_ aw 

, £ 1 (fyrr ■ 

~*~dXv 2 \0X* ‘ 0x H dxr) 


=—r* ff r PV , a+r* pv rv *,«+^ 


d 1 (*g» . 

0x v 2 \0x v i ~0x |k dx f * 

1 / ay, ay. 


0X K 0X@ 0Xv 

0 2 gvf , ay> \ 
0X|t 0X, " t '0X, 0X,/ 
(since r*v, f= —rVv, « etc.) 

r « r . r « r | i / ay, . ayv 
■ ry r, v> a+y r„, *+?x, 

_ ay. _ ay v \ /j-, 

gx, axv 0X^ 0x» / ' * * ^ 
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Interchanging j* and p, this gives 

p - r* r 4-r*r i 1 

**•*- - 1 * I>, *+l *1 «+ 2 Vfc> 3x v 0X* 0x. 

__ _ y gpv \ 

9x^9xv dxfix w J 

so that 

r w ,«+r* ¥ r,., *—r^r^v, »+r fv rv*,* 

—— g* x r„., ig»x rj,+g** iVv, *g«ar*, 

-r£,r„v,x+r* iv.x 

==— IV*, xr ¥r +iVv,A r*(i~ rj, iVv,»+ r^r^*, x 
**°» 

i*e. B |frV*f = Bwm fk. • • • (2) 

This shows that £,.v»r is anti-symmetric in indices ft and p. 
Similarly, B ,»,,*=-B^t, ... (3) 

i.e. 2?pv«r is anti-symmetric in indices v and a. 

Also, it is easy to show that 

... (4) 

i.e. B^tt is symmetric in index pair (n, v) and (p, a), 
because — Bn,? by (2) 

=-(-Wby(3) 

^BftrVp 

Thus Bpvt is skew-symmetric in the first indices, skew-symmetric 
in the last two indices and symmetric in two pairs of indices. 

(Agra, 1969), 

Further, it has the cyclic property i.e. 

•Bi»v«rr+-ii**fv+2?,»*v*=0. ... (5) 

(Agra, 1968} 

Writing the values of all three tensors by (1), and adding them 
altogether, the result follows. 

We have already mentioned that a general tensor of rank four has 
(4)* i.e. 256 components. In the existing case the double anti-symmetry 
reduces the number to *C t y*C t i.e. 36 of which 30 are paired because 
p, p can be interchanged with v, a, but the remaining 6 having ft f 
as ihe same pair of numbers as v, a are without partners. As such we 
have 21 different components (30 paired components are cquivaleni 
to 15 different components+6) with one further relation given by (5) 
Conclusively the Reimann-Christoffel tensor has 20 independent com¬ 
ponents. The scheme may be shown as: 
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Writing the suffixes in the order |*p<rv, the different 21 components 
ire 

Bm» Bm» -®ms -®i3i4 ^uii -®i8a3 3 h»* 

3uil ^1M4 -®1S14 -®1884 -®14M -®8314 ■®*4I4> 

■®1*14 -®H34 -®1IS3 3«14 -®1434 ^2884 -®84M- 

With the relation 5 U 34+B 1J4a +B MM =0, 
vhich reduces the number by 1. 

Independent number=21 —1 =20. (Agm, 1963, 65, 76) 


Problem 32. Prove that if lf^—0, then space is Euclidean. 
We have 


B' = 


sr* ar* 

iiu v * n 


l |iV 


dx. 


Of t r* r* —r* r* 

Sx v ~ ev l «* i** 1 «v 


But in Euclidean space with cartesian coordinates, we have 

r‘ (*)= 0 . 


So, B*^ w =0 in this coordinate system. 


But if l?* w =0 in one coordinate system, the components are zero 
n all coordinate systems. 

Hence if 2>* y(r =0, the space is Euclidean. 

Problem 33. If R^Kg^, then show that R=K where R is called 
he scalar curvature. 

Given that R^=Kg,.v. 

We have B=g , * v B ( ,v 

Hence R=K as ^ V ^v=*l. 

Problem 34. Prove the Bianchi’s Identity 

w ==0. 

(Agra, 1964, 70) 

We know that 


B* 


an 


dx. 


5 + rr 

0*V M ** 


-r* r* 


If we differentiate this equation and evaluate at the origin of a 
jeodesic co-ordinate system, then we have 


B 


3TL 


l»vw» 


‘dx f dxf 


dXf dx* 
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(since the Christoifers symbols referred to the geodesic co-ordinate 
system vanish at O, the origin, by §3.3.) 

Similarly, 


0 2 r‘ 0*r* 

v== 0Xv dx~,~dxv dx. 


u- 


and 


B' 


s rl 


'‘ ,v ’ * dx* 0x v 0XV 0*>‘ 

Adding all these three equations, we get 

B* +B ' A-B* =0 

Problem 35. Show that the construction of a uniform vector field is 
only possible when the curvature tensor vanishes. 

Or 

Prove that when the RiSmann-Christoffel tensor vanishes, the differ-' 1 

0 A 

enttal-equations —{|xv, «} A a — 0 are integrable. 

(Agra, 1966) 

Consider the differential equation 

dA t 


ddp . p* j 

dxv r ~ A *- 


= 0 . 


... ( 1 ) 
... (2) 


This gives 
Consider the integral of L.H.S. of (2). 

=| dAp=*Ap. ’ 

This follows that the left hand side of (2) multiplied by xv is a 
perfect differential and as such the right hand side of (2) multiplied 
by dxv must be a perfect differential, i.e., 

T* v .4* dx v is a perfect differential. 


i.e. r* v Ai (fx v +r* v a 2 dx v +... +r* 1 A« dxi+rj^ a% d> fj+... 

is a perfect differential 

i.e. r* v A* dx v +r* c A x dx m is a perfect differential 

which is of the form M dx+N dy— 0 and this is perfect differential if 
dM dN . IM dN „ 
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As such r“ v A <fev+r“, A dx. (/.*. r“ v A dxj is perfect differ¬ 
ential if 

dx^ T *' A*)— g^( r ^ ^«)= 0 . 

... j (K„ 3 ^i** , p* p« dAu _q 

or ,f A '(dZr~~d^ +r *'^ r *'~e^-°‘ 

With the help, of (2). this yields 

" , *(S"-^) +(r - r -' _r ‘" r, - M ' =o 

v 

Changing the dummy suffix a to e in the first term, we get 
r8T* dr* s „ i _ 


r»Le_ ^ w 

L $ x * 3 *v 

AiB l . mv —0. 




Since A • is arbitrary, therefore 

Hence when 2J*, v vanishes the differential dA? determined by (1) 

will be a perfect differential and as such [dA ^between any two points 
will be independent of the path of integration. Then the vector A 0811 
be parallely displaced to any point thereby giving a unique result 
independent of the path of transfer. Displacement of such a vector 
gives a uniform vector field. Conclusively the construction of a uni¬ 
form vector field is only possible where the curvature tensor vanishes. 


3.20. SOME IMPORTANT RESULTS 
We have g^vg** —gv“=0 or 1. 

Its differentiation gives 

g Mt 4gj» v +frv dg**—0 
or g** dg h ^=—g^dg**. 

Multiplying throughout by g v *, we get 

g**g* dg^= —g^g* dg** 

= -A 0 #*• 

— —. ( 1 ) 

Similarly, dg*B=—g^gvs dg**. ...(2) 

(Agra, 1963) 

Multiplying (2) throughout by A**, we get 

A** dg*9 _ -(jg h ugv*A*») dg*' 

— {gtmdSlif* 
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t-A^dg” 
5 —Ault dg** 


■- —AuH dg •* (replacing j*. v by *, p 

respectively), 

i.e. A**dgu$*=—Au$ dg**. •••(3) 

(Agra, 1967) 

But for any other tensor But, we have 
A**d£uB=Auit dB **. 

Now consider dg formed by taking the differential of each of g^ 
and multiplying by its cofactor g'* v in the determinant g. 


But we have 


~f s =g l ‘' 1 dg^ 

= —g^ dg '* v by (3) 


r<* _i_*i $8g*x , dguX dgv* \ 

* 8 l~fa7 + dx» ~ dxx 5 


... (4) 


—ig mX ~§~ > other two terms cancel, by 

VXp 

interchange of o and X 

*^l°gV(-g) ...(6) 

(Agra. 1959, 64, 68) 

Since g is always negative for real coordinates, we therefore use 

V(~g)- 

A ftnin A ^ SA V nV . .. 


Again, a T ="-^l_i_r v a* 

" 0x v + " 

I J_ j}*. a i* by (5) 

■ 9xv + 2g d x , A Dy w 

^ on 'placing ^ by v 

(taking the absolute value of g). 
Further, let h v ,=a^, a>x., 

where a^v denotes constant coefficients. 

=*fl».va.r (£«**,+£•.'*,,) by §3.3. 

Repeating the process, 

0<*Av, 

~g x r^ x» ==a '* va " 

■* On yCTg r+00 y£* r * 
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Here changing dummy suffixes, we have 
0* 

■^-^(a^a.rXpX,)=’ar*a*T+a,vO l >T. 

Similarly if a^v* is symmetrical in its suffixes, we have 

dxp alV^7 (W vX * )=6flfW - 


...( 8 ) 
. . . (9) 


3.21. TENSOR FORMS OF OPERATORS 
[A] Gradient. If ^ be an invariant quantity then 

dA 

V^=*grad <f>=<f>, v=-g^ 

where v is the covariant derivative of ^ w.r.t. 

[5] Divergence. Divergence of A h is defined as the contraction of its 

covariant derivative w.r.t. x* i.e. the contraction o^ , so that by (7) 

of $ 3.20 we have [ 

div d^ VgA * h 

[C] Curl. The curl of A? is defined as 

t j _ZAp. 3Ay 

A„ v-^v, g Xv “ ^ 

Also curl A„ v=—( iik A M y 

[D] Lapladan. The Laplacian of i is divergence of gradient ? i.e. 
W=div v. 

But V^=-|j- a covariant tensor of rank one defined as cova¬ 
riant derivative of <}>, written as The contravariant tensor of 
rank one associated with is 

dA 

a** _2_ 

A g ax'* 

Hence V 2 ^= div g^r j 


-3iK(y"~£) 


when g*°, V g milst be replaced by V—g while the cases 
$<0 are included in VI g I instead of y/g- 


g>0 and 


ADDITIONAL MISCELLANEOUS PROBLEMS 
PreMean 36. Write the law of transformation for the tensors 

(0 A* (U) A? , (///)'B« 8 , (ir) ^ . (V) c„v. (W) C*‘ v , (vW) As 0* ) 
** v »*v* 

We have, 

m ^*’* »** »*v /> 

■ w ^ti-sjtTsx'* ix? 'V 
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(«) 

8x*' 8x«i' 8x* uv 

A x. ~dx,> a* v *x'z A o 


(Hi) 

Br^ Bjty Br^ 
* WTSJT »X0 0 x'« 8 x„ 0 x'S 

(iV 9 

iff) 

,5^ 8x'« 8*'„ a*'* 8x« 0X0 
— Y® "8x , |» 0x v 8x, 8x' y ax* 


(v) 

_ 8 x m 8 x v „ 

*®‘'0X„' 0X0' **' 


(vi) 

®X*‘ 8x0'_ftv 

s ax,. 8x7 c 


(V«) 

£'*= and (v///) />'*= 

4 & 

0X^ 


Problem 37. If the tensors awa are antisymmetric in every pair of 

indices , find their independent components in four dimensions. 1066 ) 

If ant is a skew-symmetric set, then for every pair of values /, k. 

In particular 

011—~"0n. ^22 —~^22. G33——O3*, 044=—044 giving 0ii=‘0 2 2—0. 
/.e„ the components arising for equal values of the suffixes are all separately zero. 
Their number is four. 

In all there are 4 2 i.e., 16 components of which 4 are zero. The remaining ( 16 — 4 ) 
i.e., 12 components divide themselves into pairs such that the two members of any 
pair are equal and opposite as 012=— 021 etc. Thus (he total number of indepen¬ 
dent components of an anti-symmetric tensor 0«* of order 2 and dimension 4 is 6. 

Similar arguments will give the independent component of 0**/ and 0***1. 

Problem 38. Show that the number of distinct non-vanishing components of the 
covariant Reimann Christoffel curvature tensor does not exceedin ' 1 (n 2 — 1 ). 

Since is skew-symmetric in n, 9 and v, a therefore the number of non¬ 

vanishing components contributed by n, 9 is n C 2 i.e., n ^ n * * also tho secontributed 
by * is £ n{n— 1). Thus the number of non-vanishing components of Riemann 
tensor does not exceed i.e., n ~- (n— l) 2 

z 4 4 

But the number of relations in Bianchi's identity i.e., 

0 is n. n C 9 i.e., ^ ^ 

The number of distinct non-vanishing components does not exceed 

(/»-!)*- { "~ 2) («-!) [ 3 (n— 1 ) — 2 (n— 2 )] 

4 12 

"if ("—i) («+d~£(«*-d 

Problem 39. Establish the result 

and prove that B ^ 9 has only twenty algebraically independent components. 

(Agra, 1958 , 65 , € 7 ) 

For first part see ( 3 ) of § 3 . 18 . v 

For second part see § 3 . 19 . 

Problem ,40. Explain what is meant by covariant, contravariant and mixed 
tensors, IfB»* is an arbitrary covariant tensor and A (n, v) Bsw -C^ where Cpm is 
a tensor, then proves that A (p, v) is a mixed tensor. 
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Define the Christoffei three-index symbol of the second kind . Prove that it is not 
a tensor . Verify that g^ behaves as a constant in covariant differentiation . 

(Agra, 1958,63,65) 

For definition see §3.4. 

Suppose that A (n, v) £vv«Cf** in the coordinate system x*. 

Then in the transformed coordinate x*\ we have 
A'(t,y)B' r t=C'& 

Consider, A f (0, y> > 1 r ¥^T r ^ 


'dx T ' ex*' 


8 x 5 ' axg' ^ 
ex* ex* . , \ m 


» H*- 


Multiplying by-j— «u have, fg,-fg -|g s. tint »; 


( 1 ) becomes 




or A'(& t y) ^ (*, v)- 0 , being arbitrary. 

Multiplying by ■£= «* gut j|S, J'(p, ,).|£n i«' X (p. .) 

^ v> 

which follows that A (n, v) is a mixed tensor. 

Now in §3.12, the Christoffel’s 3 -index symbol of the second kind has been 
defined as 




and in §3.14, we have derived the transformation Jaw for it in equation (4) as 

/o \ r or QXb' 3x\/ iXflt ^ot 

{Pr.«}=frv.x} , 

which clearly shows that {0 y # » «} or are not the components of a tensor 

unless the second terms on the right are zero. 

Since the covariant derivative of g> v is zero as is shown below, the tensor gpv 
may be treated as constant in covariant differentiation. 

Covariant derivative of g?v iS given by ( 1 ) of §3.17, 

# '* V * ' *S§7 ^ V-r v„ 


But v“T* 

Crt _ n * 1 „ ay t%g*v , 1gMr \ 

So that f«v 1^-3 ft, v* 

1 _ u.*V_, 
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Stalhfljr, m rj,—HHST+ tSv 

-[C''’ +r -'~ ]—is 

«— -- 

Problem 41. State the law of transformation of a mixed tensor. Show how the 
transformation is affected when the tensor is subjected to a Contraction . 

Calculate the Christ off el 3-index symbol of the second kind {pa, a} 

Verify that ike covariant derivative of the tensor g** vanishes. (Agra, 1959,65) 
For first part see (5) and (6) of §3-4 and III of j3.7. 

Now we have 

/uv *££v\ 

it»v, 2 , ^-+) 

But v—a, so that 

i 2 s \ 9 X . + 9* a / 

~~ log V~g by (8) of §3.30. 

For the last part to show that g**, d»0 see Problem 30 (a). 

Problem 42. Define geodesics and obtain their equations with the help of a varia¬ 


tional principle. l 

See §3.13. 

Problem 43. Prove that 

dg.B^-g*. gvg dg^ 

We have ,*‘ v =^ ai v =0 or 1. 

Its differentiation gives 

gMt dg^+g^ 4rv**»0 

or . . g*dg M ,- Ik dg” 

Multiplying throughout by gvg> we get 

g** v gvB dg^.— —g(m fvg dg** 

or dgp. » - gMt g v g 

or dg.,= -gp. gv, 

Problem 44. Show with the usual notation 
W A:] 

W {■£}“£* 

(f) Using (1) of §3.12, we have 

T] tlc\**—($iif 4 -ISii 

l/, J 2W + i3s-9ir; 

2 \*Jt* + • *t) 2 \9x» ^ 9x t dx t ) 

Adding (1) and (2) we get [/./*]+[ 

(If) From (4) of §3.20 we have y^-g^, dg^ 


(Agra. 1963,65,68) 


(Agra, 1963) 


(Agra, 1963,65,69) 


... ( 1 ) 


...( 2 ) 


... ( 1 ) 
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*“ ('Sf+Sg-iK) 

oa " two terms cancel by interchange of/and X 


B i5i log V* fc positive. 


Problem 45 (a) Define the Kronecker and alternating tensors . 

(6) Prove the following identities 
(i) *ii~3 

(H) *ik *ikm”*0 1 

(dlf) *(i;8 , (Agra* 1969) 

(a) Kronecker delta is a notation defined by 


&(jOr if i=£j ; 

-1 if f-y % > 

It is a mixed tensor of rank 2 as it transforms likeia mixed tensor of rank 
two. \ 

Alternating Tensor (or permutation tensor or Epsilon tensor) is an abstract 
entity of order (rank) 3 and dimension 3 such that its Components are invariant 
for any coordinate system. It is denoted by *Uk and defined as 

r 0, if any two of /, j k arc equal 
e fy*= c 1* if i, U k is a cyclic (i.e., even) permutation of J, 2,3 
l —1, if /,/, k is an anticyclic (/.*., odd) „ »» 


for unequal values of the suffixes, v^e have 

*12*= t 2Sl=«3l*-l 
t JFlS2 =t 21S =!=e S21 =e —1 

(b) (i) In three dimensions, we have 

*« aB *ll+*SS+*M 

= 14-1 + 1 as $<y=l foriW 
=3 


(*/) We have 

3,*fc=0fori^k 
= 1 for i~k 

and «**m*il 

=0 for i=*k^m or i^km— or k^i=m 


Hence in either case 

*ik e *fcm = 0 

{Hi) We have to show that 

hp—$ip s *m“0 

Consider, ttffct hp—&ip $km . -. (1) 

Either side of (1) is a tensor of order 4. In 3-dimensional space this result can 
be written as 

*<fcl f mj>l+ e «j2 c fnp2+ e **3 t mps = =S lw $i P 

when /=&, we have 

tai “•its 5 ' e t , *»=0 so that L.H.S. of (O^O 
and then so that R«H.S. of (l)**® 

The same result holds when instead of i-k % m=p. 
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Again when i^k and when an$ if the pair of unequal values off, k is 
different from the pair of unequal values of m, p then also 
L.H.S.=0*=R.H.S. 

As such we are left to consider the possibilities when /, k antfm.p have the 
pairs of values 1» 2 » 1* 3 » 2, 3 ; 2,1 ; 3, 1 > 3, 2 
Taking the first case we find 

i=»l, k=2, m=l, />=2, i==l, fc=2, m=2,p=l 
/=2,k=l, m=l,p=2, /=2, k=l, m=2, p=l 
gtuch give L.H*S. = 1 ~ R ( H<S • j = 1 = R>H.S> 

L.H.S.=—l=R.H-S.; L.H.S.=1=R.H.S. respectively. 

In other cases also we can show similarly that 
L.H.S. of (1)=R.H.S. of <13 
d/i» 

Problem 46. Show is not a tensor even though Apis a covariant tensor of 

Mu 

rank one , but the addition of a suitable quantity to causes the result to be a 


tensor . 

Wc have A* 

Differentiating both sides w.r.t. xg' we get 
dA*' dxp 9Ap 


CAgra ,, 1969) 


by §3.4 (2). 


.... , »*** 

.0Xg 0**' SXg'^Xg' 0X0,' 

0Xja BAp 0Xy ^ Z Xp 

= Fx% 70 x 7 0x'g + 0x'g ax'* 
0 X|a 0Xv . 0^4j* 0 2 Xf* 


"9*'. 9jr e 8^ v + 9jf' e ajc'o, 


A* 

A* 


(1 


0/i>A 

Unless the second term on the right is zero, -— does not transform as a tensor. 

wXy 


Using (12) of §3.14, we have 

* 2x r p/Y *xp 
0x'g 0x J o, L ga dx' y 
Substituting in (l),we find 


-r 


9A&' _^ dxp dA y dAp -p 

3xg' 0Xo,'0X0'T3c7 + i P«3x. 


SXg 0Xy 
ar 0x'g 0x'* 

fY d Xp 


it* 0X a 0Xr 


r; ^ 

y <XT 0Xg' 0X'* 


or 


0XfA 0Xy 0i4p ptY ^ /__ BXp 0Xy pp 
3Xo,' 0xg' 0Xy + p« r 0X*' 0X0 /l JiV r 
(by interchanging the suffixes t, a by tx, v and (x by p in the last term) 
V'V a J*xp 0xy /dAp r p \ m 

9xg' «P^"9V9-^'V5^" r (iv^/ • • • (2) 

^ lere 9jr7~^uv * 3e ' ng a covariant tensor of second rank is known to be the 
covariant derivative of Ap w.r.t. x v and is written as 

Ap , v *>., Ap, y=|^~r p A o. 


0x. 


|*v 


The result (2) follows that addition of a quantity in renders it to be 
a tensor. 

Problem 47. v <wd B^are tensors , Meu prove that their sum and difference 
are aiso tensors . 
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ix* 9 xb' dx* 

(i) 

r ’ 9x, dx v >x Y B o 

..(2) 


c*0 


Adding (1) and (2). we get 
A r+B y aj(jk 

uv LAV uv 

which follows that A q +BT is a tensor of the same rank and type as A and 

c 


Subtracting (2) from (1) the second result follows. 

Problem 48. What is a tensor ? Distinguish between a symmetrical and an anti - 
symmetrical tensor . 

If Sq is symmetric and An antisymmetric in the indices.evaluate Ay Sq 

See $3.5 for the first part. {Vileram, 1967; Rohilkhand, 1976) 

Problem 49. Distinguish between symmetric and antisymmetric tensors. Show 
that the*symmetry properties of a tensor are invariant. ' 

If A ij and An are reciprocal symmetric tensors and if Uj are components of a 
covariant tensor of rank one, then show that ; ( Vikram, 1969) 

An ii 1i ut^A** Ui Uj where p* 

Problem 50. Discuss the application of tensor analysis to the dynamics of a 
particle. {Agra, 1971) 

Problem 51. Explain what is meant by the rank of a tensor. Show that multi¬ 
plication of tensors results in addition of their ranks and contraction reduces the 
rank by two. 

Given Mg mn x m improve that 

£mn being the metric tensor. {Agra, 1972) 

Problem 52. Define the intrinsic and covariant derivatives of a contravariant 
vector . Use the expression for the intrinsic derivative to obtain the components of 
the acceleration vector for the metric ds 2 =dr 2 +r 2 ds. {Agra, 1973) 

Problem 53. The length ds of a Hne element in a two dimensional surface 0-^ is 
given by ds 2 =R 2 dW -f- R* sin 2 0d^, where R is a constant. Find all components of 
the metric tensor g a i> and the Christoffel symbols of first kind for this surface. 

{Agra, 1974) 

See Problem 25 and 26 (a). 

Problem 54* Show why the introduction of an affine connection is necessary in 
curved space . Find Expression for the affine connection in terms of the metric 
tensor ? (Agra, 1975) 

Hint . We should note that in case of cartesian coordinates, both kinds of 
Christoffel 3-index symbols vanish. Also the concept of parallel displacement being 
independent of the existence of a metric tensor, a space with a law of parallel dis¬ 
placement is known as an affinely connected space and rjt v the components of an 


offine connection. 

Problem 55. If An is an antisymmetric tensor and Sq is symmetric, find whether 
or not any one of the following tensors is anti-symmetric, or symmetric: 

. W AqAiic (ii) An Sin W Sq Aik (to) Sq Sik (v) An Sa+Sq Aik 
(vi) An Sik—Sq Aik (vtf) Aim A m n Ank (*W Aim S m n Ank ( lx ) Sim AmnSnk 
(*) S{ m . S mn Snk . (Agra, 1976) 
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GROUP THEORY 


4.1. INTRODUCTION TO SETS, MAPPINGS AND BINARY 
OPERATIONS 

Set A set is a collection of objects of any sort, having some proper* 
ties in common, e.g. the set of all natural numbers. 

The objects comprising the set are known as its elements or members. 

A set is finite or infinite according as the number of its elements is 
finite or infinite. 

The elements of a set must be distinct and distinguishable . Here 
distinct means that no element of the set is repeated and distinguish- , 
able means that given any object whatsoever, it is either in the set or ' 
not in the set. 

The sets are denoted by braces like { }, e.g. {1, 2 } and {1,1, 2} 
which represent the same set. 

Defining property of a set. Using any of the notation:, 1, 3, s.t. 
for such that, the defining property of a set is { x : ?(*)}, e.g. a set of 
even numbers from 2 to 20 may be expressed as 
{*: x=2n, n= 1,2,...10} 

Singleton set. A set having a single element is called as singleton set 
e.g. {a}={x : x=a}. As another example {0} is a singleton set having 
0 as the single element. 

Nnll set or void set or empty set. A set having no element is called 
an empty set and denoted by 4, such as <f>={x : x^x} 

Subset. Using the notation £ for *belong to' and =>for * implies ’, if * 
there are two sets A and B such that every element of A belongs to B, 

i.e. a£A^a£B 

then A is called a subset of B or said to be contained in B and denot* 
ed by ACB or B3A (i.e. B contains A). 

Here A is subset of B and B is superset of A. e.g. {1, 3} is subset of 
{1, 2,3} but {1, 2, 3} is superset of {1, 3}. 

Equal sets. Two sets A and B are said to be equal if 
ACB and BCA 

e.g. A«*{a, b, c, d} and £={/>, c, a, d] are equal. 

The Negations a£A, ACB and A=B are a $A, a<£B and A^B 
respectively. 

Axiom of extension. Two sets A and B are equal if and only if they 
have the same number of elements. 
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Axiom of specification. If A is a set and S(x) is a condition or state¬ 
ment, then there corresponds a set B whose elements are exactly those 
elements x of A for which S(x) is true i.e. 

B=r(x£A: S(x)} 

Axiom of pairing. If a and b are two objects (sets), then there 
exists a set A such that a€.A and b€.A i.e. : x=a or x—b} 

Normal and abnormal sets. If a set contaias itself as one of its 
elements, it is said to be an abnormal set, otherwise it is a normal 
set. 

Equivalent set. Two sets A and B are said to be equivalent and 
denoted by A~B if the number of elements of *4 is equal to the 
number of elements of B. Evidently two equal sets pre equivalent but 
the converse is not true. '? 

Proper subset. A set A is said to be the proper Subset of B and 
denoted by A (ZB (some authors, use C for a subset and C for a 
proper subset), if every element of A is an element*) f B and there is 
stfeast one element of B which is not the element of A so that 
A^B e.g.{ 1,3,5} is a subset of (1,3, 5} but it is n$t its proper subset 
while 11, 3, 5} is a proper subset of {1, 3, 5, 7). 

Axiom of power set. The power set of a set A is |he family or class 
of all the subsets of A and denoted by P(A) e.g. if A={ 1, 2, 3} then 
P(A)={*, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3), (1, 2, 3} } 
Obviously when A consists of 3 elements, P(A) consists of 2 s elements. 
In general if A consists of m elements, P(A) will consist of 2 m elements. 
The power set of A is also denoted by 2 A . 

Operations on Sets. 

Union. The union of two sets A and B denoted by A\JB and read 
as 'A union B' is the set of all objects 
which are members of A or B (or both) 

^ i.e. A\JB={x | x£A orx£B} 

\ The word ‘or’ used here gives the inclusive 
wnse and/or. 

e.g. if A={ 1,2,3), 5={4, 5, 6}, then 
^U5={1,2, 3, 4, 5, 6} 

The union of n sets A u A it ...A n is Venn diagram 

defined as pjg. 41 

for 

1 = 1 

some / in the range 1=1 to /=«} 
Intersection. The intersection of two sets 
A and B denoted by AC\B and read as 'A 
Ffe. 4.2 intersection B' is the set of all objects 

which are members of both A and of B i.e. 

Af\B=>{x | x€A and x€A} 
e.g. if A={1,2,3,4), £=»{2,4, 6, 8}, then A C\B «{2, 4} 
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The intersection of n sets A u A„...A» is defined as 

A 1 nA t n...nA»=r\A i ={x : x£A t for !</<«} 

Family or class or collection of sets. If a set consists of elements 
which are sets themselves, then such a set is called as ‘family or class’ 
of sets e.g. a set A*={ {1}, {1,2}, {1, 2, 3} }. 

Indexed family of sets. For a given index set A, a collection of sets 
such that to each member of A there corresponds a member of the 
collection of the sets, is known as indexed family of sets and 
written as 

A*={A« : oc£A} 

where a£A is an index and A* denote the indexed sets. 

The arbitrary union of sets {A* : <x£A} is given by U{A» : *£A} 
«={x : x£A* for at least one *GA} 

If A=& then U{A* : *£$=^. 

The arbitrary Intersection of sets {A*: <x£A} is given by 
H{A, : «£A}={Jc: x£A«¥a€A}, vis the notation for * for 
every. 

If then n{A« : 

Motnally exclusive or disjoint sets. If there are two sets A and B 
such that Af\B*=j>, then A and B are said to be disjoint e.g., if 
A**{ I, 2}, 6} then ACiB=*f. 

Universal set. All the sets under consideration are assumed to be 
the subsets of some fixed set called as the universal set and denoted 
by U. 

Complementary set. The complement of a set A is denoted by A'and 
is defined by the set of all members of the universal set U, which are 
not members of A i.e. A'={x : x£ V and x£A) 
e.g. if A={x: x<3) then A'={x: *>3} 

It is notable that AUA'«CP; ADA'*=f and 

<A')'=A. 

Important properties of operations on sets 
(1) Difference operation. If A and B are two sets, then the set 
consisting of elements which belong to A but not to B is said to be 
the difference of sets A and B and is denoted by A—B, i.e. 

A-B={x | X £A and xg£}. 

For example, if A={1,2, 3, 4) and 5={1, 4, 7), then 
A-B={2, 3} and 5-A={7). 

It is to be noted that A—B^B—A ; A—A=i, A—d=A and 
A-BCA. 

It may also be shown that A— BEADS'; (A—B)DB^6 and 
(A-£) UA=A. 

The symmetric difference of A and B denoted by AAB is defined as 
AA*-(A-B) U {B-A). 
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(2) Commutative tews 

(0 A\jB=*B\jA, 

(ii) Af)B*=BClA. 


These can be proved as follows : 

We have x£A{jB=>x£A or x£B 
*x£Bot x£A 
*x£B\JA. 

Consequently A[JBCB\JA and also B\J ACA\JB 

(in a similar manner). 


AUB—BUA. 

Similarly, if x£AC)B=>x£A and x£B 

=*x£B and x£A 4 
*x£BC\A, 

so that ilO BCBDA and similarly BCiACADB* 

adb—bda. 

It is easy to verify that ADBCA and ADBcA- 


(3) Associative laws 

<0 AU(*UC)=(AUB)UC, 

(a) An(Bnc)*=(AnB)nc. 

We have x£(AUB)DC=>x£(AUB) at x£C 

?*x£A or x£B or x£C 
*x£A or x£(B\jC) 
*x£A\J(BVC), 

so that (AU^)UCC^U(-8UC) 

and similarly AU(-8UC)C(AU5)UC 
AU(-BUC)=(AU^)UC. 


Again xG(ArijB)nC=»*G/in5 and x£C 

=>(x£A and x£B) and x£C 
*x£A and (x£B and x£C ) 
=*x£A and x£BDC 


»x£AD(BDC), 
so that uns)ncc^n(iinc) 

and similarly AD(BnC)C(AnB)DC. 

An(Bnc)=(AnB)nc. 

(4) Idempoteat laws 

(0 A[JA=*A, 

(ii) A HA-A. 

Here x£A{JA =*x£A or x£A. 

=+x£A. 

AUACA and similarly ACA\JA, so that 
A\JA-A. 
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In a similar way it may be shown that A (~M =A. 

It is easy to verify that AC\<i>—<f> and A \JU=A 
(5) Distributive laws 
(0 ^n(*uc)=(,4nD)uMnc), 

UO AU{BnO=(AVB)n(A\jC). 

We have, xGAC\(B{JC)^xEA and x£CBUC) 

=>xEA and (xEB or x EC) 
=*(xEA and* GB) 
and (xEA or xEC) 

^xEAClB or xEAClC 

=vjre(^nD)u(^no. 

Consequently An(,B\jC)C(AC\B)\j(AnC) 
and similarly UnB)U(^nC)C/<n(BnC), 
so that ^n(^uc)=»(^n5)uMnc). 

Again, x€.A\J(.BC\C)=*xEA or xEBr\C 

*>xEA or (xEB and xGC) 

=*(xEA or xEB) 

and (xEA or xEC) 

=>x£A[JB and xEA[JC 
*xE(A\jB)n(A\jC). 

Consequently A\J(BC\C)C(A\jB)r\(A[jC) 
and similarly (^U^nMUOC^UC-BnC), 
so that y4U(BHC)=(>4n5)n(/4nC) 

((>) De Morgan laws 
(>) A-(B\jC)=(A-B)n(A-C), 

00 A-(BDC)=(A-B)U(A-C). 

We have A— (SUC)={x | xEA and 

={x | xEA and (xf£B and x(£C)} 

={x | (xEA and x&B) 

and (xEA and x$C)} 

={* I xE(A-B) and * E (A-C)} 

={x | xE(A-B)n(A-C)} 
A—(B\JC)C(A -B)C\(A—C). 

Similarly it may be shown that (A-B)r\(A-0CA-B{JC 
Thus, A-Br\C=*(A~B)U(A-C). 

De Morgan Laws are sometimes expressed as 
(AUBy^A'nB 1 and (AC\B)'=A'\jB'. 

These may be shown as follows : 

(A\jB) , ’={x: xgAU-B} 

. xA and 

■={* : *£4' and x£JT} 
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«{x: xEA'CiB'). 

(. A\JB)'EAT\B' 

Similarly AT\B'—{x: xEA' and *£5'} 

={* : x&A and x(£B} 

={x : xe(AUB)’} 

A'nB'CiAVBY 

Hence (AUBY^A’CiB’. 

Similar prccedure will show that (AC\B)'—A'{JB' 

Cartesian prodnct of two sets. The product of two sets A and B is 
the set of all distinct ordered pairs (a, b) where a£A, and bEB and 
denoted by AxB (read as A cross B) i.e. 

AxB={(a,b):aEA,bEB] [ 

e.g. if ^={1, 2} and B*={p, q, r}, then 

AxB={{\, p), (l, q), (1, r), (2, p), &, q), (2,r)} 
and BX A={p, 1), (p , 2), (q , 1), (q , 2), (f, 1), (r, 2)} 

It is clear that A x B^Bx A j 

If either A or B is a null set, then A x B—<f>. ; 

If the set A has m elements and B has n elements, then AxB or 
B x A has mn elements (ordered pairs). 

The product of n sets A u A t ,...A„ is the set of all distinct ordered 

n-tuples (a lt a 2 ,...a n ) where a y EA t , a t EA . a„EA n and is defined as 

A 1 xA 2 x... x.A n —{(a lt a 2 ,...aj : a x EA u a 2 EA t ,..., a„EAn) 

Function or mapping 

Let there he two non-empty sets X and Y and there is some rule or 
correspondence which assigns to each element xE X, a unique element 
yE Y, then this rule or correspondence is said to be a mapping or a 
function and denoted by f i^e. f: X->Y 

and read as ‘/ is a function of X to Y' or / is a mapping of X to Y . 

The set X is called the domain of the given function/and the set Y 
of all the values assumed by it is called its Range or Image set. Also 
Y is called the co-domain of /. 

y is sometimes known as image of x and written as y=A ■*)• Here 
f[x) is read as 'image of x under the rule /’ or simply ‘/of x\ The rule 
/ is also known as mapping or transformation or operator and x is 
also known as preimage of y. 



Fig. 4.3 
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A function whose range has a single element is said to be constant 
Junction. 

Diagrammetical representation of y—f(x) with a rule/ defined by 
x-*f(x) is shown in Fig. 4.3. 

If y=x s , then the rule/is x-*x* 
which is shown in Fig. 4.4 for positive integral values of X. 



Fig. 4.4 

Functions defined as sets of ordered pairs. Given two non-empty sets 
X and Y, a function/from X to Y is a subset of Xx Y provided 

(i) v.\£A\ (x, >')E/for some yGYi.e. 3 (there exists ) a rule/so 
that every element of X has image. 

(it) (x, y)C.f and (x, y')€.f=>y*=y' i.e. the image is unique. 

The graph of / is defined as the subset of X x Y given by {[x, /(x)]: 
x&X) and tha range of / as the set of all images under /given by 
f[X)={y£Y • y=-f(x) for some x£^={/(x); x£X}. 

In case ACX then the set {/(x) : x(£A} is known as the image of 
A under / and denoted by / [A]. Also if BCY, then die set (xCX: 
f(x)CB} is known as the inverse image of B under /and denoted by 
f-'[B]. 

Extension and restriction of a function. Given two functions / and g 
such that / contains the domain of g and fix)s*g(x) > +x in this 
domain of g, the function / is said to be the extension at g and g is 
said to be the restriction off. 

Real and Complex functions. If range of/consists of real numbers. 
/ is said to be a real function and if its range consists of complex 
numbers, /is said to be a complex function. 

Onto and Into Mappings. If the range is completely filled np, the 
mapping is said to be onto and if the range is not completely filled up 
then it is Into. In other words if 3 at least one yC.Y which is not an 
/(x) for any x(£X, then the mapping/is said to be Into otherwise it 
is said to be onto cr Surjective. The surjective function is also known 
as a Surjection or an epimorphism. 

One-one aad Many-ont Mappings. Given two non-empty sets X and 
Y, if two different elements in X always have different images under 
the rule /, then / is -s.’id to be a one-one mapping or an injection or 
monomorphism of X into (onto) Y and if the two or more different 
elements of X have the same image under f, then /is said to be a 
many-one mapping of X into (onto) Y. 
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Diagrammetical representation of such functions are shown in 
Figures 4.5, 4.6, 4.7,4.8. 



Fig. 4.5 

A function which is both surjective and injective is known as 
bijective i.e. a one-one onto mapping is also known as a bijection and 
a bijection of a set X onto itself is known as Permutation of X. 



Fig. 4.6 

If/: X-*-Y,f is one-one if x 1 ^x 2 =>/ 1 (x x )^/(Xj)v.a x^X. In case 
/ is into, the range of/is a proper subset of Y i.e. f[X]C.Y and/[A”] 
+ Y. 



Fig. 4.7 



Fig. 4.S 

In case /is onto, the range of/is equal to Y t.e.f[X]*=Y. 

Inverse mapping. Let / represent a function (mapping) which is 
>oth onto and one-one defined as /: X-+Y, then its inverse mapping 
f ~ l : Y-+X is defined as belowt 
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¥y€F, if we find the unique element x&X s.t./(x)»*y then x is 
defined to be f~\y) i.e. f~ l (y)={x : xGX, f(x)=y) which follows 
that f~Hy) is always a subset of A'. 

Diagrammetical representation of an inverse mapping is shown in 
Fig. 4.9. 

One-one onto mapping is often called as one to one correspondence. 
Thus if/is a one to one correspondence between X and Y, then/ -1 is 
a one to one correspondence between Y and X. 



t " 

Fig. 4.9 


Identity mapping. Given a non-empty set X, the identity mapping 
lx on X is the mapping of X onto itself i.e. Ix : X-+X and defined as 
Ix(x)=x yx£A 

Equal mappings. Let there be two functions/and g defined as 
/: A^T and g\ X-+Y 

then the functions/ and g are equal iff f(x)—g(x) vxE Af- 
Product or Composite mapping of two mappings f:X-+Y and g : 
Y~*Z is defined to be a mapping, gof : X-+Z and given by 

Or*/)=*[/(*)] vxei 



Fig. 4.10 

Diagrammetical representation is shown in Fig. 4.10. 

Unary operation. Binary operation over a set AT is a mapping from 
XXX-+X, i.e. if / denotes a binary operation over a set X, then/: 
XxX-+X. 

Binary relation or simply relation 

A binary relation in a set S is a mathematical symbol denoted by 
R s.t. for each ordered pair (x, y)£S, the statement is true of 
false in the sense that asserts that x is related by R to y and 
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•ft, the negation of it /.e. * is not related by R toy, e.g. if S be the set « 
of all integers and I? be a relation <(less than) defined on S, then 
5<8 is true for (5, 8) £S i.e. t R g is true while a R t is false as 8 <5 
which is denoted by a jL s . 

In other words if S is a set s.t. the Cartesian product SxS involves 
the same set, then it is called a relation R on S. In fact the relation R 
on the set S is a subset of SxS t.e. RCSxS. 

Thus if (x, y) £R, (x, y£S) then we have m R*. 

In general a relation R from A to B between two sets A and B is a 
subset of A x B t.e. RCA x B. 

If there are m elements in A, n in B then there will be nrn element 
in A X B and so there will be different mn relations from A to B. 

Domain and range of a relation. If A and B a it two sets and R is a 
relation from A to B, then the domain of R demoted by Dom (R) is 
the set of first coordinates of all the ordered pairs in R and the range 
of R denoted Ran (R) is the set of second coordinates of all the 
ordered pairs in R. Thus | 

Dom (R)={x : (x, y) €R for some y£ B} i 

Ran (R)={y : (x, y) CR for some x(£ A} ; 
e.g. if R be a relation in Z the set of natural numbers s.t. 

*={(*, JOEZXZ : x+2y=10} 

then Dom (R)={2, 4, 6, 8} v 2+2.4=10=4+2.3=6+2.2=8+2.1 

Ran (R)—{4, 3, 2, 1} 

Identity or diagonal relation. A relation R on a set A is known as 
identity relation or diagonal relation iff yCA. 

Composite relation. If R be a relation from A to B and S' a relation 
from B to C, then composite relation from A to C is denoted by SoR 
and is defined as the set of all ordered pairs (x, z)£ SoR iff 3 a y 
CB s.t. K R y and V S, i.e, (x, y) CR and (y, z) (ES. 

In other words SoRC Dom (R) x Ran (R) 

Universal relation in a set. If A is any set and R is the set Ax A 
then R is said to be the universal relation on A. 

Empty or void relation. If A is a set, then every subset of Ax A is a 
relation on A. Since the null set <j> is the subset of all the sets and so 
is of the set Ax A, therefore <f> is also a relation on A. Such a relation 
is said to be the Empty or Void relation on A: 

Inverse relation. If R be a relation from a set A to another set B, 
then the inverse relation of R denoted by Rr 1 is defined as the inverse 
relation i.e. Rr 1 from B to A iff 

J*- 1 —O', x) : (x,.y) SR} 
clearly Dom (R- 1 )^=Rna/(R) 

Ran (R -, )=Dom (R) 

So that ^ 

If A=*B, R and Rr 1 both are the relations on A . 

It is easy to verify that (R-^^R. 
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T^pes of Relations 

I. Reflexive. A relation JR on a set A is reflexive iff each member of 
A is R-related to itself i.e. a R a ¥x£A or in other-words (x, x)£R¥ 
x£A. Evidently a relation R on A is reflexive iff A aCR, A a being 
identity relation, e.g. if A be the set of lines in a plane and R a relation 
'parallel to’ then any line x£A is parallel to itself i.e. a R a ¥x£A 
and so R is reflexive. 

II. Symmetric. A relation R on a set A is symmetric iff 
x, y£A 

i.e. ( x, y)£R=*(y, x)£R 

Evidently a relation R on A is symmetric iff Rr 1 —R. 
e.g. *R*=‘(x— y) is even numbers' is symmetric since y—x is 
also even, when (x—y) is even. 

III. Transitive. A relation R on a set A is transitive iff 

a R a and a R a ^^ a R a , x, y, z£.A 
t.e. (x, z)£R and (y, z)£R=>(x, z)£R 

Evidently a relation R on A is transitive iff RoRCR 
e.g. the relation x<y is transitive since if x<y and y<z then x<z. 

IV. Anti-symmetric. A relation R on a set A is anti-symmetric iff 
we never have a R , and v R a both; x, y£A except when x==y 

i.e. m R* and 9 R a =*x=y; x, y£A 

or (x, y)£R and (y, x)£R=>x=y; x, y£A 

Evidently a relation R on A is anti-symmetric iff ROR^CAa, 
A -1 being identity relation or in other words Rr)R~ 1 ^. 

e.g. „R,= ‘x divides y' in Z (set of natural numbers) is anti-sym¬ 
metric since ‘x divides y' and ‘y divides x'=>x=*y; x, y£Z 
i.e. „R t and ,R«=*x=y; x, y£Z 

Equivalence relation. A relation R over a set S is said to be an 
equivalence relation if it satisfies the following properties: 

(i) Reflexivity, i.e. ¥x£S, or x~x Vx (~ called wiggle) 

(ii) Symmetry, i.e. R* or xr~y^y~x 

(Hi) Transitivity, i.e. a R t and or x~y and yr~z=>x~z. 

Equivalence set (or class). Let R be an equivalence relation in a non¬ 
empty set iS and let x be an element of S i.e..x£S; then the elements 
y£S satisfying ,R m constitute a subset of S, known as equivalence set 
of x w.r.t. R, i.e. 

S m or x or [x]=»{y : y£S and ,/?,} 

The equivalence set has the following properties. 

(/) If *€[*] then [z]=W 
(U) M-M iff JR. 

(Hi) Iftx]n{z]#^, then [x]-(z] 

Partition set. Given a non-empty set S a set P={X, Y, Z...} of non¬ 
empty subsets of S is called a partition of S, provided 
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(OAruruzu...^ 

(fi) The intersection of every pair of distinct subsets of S £P is the 
null set e.g. if X, Y £P then either X—Y or XC\Y**+. 

e.g. if S={ 1, 2, 3,4, 5} then {1,3, 5}, {2, 4}, and {1, 2, 3}, {4, 5} 
are two different partitions pf S. 

Quotient set. If R be an equivalence relation defined on a non¬ 
empty set S, then the set of mutually exclusive sets in which S is 
partitioned w.r.t. the equivalence relation R, is called_as quotient set 
of S for the equivalence relation R and is denoted by s or SIR. 

e.g. the set I of all integers for the equivalence relation modulo 5 
is the set I//J={[0], [11, [2], [31, [4]}. 

Note. Two integers p and <j are said to be congruent modulo m 
denoted by p=q (mod m) if p—q is exactly divisible by m i.e. (p—q) 
is an integral multiple of m. 

A note on binary operations. A binary operation (or simply compo¬ 
sition)-usually denoted by o (or sometimes by ■, *, © etc.) is used to 
combine two elements of a set in order to produce another element 
of the set. In other words a binary operation in a> set 5 is a function 
f: SxS-*-S. e.g. the binary operation ‘addition’ on any two elements 
of I (set of integers) gives another integer belonging to I. 

(i) Such an operation is commutative if xoy—yax^x, y£S 
(it) It is associative if xo(yoz)—(xoy)ozv x, y, z£S 
(Hi) It is distributive w.r.t. another binary operation © if 
xo(y<&z)=(xoy)(B(xoz) (left distributive) 
and (y®z)ox=(yox)®(rox) (right distributive) ¥i, y, z£S. 

(fv) It is said to have identity element if 3 e£S s.t. xoe—eox 
*=xNx£S 

(v) It is invertible if corresponding to an xE S 3 a y£S s.t. 

xoy=e=yox. 

i.e. y is the inverse of x w.r.t. ‘o’ and vice versa. 

(vi) It satisfies cancellation law if .v- x, y, z£S 

xoy^xoz^ry—z (left cancellation law) 
yox=zox=>y—z (right cancellation law) 
e.g. consider two binary operations o and • defined on I (set of all 
integers) such that 

xoy=x+2y and x*>=2 xy vx, y£l. 

Then we can verify the above laws on operations ‘o’ and * • as 
follows: 

(i) We have xoy==x+2y vi, ye I 

*2y+x 

=ycx 

and x-y-«2xy-»2yx vx, y£l 

-y-x 

i.e. commutative law holds for the operation o and 
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(//) xo(yoz)=xo : {y + 2z) Vx,y,z£ I 

=x+2(y+2z)=x+2y+4z 
and (x«iy) oz=(x+2y) oz ¥ x, y, z£ I 

—'X+2y+2z 

So that xo(yoz)^(xoy) oz i.e. associative law does not hold for 'o’. 
Also x-(yz)=x-(2yz) *x,y,z£l 

=2x 2yz=4xyz 
and (X’y)’Zt=(2xy)'Z=4xyz 

So that x-(yz)=(X'y)‘Z i.e. *•’ is associative. 

(Hi) xo (y-z)-xo (2yz) Yx,y,z £I 

=x+4yz 

(xoy)-(xoz)=(x+2y )• (x+2z)=2(x+2y) (x+2z) 
=2x 2 + 4xz+4xy+Syz. 

So that xo (y-z)^(xoy)'(xoz) i.e. ‘o’ is not left distributive w.r.t. *•’. 
Also x-(yoz)=x*(y+2z) ¥x, y, z£I 

= 2x(y+2z) 

=2xy+4xz 

and (x -y)o(x-z)=(2xy)o(2xz) 

=2xy+4xz 

So that x-(yoz)—(x y)o(xoz) i.e. is left distributive 

w.r.t. ‘o' 

(/v) Assuming that 3 an identity e, we have 
xoe—eox=>x ¥x£I 
So xoe—x=>x+ 2e—x 

^e=0 

and eox=x=>e+2x=x 

=4e=—x 

These imply that e is not unique and hence ‘o' has no identity 
element. 

Again if x’e=e»x—x ¥x£I, then 

x-e—x^2xe=x 
=>e=i 

and e-x=x**2ex=x 

i.e. e is unique and hence ‘ ■ ’ has an identity element which is f 
(v) Since ‘o' has no identity element, it is not invertible. 

Assuming that ‘has an inverse p, we must have 


Now 


x 'p—e^p'X ¥x€-I 
x-p=e^2xp—e=\ 



p»x=te^2px=±^p= 


and 


_1_ 

4X 



group theory 


381 


Hence *•’ is invertible and inverse of x is • 

(W) We have xoy—x+2y and 2z ¥*, y, z £I 

So that xoy=xoz=>x+2y=x+2z^y=z i.e. left cancellation law 
holds for V 

and x*y**2xy, x'Z=2xz Vx, y, z£I 

So that x-y=*x'zd>2xy=2xz^y=z i.e . left cancellation law holds 
for'-’. 

Also yox=*y-\-2x and zox*=z+2x V x, y, z£ I 

So yox=zox=*y+2x=z+2x=ty=:z i.e. right cancellation law 

holds for ‘o’. 

and yx=2yz,Z'X=2zx vx, y, z£l 

So yx=z-x=*2yz*~2zx 

=>y=z i.e. right cancellation;law holds for *•' 
Hence cancellation law holds for o and both the binary operations. 

4.2. GROUPS 

A group is the simplest algebraic structure found' in nature wherever 
symmetry exists. 

A group (G, o) is a system consisting of a non-empty set G such as 
G={a, b, c,...} and a binary operation‘o’satisfying the following 
axioms: 

G l — {Closure). If e£G, i£G then aob£G or in other words if 
a£G, b£G then aob—c (closure) where cEG. 

G t —{Associativity). If a, b, c£G then ao{boc) «= {aob)oc. 

G t —{Existence of an identity) If a£G, then 3 an identity element 
e£Gs.t. eoa*=a ¥a£G 

G t —{Existence of an inverse) If e£G, 3 an inverse ar l £Q s.t. 
a~ 1 oa=e 

where e£G, being an identity element. 

In addition to these four axioms if a fifth axiom of commutativity 
namely G t is also satisfied, i.e. 

Gg—{Commutation). If a, b€.G then aob=boa so that G a and G 4 
take the forms G 3 : eoa—aoe=a 

G 4 : eoa~ 1 =a~ 1 oa—e 

then the group is said to be an Abelian group, 
e.g. the set I (of all integers) with the binary operation ‘o’ taken as 
additive (+) is a group, for it satisfies all the four axioms 
G t —if a, b£ 1, then a+h£I 
G,—-if a, b, c£I then a+(b+c)=(a+&)+c 
G,—if e£I then 3 an integer zero (0) such that 0+a=a 

G t —-if e£I, then 3 an inverse (—a) e.t. —a+a=0 (identity 
element). 
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This group is aiso abelian or commutative as G t is abo satisfied 
i.e. G 6 —a, b€.l, a+b=b+a. 

Finite and Infinite groups. A group {G, o) consisting of a finite 
number of elements is said to be a finite group, e.g. the set £={1, «, 
<■>*} where tu 8 =l, is a finite group under multiplication composition. 

A group ( G , o) consisting of an infinite number of elements is said 
to be an infinite group e.g. the set I (of all integers) is an infinite group 
under the addition composition. 

Order of a group. The number of elements in a finite group is known 
as the order of the group. The infinite set is said to be of infinite 
order. As an example the set {1,-1} under multiplication composi¬ 
tion is a group of order 2. 

4.3. ELEMENTARY PROPERTIES OF A GROUP 

I. Uniqueness of identity i.e. the identity element of a group (G, o) is 

unique. 


If possible let us assume that e and e' are two identity elements of 
the group (G, o), then 



eoa—aoe=aY a&G 

• • • 0) 

and 

e'oa—aoe'—a v a£ G 

... (2) 

Putting a—e 

' in (1), we have 

... (3) 


eoe' —e'oe—e' 

Abo putting 

a—e in (2), we have 

... (4) 


e'oe=eoe'—e 


From (3) and (4) it follows that e'—e i.e. there cannot be two iden¬ 
tity elements for ( G, o) and hence the identity element of a group is 
unique. 

II. Uniqueness of Inverse i.e. in a group (G, o) every element 
possesses a unique inverse. 

If possible let us assume that a' and ar l are two inverses of a. 
Also let a£G and e be the identity element of G. Then we have 


fl- 1 oa=saofl~ 1 =e . . . (1) 

a'oa—aoa'—e ... (2) 

Post-multiplying (1) by a' we get 

(a -1 oa) oa! —(aoar 1 ) oa'=eoa'=a' ... (3) 

and premultiplying (2) by a -1 we get 

er l o (a'oa)—a~ 1 o (aoa')—o~ 1 oe'=a~ 1 ... (4) 

But group-postulate G a gives 

(ar'oa) oa'^ar'o (aoa') 


(3) and (4) follow that a' =a -1 i.e. the inverse of an element 
in a group is unique. 

Allter. Taking ar l and a' two inverses of a£G, we have 
aoa' —a' oa—e and a~ l oa=aoar 1 *=e 
a~ 1 *=‘cr 1 oe—a~ 1 o (aoa^—icr^a) oa'=*eoa'>=*a' 
which follows the uniqueness of inverse of o£G. 
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III. Cancellation laws i.e, for any group (G, o), and a, b, cEG, the 
following laws hold 

(f) aob*=aoc=>b—c (left cancellation law) 

( if) boa=*coa=>b—c (right cancellation law) 

(/) Taking a -1 EG as the inverse of a&G, we have 

aob—aoc=>tr 1 o (aob)—ar x o (aoc) on premultiplying by a~ l 

^(a~ 1 oa) ob*=(a~ l oa) oc, the composition being asso* 
ciative by G % 

^eob—eoc, since 3 an indentity element e£G for ‘o' 
*rb—c. 

(it) Again taking a -1 EG as the inverse of aQG, we have 
boa—coa=y(boa)oar 1 =(coa)oa~ 1 on postmultiplying by ar l 
=>bo (aoa~ 1 )—co (aocr 1 ) by G 2 
=>boe=coe V 3 an identity element e£<? for ‘o' 
=>b—c. 

Note. aoc—cob£a=b unless the group is abelian. 

IV. Uniqueness of solutions, i.e. if a, b£ G, then the equations aox— 
b and yoa—b have unique solutions in G. 

If cr 1 be the inverse of aEG, then a -1 £G and aoa~ 1 —e (identity 
element). 

Now <r’€G and bS.G=^a~ l ob&G 

Putting x=a~ 1 ob in the equation aox—b we get 
ao(a~ 1 ob)=b 

or (aoa _1 )o6=i by G t 

or eob—b i.e. b*=b 

which follows that x—a^ob is a solution of aox—b. 

To show that this solution is unique, let us assume that y is an 
element different from a~ x ob in G s.. itt satisfies the equation aox^b. 
Then, 

aoy—b^eob—faoar 1 ) ob=ao (tr l ob) by G t . 

So that left cancellation law yields y—a~ l ob. 

As such x—y te. the solution is unique. 

Again, and a~ 1 &G^boar 1 &G 

Putting y = boar 1 in yoa=b, we get 

(boa- 1 ) oa=b or bo (cr l oa)—b by G, 
or boe—b i.e b—b 

which follows that y—botr 1 is a solution of yoa—b. 

To show that this solution is unique, let us assume that z is an 
element different from boar 1 in G s.t. it satisfies the equation yoa—b. 
Then zoa—b=boe=bo (cr 1 oa)—(boar x ) oa by <?,. 

The right cancellation law gives z—boa~ l 

So that y—z and hence the solution is unique. 
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Note. The unique solution of xox*=x is x=e in group (G, o) 

V. Inverse of the inverse is Itself i.e. if a EG then (a -1 ) -1 =a. 

Inverse law gives (a _1 ) _1 oa _1 =e, e being identity element in G. 
Postmultiplying by a , we get 

[{a~ v )r x o(r v \oa = eon 

or (<r I )r I 0 (<r , oa)—a by G* 

or (a _1 ) _1 oe=a by G 4 

or (o -1 ) -1 *=o by G 3 

which proves the proposition. 

VI. Reversal law i.e. if a, b£.G then (aob)~ 1 =b~ 1 oa~ 1 . 

Let e be the identity element in G. 

Now aGG^ar'EG and bEG*b~ x EG 
.*. (ir x oa -1 ) o(aob)—b~ l o [a^oiaob)] by G, 

=i -1 o [{er'oa) ob ] by G* 

=b~ 1 o [eob] by G 4 
=b~ 1 ob by G a 

Hence by definition of inverse element of a group b~ x oar x is the 
inverse of aob i.e. (aob)~ 1 =b~ 1 oa~ 1 . 

AWe. The result may be generalized for any number of elements 
a u a 2 , a 3 ,...a n EG, where we have 
(a i pa 2 o...oa^)~ 1 =a n ~ i o o.-.oaf 1 oaf \ 

4.4. SOME DEFINITIONS 

Semi-group. A set S with a binary operation * o' is said to be a semi¬ 
group if it satisfies the following two axioms. 

S Gl — (Closure). aES, bES^aobES. 

Sa 2 — (Associativity). If a, b, cES then (aob) oc—ao (boc). 
THEOREM. A semi-group (G, o) satisfying the following postulates 
is a group. 

(1) G has a left identity e s.t. eoa—a NaEG. 

(2) Every element a in G has a left inverse <r 1 inG s.t. ar 1 oa=e. 
.Since (G, o) is a semi-group, therefore by definition it follows that 
(i) (G, o) satisfies the closure law. 

(tt) (G, o) satisfies the associative law. 

(Hi) ar x being the left inverse of a and e the left identity we have 
a~ l o (aoe)—(ar 1 oa) oe by (it) 

* =eoe by postulate (2) 

=e by postulate (1) 

=* ar x oa by postulate (2) 

So that by left cancellation law, aoe=a 
which follows that e is also a right identity. 
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Hence the indentity element exists for the composition. 

(iv) We have ar'o (ooa- 1 )=(a _1 oa) otr 1 by (») 
or cr l o (aocr 1 )=eoa~ 1 by (2) 
ssflr 1 by (1) 

—ar'oe, since identity element exists for ‘o’, 
aocr x —e by left cancellation law. 

Which shows that a -1 is also a right inverse of a. 

Hence every element of G has an inverse. 

Since all the four group axioms are satisfied, therefore a semi¬ 
group with the given two postulates is a group. 

Sub-group. A sub-group of a group (G, o) is any collection of ele¬ 
ments of G satisfying the axioms of G. In other words a non-empty 
subset say H of a group G is said to be the sub-group of G, if the 
binary operation * o' in G induces a binary operation in H and the 
elements of H obey the group axioms. 

In other words a non-empty subset H of a group G is said to be a 
sub-group of G if it satisfies the following two axioms: 

(i) a, b£.H^aobE.H, 

(ii) a£/f=>a -1 £// 

e.g., the set of even integers is a sub-group of the additive group of 
integers. 

Proper sub-group. A subgroup of a group ( G , o ) other than G itself 
and the group consisting of the identity element alone is termed as a 
proper sub-group of G. e.g. the additive group of integers is a proper 
sub-group of the additive group of rational numbers. 

Improper or trivial subgroups. The group (G, o) itself and the group 
consisting of identity alone i.e. ({e}, o) are known as trivial or im¬ 
proper subgroups of (G, o). 

Order of an element of a group. Let a be an element of a group 
(G, o) i.e./a£.G. Then the order of a is the least positive integer n s.t. 
a”=e. 

In case $ such integer, the order of a is said to be zero or infinite. 
e.g. the order of the element —1 in the multiplicative group {l, 
— 1, i, —i} is 2 since (—1) 2 = I, the identity element. The order of i 
is 4 since / 4 = 1. 

Addition modulo m. (m being an integer). If a and b are two inte¬ 
gers and m a positive integer, then 'addition modulo m' is denoted by 
a+ n b and defined as a+ m b=r, o<r<m where r is the least posi¬ 
tive remainder obtained on dividing the sum of a and b by m. 

e.g. 12+ a 5=2 since 12+5=3 (5)+2 
and —5+*10=l since -5+10=4 (1)+1 

Multiplication modulo p. (p being a prime). If a and b are two 
integers and p, a positive integer, then ‘multiplication modulo p' is 
denoted by ax p b and defined as 
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ax Jb—r, 0 *$></>where r is the remainder obtained on dividing 
the ordinary product ab by p. 
e.g. Sx 6 7<=-3 since 9x7=(6) 10+3 
and --7x*8=4 since —7x8=(5) (—12)+4 

Group table or composition table. It is commonly observed that a 
‘table’ is a convenient way of either defining a binary operation in a 
finite set S or tabulating the effect of a binary operation in a set S. 
In forming a table or say a group table we arrange the elements of a 
group in rows and columns of a square array such that each element 
of the group occurs once and only once in each row or column. The 
composition element aob occurs at the intersection of row and column 
of the elements a and b of the group after the binary operation has 
been performed. For example consider a set 

£={ 1 , 2 , 3} and let ‘ ’ be the binary operation in S defined by 
• :(1,1)->1, (1, 2)-*2, ( 1 , 3)-*3, ( 2 , l)-*2, ( 2 , 2)-*l, (2, 3)-*2, 
(3, l)-*3, (3, 2 )-+ 2 , (3, 3)-*T 

then these operations can be arranged in a table as follows : 

It is clear that (i, j) th square (i, j— 1 , 2 , 3) is the • \ 1 \ \ 

intersection of /th row (i.e. row labelled or faced by i) \ j 2 13 

and jth column (i.e. column labelled or faced by j) and-j 

in this square we have put the element obtained by the — — -L| JL 
binary operation ‘-’on (i,j) such as, • : ( 1 , 2)->2 3 2 : ) 

e a b | 

-- ' 

As an other example if a, b^G and e be an identity e_ e_ a 
element of the group ( G , o), such that aoa—b and a ~b e ' 
aob=e etc., then the group table is as shown here. -, 

b b e a 1 

Problem 1. Show that three cube «* 

roots of unity form an abelian .j j a u 2 
finite group under multiplication. - -j — V <»*—1 

We have the set G={ 1 , <u, tu*}, ~ -- !L ! ± and w 4 «r.«*- 6 )-ca 
where w 8 = 1 . «> 2 <■>■ I : « 

The composition table under multiplication's as shown here. 

The set G forms an abelian finite group, since it satisfies all the 
five axioms: 

Gj —since all the elements in group table belong to G, hence closure 
axiom is true. 

Gj—since multiplication of complex numbers is associative, there¬ 
fore Gjj is satisfied. 

G 3 —since 3 an identity element 1 (EG, G 3 is satisfied. 

G 4 —since the inverses of 1, m, are respectively 1, w 2 , w£G, 
G a is satisfied. 

G*—commutative property is apparently satisfied since 1 • o»=to -1 

■u etc. 
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Moreover the set consists of finite number of elements and hence 
G y is an abelian finite group. 

Problem 2. Show that the set of all nth roots of unity form a 
finite abelian group G of order n under ordinary multiplication as 
composition. 

By De Movre’s theorem, nth roots of unity are given by 
(I)'/'*=(cos 2 rn+i sin 2m) 1 l n 
2m , . . 2m 

=cos -f-rsin—, where r=0, 1, 2. n —1 

n n 

So n, nth roots of unity are 


, 2* . . . 2w ,2s , . . 2.2 tc 

1, cos-(-/ sm —, cos 2 —1- i sin —, 

ft n n ft 


cos 


(n—1)-2« 


: +/I 

n 

i.e. |, e 2.2xiln ^S.2niln^ * e {n— \Y2reijn 

Now, Gy is satisfied since the product of any two elements of the 
set is the element of the set such as if a=e p - 2n, l n , b=e q - 2 ™l n G.G, 

where 0<p<n—l, 0 < 9 <n—l, then a.b—e 2ni ^ p+9 ^ will belong to 
G if p+q^n—l. Let us assume the contrary i.e. p+q>n —1 so that 
p+q—n+m where m<n—2 since the maximum value of p+q can be 
2 (n—1) i.e. 2n-2. 

q.Jj— g2w7n(n+i»i)_ e 2»ti e 2nimjn __ e 2nimjn 


e 2ni =cos 2n+i sin 2«=1 


which follows that a.b£G since m<n—2. 

G 2 is satisfied since multiplication of complex numbers is associative. 
G a is satisfied since there exists an identity element e 2n, '°‘ n =l 

G 4 is 'satisfied since 3 inverse of e 2n,r l n as e 2 ™ ( n ~ r '> n since 

e 2nir/n ^2w(n—r)//i ==e 2>t/n/n — e 2 */_! 

Gg is also satisfied since the multiplication of complex numbers is 
commutative. 

Moreover the set consists of finite number of elements. Hence 
(G, o) is a finite abelian group. 

Problem 3. Show that the set of matrices At,— 1" cos a—sin *"| 

l sin a COS aj, where 

a is real, forms a group under multiplication. 

Let G be'the set of matrices given by /4«= fcos a—sin a "I 

Lsina cos a J, a being 

teal and .4., At, A y €G. Then, 
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Gi is satisfied since the product of any two matrices of the set 
belongs to the set, as 


Au‘A $=rcos a—sin “If cos p-sin 
L sin * cos aj Lsin p cos 



*=A*+ 0 , a+p being real. 


V a, p are real and so is a+p, A*+t€G 

G, is satisfied since A& ■ {A& • A y)—A* •A&+y—AtiJ r %+y—At t +& ■ Ay 
= (A*’At)'A y i.e. the operation is associative. 

G* is satisfied since 3 an identity element Ao££G, o being real such 
that 

Ao-Ai,=Ao+ii !r =Att Vv4*GG. 

G t is satisfied since 3 an inverse A-* GG Vv4o.GG.-a being real 
as a is real, such that 

A-OL-Aoc=A-t+*=Ao (the identity element) 

G* is also satisfied since A* • A n—A&+&—A&+e,=A s • A* ; a, p being 
real i.e. the operation is commutative. 

Hence the given set of matrices forms an abelian group. 

Problem 4. If OX, OY be the two rectangular axes in the cartesian 
plane and T* denotes the rotation of the axes through an angle a s.t. 

T * : (x, y)->(x cos a +y sin a,—x sin a+y cos a) 

then show that the set of these rotations w.r.t. the operation ‘o’ s.t. 
TdoT* is the resultant of two such operations, forms a group. 

Let G={T* : (x, y)~* x cos »+>> sin a, -x sin a +y cos a)} 

G t is satisfied since if 7&GG, 70GG then T&oT*E.G as 
TnoT*{x, y)=T» [T* (x, >•)] 

=x cos (a+p) +y sin (a+p), -x sin (a+P)+7 cos (a+p) ... (1) 
=Jo,o7b (x, j) for any (x, y) in the plane 
G. is satisfied since if T k , T@, T r GG, then 

T y o(T»oT*)=Ty [x cos (a+p)+>> sin fa+p), -x sin (a+p)+>> 

cos (a+p)] by (1) 

=x cos (a+p+y)+y sin (a+p+y), — x sin (a+p+y)+y 

cos (a+p+y) 

*=7»o (Y'ftoTy) etc. 

G s is satisfied since 3 an identity To GG s.t. TooT*=T* VJ*GG 
G 4 is satisfied since 3 an inverse T-* GG s.t. T-*oT*=To ¥71*GG 
G» is satisfied by (1) 

Hence the set of rotations form an abelian group. 

Problem 5. Prove that residue classes modulo mform a group w.r.t. 
addition of residue classes. 
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If S be the let of residue classes modulo m, then we have 

Gi is satisfied since if [rj, [r 2 ]£<S and r^r^mk+r where r is the 
least positive remainder when (r x +r t ) is divided by m and o^r<m, 
then 

€S. V ri+r t =r (mod m) 

i.e. closure axiom is satisfied. or r 1 + m r,=r 

G 2 is satisfied since if [rj, [rj, [r a ],.€!5 and r t +r 3 =mk+r so that 
r 1 +r !l +r a =r 1 +mk+r‘=mk+(r 1 +r)=:mk+r’ (say), r' being least 
positive remainder when (mk+^+r) i.e. rx*+r 2 +r 2 i.e. r x +r is 
divided by m, 

then !>,]+([»•,] f [r,])=[r 1 ]+[r a +r»] 

*=W+M rj+r 2 =r (mod m) 

=f r i+r]—[/•'] r x +r=r' (mod m) 

-hr,] 

—[ r i+r s ]+[r 3 ] 

=([rx]+[r,])+[rj 

i.e. addition of residue classes is associative. 

G 3 is satisfied since 3 an additive identity [o] £*S s.t. [o]+[r]=[r] 
v[r]£S 

C? 4 is satisfied since 3 an additive inverse [m—r] £S s.t. 

[r]+[m—r]=±[wt]==[o]v[r] £S as m=o (mod m). 

Hence the set of residue classes modulo m form a group, w.r.t. 
addition. 

Problem 6. Prove that the non-zero residue classes modulo m (a 
prime integer) w.r.t. multiplication form a group. 

If S be the set of non-zero residue classes modulo m, then we have 
S={[1], [2] I3],...[r]...,(m-1]>, 0<r<m-l. 

Defining the multiplication of classes [rj, [r 2 ], [r 2 ] £S by fo] [r,] 
=[r s ] where o<r lt r t , r t ^m— 1, we observe that 

G x is satisfied since r lt r 2 are prime to m and division of r x r 2 by m 
renders a non-zero remainder and so if [rj, [r 2 ] £5 then 

l r x] [r»] i e. [r,J £S. 

G t is satisfied since if [rj, [rj, [r s ] £S then takings r t —mk-\-r we 
have (r x r t ) r 3 —{mk-\-r) r,=mfcra+rr a =/>+r'(say) where r' is the 
least positive remainder when (r x r t ) r 3 or r r t is divided by m. 

So that 

([''iH'*]) ['•sM'x r t ) W-M [rj V r, r 2 =r (mod m) 

—[r r»]=[r'] 7 r r 3 =r' (mod m) 

But r x r t r t =r' (mod m) [r']-^ r t r 2 ]=[rj [r 2 r,J=a[r,J ([rj [r,J) 

U. (frj •[rJH'al-I'i] ([r 2 ] [rj). 
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thereby showing that the associative law is satisfied. 

G 3 is satisfied since 3 an identity [1] £S s.t. [1] [r]=[r] vMES' 

G, is satisfied since 3 inverse of each element, as is shown below: 
Multiplying each element of S by an element [r], we find 

[1] M, [2] [r] .,[m—1] [r] ...(1 ) 

By Gj (closure axiom) all these (m— 1) elements must belong to S. 
Also all of them should be distinct otherwise if 

[r,] [r] = [r 2 ] [r], [rj, [r 2 ] ES 

then left cancellation law gives [r 1 ]=[r s ] which contradicts the 
hypothesis that [rj, [r 2 ] are distinct. Hence all the (m—1) elements 
of (1) must be distinct and they must also be the same elements of S 
as already defined except that their order may be different. Conclu¬ 
sively in (1) there is one element which is the identity [1]. Suppose 
this identity element is [r,] [/■]=[!]. 

Which shows that [r,] is the inverse of [r). 

But r x being arbitrary, the inverse of each element exists. Hence the 
non-zero residue classes modulo m w.r.t. multiplication form a 
group. 

Problem 7. If every element of a group (G, o) is its own inverse then 
show that (G, o) is abelian. 

Given that (G, o) is a group. 

.'. if a, b&G then a" 1 , b~ J EG 
also if aobGLG then ( aob) _1 EG 
But we have a—a' 1 and fc=h~ 1 
As such (,aoh)=(aob)~^~b~ 1 oa~ 1 =(boa) 
i.e. (G, o) is commutative. Hence (G, o) is abelian. 

Problem. 8. If (G, o) be a group and a 2 =e ( identity) v-a&G, then 
show that the group must be commutative. 

Given that (G, 6) is a group and a 2 =aoa—e also aocr y —e 
.*. aoa*=e~aoa~'. 

So that left cancellation law gives a=cr 1 

i.e., every clement of the group is its own inverse and hence by 
Problem 7 it follows that the group (G, o) is commutative. 

Problem 9. Show that if a group has 3, 4 or 5 elements, then it is 
abelian. 

We prove the proposition for 4 elements, similar procedure can be 
adopted for other two. 

Suppose that G=|>. a, b, c} is a set forming the group {G, o} where 
e is the identity element. 

In case every element of G is its own inverse, the problem reduces 
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to the problem 7 which has been already discussed. Consider the 
other case. 

Let a” 1 =6. Then the only alternative is that c~~ l =c, so that 


aob~boa=e and coc=e 
Now 

aoc^e as c" l ^a 
aoc^a as c=£e 
aoc^-c as a=£e 

So the only alternative is that aoc=b. 
Similar argument will give that coa—b 
aoc=coa 


o , e \ a * J> \ c 

e e ji | c 

a a i c b 

b \ b i_g_l c a 

c ' c i b ' a \ e 


. . . ( 2 ) 


Also 

boc^-e as b~* 
boc^b as c^e 
boc^c as b^=e 

leading that boc=a and similarly cob~a 

boc~ cob . . . (3) 


(1), (2) and (3) follow that the group (G, o) is commutative and 
hence it is abelian. The group table is as shown here. 

Problem 10. Show thct any non-commutative group has at least six 
elements . 

Let (G , o) be a non-commutative group. It will be so if it has at 
least one pair of non-commuting elements a and b (say). 

We shall first show that a set (c, a , b , nnft. /wo} having a, 6 non¬ 
commuting elements i.e. aob^=boa t consists of distinct elements. 
Taking two at a time, there are ten possibilities leading to a contra¬ 
diction of aob^boa : 

(0 e~a^aob~eob~b~boe~boa. 

(ii) e=b=>aob=aoc~a~eoa—boa 

(iii) e=aob=>aoe~eoa=(aob)oa~ao(boa) 

i.e . e—boa or aob—boa 

(iv) e=boa^eoa~aoe=ao (boa)—(aob) oa i.e. e~aoh or boa —nob 

(v) a~bd>aob=aoa=boa 

(vi) a~aobz±e—b thereby reducing to (;7) 

(w) a~boa^e~b thereby reducing to (//) 

(v//i) b=aob=>e—a thereby reducing to (i) 

(ix) b—boa^e=a thereby reducing to (/) 

(x) aob—boa 

Hence the elements of the set {r, a , b . aob. boa) having (a, b) non- 
commuting, are all distinct. 
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We shall now show that at least one of me group elements aoa or 
ao boa is distinct from these five namely e, a, b, aob, boa. 

To show that aoa is different from each element a, b, aob, boa, we 
see that 

(.v/) aoa—a^a=o thereby reducing to (/) 

(xii) aoa=b^raob—ao (aoa)=(aoa) oa=boa 
(xiii) aoa—aob^a—b thereby reducing to (v) 

(xiv) aoa=boa=>a=b thereby reducing to (v) 

These possibilities lead that either aoa^e in which case aoa is the 
sixth distinct element of G or else aoa=e 

Again we shall show that ao boa is different from each element e, a, 
b, aob, boa so that it will be the sixth distinct element of G. 
Obvisously ao (ao boa)=(aoa) o (boa)—eo (boa)=boa. 

Now consider the case 

(xv) ao boa—e^boa—ao (ao boa)—aoe—o thereby reducing to (vft) 

(xvi) ao boa—a*>aob=e thereby reducing to (Hi) 

(xvii) ao boa—b=>aob=ao (ao boa)—boa when aoe—e 
(xviii) ao boa=aob^a=e thereby reducing to (i) 

(xix) ao boa—boa^a=e thereby reducing to (/) 

Conclusively a group with upto 5 elements is essentially abelian 

but for it to be non-abelian there should be at least six elements. 

* 

Problem 11. Show that non-empty semi-group (G, o) forms a group 
if the equatioi s ax=b and ya—b have unique solutions in G V pair of 
elements a, b£.G. 

Since ya—b is solvable for any bE.G, therefore by taking b=a, we 
find that ya—a has a solution in G. Call this solution as e x so that 
e x a—a where a is a fixed element of G. 

Let f£C, then ax—c has a solution in G. 

Thus e x c—e x (ax)=(e x a) x=ax=c 
which follows that e x c—c ¥cEG i.e. e x is the left identity in G. 

As e x exists in G, so ya=e x has a solution in G. Call this solution 
as tr 1 . This follows that every element in G has a left inverse relative 
to the left identity. Hence by the theorem on §4.4, it follows that 
(G, o) is a group. 

Problem 12. Show that a finite-non-?mpty semi-group (G, o) forms 
a gtpup if ab=ac=*b=c and ba=ca^b=c Va, b, c EG. 

Cdnsider a set G={a u a i ,...a r ,.. a p } consisting of p distinct 
element*. Take an element a m and multiply it to all the elements of 
this group. 

All these elements will be distinct save possibly arranged in 
different order. If possible let us assume that 

i/m Cl f Cl p Cl f d p 
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which contradicts the hypothesis that a, and a, are distinct dements 
of G. Thus 

G—{a m a u a m a 2 ,..., a n a„...a m a,} consists of p distinct dements 
and a m a, will be some element say a r of G i.e. 

a m a 1 =a r =*ax=b has a unique solution in G 

Similarly we can show that 

C={«i a*..... «r has a unique solution 

in G. 

Hence by Problem 11, the semi-group (G, o) under given conditions 
forms a group. 

Problem 13. Show that the set of subsets of a set with the union 
composition is a semi-group . 

If S X <*={A, B, C,...} be the set of subsets of a set S, then 
So, is satisfied since. A, BGS, and AGS, BGS=*AL)BGS and A, 
BGS, i.e. the closure law is satisfied. ^ylU-BGS, 

Sot is satisfied since if A, B, CGS, then associative property of 
union yields, ( A\JB)\JC—A\J {B\JC) 

Hence S, is a semi-group (by def. § in 4.4). 

Problem 14. Show that the identity of a subgroup of a group is the 
same as that of the group. 

Let (H, o ) be a subgroup of the group (G, o ) and let e, e' be the 
identities of (G, o ) and (H, o) respectively. Then 
aoe'=a ¥a£i/ 

This equality will also hold in ( G, o ) as aGH^aGG. 

Now if b be the inverse of aGG, then we have 
aoe'—a=>bo(aoe') 

=>(boa) oe'—boa by G t for G 
=>eoe'=e boa—e 

=>e'=e. 

Problem 15. Show that the inverse of an element of a subgroup of « 
group is the same as the inverse of the same element regarded as an 
element of the group. 

Let {H, o) be a subgroup of the group ( G, o ) and let b, and b 2 be the 
inverses of an element a as member of H and G respectively. Also let 
e and e' be the identities of G and H respectively. Then by Problem 
14, e=e. 

Now flob,=e'=e=>b 2 o (aob 1 )=b 2 oe 

=> (bfpa) ob 1 =b 1 by G t , G t for G. 
^eobj=b 2 7 b 2 oa*=*e 

b\ ~ b 2 . 

Problem 16. Show that the necessary and sufficient conditions for a 
complex H to be a subgroup (H, o) of a group ( G, o ) are 

<0 a i bGH-=>aobGH Vfl, b; and(ii) aGH^a~ J GH ¥a 

( Rohilkhand\ 1976) 
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The conditions are necessary, since (H, o) being a subgroup of 
( G, o) the composition in H (being also the composition in G) satisfies 
the closure law 

i.e. a, b&H^aob&H Va, b 

which proves the first condition. 

Also by Problem 14, the identity of H being the same as that of 
G and by Problem 15, the inverse of any element of H being the same 
as its inverse in G, we have 

aEH^a^EH va 
which proves the second condition. 

The conditions are also sufficient, since if the conditions (/)' and (ii) 
hold then 

G x is satisfied, for a, bEH^raobEH by condition (/) 

G t is satisfied, for a, bEH^aobEH by (i) leads to 

aob , cE H and a, bocE H v a, b, eEH 
=*the same element aobocEH i.e. associative law is satisfied. 

G„ is satisfied since aE H £ H by (ii) leads to 
aEH and a^EH^raoa^EH by (/) 

But aoa~ J =e, (identity of G) 

.'. eEH is an identity in H, which is also identity in G, thereby 
showing the existence of an identity element in II. 

G a is satisfied since from G 3 and condition (ii), every element of H 
has an inverse. 

Hence (H, o) which is a subgroup of the group ( G, o) satisfies all 
the four exioms of group. 

Problem 17. Show that a necessary and sufficient condition for a 
complex II to be a subgroup (H, o) of a group (G, 6) is that aE H. 
bEH=>aob~'EH. 

The condition is necessary, since when (//, o) is a subgroup of (G,o) 
then by condition (ii) of Problem 16, we have bEH^rb^EH 

Also by condition (/) of the Problem 16, a, b' 1 EH^raob^E H. 

Combining these two conditions we have aEH, bEH^raob~ l EH. 

The condition is sufficient, since if a, bEH=>aob~ 7 EH, then we can 
show as below that (H, o) is a subgroup of (G, o). 

The given condition yields, 

aEH, aEH^raoar'—eEH, e being identity of G. 

This follows that G 3 is satisfied i.e. 3 an identity eEH. 

Also eEH , aEII eoa" 1 —a~ l E H 
i.e. G 4 is satisfied or in other words every element in H is invertible. 

As such any hEH*>br 1 EH 

So that aEH, b~'EH=>ao (ffi 1 )- 1 =aobEII 
which follows that II satisfies closure law under ‘o' i.e. G x is satisfied. 

Now associativity of G w.r.t ‘o’ immediately follows the associa¬ 
tivity of H w.r.t. * o' i.e. G, is satisfied. 
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Hence (H, o) is a group. 

But (H, o) is a subset of (G, o). 

Therefore (H, o) is a subgroup of (G, o). 

Problem 18. Show that the intersection of two subgroups of a group 
(G, o) is a subgroup of (G, o). 

Let (H u o) and (H t , o) be the two subgroups of (G, 6). Then 
H.nH.CG. 

Now a, bEH^H^a, bEH u a, bEH 2 

=*aobEHx, aobEH t since H u H 2 being 
subgroups* satisfy group axioms. 

^aobEHxnHt *d, bEH x C\H 2 

Also aEH x C\H 2 ^aEH x and a£// s 

=*a~ z E.Hi and since //,, H t being 

• subgroups, satisfy group axioms. 

Hence by Problem 16, H X C\H» is a subgroup of G. 

Problem 19. Show that the union of two subgroups of a group 
(G, o) may not be subgroup of G. 

Let (H x , o) and (H 2 , o) be the two subgroups of (G, o) and let 
aEH u bEH 2 , so that a, bEH x \JH 2 . 

Now a , bEH x \jH 2 ^>aEHi, bEH, & aobEH x [jH 2 for b may 
not belong to H x . 

Hence the union of two subgroups of a group may not be sub¬ 
group of the group. 

Problem 20. Show that the set S={ 1, /, —1, — i} is a subgroup of a 
multiplicative group of non-zero complex numbers. 

Let (G, •) be a multiplicative group of non-zero complex numbers. 
Then (S, •) will be a subgroup of (G, •) if it satisfies both the 
conditions for a subgroup. 

The condition (/) is satisfied since 1 • i—iES , 1 •(—1)= —1 ES, 

l-(-i)=-iES, i-(-l)=-iES, i(-i)=lES,.(-l)-(-i)=i£S. 

The condition (n) is satisfied since the inverse of 1 is t£ S, the 
inverse of i is —iES, the inverse of —1 is — 1G>S and the inverse of 
-/ is iES. 

Hence (S,-) is a subgroup of (G, •). 

Problem 21. Show that the order of every elenunt of a group (G, o) 
of finite order is finite. 

If a be an element of (G, o) of finite order, then the positive 
integral powers of a viz. a, a 2 , a s , a 4 ...will all be the members of G. 

But the order of G is finite, therefore all these elements of G can 
not be different. 

Suppose that a r =a\ r>s. 
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Then, aT* = J r oa~' = a T oa~ T =a r ~ T =a°=*e, e being the identity in G. 

If r—j=m, then a r - , =*e=>a‘ m =e, m being a positive integer as 
r>s. 

This follows that 3 a positive integer m s.t. a m —e. 

As every set of positive integers essentially possesses a least member 
so the set of all those positive integers s.t. a m =e has a least member 
known as the order of a. But a is arbitrary and hence the order of 
every element of G is finite. 

Problem 22. Show that the order of any power of any element a of 
a group is almost equal to the order of the element. 

Assuming that order of a—m and order of (a?)=*n, pGl (set of 
integers), we have order of a—m^a m —e, e being identity element. 

=>(a n )*=e* 

■j$a mv —e 

border of (a'Km 

which proves the proposition. 

Problem 23. Show that the order of any element of a group is always 
equal to the order of its inverse. 

Taking the orders of a and er 1 as m and n respectively, we have 
a m —e and (a~ 1 ) n =e 

Now ar 1 being an exponent power of a, the Problem 22 leads to 
order of (a -1 )< order of ai e. 

Also since a=(a -1 ) -1 i.e. a is an exponent power of a -1 , so by 
Problem 22, we have order of a< order of (a -1 ) i.e. m^n. 

Hence and n^m^m—n. 

Problem 24. If a, b be two elements of a group (G, o) and ba—a^b* 
Va, b£G then prove that the elements a^b*-*, a m ~ i b n and air 1 have 
the same order. 

We have (a~ 1 b)- l =b- 1 (a- 1 )~ 1 =br 1 a 

Since lr l a is the inverse of a~ x b, therefore by Problem 23, the 
order of b~ l a and ar 1 b is the same. 

Now a m b n ~ 2 =a m i> n ir*=(i>a) ir 1 *.* ba=*tf n b n 

=b ( ab- 1 ) b- 1 v b-'^b-'bri 

But b (ai -1 ) ir 1 has the same order as that of air 1 since 
[fi (air 1 ) b-']*={b (ab- 1 ) b r»J [b (air 1 ) ir 1 ] 

-=[6 (ab- 1 )] (br'b) [ (ab- 1 ) ir 1 ] 

=6 (ab- 1 ) (e) (air 1 ) b~ l 
=6 (ab- 1 ) 1 ir 1 

or in general [b (ab- 1 ) i _1 ] n =i> (ab- 1 )* br 1 *=bebr 1 if order of ab- 1 be n 

= bb -1 = e. 

These results follows that order of abr 1 is the same as that of a m b*~* 
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Again a m ~*b n =‘cr t (a m £*)=»a _l (ba)**ar 1 (ar l b) a 
i.e. as above, the order of ar l b is the same as that of a m ~ t b n . 
Problem 25. If the elements a, b and aob of a group (G, o) are each 
of order 2, then show that the group is abelian. 

The order of aob being 2, we have (aob)*=e, e is the identity in G. 
(aob) o (aob) e=>ao (aob) o (aob)—aoe 

=^ao (aob) o (aob) ob=ao eob 

^■(aoa) o (boa) o (bob)—ao eob by associative law. 

=»a*o (boa) ob*=ao eob 

^reo (boa) oe—ao eob since the order of a and b 

is 2. 


=>boa=aob 

which proves that a and b commute and hence the group is abelian. 


4.5. THE CENTRE OF A GROUP 

If (G, o) be a group and H be the set of those Elements xEG, which 
commute with each element in G i.e. the set 

H={x : xEG and aox—xoa ¥ a(£(r} 
then the set H is known as the centre of G. 

THEOREM. The centre of G is a subgroup of (G, o). 

If H be the centre of G, then we have by, definition 
H—{x : xEG and aox=xoa voEC} 
x lf x 2 EH^-aoXi—x^a and aox 2 =x 2 oa YaEG. 

But aox^—XyOa—x^ (x^ox^oa, since xf'ox^e, the identity 

in H and x 1 oeoa=x 1 oa 

<=(x 1 o x 2 -1 ) o (x % oa) 

=(XjO x.^ 1 ) o (aox s ) v aox 2 —x t oa. 
aox^iXtO xf 1 ) o (aox i )=^(aox l ) ox a ~ 1 =(x 1 o xr”) oa 
=5 >ao (x t o x 2 -1 )=(x 1 0 x 8 -1 ) oa 
^x 2 o x 2 -1 commutes with aEG 
=>XjO xf'EH 

Conclusively x^EH, x l EH^rx l ox{- 1 EH 

Which follows by the definition of a subgroup that (H, o) is a 
subgroup of (G, o). 


4.6. COSETS OR COSETS OF A SUBGROUP 

Let (G, o) be a group, (H, o) be a subgroup of (G, o) and ‘a' be an 

element in G i.e. a EG. Then the set 

aH={ah : hEH) (not using the binary operation) 
t.e. the collection, 

aoH={aoh lt aoh 2 ..., aoh u ...}, h t EH 
«®{aox : xEH andaEG) 
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is said to be the Left Coset of H in G ; 
and the set Ha—{ha : h£H} 

i.e. the collection , Hoa={h 1 oa, h 2 oa,..., h { oa,...} h t £H 

—{xoa : x£H and a£ G} 
is said to be the Right Coset of H in G. 

Since eH=H=He, therefore H is itself a coset. 

If the cosets aH and bH are such that a HCibH^f, then aH—bH, 
hence the cosets have no element in common with H i.e. two cosets 
contain either the same elements or have no elements in common. 
Also the cosets do not form a group. 

The number of left (or right) cosets of H in <7 is said to be the 
Index of H in G and denoted by (G : H). 

THEOREM I. If (H. o) or simply H be a subgroup of (G, 6) or 
simply G, then H is both a left coset and a right coset. 

If e be the identity in G, then He—eH=H, which follows that H 
is both a left coset as well as a right coset of H in G. 

THEOREM 2. If H be a subgroup of G, then aH—Hoa£H. 

If e be the identity in G and so is in H, then 
aH=H^ae£H 

i.e. aH=H^a£H ... (1) 

Again, if a£H and h£H then 
a£H=^ah£H > +h£H 
allCH 

Also a£H=>a~ 1 £H, H being a subgroup of the group G, satisfies 

group axioms. 

=> cr l h£H Vh£H by closure law in H 
=>a (ar 1 h)£H vh£H by closure law in H 
=>h£aH *h£H 

HCaH 

So aHCH and H£aH^aH*=H 

Ultimately a£H*aH=H ... (2) 

Hence aH=H<*-a£H by (1) and (2). 

THEOREM 3. If a, b£G and a^b then aH=bHoar'b£H where 
H is a subgroup of the group G. 

We have, 

aH^bH^r ar'aH—<r l bH 

Mtr'aW^a-'bW 

**eH=‘(ar 1 b)H, e being the identity in G and so in H. 
*H={a~'b)H 

.*. aH■=bH^a~ 1 b£H by theorem 1. 

Also, if ar i b£H, then 


... ( 1 ) 
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bH=e {bH)**{aa- x ) (bH)=a{cr x b)H=aH by theorem 1. ...(2) 
(1) and (2) follow that aH—bH<t>er l b£H. 

THEOREM 4. The two left cosets aH and bH of a subgroup H of a 
group G are either identical or disjoint- 

There arise two cases: 

Case I. If aH^bH, then we have to show that aH and bH are dis¬ 
joint. 

Let us assume if possible that x£aH and x£bH. 

Then x—ay, y£H and x=bz, z£H 

ay=*bz^rayzr 1 =bzz~ x => a(yz~ x )=b{zz~ l )*=be—b 
=>(o _1 a) (yz~ 1 )—a~ 1 b 
=^e{yz~ 1 )=ar 1 b 
=» yz~ l —ar 1 b 

Thus, yz- 1 £H=>ar 1 b£H. 

So that by theorem 3, it follows that aH—bH, which contradicts 
the hypothesis and hence two unequal cosets cannot have any element 
in common i.e. aH and bH are disjoint. ; 

Case II. If aH and bH are not disjoint, then we have to show that 
aH=bH. 

aH and bH are not disjoint =>B an element common to aH and bH 

=$3hi, hj s.t. ahi*=bhj 
=*a {hi h i ~ 1 )=b h t hf 1 
^a=bhj h t ~ x 

=*ah=b {hj hr 1 h) *h£H 
=*ah£bh Vh£H 

^aHCbH . . . (1) 

Similarly it can be shown that 

ah,=bhi^bHCaH ... ( 2 ) 

(1) and (2) follow that aH=bH i.e. aH and bH are identical. 

THEOREM 5. If H be a subgroup of the group G and a£G but a 
(£H then 3 one-one mapping of H onto aH. 

Taking/: H-*-aH defined by / {h)—ah, h£H, we have to show 
that the map/is onto. 

Every element of the left eoset aH being of the form ah, h£H, and 
so being the/-image of k m H, the mapping /is onto. 

Again to show that /is one-one, let h u hj£H s.t. aki=ah t . 

Then ahi=*ah^h t **ht by left cancellation law. 

- So /is one-one. 

Conclusively/is a one-one mapping of H onto aH. 

Note. This theorem follows that if H be a finite subgroup, the 
number of elements in each of its left cosets is the same as the num¬ 
ber of elements in H i.e. equal to the order of H. 
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THEOREM 6 . (Lagrange's theorem). The order of every subgroup of 
a finite group is a divisor of the order of the group. 

Let H be a subgroup of a finite group G. So G being finite, H is 
also finite. 

Let m and n be the order of H and G respectively. 

Since the order of H is m, therefore H consists of exactly m ele¬ 
ments or in other words every coset aH has exactly m elements, for if 
h lt h 2 ,EH, ah l =ah 2 iff hy—h^, hence aH has the same number of 
elements as H. 

Now if m—n, the theorem is self-evident. 

But if n>m, then G being of finite order, there are only a finite 
number say k, of different cosets of H in G. 

Taking H={h lt h 2 ...,hn}, if a EG but a §H and binary operation 
of G being denoted multiplicatively, the distinct m elements 
ah u ah il ...,ah m $-H but belong to G by closure axiom. 

Denoting the set formed by these m elements by //' i.e. 

H'=*{ah u ah s ..., ah m } 

We observe that if HUH' is a proper subset of G then there is an 
element say bEG s.t. bt$H\JH'. We thus have again a set of m dis¬ 
tinct elements 

bh u bh t ..bh m which belong to G but not to H\JH' 

Denoting the set of these m elements by H" i e. 

H“={bh lt bh t .WU 

and continuing this process, we see that G can be divided into k sub¬ 
sets each consisting of m elements. 

Order of number of elements in G 
Le. n—k x order of H 

—km 

which follows that the order of H is .a divisor of the order of G. 

COROLLARY 1. The order of an element of a group G of finite order is 
a divisor of the order of the group. 

Let m be the order of the group G and aEG. Then by definition, 
a m ==e, m being least positive integer and e being identity in G. 

Evidently the elements a, a 8 , a*,...a*" -1 , a*£G, are all distinct and 
form a subgroup of order m. Also by definition, m is the order of a. 

The order m of a is a divisor of the order of the group. 

COROLLARY 2. A finite group of prime order has no proper subgroup. 

Let G be a finite group of order p, where p is a prime. Then by 
Lagrange’s theorem, the order of any subgroup of G is divisor of p. 
But p being prime has no divisor and hence there is no proper sub¬ 
group of G. 
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corollary 3. Formats’ theorem. Ifp be a prime and ‘a’ a natural 
number not divisible by p, then 

a*~ 1 = 1 ( modp )* 

Taking the multiplicative group of non-zero residue classes modulo 

p and a not divisible by p, we have the equivalence class aV=0 i.e. 
[a] 7 * 0 . 

But the order of the group being p—l, it follows from Cor. 1, that 
[a*>- 1 ]=[l] 

which yields 1 (modp). 

Problem 26. If H be a subgroup of a group 6 and m, n are the 
orders of m and n respectively then prove that ft n =e, e being identity 
in G. | 

Lagrange’s theorem gives n=km, k being s<$me positive integer 
.'. a n ==e*=e. i 

Problem 27. Find the cosets of the additive subgroup (21,+) of the 
additive group (I, +), I being set of all integers. > 

We have 

- 2 ,- 1 , 0 , 1 , 2 ,?....} 

and say H=( 21, +)={...-6, -4, -2, 0, 2, 4, 6...} 

If a £I then the coset of H in I corresponding to a is 2I+a since 
the group being abelian, I+a=a+I 

2I+0={..., -6, -4, -2, 0, 2, 4, 6,...} 

21+1—{..., -5, -3, -1, 1, 3, 5, 7,...} 

2I+2={..., -4, -2, 0, 2, 4, 6, 8,...}=2I 
2I+3={..., —3, —1, 1, 3, 5, 7, 9,...}==2I+1 
2I+4={..., -2, 0, 2. 4, 6, 8, 10,...}=2I .■ 

2I+5={..., -1, 1, 3, 5, 7, 9, 11,...}=2I+1 and so on> 

Thus the distinct cosets of H in I are 21 and 21+1. 

Clearly 2IU (2I+1)=I. 

4.7. CYCLIC GROUPS 

If a group H contains an element a s.t. it is capable of being gene¬ 
rated by the single element a i.e. every element of H is of the form a" 
for some integer n, then H is said to be a cyclic group and a is known 
as the generator of H. We also denote H—{a}. 

Hence if H is a cyclic group, then 3 a£H, b£H s.t. a n =b (in 
multiplicative form) or b—na (in additive form) for some integer n. 

Thus H**{a n : «€I), a€.H, I being set of integers. 
e.g. the unit circle {z: \z 1=1} in the complex plane is a cyclic 
group. 
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Characteristics of Cyclic Group 

(i) Every cyclic group is abelian. 

If H be a cyclic group and a is its generator, then 
a m , a n £H vm, n €1 

d m 0 d n =# m + n =— fin-™ — d n o a m 

which proves the commutative property and hence every cyclic group 
is abelian. 

(//) The order of a cyclic is the same as that of its generator. 

Let H be a cyclie group, a its generator and e the identity element 
in H. Also let n be the order of a, so that a n =e 

Evidently, m £ I and m < n => a m ^e. 

In case m>n, then if q be the quotient and r the least positive 
remainder when m is divided by n, 

m—nq+r 

So that a m —a” q+r =a ns o a r =(a n ) q o a r =e» o ef=*a T 
where r— 0, 1, 2 

By closure axiom since a m £ H, therefore n distinct elements 
belonging to H are a 0 , a 1 , a 2 , a 3 ,...c n_1 where a°=e~a n . 

As such there are only n elements in H and hence the order of 
the cyclic group H is also n which is the order of its generator. 

{Hi) The generators of a cyclic group of order n are the generators 
a v where p is prime to n and 0 <p < n. 

which shows that order of a v s^n. 

Taking s£I s.t. o<s<n, we have ps prime to n since n is neither 
a factor of p, nor of s. 

Let ps=nq-j-r, q being quotient and r the least positive remainder 
when ps is divided by n and o<r^n—1. 

Thus (a r y=a p, =a m+T —a nQ o a r — (a")® o a r —e q o a r —e o a T —a T 
where / —0, 1, 2,..., n— 1. 

It is clear that a T ^e 

Hence the order of a 1 ' is n and a* is the generator of the group. 

(rv) A subgroup H’ of a cyclic group H is also cyclic. 

Let a be the generator of H. Given that H’ is a subgroup of H. 
Therefore every element of H and so of H' will be of the form a", n 
being an integer. 

Let m be the least positive integer s.t. a m £H’. 

If m does not divide n then 3 integers q (quotient) and r (remain* 
der) s.t. n—mq~r, o^r<m 

a«= =; a*"9+ r —a”'<i o a T giving a T —{a wt )~ l oa n . . .(1) 

But a m £H' by closure law a m,> £H' and so {a mq Y i £H' since 
H' satisfies group axioms. 

Now a' £H' (by hypothesis) 
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(1) yields, a T €.H' which contradicts the assumption that m is 
the least positive integer s.t. a m GLH’ 

Thus the only possibility is that r=0 and then n=*mq so that 

Which follows that every element a n of H' is of the form (a’")* 
showing that o m is the generator of H' and hence H' is cyclic. 

Finite cyclic groups. If H is a cyclic group generated by a s.t. all 
the powers of a we not different then H={a } is a finite cyclic group. 

If n (>0) be the order of a, then a n —e 

Given any integer s 3 two integers q and r s.t. s—nq+r, o^r<n. 
:. a?—a nQ+r =d na o a T —{d n ) q oa T =e Q oa , =e oa r ~a r 
Which follows that there are at most n distinct elements a 1 , a 2 a*, 
.... a n ~\ a»=e 5 

To show that no two of these n elements are $qual, let us assume 
if possible that a*=a v , o<y<x<n 
:. a*~ v =a v o tr»=a°=e [ 

But o<n—y<n and order of a being n, a x ~ v ^>e i.e. a x ^a v . 

Thus H contains exactly n (finite) distinct elements 
a 1 , a 2 ,..., a" -1 , a". 

Hence H is a finite cyclic group of order n. 

Infinite cyclic groups. If H be a cyclic group generated by a s.t. all 
the powers of a are distinct, then H={a} is an infinite cyclic group. 

Let a be the generator of H. Then all the powers of a being different 
the order of a is zero. 

Let us assume, if possibie that a*=a r where s>r. 

Then o* -r =a r o a~ r =a°=e which contradicts the assumption that 
the order of a is zero. 

i.e. H contains an infinite number of elements and hence H is an 
infinite cyclic group. 

THEOREM 1. In an infinite cyclic group, there are exactly two 
distinct generators namely one generator and the other its inverse. 

Let H be an infinite cyclic group and a, one of its generator. Then 
since a n —(a~ y )~ n , therefore or 1 is the other generator. 

Also a#a -1 , otherwise a—a~ 1 =>aa~ 1 =a-=e=a finite cyclic croup 
of order 2 which contradicts the hypothesis tha' the cyclic group is 
infinite. 

To show that $ third generator, if possible suppose that b is the 
third generator of H, so that a and b being both generators of H, 
a=b m and b=a l , 

a—(a n y—a mt . . . (1) 

But H being infinite cyclic group, r#«=>a r #a B , 

.'. the relation (1) is satisfied if ml— 1, m, l being both integers. 

It follows that either m = +1 or m= — 1 
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i.e. either b=a or b=a~ 1 . 

So that third generator of H other thah a and er\ 

THEOREM 2. Every subgroup of an infinite cyclic group is infinite. 
Let H' be a subgroup of an infinite cyclic group H whose generator 
is a. Then by characteristic (iv) of groups, we have m 

being least positive integer s.t. a m GH' 

Assume, if possible that H' is finite, then (a m ) n =e for some n>o 
which follows that a is of finite order and so H is finite which contra¬ 


dicts the hypothesis. 

Hence H' must be an infinite cyclic subgroup of H. 

Problem 28. Show that the group formed by the set { 1, «,«*}, w 
being cube root of unity i.e. w 3 =7, is a cyclic group of order 3 with 
respect to multiplication. 

Here »*=1 is the identity and <o is the generator as its 
powers generate the elements 1, <o, as 
tabulated: 

The group axioms are satisfied, since if 
G«={1, o>, <o*} w.r.t. *•’ then 
Gi— 1, «, <■)*£<?, 1*», 1 £Gas a‘=l 

G t — (1 •«)•«*= 1 .(<«>-co 2 )=to • to 2 = w 3 = 1 
G a — 1 is the identity elements as o>* l=to etc. 

C 4 —Inverses of 1, to, to 2 are respectively 1, w a , « as 

1. l = w • « 2 =o> 2 • w—1 (the identity dement) 

Hence {1, <a, w 2 } is a cyclic group of order 3 with generator o. 

Problem 29. Find all the generators of the cyclic group {a, a*, a*. 



1 

CO 

CO 

I 

1 

CO 

« 2 

CO 

CO 

<0* 

»*=/ 


<0~ 


co 4 =co 


a*, a 5 , a fi , a 7 , a®=e) of order 8. 

Let //={a, a 3 , a 3 , a 4 , a s , a 8 , a 7 , c?=e) 

Since it contains all powers of a, so a is a generator. 

Now (a 3 )*—a 3 , (a 3 ) 3 =a 8 , (a a ) 3 =a*=a*oo 1 =eoa=a, 
(a 3 ) 4 =<? 12 =a 8 oa 4 =eoa 4 =a 4 , (a 3 ) 3 =a 15 =a*oa 7 *= eocF =a 7 
(a 3 ) 8 =a 18 =(o*) a aa*= e*oa 2 —eoa 2 — a 3 
(a 3 ) 7 = a 21 =(a 8 )*aa 8 — e 2 oa i = a 8 
(a 3 ) 8 =a 24 —(a 8 ) 3 = e 3 e 

Since powers of a* are the elements of H so a* is a generator of H. 
Similarly a 3 and a 7 are also the generators of H. 


4.8. PERMUTATION OR TRANSFORMATION 

If G be a set then a one-one onto mapping ft G-*-G is said to be a 

transformation or in case G is finite, f is said to be a permutation. 

In fact the permutation is a rearrangement of the elements of the 
sei and the permutation groups are associated with symmetry groups 
introduced a bit later. 

Consider a set {1, 2, 3,} with three elements. Its symmetry group 
or permutations may be written as 
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Pi 

Pi 


I (identity): 


63 ?) 


2 * 

vi, 2 , 3 / 


p 6 =/i 2 3 

\3 2 


O' 



If we multiply P 5 and P t , we have 


P, P,=/l 2 3\ /I 2 3\=/l 2 3\ as l->2->2 
\2 1 3/ \3 2 1/ V2 3 1/ 2-+-1-+3 

3->3-»-l 

=P, 

and P, tf,=/l 2 3\ /I 2 3\=/l 2 3WP, 

\3 2 1/ \2 1 3) V3 1 2/ 



It is clear that P e P S ^P 6 P, 

i.e. the permutation multiplication is not commutative, but it can 
be shown that permutation multiplication is associative, since 

Pi (P, P»)=/l, 2, 3\ [71 2 3V 
U, 2, 3/ LV2 3 

a 2 3\ /I 2 3\ = /l 2 3\ 

3/ \l 2 3/ 


and (P x P,)P S = 


0 6 ? 01 

’(' 10 (! 

= /l 2 3\ /I 2 3W1 2 3^ 

\2 3 1/ \3 1 2 ) VI 2 3/ 


2 3^ 

1 2 3\ 


A (P a P a )=(Pi P*) P» 

To find the inverse of /I 2 3\ (say) let us assume that its inverse 
\3 1 2J 


is /I 2 3\. Each of the two permutations whose product is the 

Wv 

Identity Permutation. /=/ 1 2 3\ i.e. Pre-image of every element is 

Vl 2 3/ 

the same element), being called Inverse to each other, we have 


(\ 2 3\ (\ 2 3W1 2 3\ 

\3 1 2/ \x y z) Vl 2 3/ 
i.e. /I 2 3\=/T 2 3\ 

\zxj7 Vl 2 3j 

Comparison gives z=l, x=2, y=3 
Hence the inverse of (\ 2 3\ is /I 2 3\ 

\3 12; V2 3 \) 

Thus if P -1 be the inverse of a permutation P, then we can easily 
show that 

(i) PP-'=I='P~ i P 
{it) P" 1 is unique 
(i/i) (P- 1 )- 1 -^ 
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(rv) (PQr^Q- 1 P~* (Reversal law) 

The set of all permutations of n elements. 

The n permutations on n elements (objects) form a group with 
respect to permutation multiplication. Such a group of all permutations 
of n elements is denoted by S„ and called the Symmetric group of 
degree n as it satisfies all the four group axioms- 

Note l. The number of elements in the finite set permutated is 
known as the degree of permutation. 

Note 2. The number of elements in a permutation on n elements 
is |_n. 

A permutation which replaces n elements cyclically is said to be a 
cyclic permutation of degree n e.g., (12 3...n—l, n\ is cyclic and may 

\-2 3 4...n, l) 

be denoted by (1, 2, 3,...n) 

The number of elements permutated by a cycle is said to be its 
length and the disjoint cycles are those which have no common 
elements. 

Every cycle can be uniquely expressed as product of disjoint cycles 
e.g. (1 2 3 4 5 6 7\=(1 4 5 7) (2 3) (6) 

\4 3 2 5 7 6 1/ 

=(2 3) (1 4 5 7) (6) 
where (1 4 5 7W1 4 5 7 2 3 6\ etc. 

\4 5 7 1 2 3 6/ 

A cyclic permutation such as (a, b) which interchanges the symbols 
leaving all other unchanged is called a Transposition. 

In other words Transposition is cycle of length two of the form 
(a, b) i.e. it is a mapping which maps each object onto itself 
excepting two, each of which is mapped on the other, e.g. (1, 2) is a 
transposition. 

Note 3. A cycle of length one is invariant. 

Note 4. Transposition is its own inverse, since, if (a, b) be the 
transposition /l 2 3\ then (a b) (a b)=( 1 2 3\/l 2 3\ 

\2 1 l) \2 1 3/ \2 1 3) 



Note 5. Any permutation can be resolved as the product of trans¬ 
positions in infinitely many ways since every permutation can be 
expressed as a product of disjoint cycles and every cycle can be 
expressed as the product of transpositions in an infinite way, 
therefore the proposition follows. 

Note 6. The order of transposition cannot be changed, since they 
may not be disjoint. 

Even and odd permutations. A permuation is said to be even or odd 
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according as it is expressed as a product of an even or odd number of 
transpositions e.g. the permutation 

( 12345678 9\ is an odd permutation as it can be 
348527961/ 

expressed as the product of seven transpositions such as 
(1 3) (1 8) (1 6) (1 7) (1 9) (2 4) (2 5) 
and the permutation /1 2 3 4 5 6\ is even since it can be expressed 
\6 4 5 2 1 3/ 

as the product of four transpositions such as (1 6) <1 3) (1 5) (2 4) 
Note 7. For any manner of expressing a given permutation as a 
product of transpositions, the number of transpositions is either 
necessarily odd or even. 

Note 8. The product of two even or two odd permutations is even 
while the product of an even and an odd permutation is odd. 

j fi 

Note 9. Of the \_n permutations on n elements, ~ are even and 

I n : 

~ are odd 


Alternating set or group. The set of all even permutations of degree 
n is known as an jalternating set or group and is denoted by A„ and 
symbolized as 

A n ={* : a. is an even permutation on a set containing n elements). 

e.g. if Ei, £ 2 , E s be the even permutations of n symbols then 

Gi is satisfied, since the product of two even permutations is even 
and so A n is closed. 

G t is satisfied, since permutation composition is associative. 

<? 3 is satisfied, since the identity permutation considered as even 
permutation is also identity for even permutations. 

G * is satisfied, since an f£A n 3 f~ l GA n for,and/ 
and I are even permutations so that/ -1 is also an even permutation. 

But the composition in A n is not commutative since permutation 
composition is not commutative. 

Hence A n is a group which is non-abelian. 

l ^ 

Also the set A n contains =elements, hence ( A n , o) is a non abelian 

|ji 

group of order =• 

Permutation group. Any group whose elements are permutations is 
said to be a permutation group. 

Any subgroup of S n (symmetric group of degree «) is essentially a 
permutation group. 

e.g, if /W1 2 3V JW1 2 3\. JW1 2 3V £,=/1 2 3\, 

\1 2 3 ) Vl 3 2) (2 13 J \2 3 \) 

p (\ 2 3\, P t —(I 2 3\ be the six permutations on the 

* \3 1 2/ \3 2 l) 
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set {1, 2, 3}, then the elements P u P t , P t 
P t , P t , P„ constitute all the elements of the 
symmetric group S a of degree 3, whose multi* 
plication table is as shown have. 

The elements P lt P t , P 6 constitute one of 
the several subgroups of S a and this is a 
permutation group on three symbols. 

Problem 30. Show that the cycle (123 35) 
may be expressed as a product of 3 cycles. 

We have 

(1 2 3 4 5)=(1 5) (1 4) (1 3) (1 2) 

=(1 4 5) (1 3)(1 2) 

Problem 31. Express (1 2 3 4 5 6\ as the product of disjoint 
\3 6 4 1 2 5) 

cycles. 

Denoting the given permutation by /, which is the permutation of 
6 positive numbers, let us determine the set of images of 1 under the 
successive powers of fi.e. 

/(1)=3 as 1—3 

/*=/[/d)]=/(3)=4 as 3-4 

/«=/[/*(l)]=/(4)=l as 4-1 
which follows that the first cycle is (1 3 4). 

It is clear that 2 does not belong to this cycle. 

We have, 

f (2)=6 as 2—6 
/(6)=5 and/(5)=2 
t.e. another cycle is (2 6 5). 

Since all the six elements are exhausted in two cycles, we have 
1 2 3 4 5 6WI 3 4) (2 6 5) 

3 6 4 1 2 5) 

Problem 32. Find all the permutations of four letters a, b, c, d 
which leave the expression ab+cd invariant. 

If a, b, c, d are distinct letters then the three functions 
y x =ab+cd, y t =ac+bd, y z =ad+bc 


_ h I* Is Z* Z* Z± 

Z} Zi Zi Z* Z* Zs z 
P>J\Pi Zl Zl Z* Pjl 
Z iZtZiZ* ZiZi H 
z Pi ft ZI±I± Zl 
Pt\Pt Pi Pt Z* Zi Zi 


are distinct and there are the only functions of the given four. This 
follows that each of the 24 permutations on a, b, c, d replaces y t by 
y lt y t or y% so that i X 24 i.e. 8 of them leave y x invarient which 
may be verified by showing that 7, (a, b ), (cd), (ab) ( cd ), (ac) (bd), (ad) 
(be), (a d b c), (a c b d) leave ab+cd invarient. 
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We have /—/'a b e d\ where 

a-*a 

\a b e d/ 

b-*b 

c-yc so that ab+cd**ab+cd 

d-*d 

(a, b)=/a b c d\ where 

a-*b 

\b a c d) 

b-*a 

C-*C 

d-+d 

so that ab+cd=*ba+cd**ab+cd 

(c, d)—/a b c d\ where 

a-ya 

\ab dc) 

b-yb 

c-yd 

d-yc < 

so that ab-fcd—ab+dc"*ab+cd 

(a b) (e cf)=/ a b c d\ where 

a-+b 

\b a d c) 

b-+a 

c-yd 

d-yc 

so that ab+cd—ba+dc—ab+cd 

(a c ) (b d)=/a c b d\ where 

a-yc 

\c a d b) 

c-ya 

b-yd 

d-yb 

so that ab+cd**cd+ab—ab-\-cd 

(a d) (b c)=/ a d b c\ where 

a-yd 

\d a c b) 

d-ya 

b-yc 

c-yb 

so that' ab+cd=dc+ba—ab+cd 

{a d b c)=/a d b c\ where 

a-yd 

\d b c a) 

d-yb 

b-yc 

c-ya 

so that ab+cd=dc+ab—ab-\-cd 

and (ac b d)=fa c b d\ where 

a-yc 

\c b d a) 

c-yb 

b-yd 

d-ya 


so that ab+cd*>*cd+ba=*ab+cd 
above nClUSlVe,y rema * n ® • nvar i ant by the 8 permutations mentioned 
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4.9. HOMOMORPHISM AND ISOMORPHISM OF GROUPS 
Homomorphism of groups. lf(G, o) and ((?', o') be two groups, then 
a mapping f : G-+G' which retains the structure and is many one is 
called Homomorphism of the group G with the group G' s.t. 
f(aob)~f(a)o'f(b), *a,bGG. 

We sometimes use to say that G is homomorphic to G' and denote 
it by GczG' if 3 a mapping/: G-+G' s.t. / (aob)=f (a) o' f(b) 

Vfl, b£G. 

Properties of homomorphism 

(/) The group (G', o') is a homomorphic image of the group (G, o) 

(2) The relation of homomorphism is not symmetric i.e. 

GaG'^G'aG 

(3) The homomorphic image of the identity of the group (G o) is 
the identity of the group {G' o') i.e. if e, e' be the identities in G G' 
respectively then f (e)=e‘. 

We have aGG^rf (a)£G' 

and / (aoe)*=f (a) o' f (e) VaGG by definition of homomorphism. 

.*. f(a) o' e'=f (a)—f (aoe)=/(a) o' f{e) since aoe—a 
and f (a) o'e'—f (a) 

So left cancellation law gives e'—f (e) 

{4) The homomorphic image of the inverse of any element a of a 
group (G , 6) is the inverse of the image of a i.e. f (a _1 )=f/(o)] _1 

w-aGG 

We have <r\ eGG^/fa" 1 ), f(a)GG' 

Aar 1 ) o' f (a)=/ Or 1 **), by definition of homomorphism 
=/ (e)=e' by property (3) 

But / Or 1 ) o' /(a)=*'=> /(*r 1 )=[/(a)]- 1 

V f(a), ficr^GG' 

Isomorphism of groups. If (G, o) and (G', o') are two groups and 

mapped that # t 

3 a one-one onto mapping f: G->G r s.t. aob - > a*ob where 

a-*a', b-+b', Vab£G and a', b'GG', then the mapping f is called as 
Isomorphism and we say that G is isomorphic to G' and write GsaG . 
e.g. if G is an additive group of all integers i.e. 

G={..., —4, —3, —2, —1, 0, 1, 2, 3, 4,...} 
and G' is a multiplicative group of all positive and negative powers 
of an integer 2 i.e. G'={ 2 m : m— 0, ±1, ±2...} 

={... T V- h i. i 1. 2, 4, 8, 16,...} 

Then we have / (m)=2 m , m being an integer 
and f(rn+n)=2 m + n =2 m ■ 2”=/ (m) • / («), m, n being integers. 

This shows that / is one-one onto and retains the group structure 
and hence GfitG' 

Properties of isomorphism 

(i) The order of G=the order of G' 
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(ii) For isomorphic groups (G, o) and ((?', o') the identity e' of G' is 
the image of identity e of G i.e. f (e)—e'. 

If aEG and a'EG' then a'=/ (a) 

/: G-*G' is one-one onto**/(a)£G' va£G. 

+ f(e)€G' V e£G 
Now aoe=a=*f (aoe)—f (a) 

=*/(a) o’ f(e)=f (a) o' e' by definition of 

isomorphism 

=*e'o' f(e)=a’ o' e' 

=>f(e)=e’ by left cancellation law. 

(Hi) For isomorphic groups (G, o) and (G', o’) the image of inverse of 
any element a of G is the inverse of the image of#, i.e. 

If e, e’ are identities of G, G’ respective^ then by property 
(ii) f(e)=e’ } 

Also we have a~ l oa—e=aoa~ l Va£G 
But ar^a^e^f (ar 1 oa)=f (e) vaEG * 

=*/(a -1 ) o' f (a)—e' by definition Of isomorphism 

=^/(a _1 )=[/(a)] _1 hy definition of inverse 

of an element in G' 

(iv) For isomorphic groups (G, o) and (G', o'), the order of an 
element aEG is the same as the order of its image a'EG', 
f : G-*-G' is one-one and onto. 

If e, e' be identities in G, G' respectively, then 

f(e)—e' and f (aob)—f (d) o' f(b) ¥a, bEG. 

If n be the order of an element aEG then a”—e 
Also if m be the order of f(a) then [f(a)] m —e' 

But a”=e=>/(a n )=/(e) 

=>f ( aoaoa...n times) 

=>f (a) o' f (a) o'...n times=e' by definition 

of isomorphism 

=K/(a)]’W 
border of/(a)^n 

Also, t/(o)] m =e'=»/(o) o' f(a) o' ...m times=/(e) 

=> f (aoaoa...m times) =/(e) by definition 

of isomorphism 

*f(a m )=f (e) 

=^a m —e v /is one-one 
border of a<m 
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So that m<n and 

border of a=order of a'. 

(v) V f * s isomorphic mapping of G-*G', then f- 1 is also isomorphic. 
If /is one-one and onto then / -1 exists and is also one-one onto. 
Also if x=f(a), y=/(b) for a, bE.G and x, y£G f , then 

a*=f~Kx), b^f- 1 (y) 

But f-\xo'y)=f- l [f(a) o'f(b )] 

=“/ -1 [/(aob )] v /is isomorphic mapping 
*aob V Z" 1 /(/»)=/»• 

^/ J W o/^Cv) 

which follows that/ -1 retains the group structure and hence / -1 is 
isomorphic. 

Automorphism of groups. ^4/z isomorphism of a group onto itself is 
said to be an automorphism of the group e.g. f : G-+G' given by 
f (a)—a~ 1 , a&G is an automorphism iff G is an abelian group. 

•As another example the identity mapping i: G-+G is an auto¬ 
morphism of group G. 

In otherwords an automorphism / of G is a one-one transformation 
of G onto itself s.t. (xy)f—(xf) (yf) Vjc, y£G 
ie - Axy)=f{x)f{y) 

Product of Automorphisms. If x*-*xf=x' be an automorphism of A 
where x' is the element of A in some order, then the mapping is 
automorphism and so (xy) f=(xf) (yf)=x’y'. 

Take x++y another automorphism and denote z' by z<j>, 
so that (xy)ft=[(xyW=[(xf) 0/)*=[(x/)fl [( yf»] 

-K*Wfl[ (y)M *x,yeA 

which shows that f<f> is an automorphism of A and the mapping ff> is 
termed as product of automorphisms of / and 

The automorphism of a mathematical system forms a group. 

The mapping x*-*x is said to be the Identity automorphism in the 
identity element of the. automorphism group. So axiom G 3 is satisfied. 

G t is satisfied s : nce product of two automorphisms is a auto¬ 
morphism. 

G t is satisfied since if we arrange the mappings 
/: x*-*x', 4 : x*-*x", <}/: x*-*x’" 
as /: jc«-kc\ 4 : x'*-+x’, <);: x”*-*x"' 

then x"=(x) f 4+ corresponding to x under the automorphism f<j>ty 
is uniquely determined whether it is obtained" as [(*)/] ^ from the 
automorphism f(<ffy) or as [(x)^]4 l from ( / Ultimately x*~+xf is an 
automorphism and so (*y)/ -l ==[(*/ -1 /) O'/ -1 /)]/ -1 

-[( xf- 1 ) o/ -1 )/]/ -1 =(*/ -1 ) (Jf*> 

showing that f~ x is an automorphism and hence G t is satisfied. 
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Conclusively the automorphisms of a mathematical system form a 
group. 

Endomorphism of groups. A homomorphism of a group onto itself is 
said to be an endomorphism of the group. 

Regular permutation group. A permutation group to which a group 
0 is isomorphic is said to be a regular permutation group. 

THEOREM 1. Transference of group structures. 

If ( G, o) is a group and G' is a set with the multiplicative composition 
‘o" and if 3 a one-one onto mapping f: G-+G’ s.t. f (aob)=f (a)o' 
f(b) Vo, bEG then G' is also a group isomorphic to G for the given 
composition. 

We have to show that G' is a group and G'szG- 

Let a'—f(a), b'=f(b), c'=f(c) ; a, b, cEG and a', b', c'EG' then 
a'o'b't=f(a) o' f(b)—f(aob) is given. 

<7 X is satisfied since a , b'EG'^f{a), f(b)EG' 

=>a, bEG 
=*aobEG 
=>f(aob)EG' 

*f(a) o’f(b)EG' 

=>a'o’b'EG’ Va'b'EG' 

<j s is satisfied, since (a'o'b')o'c'=[f(a) o' f(b)] o'/(c) 

=f[ao(boc)\ V ‘o’ is associative 
=/(o) o’f{boc) 

*=/(<*) o' \f{b) o' f(c)] 

=a' o' (b' o' c') 

G 3 is satisfied, since if e be the identity in G then 
/(e) o' a'=[f(e) o' /(a)] 

—feoa)—f(a) V eoa«=a 

=a' 

and a! o' /(e) =f(a) o' /(e) =/(aoe) =/(«)= a’ 
f(e) o' a'=a' o'/(e)=o'_ 

G t is satisfied, since if aEG then a~* EG so that aoa~ 1 =e=’CT 1 oa 
and aoer 1 = e ^ftaocr 1 ) — /(e) 

=>/(a) o'fierce) 

=»«' o'f(cr J )=f(e) 

also/ (a- 1 oa)=f(e)^-f(a- 1 ) o' f{a)=f(e) 

^/(o- 1 ) o'o'=/(e) 
a'o' f(ar')£f{ar')o' a'=f(e). 

Thus/(a -1 ) is the inverse of a' EG' i. e. /(or 1 ) = (o') -1 =[ fid)]' 1 
These axioms show that G' is a group. 

Again GatG' and the relation of isomorphism is symmetric 
.*. G'atG 

THEOREM 2. The relation of isomorphism in the set of all groups is 
an equivalence relation. 
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If G be a group belonging to the set of all groups and x£G, then 
consider a one-one onto mapping/: G-+G defined by/(*)=* ¥x£G. 

The relation es is reflective, since f(x) = f(y ) => x =y i.e. f is one-one 
and f(xy)—xy=f(x). f(y) t operation being multiplicative. 

The group structure is retained and so GssGv GGS, S being 
the set of all groups. 

The relation ss is symmetric; since if /is isomorphism of G to G', 
then/is one-one onto and so / -1 exists s.t./ -1 : G'-*G 
By property (v) of isomorphism,/ -1 is isomorphic 
Thus, GesG'=»G'£sG 

The relation ss is transitive, since iff: G-*G' and g : G'-*G" be 
two isomorphic mappings, then composite mapping gof is also one- 
one onto when gof : G->G" 

Now x,y€.G*f(x),f(y) €G'=>g(f(y )] eG* 

So that (gof) (xy)=g[f(xy)] 

=g[f(x)f(y)\,f being isomorphic. 

*gf(x) gf(y), g being isomorphic. 
i.e gof retains the group compositions and also it is one-one onto, 
so gof is isomorphism and maps G-+G" i.e. 

GsC', G'^G"=>GssG" 

Hence ss is an equivalence relation. 

THEOREM 3. Cayley’s Theorem. 

Every finite group G of order n (say) is isomorphic with a sub-group 
of symmetric group S n 

or 

Every finite group G of order n is isomorphic to a permutation 
group (or transformation group). 

Let G—{a t a 2 ,...a n } be a finite group of order n, with multipli¬ 
cative composition and aC.G. Then n products 
a a u a a t , .... a a n are all distinct elements of G, for if possible let 
us assume that a Oi—a a t 
Let cancellation law give, a<==<j/ 

But aa^a, :. a Oii=a a, so that a a u a a 2 ,..., a a n are all distinct 
elements of G in some order. 

.*. The mapping/,: G-*G s.t. f a (x)=ax, a£G, x£G is one-one 
and onto. 

Thus/i=/ a 2 a % . ,.a K \ is a permutation on ♦symbols. 

Wi aa 2 . .aaj 

Replacing a by a lt a 2 . a n in succession, we shall have x per¬ 
mutations f au /, s ,. fin of which no two can be equal since if 

a„ a, €G, then f al =f a ^fi (*)=/« (*) ¥x£G 

^ 0^=08 x V*£G 

2 
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Denoting the n permutations by G' i.e. 



a£G} 

We have 


fmc ( a\ . 

aJb Vaa! aa % . 

°n .\ 

.aaj \ba 1 ba t . baj 

f a i a t — 
Vaa, aa„.... 

..a n \/ aa x aa i ...aa n ’ 
..aa n J\aba 1 aba i ...aba ni 

_/ a i fl i— 

\abay aba t „ 



But a, b£_G=*abE.G and so /«,/» £ G' =>f at) ££?' 

Closure axiom is satisfied. 

How to show that the set G ' with the composite composition 
is a group isomorphic to the given group G, let ip consider a mapping 
g : G-+G' s.t. g(a)—f a ¥a£<? 

Thai, g(a)=*=g(h) =►/.=/* 

=* ax=bx vxGG ’ 

*ra=b by right cancellation law. 

So that g is one-one and therefore G, G' consist of the same 
number of elements. But g being one-one mapping of G to G\ g is 
also onto. Moreover g(afc)=/ a »==/a/»=g(a) g(b) 

i.e. the group-composition is retained (preserved) by g. 

Hence GseG'. 

THEOREM 4. Every cyclic group of infinite order is isomorphic to 
the additive group of integers. 

If G be an infinite cyclic group generated by a, then C?«={a) and all 
the powers of a are distinct. 

Consider the mapping/: £?->I given by f(a*)=i 

This mapping is onto and also one-one since i^j^a i ^a i 

/. /(a‘-a0=/(a‘+0=*-+;=/(a‘)+/^ • 

So thit/preserves the operation and hence /is an isomorphism i.e. 

«?, •)«(!, +) 

Problem 33. Show that the multiplicative proup G—{1, —I, i, — /} 
is isomorphic to the permutation group G'—{I, {abed), {ac) (bd), 
(i adeb )} on four symbols. 

Isomorphism of G and G' will be established if we define mapping 
of G-*-G' s.t. idoitity element if G is mapped to identity element of 
G' and inverses are mapped to inverses since then the elements of 
same order are mapped to elements of the same order. 

In G’, the order of (ac) (bd) is 2 and the order of each of (abed) 
and ( adeb ) is 4. 

Now 

[(ac) (bd)]"=(ac) (bd) (ac) (M)=(«e) (ac) (bd) (bd), product of 

disjoint cycles being abelian 
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«(oc)* (bd)*=II=I &s (ac)***I, (bdf**I. 
and (abcct)***(a b c d\/a b c d\—!a b c d\=(ac) (bd) 

\b c d a) \b c d a) \c d a b) 
so that (abcd)*»[(ac) (bd)]***! as above 
Similarly (adcb)*=I 

We can thus define a mapping/: G-*-G' given by 

/(»=/,/(-!)“(«?) (bd)=A (say), f(i)=(abcd)*=B (say), f(-i) 

=(adcb)= C(say) 

The mapping is evidently one-one and onto. The composition 
tables for G and G' are as shown here. 

Clearly in the . 1 _j { . l a b\ c 

Table of G if 1, —-;- 

— 1, i, — i are re*_-_-_ l t — JL JLA JLS. 

placed by I, A, B, -/ -/ i -t / a j_ c b 

C respectively then , , „ B c . , 

it transforms to the —---- -=J- — AJLJLAJ- 

Table for G'. -> -> £ 1_ —/ J C C B I A} 

jj encc Table for G Table for G' 


. 


_A_ 

jB 

C_ 

J_ 




C 

j4_ 

A 


jC 

B 



jC 

j4_ 

X 

C 

C 

B 

I 

A 


Table for G 


Table for G' 


GaG'. 

Problem 34. Find the regular permutation group isomorphic to the 
group G=*(a, b, c, d) with the composition table. .abed 

Let G' be the required regular permutation-- — — — — 
group. Then by Cayley’s theorem G' will consist of b t> a </ _g_ 
four permutations p lt p t , p a , p t given by _L JL J_ JL ± 

d d\c b a 


Pi**f a b c d\**fa b c d\—I (by given composition table) 
Van ab ac ad) \a b c d) 

p%**( a b c d\*=/a b c d\**fa b\fc d\=(ab) (cd) 

\ba bb be bd) \b a d e) \b a) v d e) 

Pt"*( a b c d\=Sa b c d\*=fa c\ fb d\=(a c) (b d) 

\ca cb cc cd) \c d a b) \c a) \d b) 

Pi—(a b c d\**/a b c d\—fa rf\ fb c\=(a d) (b c) 

Kda db dc dd) \d c b a) Vd a) \c b) 

Hence G'**[{p u p t , p 3 , p*}, o] *" 

«■=[{/, (ab) (cd), (ac) (bd), (ad) (fie)}, o] 

4.16. NORMAL AND CONJUGATE SUBGROUPS 
Conjugate elements. Given a group G, an element a&G is known 
as the conjugate to another element b€LG if 3 an element x£(7, s.t. 
a** xr 1 bx. 
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If a=x~ 1 bx then a is sometimes known as the transform of 
b by x. 

Inner and Outer Automorphisms. If a be a fixed element of a group 
G then the conjugation C a : x-*-a~ 1 xa is said to be the Inner auto¬ 
morphism and all other automorphisms are outer. Clearly (a^xa) 
(a~ l ya)=a * 3 (xy)a for all x, y. 

e g., the cyclic group of order 3 has no inner automorphism except 
the identity while it has outer automorphism x*-*x 2 

The inner automorphisms of any group G form an automorphism 
of G. 

If C a and C 6 be two inner automorphism, then 

C a -C h =C ab since b~ l (a~*xa) b=(db)~ 1 x ( ab ) 
where C„ : x-+a~ J xa 

Cb : x-+b~ l xa 

Similarly since (a -3 ) -1 (a^xa) (a~ 1 )=x 

.'. the inverse of the conjugation C„ is C a ~K 

Properties of conjugate elements 

(/) Conjugacy is reflexive i.e. every element is conjugate with itself. 

We have a=x~ 1 bx; a, b, x GG ... (1) 

If e be the identity element in G, then e£G and e~ 1 =e. 

Thus replacing x by e in (1) we get e~ 1 be=er 1 b—b 
b-e~ 1 be=>b is conjugate with itself. 

(if) Conjugacy is symmetric i.e. if a is conjugate with b, then b is 
conjugate with a. 

We have a—x~ i bx; a, b, x£G 
a—xr l bx^rxa=x (x _1 bx) 

=$xa*=ebx Y x(x~ 1 bx)=(xx~ 1 ) bx=ebx 

=>xax~ 1 =(bx)x~ 1 Y eb=b 

=>xaxr 1 =be Y (bx) x~ x =b (xxr 1 )=be=b 

=*xax~ 1 =b 

So that 

a=x~ 1 bx^b=(xr 1 )- 1 a (x- 1 ), r'£G 

Which shows that b is conjugate with a. 

(iti) Conjugacy Is transitive i.e. if a is conjugate with b, b is conju¬ 
gate with c, then a is conjugate with c. 

We have 

a=it~ 1 bx and b^y~ l cy, a, b, c, x, y€G 
a=x~ l bx t b*=y~ 1 cy=>a=x- 1 (y'cy) x 
=>a=(x~ 1 y- 1 ) c (yx) 

=*a=(yx)~ l c (yx) by reversal law of inverse! 

as x,y GG^xyEG 


=>a is conjugate with c. 
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Note 1. The above properties (i), (ii), (Hi) when combined , J&W that 
conjugacy is an equivalence relation on G. 

(iv) If a is conjugate with b and c both , then, b and c are conjugate 
with each other. 

We have 

a=\~'bx and a**y l cy 
a=x~ 1 bx, a=y- 1 cy±*x~ 1 bx=*y- 1 cy 

^x(x~ t bx)=x (y*cy) 

^bx^ixy- 1 ) ( cy) 

V x(x 1 bx)—(xx~ 1 ) bx=ebx=bx 
Mbx) x~ 1 =(xy- 1 ) (cy) xr l 
T$b=(xy~ 1 ) c O'*' 1 ) 

V (bx)x = bfxx' 1 )=be~*b 

Now since x, yEG^x- 1 , y 1 EG and so xy 1 , yx~ 1 EG. 

Hence b is conjugate with c. 

Class of the group. It is observed that there may be more than two 
elements of a group, which are conjugate with one another. The 
entire set of elements a u a t , a 3 ,. . . a* which are conjugate with one 
another is termed as a class of the group. 

If a single element of a class of a group is given then the whole 
class may be determined, e.g. if the elements of a group G are a y (=e), 
a t , a 3 ..., a h then the class of A may be determined by forming the 
sequence 

e~'ae=af 1 aa i , af x aa 3 ,.... a h ~ l aa K . 

Evidently all the elements of this sequence being conjugate to one 
another form a class. 

Properties of classes 

(/) Every element conjugate can be divided in to classes. 

(2) Every clement will appear in one and only class. 

(3) The identity element of a group being not conjugate to any other 
element, foims a group by itself since x~ y ex—e vxEG. 

(4) Ko class can be a subgroup unless it contains only the identity 
element e. 

(5) Every element of an abelian (commutative) group being conjugate 
with itself since ax—xa=>x~ 1 ax=x~ 1 xa 

^x~ 1 ax=ea=a V-xEG 

the class of an abelian group consists of a single element. 

(6) AU the elements of a class have the same order. 

If a be an element of a class then x~*ax will also be one element of 
it. Taking n as order of a, we have a*=e, e being identity element. 

.'. (x~ 1 ax)"==(x , " 1 fex) (x^ax)" -1 

=*x _1 ax. x -1 ax. (x^ax)”--* 

«fl*(x“ 1 ax) n -*- 
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=>a 4 (x' 1 flx ) n_4 


=a n =e 

which follows that order of x~*ax is also n. 

Hence the order of all the elements of a class is the same. 

As an example consider the group G of matrices and divide the 
elements of this group into classes s.t. the matrices A and B belong 
to the same class. 

We have 

A=C~ 1 BC- 1 , A, B, C EG. f 
Trace A or tr (A)=tr [C -1 AC -1 ] 

P 

=2[2(C -1 ) M {B) qr (C),4 

V QT 

-2 [(2 (C-%) (2 (B)„) (C) r9 ) 

P t r 

=2 2 [(2 (Or, (C - 1 )„) (*)„) 

=2 2 [CC-'U lBi„, 

q r 

=2 2 (/),„ [B],„ I being unite matrix s.t. 

» r 


Hence r—q, tr (A )=2 (B) PQ =tr ( B ) 
« 


|/|, g =0forr^9 
= 1 for 


which shows that all the matrices 'forming a class have the same 
trace. 

Note 2. This is a result analogus to the property (6). 

Note 3. If H be a subgroup of a group G and xEG, then K—X~ x 
Hx is a subgroup of G. 

Let H—{h x , h 9 ,...h t ...} and x -1 h t x and x -1 h, x be elements of the 
set KCG. Then to show that K is a subgroup of G, it is sufficient to 
show that (or 1 A,x) (x -1 h f x) E AT. 

We have 

(x -1 h t x) (x -1 Apc) -1 =(x -1 h^) (x -1 h,~ l x) 

by reversal law of inverses and since (x -1 ) -1 =>x 
=*x~ l n ( (xx -1 ) hf 1 x 
=x _1 h{ e hf 1 x 
=x -1 ht h~ l x 

=x -1 hx •; h it hr 1 € H=*h t hf 1 EH and put h=*h t h, 1 

Hence x~ l hx CAT. 

So AT is a subgroup of G. 
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Conjugate subgroups. If x, y, z, etc. be the elements of a group G 
i.e. x, y, z ,... EG, then the subgroups H, x~ x Hx, jr 1 Hy, sr 1 Hz, 
..., are known as the conjugate subgroups of G. 

Normal Subgroups (or Normal divisor or Invariant subgroup or 
Self-conjugate subgroup). A subgroup H of a group G is said to be a 
normal subgroup of G if V x EG, x~* Hx—H or equivalently, ij 
Hx=xH ¥* EG. 

Properties of normal subgroups 

(a) If e be the identity in G, then the whole group G and {*>} are 
normal subgroups of G 

(b) Every subgroup H of a commutative five group G is normal since 
a left coset x H is the same as the right coset Hx since 

xEH^x- 1 Hx=H vr£G. 

Every subgroup of an abeiian group is a normal subgroup, since 
a~ 1 xa—a -1 ax—x ¥a, xEG. 

(c) The alternating group A n is an invariant subgroup of the symmetric 
group S n . 

Since if E be an element of A„ i.e. E ( X)—X , then we have to show 
that 

PES n ^P~ x EI> EA„ 

If P is even, then P~ x EP is even and hence is an element of A„. 

If P is odd, then P(X)=-X or P - 1 {-X)=X 
and ( P - 1 EP) (Xj^P- 1 E [ P(X)]=P~ 1 E {-X)=P~ x ( -X)=X 
which follows that P~ J EP E A„ and hence A n is a normal sub¬ 
group. 

(;/) The intersection of any two normal subgroups of a group is a 
normal subgroup. 

It H u H 2 , be two normal subgroups of G and a EH X C\H 2 , then 
aEH x r\H t ^aEH x , aEH z 

But If, H t be:hg normal subgroups, 

x~ 3 ax G//, and x~* axEH 2 VxGG 

These imply that x~*ax EH 1 (~)H i 

Hence aEH x C\H 2 =>x~*ax EH x C\H t ¥xE(j 
and also H x nH t is a subgroup of G 
H x C\H 2 is a normal subgroup. 

Factor group or quotient group. If H be a normal subgroup of a 
group G, then the group of all cosets of H in G is known as Factor 
group or quotient group of G by H and denoted by GjH. 

Properties of factor group 

(a) The order of a factor group G/H is equal to the index of 
H in G. 

(p) Each quotient group of an abelian group is abelian but its 
converse is not true, since 

{Hx) {Hy)=H {xy)=H(yx)-H(y) H(x) 
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and if S 3 be a symmetric group and A 3 an alternating group each 
of degree 3 then S 3 lA a is an abelian group of degree 3 whereas S 3 is 
not abelian. The group S 3 /A 3 is of order 2 and so it is abelian as 
every group of order 2 is abelian. 

Problem 35. If H be a subgroup of the group (I, +), 1 being set of 
integers, s.t. H—{mx : 1} where m is a fixed integer, then find the 

elements of the quotient group 1/H and mention the composition table 
for 1/ H for m=5. 

Clearly (I, +) is an abelian group, therefore by the properties of 
normal subgroups, H is a normal subgroup. The elements of 1/7/, 
which are cosets of H in I may be given as follows: 

H+0=H={ .—3m, —2m, —m, 0, mi, 2 m, .} 

H +1 ={.— 3m+l, — 2m+l, — m-fl, f, m+1, 2m4-l,.} 


//+(m-l)={.—2m— 1, 

Then 1/H has n distinct 
cosets as its elements. 

When m=5, the cosets are —— 


shown here. 


•m—1, —I, m-^1. 

2m — 

1, 3m—1,...} 


H 

H+l 

H+2 

K+±2L±± i 

H 

H 

//ft 

H+2 

H+l ■ H+il 

H+V 

i H+l 

H+2 

H +3 

H+4!_H_j 

H ±2 

H+2 

H+ 3 

tf+4 

H !h+H 

h+± 

\H+ 3 

H+ 4 



H+ 4 : H+ 4 

H 

H+l 

H+2 i H+3 ! 


Problem 36. If G={e, a, a*, a 3 , a 4 , n 5 } be a cyclic group of order 6 
such that every subgroup of a cyclic group is normal, then if //={*» 
a*} be a subgroup of G,find the elements of GIH and show that it is a 
group. 


Elements of G/H are He={e, a 3 } e={e, a 3 } 
Ha—{e, a 3 } a —{a, a 4 } 


Ha 2 —{e, a 3 }a-={a 2 , a 6 } 

This is easy to show that G/H fa 

is a group and its composition ~ ~ . ~~ 

table is as shown here. a > y» a L 


{a, a 4 } (a 3 , a*} 

{ a. a*} | {a*,a»> 


Evidently GjH is a cyclic group {°>A 4 } {a 8 , a»} _| {*. . g j. 

generated by {a, a 4 }. {a?, a*} i (a-, a*} (e, a 3 } I {a, a*) 


4.11. COMPLEXES AND KERNEL 

Complex of a group. A non-empty subset H of a group G is called as 
a complex of the group G. 

Properties of complexes, (i) If Z be a complex containing the 
elements a, b, c of a group G then Z={a, b, c) 

(ii) If Z*{a, b, c) be a complex then aZ={a*, ab, ac } etc. 

(Hi) If Z x and Z x be two complexes of a group G, then the product 
°f Z u Z, is defined as 

z, z;-{x : x-z x z„ *i ez l , z,ez,) 
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Now since Zy£Z ]t z 2 £Z 2 and Z„ Z 2 CG 
z, z 2 =x£G by closure axiom. 

As such Z, Z„CG. 

Which follows that Z 2 Z 2 is also a complex of G, obtained 
multiplying every element in Zy with every element in Z 2 . 

(iv) The subgroup H of a group G also gives a complex s.t. 
HH=H i =H. 

(v) A group can be expressed as a sum of complexes. 

If x£G and x$H, H being a subgroup of G, then the complex 
Hx is a right coset and xH is a left coset of ft in G. But cosets are 
not groups and they are complexes, therefore if the group G as a 
whole is capable of forming a complex Z which consists of all the 
elements of the group, then we have 
Z=H -\ Hx-yHy+ . 

(v/) The number of complexes in a group is equal to the index of a 
subgroup H in G and in fact it is the order of the group divided by the 
order of the subgroup H. 

(vii) The product oj complexes is associative. 

Let Z,, Z 2 and Z 3 be three complexes of a group G and let 
Zj£Z], z 2 £Z 2 , z 3 £Z 3 , then 
z,eZj, z 2 E Z 2 =>ZjZ 2 €E Z 2 Z 2 

•• ^1 z 2 £Zy Z 2 , z 3 £Z 3 =>(Zj z 2 ) z 3 £(Z, Z 2 ) Z 3 

z 3 z a €(Zy Z s ) Z 3 

But z t z 2 z 3 =Zj (z 2 z 3 ) z 2 Zo z 3 £ Z 2 (Z 2 Z,) 

Thus z 2 z 2 z 3 £(Z 1 Z 2 ) Z 3 ^Zj z a z 3 £Zj (Z 2 Z 3 ) 

• • (Z[ Z 2 ) Z 3 CZ, (Z, Zj) 

Similarly Z 2 (Z, Z,)C( Z, Z 2 ) Z 3 

So that (Zy Z 2 ) Z 3 =Z 1 (Z 2 Z 3 ) 

Inverse of complex, if Z be a complex of a group G, then its inverse 
is given by Z- 1 **^- 1 ; z£Z} 

In other words the inverse of a complex Z is the set of inverses of 
all elements of Z. 


Properties of inverse of a complex 

(1) If Z x Z 2 be two complexes of a group G, then (Zy Z 2 ) -1 =Z 2 ~ J Zj" - 

And *E(Zj Z 2 ) _1 =>x=(z! z 2 ) -1 for Zi£Z 1( z 2 £Z 2 

^x=z 2 _1 z, -1 by reversal law of inverses. 
Z^’Z,' 1 by definition 

•- (Zy ZtY'CZf'Zx- 1 ...(A) 

Similarly if y £Z 2 _1 Z^^yssz^zr 1 when z^ 1 £Z 2 _1 , z X _1 £ Zf 1 

^y-(Zy z 2 ) -1 where z 1 £Z 1 , z 2 £Z 2 
=>> £(Z, Z 2 ) _1 by definition 

Z t 'ZyC{Zy Z 2 r l ...(B) 

(A) and (B) follow that (Zy Z 2 ) 1 =Z 2 - 1 Zf 1 

(2) If H be a subgroup of a group G, then H~ l =H. 
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And hr'EH-'^heH 

=$hr l £H, H being a group 

So H-'CH 

Similarly an h£H^hr 1 £H, H being a group 

=>A=(A —1 ) —1 £// by definition of inverse of a 

complex. 

So HCH- 1 

(3) If H, K be two subgroups of a group O', then HK is also a 
subgroup of G iff HK—KH. 

Taking HK—KH, we have (HK)~ l —(KH)-' - 

=K l H-' by Property (1) 

=KH by Property (2) 

—HK 7 HK-KH 

Which shows that HK is a subgroup of G. 

Again taking HK as subgroup of G, we have- 
(HK)~ 1 =HK by Property (2) ’ 

K-'H- 1 —HK by Property (1) 
i.e. KH—HK by Property (2) 

Hence the proposition. 

(4) A necessary and sufficient condition for a complex H of a group 
G to be a subgroup is that 

The condition is necessary since if H is a subgroup of G and ab 1 
E HH 1 then 

a£H, b£H*a£H, b-'lEH 
^ab-'eH 

So ab- 1 GHH-^ab- 1 £H, b£H, b~ 1 £H~ x 
i.e. HH- 1 C H 

Also H is a subgroup of G=> identity e£H 
If h£H, then h=he=he ~ 1 £HH~\ h£H, e-'£H - 1 

hchh - 1 

Thus HH- 1 CH, HCHH-'^HH-^H 
The condition is sufficient since if HH^—H, then we have 
HH-'CH 

Now suppose that a, b£H so that ab~ 1 £HH~ 1 
HH- 1 CHtm&ab- 1 £HH- 1 *ab- 1 £H 
Ultimately a£H, b£H^-ab~ 1 £H 

Which follows that H is a subgroup as is evident from the following 
discussion: Taking H a subgroup of G with the same composition as 
in G, the identity in H and G is the same. Also a£H and b£H give 
o~ 1 £H, H being a group. 

a£H, b- 1 £H*ab~ 1 £H 
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Further taking H to be a non-empty subset of G s.t. aEH, bEH, 
and assuming that aEH, bE.H^ab~ i £H, we observe that H is 
non-empty and 3 an aEH so that by setting b—a in (a), we find 
aEH, aEH^aar'EH 

=»e£ H, e also being identity in G. 

Now eEH, bE H^eb~ x E H by (a) .... (£) 

aEH, b~ x EH^a (b-'f'EH^abEH 
i.e. aEH, bEH^abEH 

Here (a) and ((J) fulfil the requirements for H which is a complex 
of G, to be its subgroup 

Image of a group G under a mapping f .Iff: G~>G' be a homomor¬ 
phism of a group G into a group G , then f(G)={f(x), EG' : xEG} is 
a subset of G' and is termed as the Image of G under f and denoted 
by Im (/). 

Kernel of f. Iff : G-*-G' be a homomorphism of G into G', then 
the subset of those elements of G which are mapped onto the identity 
of G' under f is said to be the Kernel of f and denoted bv ker (/) or 

/“V). 

i.e. ker (/)={x£G :/( x)=--e'} 

Propositions relating to Kernel 

I. A homomorphism f: G-»G' is an isomorphism iffkerf={e). 
Assuming that/: G-*G' is an isomorphism, if aE ker/then 

f(a)=e' —f(e), e' being identity in G'. 

Now / being one-one and a—e, kernel of / consists of e only. 
Conversely if ker /={e} for/to be homomorphism, and if a, bEG 
s-t. /(«)-/(*), -then fab*') 

=f(a)f(b- 1 ) 

=/(«) i mr x 

= e ' v m~m 

ab~*E ker / 
or flA -1 =e 
or a=b 

So/is ore-one and hence /is an isomorphism. 

II. Iff be homomorphism of G’ then ker (/) is an invariant subgroup 
of G. 

If a, bE ker (/), then f(a)=e'=f{b), e' being identity of G . 
f(ab)=fa)f(b)=e'e'=e' 

which implies that abE ker (/) i.e. closure axiom is satisfied. 
Now ker (/) be<ng a subset of G, associativity axiom is self-evident. 
Again /(e)=e'=*e£ ker (/), e being identity in G. 

There exists an identity in G. 

Further if aE ker (/) then/(a- 1 )=[/(a)]- 1 -(eT 1 -“* c 
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which shows that <r J E ker (/) when aE ker (/) 

This follows the existence of an inverse in G. 

As such ker (/) is a subgroup of G, as ker (/) satisfies all the four 
group axioms. 

Moreover ker (/) is an invariant subgroup of G as is shown 
below: 

If gE.G and he ker (/), then 

=[/te)]-V/(g) V he ker (/)=>/(A)=e' 

=[ fig )]' 1 fig) 


g~ x hge ker (/). 

Hence ker (/) is an invariant subgroup of <J. 

Note 1. It is easy to show that Im (/) is a Subgroup of G. 

III. If H be a normal subgroup of a group G, then there is a homo¬ 
morphism of G onto G\H. 

Let/: G^-G/H be given by f(x)—Hx*xeG 

vx£G, 3 a unique coset Hx,f is a mapping. 

Also the binary operation in GjH being defined by 
(Hx) {Hy)—H (xy) 

We have 

f(xy)=H(xy)MHx) (Hy)=f(x) f(y) 

Which follows that / is a homomorphism and it is onto since every 
coset HzeGJH has z as its preimage in G. 

Note 2. Natural Homomorphism. The homomorphism f: G-*-GIH 
given by f(x)—Hx is known as Natural Homomorphism or Canonical 
Homomorphism of G onto GjH. 

IV. If f be a homomorphism of a group G onto a group G' with 
kernel k, then 

GjKszG’ 

Consider the mapping <f >: GjK-rG' defined by f (Kx)=f(x) 

Taking Kx=Ky, we have xy" 1 E K and /(xy _1 )*=e', e' being identity 
in G' i.e. /£*)/(;T 1 )-*' 

or /(*) IMY'S 

or f{x)=f(y). 

This follows that ^ is uniquely defined. 

Now if/0')EG' then Ky is the preimage of/O') in G/K under 
This follows that $ is onto. 

Again ^ will be one-one if Kx*=Ky provided fix)**fly). 

Take an element z=xy-*e G i.e. zy**x 
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f(z)=Axy~ 1 )=Ax)f(y- 1 ) 

=/(*) l Ay )]- 1 

v /(x)=/(y) 

So that rG J^and Jtx= K[zy) =(Az) y=A> 

<f> >s one-one. 

Further to show that <f> preserves the structure, we have 
t(Kx) <f>(Ky)=Ax)f(y)=f(xy)=<f> lK{xy)]=t [(**) (*>)1 
Hence $> is isomorphism and thus G/AssG'. 

V. // / is a homomorphism from the group ( G , o) into the group 
(G', o') then the pair ( ker f, o) is a normal subgroup of (G, o). 
Evidently ker f¥=<f> (non empty) since eE ker /and ker/CG 
Now a, AG ker/=>/(a)==e',/(A)=e' 

But fib-^um-^wr^e' 
f(aob~ 1 )=Aa)o [Ab)Y x ^e’oe’=e' 
a, bE ker f=>aob~ x E ker / 

Hence (ker /, 6) is a subgroup. 

'Again V aEG and hE ker /, we have 
f(ao hoar x )—f (a) o f (h) of (a -1 ) 

=/(a) of(h)o [/(a)]" 1 
=/(fl) oe'o [f (a)] -1 
=/(a) o [/(a)]- 1 
=«' 

vaGG and AGker/=*aoAoa _1 Gker/ 

Hence (ker/, o) is a normal subgroup. 

Note 3. Similarly it can be shown that image of [Im (/), o] is a 
subgroup of (G'o') when / is a homomorphism of (G, o) into (G', o'). 

Problem.37. If GL (n, R) is the multiplication group of all nxn 
singular matrices with elements as real numbers and that G' is the 
multiplicative group of all non-zero real numbers, then show that the 
mapping f : G-+& s.t.f(A)—\ A | v AEG is a homomorphism of G 
onto G' and also show that 

ker f—{AEGL (n, A): | A \—e', the identity in G'}. 

Let /: (C, +)-*(R + , +) s.t .f(x+iy)=x. 

We have to show that/is a homomorphism 
of (C. •) onto (R, •) and ker/={z€C : x-0} 
/(*) - x /.«. ker / is the imaginary y-axis. 

If Zi^Xi+iTjGC, z t —x,+iytEC, then 
f{x 1 +iy 1 )+f{x r \-Jy t ) 

^f^+xj+iffa+y*) 

—x x +x, by hypothesis 
—/ (x 1 +iyi)-\-f (x s +iyj 
This shows that /is onto since/(x+to)—x 
if xGR. 


ns. 4.11 
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As such /is a homomorphism of (C*, +) onto (R + , +) and 1 is 
the identity element in (R + , •) 

Also ker/is given by /(x-fjy)=0=x ¥x£R. 
i.e. ker/={r£C: x=0=e', the identity in R} 
which follows that ker/is the imaginary axis. 

Problem 38. If (R, •) be a multiplicative group and x£R, then find 
homomorphisms and their kernels in the following mappings 

(0 *-*•! * | 

00 

(0 x -+1 x j =>x-> | x | and — x-*- 1 x | 

x -*-1 x | and y-+ | y | =>xy-> | xy | \ x | | y | 

Thus x-y | x | is homomorphism. 

Now /: x-> | x | =^/(x)=| x | =>/(xy)=| xy | =*-/(xy)=| xy t 

4l * I I y l=/(*)/O') 

i.e. / is two-one mapping since | /(x) | =*j|x)= — 1,1. 

Its kernel is |/(x) |=1=>-1, +1, i.e. {-1,1} 

(,0 Say g : J- =>g(x;>)= _i_ = ^ 

==g(x)-g(y> 

So g is a homomorphism and it is two-one mapping since 
*W===~r =>£(-*)• -jr 
Now g( 1)= 

kerg«{-l, 1} 

4.12. GROUPS OF ISOMETRIES 

Let R be the set of real numbers and Sr be the symmetric group on 
a. Then /(/?) the group of isometries of R is a subgroup of Sr arid 
defined to be the set of all elements of Sr which preserve distance 
(distance between two points a , b£R is the absolute value | a —b | of 
P aQ d denoted by d(a, b) and the elements of-such a set are known 
as isometries of R . 

An element o£Sr is called an Isometry iff d(a , b)*=*d(a<s, ba) ¥ 
b)£R semi the identity mapping i£ /(/?), I(R)^$. 

To show that I(R) the group of isometries of R is a subgroup of 
a, suppose that a£I{R) so that as Sr is a group and a £Sr. 

Then we have to show that a “ J e&. 

** then a being an isometry, J(acr x , 

(n<F" 1 )a]»i/(o, b) 

Thus d(a, bo^)^a^eHR) 

it*€I(R) then t“ x €/(R) and 
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flator- 1 ), b(or- 1 )]=d[(ao)'c- 1 , (bo^J^d (ao, ba)**d(a, b) 

So that ar- 1 ^ /(j{) and hence I(R) is a subgroup of Sr. 

If o, /(/?) have the same effect on two distinct real numbers a and 
b i.e, ao—a~ and ba=b~ then o =t 

This version is used to describe the elements of I(R). 

Geometrically interpreted, if ra—r+a where o£/(/?), r£R and 
oa—a, then it moves the real line a units to the right and if 
ross—r+a, the real line is inverted about the origin and then moved 
a units to the right. 

If E be the set K 1 =*xxR and (xa, yx)—A, (xb, )>b)—S are two 
elements of E then distance d(A, B)= V (xa — ya ) 2 +(ja —yef 

<t£ Se the symmetric group on E is known as an isometry if for 
A, BEE, d(A, B)—d(Ao, Bo). 


The set I of all isometries of E forms a subgroup of Se- 
Assuming the Euclidean plane E covered by an infinite rigid metal 


£ P Q R 

Initially 
Fig. 4.12 


5-- 

E —*—*■ 


P Q R 


AbC 


* Q, «» 


After a movement 
Fig. 4.13 


lamina S let P, Q, J?,...be the points of E and A, B, C,... be the 
points of S initially as shown in Fig. 4.12 and after a movement as 
shown in Fig. 4.13. 

Define 0 : E-*E as an isometry given by 

i>0=P„ Q0=0„ *0=*, where d(A, B)=d(P u Q 1 )=d(P, Q). 
As such we have three particular isometries. 

(/) Rotation about a point. Take a point O of S and rotate S about 



A on the top of P A on the top of Pi 

Fig. 4.14 Fig. 4.15 

O through an angle <{/. Such an isometry induced by the movement 
of S is the rotation about O through an angle tp. 

(il) Reflection In a line. Choosing a fine in E, turn S over this line 
and back to E. Such an isometry is the reflection in XY. 
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Fig. 4.16 



(iii) Translation. Choosing a line XY and an isometry corres¬ 
ponding to a movement of S s.t. the line Xd YO is parallel to XY, 
6 is the translation. 


In terms of mapping. Translation is the mapping 

: (xy) *a,i>=(x+o, y+Z>) 

which is isometry for each a, b, t,,, b and (t b , j) _1 =T_ B , 

Counter clockwise rotation about the origin through an angle 0 is 
the mapping p 9 : (x, y) p 9 ~(x cos 6—y sin 0, x sin 0+y cos 0) 
which is isometry for each 0, p 9 and (p 9 ) -1 =p_#. 
and reflection in OX is the mapping o, : (x, y) o t =(x—y) 
which is isometry and (o v )~ 1 =o r . 

Note 1. Isometries are product of reflections, translations and rota¬ 
tions. In other words every isometry E is expressible as the product 
of a reflection, a translation and a rotation. 

Symmetry groups. // S be a subset of the Euclidean plane then the 
set /, of all oE/ s.t. s£ a ^sv£S and to£S^t£S, forms a subgroup 
of /, known as the symmetry group of S. 

Algebra of symmetries of an equilateral triangle 

Case I. Counter clockwise rotation of an equilateral triangle in its 
own plane about an axis through geometric 
centre O and perpendicular to the plane of 
the triangle ABC. 

Let us define the rotations as follows: 

*o : A ABC-* A ABC 
R l : A ABC^-ACAB 
Hi : A ABC-* ABC A 
where R 0 is the same position of the 
triangle, Rx is the counter clockwise rota¬ 
tion through 120° which carries A to B, B 
to C, C to A and R t is the counter clock¬ 
wise rotation through 240° which carries A to C, B to A, C to B. 
Evidently a counter clockwise rotation through 120” is identical with 
a clockwise rotation through 240’ and similarly a counter clockwise 
rotation is identical with a clockwise one through 120°. As such R», 


A 
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J? a are the only three distinct rotations, forming a finite abelian 

group. 


C fi 




Let <j={-R 0 , Ri, Ri] with the binary operation RyoR k being the 
rotation obtained by/-successive application of Rj and R k for any two 
rotations R } and R k . 

e.g. RyoRy represents the rotation through 120° followed by a rota¬ 
tion through 240° i.e. RyoRy is the rotation through 360° and hence 


RyORy—Ry 

Conclusively 

Rq R\ R\ 

AABC —► AABC-* ACAB-+ fcyBCA^ 
RqoR\ 

A ARC -j-A BCA 



Ro 

h 

Ry 

Ry 

Ry 

Ri 

Ry 

Ri 

_*i 

Ry 

R_y 

Ry 

Ri 

Ry 

Ri 


Rt 

which is equivalent to A ABC^-A BCA 
The composition table is as shown here. 

This group of rotations G is abelian since, Gy is satisfied, since 
every element of the table belong to S a . 

Gy is satisfied, since R 0 o(RyoRy)^‘R 0 o(R 0 )=R 0 
and (RyORy)oRy = RyORy =>/(<,■= R<fi(RyORy) 

Gy is satisfied, since R 0 is an idtntity in 

G t is satisfied, since inverses« f R 0 , Ry, R 2 are Ry, R t , Ri respec¬ 
tively as RyoRy—R 0 etc. 


Commutative property is also satisfied, since 
RyORy =Ry — RyORy ftC. 

Case II. Rotation of an pquilateral triangle ABC about the medians 
AD, BE, CF. 

Let R t , Ry, Ry be the rotations about the medians AD, BE and CF 
respectively of equilateral triangle ABC, each through ic. Clearly there 
are six coincident rotations of the triangle. There is correspondence 
between the group of rotations. 

G’-.{Ry, Ry, Ry, Ry, Ry, Ry} 
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A 0 



and the symmetric group S 3 whose elements permutate A, B, C, 


We have, 

RxoRt—Rt 


RioRt*^ R 3 
RioRi^Rt 
R%oR 3 *= R 3 


A R\ C R, C 

: A-^-A-^A 

B C A B B A 
ARi C Ri B 
: A-*A -*A 
B C A B AC 

A Ri CR, A 


A->A -►A 


B C A B C B 
AR t BR, B 

: A-►A -+A 


BC C A AC 


by Fig. 4.22, 
by Fig. 4.23. 
by Fig. 4.21. 
by Fig. 4.23. 


o_ Rb| Rx R% Ri R«| R%\ 


*0 

Ri Rt'R* Rt A*i 

Ri_ 

/?2j Rq R* 


Ri 

Ao 1 Rii Af'R» 

Rt 

Rt 

it, 1 it, Ri 

Ri 

R, A,| Rf Ri Aj| Ao| Rt\ 


Rt Rt Rt 1 Ail A«| 
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Similarly 

R^pR^^=‘R^, RfOR^Ri etc. 

In general RfoR h for /=0, 1,2, ...5 and 0, 1,...5 gives the 
adjoining composition table. 

Clearly the set of six rotations of the equilateral triangle forms a 
non-abelian group. 

The di-hedral group 

If S be a regular polygon of n (>2) sides, then in any isometry of 
S, vertices are taken to vertices. Then the order of the symmetry 
group of a regular n-gon (polygon of sides n>2) can be easily 
determined. 

In this connection the following axioms are to be noted: 

(1) Every regular n-gon can be circumscribed by one and only one 
circle. 

(2) The centre of a regular n-gon S is considered onto itself by 
any element of J„. 

(3) If S be a regular n-gon and »6 then vertices of S are taken 
onto vertices of 5 by a. 

The symmetry group of the regular n-gon is said to .be the di-hedral 
group of degree n. 

Determination of the orders of the di-hedral groups 

Suppose the vertices of a regular n-gon S with centre O are A u 
A n in a clock wise direction. Also suppose that o/, l<y^n rotates S 


Ai 



Fig. 4.25 
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about O in clockwise direction through an angle ~~ —— radiaus 
360 

i.e., -(jr— 1) degrees, So that A x oj=Aj etc. 

n 

For the sake convenience we have shown here the effect of «* on 
the regular pentagon (5—gon) in Fig 4.24. 

Taking t as the reflection about the line through A x and O, s.t. 

Ai^—Ai, A x t—A n 

The effect of r on the regular pentagon is shown in Fig. 4 25. 

The Fig. 4.26 shows the effect on a regular pentagon of the 
reflection t followed by the rotation. 

We observe that the elements a x , ra t ,...Ta„ are all distinct 

since, of course as A x a^ A x o k , j^k. 

In case Terser*, then A x fo ) =A x a ) =A x ai t 

"taj-=*a k ^j=k 

But T<Ty=<ij=>-T=(T l> the identity which contradicts the hypothesis. 
Finally ra k =» e*=or*. 

Consequently there are at least 2 n possible elements of the dihedral 
group of degree n, but there are no more than 2 n since if 06 I„ S 
being regular n- gon. then there are n possibilities for A x a. 

Since the vertices are taken to vertices, therefore A x a is one of A t , 


4. A r 



(A,r)<T } ( A ' T )<Tj 


Fig. 4.26 
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A n and A t e has only two possibilities once Ai<s has been deter* 
mined as d (,A\ 0 , A 3 o) s *d (A^ 4j) and A 3 o must also be a vertex. 

So A x a and A 2 o being once determined, A t o, i=~ 3, 4,...n may also 
be determined. Thus 3 at most two elements a£/, which map A x a to 
A,. Hence there are at most In elements of I, and so 


| h 1=2*. 

Note. 2. The dihedral group of degree n Is denoted by D n . 
As an example the elements of D 3 are 
C), to, and 0 , 02 = 0 ,+!, l^j^2 and o 3 o 2 =o, 

Also we have-^ssT and a i T=T 2 o i r=*'rv<j i v 
Now To,T=<j lt o, being identity 

, as OjT" A 2 -“A 3 

and A t ^o t r=A 3 o i x=A 1 v—A 1 
So o 3 t=to 2 and to 3 =o 8 t 



q l 

02 

q 3 

T 

w 2 

££» 

q l 

q i 

a« 

^3_ 

T 

T O3 

TOj 

02 

*2 


91 

II 3 

T 


*3. 

fl 

fi 

CTo 

XO% 

T0-3 

T 

T 

T 

TCTj 

TOg 

q l 


q 3 

TOT 2 

T<J2 

TCfg 

T 

£l 


02 


T q 3 

T 

ra 2 

q 2 

q 3 

q l 


4.13. SOME SPECIAL GROUPS WITH LINEAR OPERATORS 
Vector Space or Linear Space is an additive Abelian group L (Elements 
of L being called vectors) with the property that any scalar a (real or 
complex) and any vector x can be combined by the operation of scalar 
multipllation to yield a vector ax s.t. 

(i) a (x+y)=ax+ay, xei, y€L=*ax€L apd x+y=y+x£L 

(ii) (a+?) x=ax+£x 
(iff) (« 0 ) x=a Ox) 

(iv) l-x*=x 

e.g. the set of *X« matrices forms a linear space. 

A linear space is real or complex linear space according as the 
scalars are real or complex numbers. 

If the linear space consists solely of the vector O with scalar multi¬ 
plication defined by a» 0=0 for all a, then we call it as zero space 
and denote it by { 0 }, 

A non-empty subset M of L is said to be a subspace or a linear 
subspace of L if Af is a linear space in its own right w.r.t. linear 
operations in L. In case M is a proper subset of L, then we call it a 
proper subspace of L. 

Basis for Linear Space. If S be a linear independent set of vectors in 
a linear space L, then 3 a basts B for L s.t. SQB and the basis for L is 
a linearly independent set which span the whole space L. Moreover 
S {*£$)C.L is linear independent iff o each vector in the subspace 
IS] spanned by S is uniquely expressible as a linear combination of 
the vectors in S e.g. the vector O in [S] is uniquely expressible in the 
form 

0=0-x 1 +0*x 2 +...+0-x n where S={x, x*,..., x*} 
While the vectors in the sub space [5] spanned by S are the linear 
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combinations of the type x~a 1 x 1 +a,x l +...+«„*„; ^ a,,... a* are 
scalars. 

Dimension of a linear space. The dimension of a linear space is the 
number of elements in its basis , e.g. £=»{<>} is o-dimensional and £#{o> 
has dimension equal to the number of elements in any basis. 

A linear space is finite-dimensional if its dimension is o or a positive 
integer and it is infinite-dimensional if its dimension is not zero or a 
finite positive integer. 

Linear transformations. If L, L' be two linear spaces with the same 
system of scalars, then a mapping T of L into L' is said to be a 
linear transformation 

if T (x+y)=T(x)+r(y) and T (ax)=«r (x) * 
or equivalently if r(«x+py)=a7(x)+pr(y). J 

^ of operator T lt in a linear space t forms a group if it 
satisfies all the four group axioms. f 

A linear transformation of one linear space into another is a 
homomorphism of the first space into the second, because it is a 
mapping which preserves the linear operations. Also it is observed 
that T preserves the origin (o) and negatives for- 
r(o)=r(o.o)=o*r (o)=o 
and T(-x)=T ((-1) x)=(-l) T(x) = -T(x). 

Examples: (/) x*))=(ax 1 ax 2 ), a being real, multiplies each 

vector in R* by into self where 7\: R 2 -*R 2 

(i'i) The mapping D: D(p)=^ is the linear transformation of P 

into itself where the linear space P of all polynomials pin) with real 
coefficients is defined on [o, 1] 

(H) The mapping I: /(/)— f(x) dx is the linear transformation 

of C[o, 1] in the real linear space R. 

Characteristics of Linear Transformations 

(i) If T and U be two operators transforming the linear space L 
to L' then (T+ V) (x)=T(x)+ U(x) ... (1) 

Similarly (*T) (x)«#r(x) ... (2) 

In nut shell if L and L' be two linear spaces with the same system 
of scalars, then the set of all linear transformations of L into L is it 
itself a linear space w.r.t. linear operations (1) and (2). 

00 If T and V be two linear transformations on L, then their 
product TU is defined by ( TU ) (x)=r(£/x) 

(iii) If T, U, V be three linear transformations on L, then the 
operation is associative 

i e. T(UV)*=(TU) V 

(iv) if T,U,V be three linear transformations on L, then distri- 
hutive law holds 

T(U+V)**TV+TV 
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and (T+U)V=TV+UV 

since, ((r+C0rXx)=(2"+E/) (K(*))=r(F(x))+i7(F(x)) 

MTV) (x)+{UV) (x) 

MTV+ VV) (x). 

(v) If T, V be two linear transformations on L and « is a scalar, 
then 

«.(TU)=(<iT)U=T(clU). 

(vt) Identity transformation I is defined by 7(x)=x and it is observed 
that 

&ooL*{o} and TI=1T=T 

Also if % is a scalar, then a/ is known as scalar multiplication for 

(a/)(x)=«/(x)=ax. 

(rtf) A linear transformation T on L is non-singular if it is one-one 
and onto and singular otherwise. 

(viit) If the linear transformation T on L is non-singular an J one- 
one onto, then 3 its inverse T* 1 s.t. TT~ i *=*T~ l T*mL 
' It is easy to show that if J is non-singular then the mapping T* 1 is 
also a linear transformation on L. 

(/x) If L be the direct sum of the subspaces M and N s.t. L=*M(&N, 
then each vector z£L can be uniquely expressed as z=x-f y, xE M 
and y€A r , x being uniquely determined by z, we define a mapping 
£ of L into itself s.t. E( x)*»x and call it projection on M along N. 

Clearly E is idempotent since £*=»£. 

AIso£\zM££)(z)-£(£(z))=£(x)=«x~£<zJ 

(x) Reversal law. If T, U be two non-singular linear transformations 
m L, then! 

But (*D _, »a" 1 r", 1 ,« being a scalar. 

(xi) If T be a linear transformation of L to £', then we get an 
isomorphic group of operators in L' which transform A, B,...e tc. to 
A\ £',...etc s.t. 

A’—TAT -1 , B'^TBT- 1 ,... 

Note. If an arbitrary group G is mapped homomorphically onto a 
group of operators D(G) in the linear space L, then the operator group 
D (G) is said to be a Representation of the group G in the representa¬ 
tive space L. In case n is the dimension of L, then the degree of 
representation is also n or in other words the representation is n-dimen- 
sional. 

If a. b£G, then D(ab)=D(a) D(b) 

D(o- 1 )=[D(a)]- 1 and Z>(£)=1 

Matrices and Linear Transformations 

Linear operator T is a mapping s.t. T: £-*£', L, L‘ being vector 
space over a field F 

Let Dim. L=n and its basis B={x u x 2 ...x„} and let dim. £/=« 
and its basis £'■= {y 2 , y 2 ,.. y»} 
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V Vx£L, T(x)E.L', and T: L-+L' each T(x) is expressible as 
a linear combination of elements of B' and in particular each T(x t ), 
j*= 1, 2,...» is expressible as a linear combination of m vectors in B'. 
Let mn scalars a ti G.F, 1 1 <y'<n. 

m 

So T(x 1 )=a u y 1 +a il y a +...+a ml y m <=‘ 2 a n y ( 

/=1 

m 

T(x t )>=a n yi+a u y t +...+a m y n =2^a (t y { 

m > 

T(x n )=*a ln yi+a tn y t + ...+a mn y n 2 a tn y { 

m 

or symbolically T(JC/)=» 2 a if y t ,j—\, 

/-l 

So that co-efficient matrix of these expression is 

Ou o*i o ml ; 'A(say) 

On o** O mt 

L. Ojn fljn ... O m iiJ 

The matrix of J: (with respect to basis 5, J?') is this trans¬ 

pose of the matrix A I.e. matrix of T w.r.t. basis 5, B’ is 

’ a n On ••• o 1B 

o*i o 2 j ... a 2 » 

l- O ml flfni ... a„„ J. 

which is written symbolically as [T: 2f, 5'] or simply [21 
In case Tis a linear operator s.t. T : L-+L i.e. L—L', m=~n, B**If 
the matrix ta w ] mx » will become [a tj ] nxn and is denoted by [T, B] or [T\s. 
n 

i.e. IXX|)=»2 a t ,x { *j=* 1, 2 ,'...n. 

/— 1 

Conversely to find T whose matrix w.r.t. basis 21 is given to be [fly] 
s.t. 

n 

xGF and 2?={x x , x t ...x„} while x= 2 ol, x h <t,E.F, we have 

7 -1 

T(x)*mT( 2 */ x»)—• 2 a/ T(x x )=“ 2 a x ( 2 yt)» 2 

2-1 2-1 2-1 2-1 2-1 

n 

(2 ay) 

2-1 

which belongs to Z/ as B' its basis. 

If T and U be two linear operators on a linear space L whose 
matrices w.r.t. a fixed basis 2?—{x 1( x„...x»} are [T\ and [27], then 
[T+U]~[T\+Wl r*T]-am and [TV]=[TU\ 
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since if [T]—so that r (*,)«= 2 a u x h U(> 


— 2 x ( 

/-I 

then [ T+U] ( Xi )=T( Xi )+U( Xi ) V,-l. 2,...n 

n n 

— 2 X<-f* 2 6 ( y x< 

/-l 1=1 

: 2 (a«+£< y ) Xi - 2 c<y x, where [c <y ]=[a, y -t-Z> <y ] 

/=1 i -1 

[r+l 7 ]=fo/]=[<*#/+=![o«]+[£«] ® [ 71 + [U\ 

n n 

and [<lT\ (x, )=»a [r(xy)]=a 2 a (j x,= 2 (a a*,) x { =» 2 (c fy ) x, 

1=1 /=1 1=1 

[aJ]=tc <y ]=a[a <i ]«=*[a <> ]=[r] 

also [rC^(x y )=r[C/(x y )]=r( 2 **)= . S h w J(x*) 

*»1 *=l 

“ 2 h w ( 2 On x^ 

*=1 /=1 

= 2 ( 2 a,* i*i)x<= S (C|/ x<) 

/=1 A =1 /=1 

•*. pvm*«ms ««y-=k]N-m icn 

A *“» 

//r: £-►£/ and 17: L'-*V so tfiat UT: L-+U where L, L\ V 
are finite dimensional tinear spaces of dimensions n, m, p (say) and 
basis B, B\ B" (say) then [UT ; B, B’]=[U; B\ B"\ [T; B, B'] 

If Li L' are two finite dimensional linear spaces of dimensions n and 
n' and basis B and B', s.t. the function T : L-+L' then its matrix w.r.t. 
B, B' ts an (801001711100 between the space ( L , V) and the space of all 
mx n matrices over the field F. 

The matrices of identity operator I and zero operator 0 an a linear 
space L wjr.t, the basis B=*[ Xl , are the unit and null matrices 

respectively, i.e. [/]«=[6 y ,] where E yy «=0 for l*£j 

-1 for i-j 

and [O]«*[o] 

Since if T is a linear operator and [a if ] is the matrix of T w.r.t. 

basis jffthen 7Tx y )«= 2 a< y x, 
i-1 
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and I(xd—Xi=* 2 8 M x i *sox 1 +ox i +...+l‘Xj+...+ox n 
i=l 

[/]=[8«] is a unit matrix. 

n 

Also 0 (Xj)= 0 =ox 1 +o^ 2 +.-.+ox ri = 2 On X( 

i'=l 

/.*. [0]«=[o M ] is a null matrix. 

//[rj=[a<>] the matrix of operator T on L w.r.t. basis B, then T 
is invertible o [T]=*[a ti ] is invertible and in this case 

Since T is invertible, TT -1 =r- 1 r<=«J 
[7T- 1 ]=[r- 1 r]=[/] 

or [mrwnin-iii-s# 

which follows that [T] is non-singular and [r"*j*»[7'] -1 =«[a<il“ 1 . 

If T, U be two linear operators on a linear space L, then T and U 
are said to be similar if 3 an invertible operator V on L s.t. 

TV= VU i.e. T= VUV' 1 or U=VfTV 
The relation of similarity in the set of all nxn matrices over the 
field F is an equivalence relation. 

Since if A and B be two nxn matrices and R is a relation of 
similarity then 3 an invertible nxn matrix P s.t. A=PBP~ 1 or 
B=P~ 1 AP. 

Now R is reflexive since A—IAI~ l , I being an invertible unit-matrix 
R is symmetric since A = PBP~ l => P~ 1 AP=P^(PBP~ i )P 

=>P~ X AP=B 

=>■ B=P- 1 AiP- 1 )- 1 =CAC~ 1 where 

c-p - 1 

=>B is similar to A and hence 
symmetric. 

R is transitive since if A=PBP~' agd B=QCQ~ 1 then 
A=P(QCQ- l )P-'={PQ)C{e-'P~') 

=(PQ)C{PQ)-\ 

As such a result analogus to it follows: 

The relation of similarity in the set of all linear operators on a linear 
space Lis an equivalence relation. 

If T is a linear operator on a vector space L and [T] be the matrix 
of it w.r.t. a basis B, then determinant i.e. det. T=*det [T\ 

Linear functionals. A linear functional f over a vector space Lis a 
mapping which assigns to each member et£L, an element f (a) which 
in F(field) s.t. fislinear l.e. 

/( a +P) =/(“) +/(P). *i 
flaa)*=af(<t) a€.F 

or in one relation, f(a* +{5)=«/(a) +/(P) 
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lf/(a)=0 ¥« £L, then /is said be a zero functional. 

Dual space of vector space. The set of all linear functionals / on L 
denoted by L* or V(L, F), F being a field, w.r.t. two compositions s.t. 
(/i+/s)a=/i(*)+/»(«) V «£L 
(q/>=a[/(a)] Va &L,aE.F 
is said to be a dual space of L i.e. 

L*={f: L-+F s.t./ is linear}. 

Transpose of Linear Transformation 
If T be a linear operator from L to L' (over a field F) s.t. 
«£I=>r(»)£L' 

then if T : L-+L' induces a linear transformation T 7 : L'*-*L* where 

L*, L'* are dual spaces of L L' ; T 7 is called as transpose of the 
linear transformation T. 

T T is linear and unique and Rank (T T )=Rank(r) 

Adjoint of an Operator 

If T : L-+L, L being a vector space over a field F, s.t. aEL=> 
T{a)€.L t induces a linear operator T* : L*-+L*, L* being dual 
space of L with its elements as functional on L, then T* on L* is 
called as adjoint of the linear operator T on L. 

T* is linear and unique. 

Its properties are : (i) (7\+r 2 )*=^ 

(») (kT)*=kT*, k being a scalar 
(ill) (r, r 8 )*=r 2 *r 1 * (reversal law) 

(iv) If ris invertible, (r*)~ 1 =(r- 1 )* 

(v) Zero and identity operators are self adjoint i.e. 0*=»0 and 

/♦=/ 

(v/) (T*)*=T**=T. 

Inner Product Vector Space ( I.P.V.S.) 

A vector space with an inner product defined on it is said to be an 
inner product space, while the inner product of x (a lt a t , a t ) and 
y(b i, b t , b 3 ) being defined as (x, y)=a 1 b 1 + a 2 b t -j-a 3 b 3 with the pro¬ 
perties 

I x | *= W+tf^+c., 2 , | x | =0 iff a L —0—a t ^a 3 

x and y are orthogonal if cos 6=» ■ ; — r =0 i.e. (x, y)«=0 

l * IIJ 1 

(x, x)=0 and (x, y)o=(y, x) also (ax+by, z)=a(x, z)+b{y,z) 

Note. R n (R) is an euclidean space and C n (C) is an unitary space. 
As an illustration, the set of all nxn matrices forms an inner product 
vector space over a field F (real or complex) if the inner product is 
defined as (A, B)—Trace ( AB •), B e being transpose conjugate of B. 

Here if B—[b t) ] then B*=b lt 
So ( A+C , 5)=trace l(A+C)P*) 
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«*tr (AB*+CB*) 

=tr AB*+tr CB* 

~(A, B)+U, C) 

Since Trace of sum=sum of traces. 

(A, B)n*tr (A, f?)*=sum of diagonal elements of AB* 
=Sum of conjugates of diagonal elements of AB* 
=> Sum of diagonal elements of A*B 
=trace A*B=tr (F/l 8 )=(5, A) 

Similarly (kA, B)*=k(A, B) and tr {kA, B*)=»k tr. (AB*)~k{A, B ) 
showing that the given set is an inner product Vector space. 

Unitary and Orthogonal Operator 

If TT*=T*T—I, T is called unitary operator for complex I.P.V.S. 
and orthogonal for real I.P.V.S. 

Normal operator 

If TT*—T*T, then Tis called normal operator, T* being adjoint 

ofT. 

Characteristic Vectors and Characteristic Values 

If T be a linear operator on a finite dimensional vector space L(F) 
then a scalar XEF is said to be a characteristic value of T if 3 a vector 
x(^0)£l,(F) s.t. r(a)=Xa. This non-zero vector a associated With 
characteristic value X is said to be a characteristic vector of T. 

In other words, roofs of | T— X71 =0 are characteristic valnes 
of T. 

If T is invertible and has characteristic root X, then X -1 is the 
characteristic value of T -1 . 

If. T is not invertible, then 0 is the characteristic value of T. 

If X£Fis a characteristic value of a linear operator T on a vector 
space L(F) then for a polynomial p{x) over F, p(X) is a characteristic 
value of p(T). 

Hamiltonian group. A non-commutative (i.e. non-abelian) group in 
which every subgroup is normal is said to be a Hamiltonian group. 

Simple group. A simple group is one which contains no other normal 
subgroup except the two, one itself and the second a unit subgroup 
which is normal. 

Unitary groups. The set of all non-singular square matrices of order 
n with multiplicative compositions form a group known as a full linear 
group. Its elements are the infinite numbei linear transformations 
which change a vector into a new vector and so the order of a full 
linear group in infinite. 

Imposing certain condition on the matrices of its transformation, 
we may get many subgroups of full linear group. One such type is 
discrete group obtained by excluding all matrices except those whose 
determinant is ± 1. The elements of a discrete group can be put into 
one-one correspondence with the set of positive integers. 



442 


MATBMATIGa PHYSICS 


The subgroups of a full linear group obtained by expanding all 
matrices except those whose determinant is ±1 form a continuous group 
provided its elements are non-denumerable i.e. uncountable. In other 
words a continuous group contains the elements which can be genera¬ 
ted by continuously varying parameters in any region, known as group 
space. There is one-one correspondence between group-elements and 
points of group space. Those groups whose elements can be generated 
by a finite number of continuously varying parameters, are biown as 
finite continuous groups. 

A subgroup of a full linear group having its elements as square uni¬ 
tary matrices of order 2 with determinant+l is known as 2-dimen¬ 
sional unimodular unitary group or special unitary group, e.g. a matrix 
pc (say) will be a special unitary group if A is unitary matrix 

of order 2 i.e, A A 9 —I and secondly if | A | =+1 
Now A 9 —{~ _“1_- 

I * Y , «, p, y, 6 being complex conjugate of *, p, Y> 8 

\J gj respectively 

AA - p 11"; y1*T ** + PP.*y + *l- / -r 1 °1 glves 

Ly 6 J Lp 5J L Y* + sp, YY + 8S J Lo 1 J 

* *+P p=l=YY+8 6 and *y+P6=0‘»y*+^P 

which yield, Y=—P, 8=oTandaa+pp=l 
As such a typical element of special unitary group is 

Um [ ! n i u\ =«s+pp=i 
L-p aJ; 

Applying this matrix to the column vector ■* r=s p Cl J such that 
UX=X' we get, r « p -i rxi 

L—p ocJLx t J Lxg'J 

i.e. T «x 1 +px,‘l»=r x/ "j 

I—pXj-faXjJ Lx,' J 

or equivalently axj+pxj—x,' 


—px z + «x,«x,' 

which, transform any function of x into linear combination of x z , x„ 
«/(x)-/tx')-/(«x 1 +px to -px z +«,) 

As such if U operates on a set of (n+1) homogeneous products 

f l y M*x 1 *- m x t n - m rn*=*0, 1, 2,...n 
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then we get Uf™ —(axj+px,)" ( —|xj+«r,)" 


n (n) 

= 2 U xS x t *~* 
/«0 mi 


where U'J 


S 2(-1)» 

k 


I m |(h —m) 

l(m—A:) | k. | (w—m—/+&) !(/—* ) 


X ** P m “* (a) n-m->+ * (P)<~* 

Character of a unitary group. The character (to be defined later) of 
a special unitary group is found out if a typical matrix by means of 
unitary transformation is transformed to diagonal form. 

Take a unitary matrix V such that 

oj=cr 

Now | V | = + l is apparantly satisfied ifk/'=[V*l 2 o 1 

L * 

All the other matrices of the group will belong to the same class 
as U and £/' since the class constitutes elements obtained by unitary 
transformation while a unitary matrix remains unitary under such a 
transformation. 

Thus the character (defined in § 4.14) of one element of the class is 
given by 

=e^ 2 + e _, W2 by using V 
=2 cos <j> 

In general the character (defined in § 4.14) of special unitary group 

for any value / is given by X w, “ 2 e im * 

m=—j 

If v.—e i *, then x U) -f-x+x*+...+x l 0 



sin (2/+1) 


sin 


on multiplying numerator 
A 

and denominator by i' -£• • 


n- dimensional Rotation group. A continuous group formed from 
the set of all orthogonal n*dimensional matrices is said to be an 
n-dimensional rotational group. In fact this is a sub-group of a full 
linear group provided all elements are real unitary matrices whose 
determinant is +1. 
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e.g. if a point P(x, y, z) is taken on the surface of a unit sphere 
and the sphere is rotated in any manner keeping its centre fixed; then 
the new coordinates of P say (x\ y', z') related to (x, y, z) by some 
matrix R(x, (3, y) which is an element of a 3-dimensional rotation 
group R h ( 3) give a rotation factorized as product of three plane 
rotations described by the Eulerian angles (a, (3, y) (discussed in 
chapter of classical mechanics) i.e. R( a, (3, y)= R,(y) R t ($) R„ («) 

where R„ R y , R x are rotations about z, y, x axes respectively. 

As an other example if we define a 2-dimensional rotation group 
1^(2) as a subgroup of R+(3), then its elements are obtained by 
proper rotation in a plane perpendicular to a fixed axis say z-axis. 
Taking R(6) as one element of this group and 7(0) an operator trans¬ 
forming a vector x with components x u to another vector x' with 
components x/, x 2 ' i.e. 

x'=r(e)x, o^e<2« 

such that T(0)=f cos 0 sin 01, we have 
L—sin 0 cosGj 

rxj'1=r cos 6 sin 01 rxji 
Lx 2 'J L--sin 0 cos 0J LxjJ 


or equivalently, Xi'-^Xj cos 0+x* sin 9 
Xj'-Xjcos 0— x x sin 0 

But if R{9‘) is another element of the group with transformation 
7(0') then 


7i(0)r(0 , )=r(0+0')=r(0') r(0) 
which follows that the group is commutative i.e. Abelian. 

Point group. The inversion operation in 3-dimensional space is 
given by the matrix r=f— 


"-1 0 01 
0-1 0 
0 0-1 


and an identity operation 7 is given by the unit matrix 



Evidently TI=*T 


and T^Ji.e. 7=7^ 


Here 7 and 7 form a group with matrix multiplication. Such a 
group is said to be a point group since one point (say origin) remains 
fixed in all operations. The fixed point is sometimes known as centre 
of inversion. 

Consider a point group {c n } with operations on a regular polygon 
of n sides such that there exist 

(0 a rotation through an angle — about an n-fold axis of rota- tj 


tion properly. 
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(if) a rotation through —— about an n-fold axis of rotation im¬ 
properly. 

(Hi) a reflection in a plane given by oh, °v', H, V denoting Hori¬ 
zontal and Vertical planes. 

(iv) an inversion. 

Such operations form a point group {c„}. 

Quaternion group. If we define a group G of order 8 such that 
G=*{1. a, a\ a\ b, ab, a 2 b, aPb} 
with the properties, ab—ba % 
b 2 =a? 

and a 4 = 1 

whence ab=bcP and b-—a 2 =$ba—a K b 


1 1 

i 

a i 

a* 

a 3 1 

b 

pb 

(fib 

cfib 

1 


m 


afi 

b 

fb 

cPb 

ifib 

a 

a 

m 

S3 

1 

ab 

*b 

a*b 

b 

a 2 

a 2 


1 

a 

<fib 

»Pb 

b 

ab 


efi 

l 

a 

n 

a - 

tPb 

b 

ab 

(fib 

b 

b 

a*b 

epb 

| ab 

cfi 

a 

i 

D 

ab 

ab 

b 

a ?t b 


m 

<? 

s 


a>b 

a 2 b 

ab 

b 


ES 

a* 

m 

m 

(fib 

(fib 

orb 

ab 

b 

a 

1 

^ a 3 



Since a*b’=a t (ba 3 )=b 3 a a =b(a 2 a s )=*ba. 

The composition table is as shown here. It is clear from this table 
that the group.of order 8 under consideration does actually exist and 
defines a group. Such a group is known as .quaternion group. All of its 
subgroups are normal, though it is not abelian, clearly a quaternion 
group is also a Hamiltonian group. 

Torsion, Torsion-free and Mixed Groups 
If G be a group such that every element of G than the identity is 
of infinite order then G is called as Torsion-free group. If G is a group 
such that every element of it is of finite order then G is called as 
Torsion group. Also if G is a group such that it consists of both an 
element of infinite order and an element (not equal to the identity) 
of finite order then G is called as Mixed group. 

p-Primary group or p-group. A group G is said to be a primary 
group or p-group for some prime p if every element of G is of order 
which is a power of p. Actually a torsion group is made up of 
p-groups. 

p-Prlifer group. If QjZ represents the additive group of rationals 
modulo the integers, then QIZ is evidently a torsion group and if 
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(g/Z),=»{x+Zi x+Z of order a power of p) 

~{x+Z:p'x ez) 

={m/p r +Z: for various integers r and 0 </n<p f ~ 1 } 
and 2/Z= 2 (fi/Z)*, // being sftt of all primes p 
p£77 

then (2/Z), is said to be p-Prufer group or a group of type P 00 

Clearly p-Prufer group, (2/Z),»* U C r where C r =gp (——f-Z ) 

r=»i 7 

and g£G is of order pfipft ...p n r »; Pi, p*...p« being distinct primes 
and r x , r t ...r„ positive integers. 

Since (QlZ) p —{m/p r +Z} for various integers r and o<m<p r_1 
So [QIZ),DC r 

and (2/Z),C U C f . 

r= 1 

Which follow that (Q/Z) p — U C r . 

J--I 

4.14. PERMUTATIONAL REPRESENTATIONS 

Generalization of Cayley's theorem i.e. every group is isomorphic to a 
group of permutations. 

If G be a group and p a mapping; p: G-+G s.t. x-+xg ¥*£(? then 
gp being image of g in G under p, we have gp: x-+xg, x&G 

Here p is an isomorphism of G into a subgroup of So if 
(0 gP is a permutation of GvgE-G 

(ii) g is a homomorphism i.e. if g, h£G, then (gA)p=gp.Ap 

(iii) p is an isomorphism i.e. p is one-one. 

(/) is satisfied since gp is one-one mapping of G onto G as 
x(g?)*=y(g?)=>xg~yg, x, y&G 
=>xggr 1 =ygg~ 1 
^>x—y 

showing that the mapping is one-one. 

Also if x£G, then (xg- x )g?=(xg~ 1 )g=x showing that gp is onto. 
(ii) is satisfied since for x£G we have 

x((gh)?) — x(gh) — (xg)h =[x(gp )](Ap)== x(gpAp) 
t.e. (gA)p*=gpAp 

showing that p is a homomorphism. 

(iii) is satisfied since if gp=/ip and 1 is the identity element, then 
g=l (gp)=l (Ap)=A showing that p is one-one. 

For example consider a cyclic group G of order 2 s.t. <?*{I, a), 
where a**=l, 1 •a—o* 1, then mappings 
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lp: 1->1, a-*-a 

and op: 1 -»<*, a-* 1 show that p is an isomorphism 

since ap#lp, p is one*one. 

Definition of a Permutations] Representation 
A homomorphism of a group G into the symmetric group on a set 
X is known as a permutational representation of G on X. 

If according to Cayley’s theorem p is the isomorphism for G, then 
p itself is a permutational representation of G on G and known as 
right regular representation. A mapping y- of G into the symmetric 
group on the set X is a permutational representation of G if 
(gh)p—gphp, for all g, h£G. • 

For example, if G be a dihedral group of degree 4, then G is the 

group of symmetries of the square. If g&G ■ _ - 

takes each vertex, of ABCD to a vertex, then g ; I 

being pne-one, Ag, Bg, Cg, Dg are distinct 
vertices. Suppose that ; 

X=*{A, B, C, D } and mapping o„: xo„—xg \ 
vxGX 

so that a,G<&r 

Also if t: G-*Sx s.t g*=o t , then for x&X, _| 

g, AG, G, we have x(gh)r=xa ek =x(gh) 0 c 

= (xg)h—(x<s„) ct a = x( o„a A ) = x(gr) (At) Fig. 4.27 

giving (gh)?=*grhx 

which shows that t is a permutational representation. 

Degree of a Representation 

The number of elements in the set X gives the degree of a permuta¬ 
tional representation or simply a representation on X. e.g. the degree of 
representation in the above example of dihedral group of degree 4, is 
four ( 4 ). 

The degree of representation of the symmetric group G on (1, 2, 3} 
is 6 if p itself is a representation of G as a permutation group on six 
elements 

Pi- 1-*T, 2-*2, 3-*-3; p t : 1->1, 2-*3, 3—>-2; p k i 1—v2,2—>-3, 3-*l; 

Pi- l-*-2,2—>1, 3—*-3; p^. l-*3,2-*-2, 3->l; p t i 1—>-3, 2—*-1,3-*2 
So that 


PiP- Pi~*"Pi> Pa~+Pat Pa~+Pa> Pi~*Pi, Pr+P&t Pa~*P» 

Pi?- Pi~*’Pt> Pt~*Pu P»~+Ps> Pt~*Pti Pa~*Pa> P»~*Pi 
PaP'- Pi~*Pa> Pa~*P*t Pa~+P»> Pi~*Pt> Pa~*Pn Pt~*’Pi 
PiP- Pi~*Pi> P%~+Pa- Pa-+Pt, Pi~*Pi, Pi-+Pa, Pa~>Ps 
PiP- Pi~>Pa> Pa~*Pn Pa~*Pi- Pi~*Pa> Pf^Pu Pa~*Pt 
P«P- Pi~*Pt- Pa’+’Ps* Pa~+Pu Pi~^"Pi> Ps~*'Pi>Pa~*‘Pa 
giving (p <P ) (p,?)=(/>, hj)p, 1 </,/<6. 

But the degree of representation of the symmetric group on {1, 2, 3} 
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is 3 since it is an identity isomorphism as G itself is a permutation 
group on {I, 2, 3}. 

As another example the degree of representation of a cyclic group 
G of order n s.t. G={1, a, a 2 ...a n-1 }, n being positive integer, is 
infinite. 

Faithful representation. If a representation is one-one then it is called 
as faithful representation. 

e.g. the representations in the above quoted examples are respecti¬ 
vely, faithful (dihedral group); faithful; faithful;'faithful. 

As another example each matrix is its own faithful representation. 

The number of rows and columns in a representation matrix is 
sometimes known as the dimension of the representation. As similarity 
transformations do not change the multiplication properties of 
matrices so under such transformations, the nature of representation 
remains invariant. As such new representations known as equivalent 
representations can be obtained from the given representation by 
means of similarity transformations. 

A Mittal of representations. Consider m square matrices A lt A t ...A m 
each of order n with their matrix representation of a group as K^i)> 
K-4*).- and similarly take another matrix representation 

consisting of m square matrices of order p s.t. 

Since from the two matrix representations a single row can be 
found by their addition in which two representations are merely 
joined into one, therefore a new representation consisting of m square 
matrices of order m+n oan be obtained by adding these representa¬ 
tions such as f p • 0 1 J n rows 

\0 • p' ... (1) 

|_~ «-»J I p rows 

« p 

Columns Columns 
whose elements are 

T O -I Tv (A,) O I r t*(A m ) Of ... (2) 

L o, \l'{A x ) j, L O O P'(A W ) J 

Calling the first representation as {*!, second as p, and their sum as 
pi we have 

... (3) 

Reducfcle representation. A representation arising from the represen¬ 
tation (2) by similarity transformation is called as reducible represen¬ 
tation and clearly these transformations are equivalent to the repre¬ 
sentation of the form (2). Other representations for which this is not 
possible are termed as irreducible representations. 

e.g. A reducible matrix can be put in the form (2), by similarity 
transformation by means of convertingyth row and column into j'th 
row and column. In order to effect this reducible representation take 

isomorphic linear operator T: L-+L', L, L' being two linear 

ce s and matrices, A, B,...€.L, A’, 
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We have 

A' = TA7^\ B'=*TBT- l ...t tc. 

If we choose r* 9 = 8 «a, then (r-^-B/* 

and S^aCr- 1 )*,: = 260,0 V,= 8 *j 
P P 

So that the similarity transformation for this T resumes the required 
renumbering such that 


A=T~'AT 


=Aj' k ' where (4),*= 2 8 /* A*$h/ 

«P 

Now we know that every non-singular matrix y-(A) is invertible and 
multiplication of any group element A with identity element E gives 
A, so the multiplication of any representation matrix p(A) with the 
matrix KiT) assigned to the identity will yield tx(/t) i.e. 

P-(A)mE)^n(A) so that y-(E)=l, a unit matrix 

As such the unit matrix may be associated With the identity element 
of the group and we have 

i- e -, tt*(^)] - 1 =ti(/4~ 1 ) ... (4) 

In case of unitary representation i.e. matrices in representation 
being unitary, we therefore have 

W'OF-iK'Or 1 ... (5) 

(4) and (5) give p(A~ , )=[u(^)]® * ... ( 6 ) 

The reduction of a representation. If basis can be found such that 
all the matrices p(^4) of an ^-dimensional representation may be 
reduced to the form 

t*(A)= ry* >M) jR(A) 1 1 m rows 

L 6 (J. <S) (/4) J i (n—m) rows. • • • w 


m 

columns 


(n-m) 

columns 


Where [* (1, (..4) denote mxm matrices/!i (2) (4) denote {n—m)x(n—m) 
matrices, O is a null matrix of (w— m ) rows and m columns and E(A) 
denotes a rectangular matrix of m rom and (n—m) columns, then the 
representation m A) is said be reducibW and the procedure is said to be 
as method of reduction of the representation y-(A). 

Transforming the basis in m-dimensional space of all the 
matrices of !^ (1) (/4) can be brought to the form (7) i.e. 

H <S) (A) being p-dimensional and n (t) (A) being (n—p) dimensional. 
Continuing this process, we may get the set of matrices 
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P <2> (y4), p (S, (^),...p <0l '' 1, (/4), p'*^) which can not be further reduced 

« 

and the dimension of irreducible representations m f is 2 m } 

i -1 

In (7) if basis found is such that i?(^)=0, then (7) becomes 

] • • • <9 > 

i.e . ... (10) 

It follows that the representation p(^4) in this case is fully reducible 
and the reduction method is the reverse of addition. 

If |x (1 > and p <2) are also reducible then continuing the process of 
reduction, the result (10) can be extended in the form 

(Jl = ( jd 1 > + p< 2 > + p< 3 > + ...+p«»> . .. (11) 

The irreducible representation p <a) may contain several equivalent 
irreducible representations which are not counted distinctly. As such a 
representation p may consist of a particular irreducible representation 
(i<*> several times i.e. 

P=/i p (1 >-)- /, p< 2 >+...+/* p (i) .. . (12) 

=S ij being positive integers. 
j 

As an illustration, consider a vector x with components x u x 2 , x a , 
and the elements of the group as operators Change x into a new vector 
x' with the same components in different order. Then the represen¬ 
tation p is a matrix s.t. x'=px, rows and columns being labelled with 
x u x 2 , x 3 . 

Taking E as identity element of the group, p(E) is a unit matrix 

[ 1 0 01 
0 1 0 
0 0 1. 

Assuming that A replaces x } by x ? but x, itself becomes x 2 , that in 
p(i4), unity appears at the intersection of x x th row and x 2 th column. 
Also taking similar assumptions with B, C, D, F we have 


010. rooil MO 01 

P(>4)= 0 0 1 p(E)= 10 0 p(CM 00 1 

10 0 L 0 1 0 J, L 0 1 Oj, 

[ ooii ro101 

0 10 and p(F)=| 10 0 

1 0 0 J L 0 0 1 J 

Note 1. Since in a space of /-dimensions at the most l orthogonal 
vectors can exist, therefore sura of squares of dimensions of all in¬ 
equivalent, irreducible representations is at the most equal to the 
order of the group of representation i.e. n t 2 +n a s +... 

«i, •••«« being dimensions of s inequivalent irreducible represen¬ 

tations of a group of order /. 


2 

*-l 


So 
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Main Features of Reducible and Irreducible Representations 

(/) The number of non-equivalent irreducible representations is the 
same as the number of classes. 

(ii) If there are h elements in a group then the number of times 
the;th irreducible representation occurs in a reducible representation 

is given by u 3 = -^XX>. 

(///) All the irreducible representations of an abelion group are one¬ 
dimensional. 

(tv) A representation by non-singular matrices can be transformed 
into a representation by unitary matrices through a similarity trans¬ 
formation. 

(v) Any matrix commutating with all the matrices of an irreducible 
representation is a constant matrix i.e. a unit nlatrix multiplied by a 
constant scalar. ? 

(vi) When a matrix A commutes with every matrix of a given 
representation of a group, then either A is i scalar matrix or the 
representation is reducible and the transformation used to diagonalize 
A, wholly or partly reduces the representation. 

(vii) If there are two irreducible representations h(A x ), y.(A g)...p.(A») 
and n'(^i). h'(A 2 )...p'Ma) of dimensions d x and d 2 respectively and 
if ihere exists a matrix M with d 2 rows and d x columns such that 
A/,u(.4 3 )={i'(/4j)M;/==l, 2 ,...h then for d x ^d t , the matrix M is a 
null matrix whereas for d x =d 2 , M is either a null matrix or a 
non-singular matrix. 

( viii ) The direct product of irreducible representations of two 
different groups is also an irreducible representation of the direct 
product of the groups. 

Orthogonality Theorem for an Irreducible Representation 

Lety.(E), y.(A 2 ), n(A s )...KA») and p'(£), {*'(A S ),...p.'(A») be two 
non-equivalent irreducible unitary representations of the same group 
G, then 

2 [a'CR) m =0 (13) 

holds for all elements j k and pq, where the summation extends over all 
| group elements E, A 2 , A 3 , ..A h , E being identity element. 

Assuming the representation in unitary form as a similarity 
transformation always leaves multiples of the unit matrix unchanged, 
a matrix M commutes all the matrices E(=*A X ), A 2 ,...A h of the 
representation of the group^of order h i.e. 

A t M=MAi, /—1, 2, 3,...A ...(14) 

By feature (vfi) we have Mfx(y4<)=n'(A<)M, i=l, 2 ,...h .. . (15) 

Here (13) asserts that a matrix which satisfies (15), must be a null 

I Matrix and one which satisfies (14) must be a multiple of the identity 
Matrix, 
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On account of group property of the representation all matrices of 
the form 

M^\i'{R)Xvi(Rr 1 ) . . . (16) 

R 

for arbitrary /-rowed and m-columned matrix X satisfy (15). Also 
the group property follows that 

S(jl \SR)XD{S(R)- 1 }^l/(R)XD(R~ 1 )^M, since the same matrices 
R R 

appear on the left and right except in different order. 

Hence v.'(S)M=T.v.'{S)v.'(R)XD(R)- 1 =2yL'(SR)XyL'(SRr 1 MS) 

R R 

or n'(S)M=Mi».'(S) (in coincise form), . . . (17) 

so that by feature (v») M must be a null matrix i.e. for arbitrary X ir ; 
A/j,j= 2 2(i'(/?)„,while on setting all matrix elements 
irR 

A',, — 0 except one number X Qk =\, the generalized form of (15) is 
2(i'(^)»« t*'(-R _1 )w where y-’(R) and \l(R) must be irreducible, but not 
necessarily ^unitary. In case (R) are unitary n(/? 1 )=[^(J 1 ?)]' 1 

and hence n(/?~ 1 )= p(R)* so that (Af) reduces to unitary repre¬ 
sentation. 

The Character of Representation 

Let with matrices ^(A) be a representation of a group G. Then 
trace of the matrix (**( A ) i.e. the sum of diagonal elements of v?(A) is 
said to be the character of element A in the representation p and 
denoted by 

... (IB) 
k 

The character of an irreducible element is known as simple and that 
of decomposible representation as composite. It is worth noting that 
the equivalent representation has the same set of characters, since if 
I* and ft' be equivalent representations with matrices u(A) and | t'(A) of 
the group G, then 

y.'(A)*=B-'y.(A)B, B being some matrix. 

t T p'(y4)=f r (x(/t), trace of a matrix being unaltered under 
similarity transformation. 

Also the character is a class function in the group. 

Since if A , B be two conjugate elements of a group G, then 
A=U~ 1 BU, 

and K^)=K^- 1 )K5)K^)={^(C/)}- 1 K5) ! x(Ci) 

V-{A) and n(B) being equivalent representations (as related to simi¬ 
larity transformations) have same set of characters. As such conjugate 
elements in a representation correspond to the same character and 
hence in describing a group by listing the character of its elements in 
an assumed representation, same character i.e. number is assigned to 
all elements in a given class. Thus the character is a class function in 
the group i.e. the character of a single element from each class can 



CROUP THEORY 


453 


yield the character of the whole group. 

Now if (20) 

then xU)=aK^)]=fr KM)+n 2 (^]=f r [iM'Ol+U^M)] 

=y.M)+x t (A) ...(19) 

Also if K4 -<i l* (l, U)+V 2 »U)+...+i«n<*>(^), by (11) 
then xU)=1jX (1, (^)+/2X <2> U)+-+4x , “’U) ...(20) 


Other Main Features of Characters 


(i) The character of the direct product is the product of the 
characters i.e. x , (AB)=x i (A) 'xHB). 

(ii) The characters form an orthogonal system. 

{in) If both of the representations n(A) and f i ( B) are of the first 
degree then the direct product \>-{AB) is irreducible. In case both are of 
degree higher than one, (*(^45) is reducible. 

(z‘v) Two irreducible representations are equivalent if and only if 
they have the same character. I 


Character tables. These are the devices to find characters when the 
complete multiplication table for a group is known. It is effected by 
calculating first the product of all elements in the class C< by all 
elements in Q and then arranging uniquely the resulting set of 
elements in classes. Evidently a given class may occur in the products 
many times or not. at all. If h (j , k denotes the number of times the 

P 

Arth class appears, then we can write C< C*=C, C,= 2 h ih k C k 

/-l 


p 

whence 2 
/«1 


lx ,<, ] , =g (say) 


... ( 21 ) 
. • • ( 22 ) 


where summation extends over all the numbers of classes p and g is 
known. 

Once h (j , k determined, we can find characters by the use of relations 
r, n x (<) x w, =x (<) 2 h iit k r*x“> • • • ( 23 > 

Jk=l 

where r t is the number of elements in z'-th class and r t the number of 
elements in yth class. 

A table in which we can put all that what we have explained here, 
is known as a character table. 


e.g. consider a multiplication group of matrix elements 



‘10 01 * 

ro i o" 

roon 


0 10 4= 

0 0 1 

5=. 10 0 


. 0 0 1 J, 

.10 0- 

L 0 1 oj. 


“10 01 

'0011 

ro 1 on 


0 0 1 z>= 

0 10 

10 0 


Lo 1 oj. 

1 0 0 J 

, LooiJ 


then we have 
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C t -A 2 , B\ AB, Hi4=2C,4 C, 

C a =3C l +3C t ; C 2 C s =2C 3 

other products are not required since ^=1, r 2 =2 and r,=3. 

Using (24), we therefore have 

4{x <2, ] 2 -X (1, (2x a ‘+2x (2 >) 

9 [ X <2, ] 2 =x a, (3x (1, +6x ,2 >) 

6x <2, X <8,== 6x a> X (3 ) 

Since x (1) has values 1, 1, 2 [by (23), g—6 and p— 3]. 

Solving these equations with each of 1, 1, 2 in 
turn, we get a table as shown here. 

Here 8 lt 5 a , S 3 which are themselves matrices form 
the diagonal elements of the reducible representation. 

Important Note. For detailed discussion of character tables in 
group theory, see Appendix C at the end of the book. 

ADDITIONAL MISCELLANEOUS PROBLEMS 

Problem 39. Show that for a finite group G, every representation is equivalent to 
a unitary representation. 

Consider an arbitrary pair of vectors x, y s.t. 

{*, y}= I {n(A)x, v-(A)y}, (i being representation. ...d) 

AtG 

The sum in (1) being extended over all elements A of G, for any B*G, 

we have {n(B)x, ti(B)y}= 2 (n(/t) (i(B)x, (i(A) (i(B)y} t 
AtG 

= S {n(AB)x,iL(AB)y} ...(2) 

AtG 

If A and B are fixed, AB runs through similar elements of G and so R.H.S’s of 
(1) and (2) arc identical i.e. 

{*, y}*={wB)x, nWj'} ... (3) 

For any operator U to be unitary, (£/*, U w ) — (*, y) Vx, y. 

So operators v-(A) are uniiary w.r.t. scalar product {x, y}. 

Let w* be a set of vectors, orthogonal w.r.t. the set of original scalar product 
and v* a second set of vectors orthogonal w.r.t. a new scalar product s.t. 

{tf*. «&)= s *3={vat, v*} 

Take an operator T s.t. u* 

So that Tx «**7k*«x*v* 

{f*, y) .. . (4) 

If the equivalent representation is given by 

...(5) 

Then {T~ l n(B) T„ T“» (i(B) r v }={ (t (jj)7’*, (t (b) T,} by (4) 

~{T X , T v } by (3) 

"“(x.y) by (4) 

which follows that: |»'(H) given by (5) is unitary and hence for finite group G, the 
representation can be chosen as unity. 


Cl Ct c, 

*1 1 1 1 
®s 1 1-1 

8 , 2 -1 0 
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AHter. Let G be a group of order m represented by matrices A\, A 2 ,...A m . A’s 
are distinct if the representation is faithful otherwise A a are not distinct. 

Consider Hermitian Matrix H, obtained by summing over all the group 
elements s.t. 

Z A % A X ® ... ( 6 ) 

« 

Matrix H can be diagonalized as D by unitary matrix U s.t. 

D— IT 1 HU= Z U-'A*A*®U 
& 

a 

= Z £/-» A*U{U- M a U)@ 


- 2 A(7) K±~U-'AU .. . (7) 


All elements of D are real and positive since 

2 I(A,)j r (A,)08 T =I » I (A*)g r | * 

* Y * Y 

***0 if (A*) 0 y ~O V y and * in which case an entry row 

of A* will fe zero so that | A<* I —0 thereby contradicting the hypothesis. 

Thus D 1 / 2 and D" 1 /* can be uniquely formed from D by taking dbi power of 
the diagonal elements and D 1 ' 2 and D l J 2 will be real if 

(D 1,2 )Q"*D l t* and (D~i/2)@*=zrt/ 2 

But the representation (Aa) —Z) -1 12 Ax D ll2aa D mm ' lf2 U m ’ 1 AxUD 112 is unity 
and (7) gives 7-ZT 1/2 % A* A*©!)” 1 ' 2 


• ■ Ax Ax®*=D~i'* Ax 7> x f2 iD- 1 ' 2 X A * A*0 ZT 1 ' 2 ) 0 1 ' 2 Aa® J>~ 1,£ 

a 


=£>1/Z 2 ^ A*® Ax®D~U* 


Also the group axioms for A * give that Ax A a , a—J, 2, - m are also A, in a 
different order, therefore 

Z Ax A* (Ax AJ®= 1 A* A,© 

* a 

Thus Ax 3^0=/)- 1/2 I A X /<i©£) -1 /*=/ 

a 

So J x 0=(^,)-i 

which shows that A* is unitary. 

Problem 40. if a matrix commutes with all the matrices of an irreducible repre¬ 
sentation, then show that it is a multiple of unit matrix . 

Let Aj, A 2 " A m be the matrices in representation of a group G in unitary form 
and B be a matrix which commutes with all of Au A 2 ,~ A m 
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i.e. 

AtB^BA*, a==l, 2,...m 

• • . a) 

# g 

(A <k B)@-(BAoi)& (by taking transpose conjugate) 


i.e. 

bQa^Q^a^Q B © 

... (2) 

or 

A* 50/4*© Aot^A* AB@A * 


01 


... (3) 

V 

^*0=^*® A®=zI t A* being unitary. (1) and 

(3) follow 

that B and B* both commute with all A'&. 



/. B+B*-=*H X (say , i (B-B*)=*H i9 Hi , Hi bjiag H*rm : tian; will also com* 
mate with all A's. As such we can conclude that a matrix commutative with all 
the elements of a unitary representation is Hermitian. 

Also assuming that B is unitary, it can be diagonalized as 
D^U' 1 BU 

If A % is unitary then IT' 1 A*U is also unitary and so (I) gives 
CuD—DCh, k~ 1, 2,...m 
Equating y-Ath elements on either»side, 

[C*D] jk =[DC*\ fk% 

(Q)fti (Djrf-Dkk {C*)jcj ...(4) 

D being diagonal matrix. 

Now Djj^Dkk^iCthj^O i.e. representation is reducible which contradicts 
the hypothesis and hence 

Dji-DkkVj,k 

which follows that D is a scalar matrix say D =*X/, X being a constant and I a unit 
matrix. 

As such B^UDU-^miU-^WU-'^Xl 
— a multiple of unit matrix. 

Problem 41. If U covers the entire unitary group then show that p (a, 3, y) 
ranges over all rotations . 

Take f e**/* 0 1 

L 0 e~ iCt I 2 J 

Then, *' —x cos «+y siq * 

y'^—x sin cos a 
z' ~z 

represent a rotation through an angle « about Z-axis, Representing it by r'*=?»(«) 
r,r 9 r being vectors with components {x, y, z) and (x\y\ z f ) respectively* we 
have 

i> f (*)=r cos a sin * (P| 

I —sin a cos a 0 I 

L 0 0 lJ 

Similarly p*(6) corresponds to a matrix with « replaced by 
Now take f/ 2 — T cos 3/2 i sin 3/21 
L i sin 3/2 cos 3/2 J 

Then 

Ut&TiUi^Tx 

t/*©r 4 t/ 2 =cos pr 2 +sin pr 8 
i/ s 0r s i/ 4 =-sin ?r 2 +cos pr 2 
and r'*p»(R)r 

whence p*(3)* f 1 0 0 *1 

j 0 cos 3 sin 3 I 
L- 0 -sin g cos 3 J 
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Evidently the product of the unitary matrices U x (*), U 2 (P), U% (y) corres¬ 
ponds to the product of a rotation about z through an angle y, about y, through 5 
and about x through a i.e. corresponds to a rotation with Euler's angles *, P,y. 
Hence the homomorphism is the homomorphism of the unitary group onto the 
entire 3-dimensional rotation group. 

Problem 42. Show that the groups of order 2 and 3 are always cyclic . 

Problem 43. Show that a group of order 4 may or may not be a cyclic group . 

Problem 44. IfD(A) and D(B) denote the determinants of two matrices A and B 
of any order then show that D(A) D(B) ~D(AB) =*D(B) D(A) 

Problem 45. If D(A) is the determinant of the matrix A — r a cl then show that 

Lb d J 


B— ~ d_ —c is the inverse of A t provided D{A)^O t and if D(A)* : ad 

D(A) D(A) ^bc, then verify that AB^BA^L 
~b a 
L D(A) D(A) J 
AB—BA—I 


Problem 46. If we define D$ group as consisting of six matrix elements 




r-f/2 x/3/21 F-T-//2 -Vw 

L -V3/2 -7/2J, W3I2 - 1/2 J 



then form the group table and show that this group is non-abelian. 


The group table is as shown here and it is easy to 
show that 

AB^BA etc. 

Also note that order of each of A t B, C is 2 and 
that of Dy F is 3* 

Problem 47. Find the classes of D% group. 

Since in each group identity elements form their 
own class and no other class contains E , therefore one 
class of Z >3 is E. 

Now to find the elements conjugate to A, we have 



E-iAE=A;A~'AA~A; B~ l AB~BAB=FB~C; C 'AC~CAC=DF~B; 
D~'AD=FAD~BD~Cy F~ l AF~DAF—CF— B. 

So elements conjugate to A, arc B and C and hence A, B, C form a clast. 
Again consider the elements conjugate to D, 

E~ l DE—D; A^DA—ADA—BA—F; B~ l DB=BDB=CB**F 
C~' l DC—CDC--AC~F\ D-'DD^D; F~ l DF^DDF=FF”D. 
i- e ' F is the only element conjugate to D and so D, F form a class. 

Conclusively D 3 has three classes: @i=E 


6i=A,B,C 


&-A F. 


Problem 4S. Defining a commutator of x and y as x~ x y~ l xy, x, y*G {group) tmd 
[ denoted by [x, y] show that its inverse is also commutator . 

We have \x, y]=x~ l y~ 1 xy-~z (say), then z~ x = y^x~ x yx = [y 0 *]. 

( Problem 49. Define a group . Show that the group 2>a consisting of the symmetry 
elements which map an equilateral triangle onto itself is isomorpnous with the per¬ 
mutation group of three numbers {a, b t c ). 

Obtain a two dimensional representation of this group. (Agra, 1972) 
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COMPLEX VARIABLES 


5.1. INTRODUCTION 

Cantor, Dedekind and Weierstrass etc., extended the conception of 
rational numbers to a larger field known as rejal numbers which cons* 
titute rational as well as irrational numbers. Evidently the system of 
real numbers is not sufficient for all mathematical needs e.g. there is 
no real number (rational or irrational) which satisfies x 2 4-l —0. It 
was therefore felt necessary by Euler Gauss, Hajmilton, Cauchy, Rieman 
and Weierstrass etc. to extend the field of rea} numbers to the still 
larger field of complex numbers. Euler for the first time introduced 
the symbol i with the property r= — 1 and thin Gauss introduced a 
number of the form a +i$ which satisfies every alg ebrai c equation 
with real coefficients. Such a number a-ffp with j=^/— 1 and a, [J 
being real, is known as a complex number. 

5.2. DEFINITIONS 

Complex numbers. An ordered pair of real numbers such as (x, y) is 
termed as a complex number. If we write 

z=(x, y) or x+iy, where /= V—1"» then 
x is called the real part and y the imaginary part of the complex 
number z and denoted by 

x—R t or /?<„ or Re {t) 

>-=/, or IQ or I m (,) 

Equality of complex numbers. Two complex numbers (x, y) and 
(x\ y ') are equal iff x=x 'and y—y'. 

Modulus of a complex number. If z—x+iy be a complex number 
then its modulus (or module) is denoted by | z | and given by 

1*1-1 x+iy | = +Vx 2 +y 2 
Evidently | z | —0 iff x=0, y- 0. 

5.3. OPERATION OF FUNDEMENTAL LAWS OF ALGEBRA 
ON COMPLEX NUMBERS 

Taking three complex numbers z 1 =.(,v 1 , z,=(x t , y 2 ), z,=(x», y 8 ) 

we define the following operations: 

[1] Addition. The sum of two complex numbers z 1 =(jf 1 , y\) and 
r a == (jc*, y t ) (say) is defined as a complex number z=(z 1 +z 1 )=(Xi < +x t , 
i - Jfi) such that its real part is the sum of real parts and imaginary 
part is the sum of imaginary parts of the given numbers. 
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(i) Addition is commutative, i.e. -i + " 2 = z 2+ z i . • . (1) 

Since we have z 2 -f z 2 =- (x, +/>j)+(x 2 + iy 2 ) 

=(jfi +* 2 )+*(>’!+>'*) 

=(x j +x 2 ,j’ 1 4-^ 2 ) 

—(*»+Xi. y 2 +yi), all the numbers being real 
= (x 2 +*> 2 )+(^i+Vi) 

(U) Addition Is associative, i.e. z 1 +{: 2 + z 3 )=(Zj+z 2 )+z s • • • (2) 

Since, we have 

+ (z a + z a )=x 2 + i>j + (x 2 +iy t +x 3 + iy a ) 

=Ui+O'i+^a+ Wi) + x 3 +iy 3 

=(-i+ z a)+"3 

(mi) There exists an additive identity i.e. z+o=z . • • (3) 

Since, we have r-fo=(x, y)+(o, o) 

•=(x+o,y+o) 

=(x, y)=z 

(rv) There exists an additive inverse i.e. z+(—z)=o ... (4) 

Since, z+(—z)=(x, y)+(-x, — y) 

=■(*-*, y-y) 

= (o, o) 

*=0 

Note. If z—(x, y) then —z=(—x, —y) is called as additive inverse 
of z. 

[2] Subtraction. Ifzj=(x„ y^then — Zi=(— x u — y 2 ) etc. 

z i-*a=(*i, Jx)+(-*a, -yi)^x 1 +iy 1 -x l -iy a 

=(*i -x 2 ,y x -y 3 ) 

[3] Multiplication. We have z 1 z 2 =(xi+i>' l ) (x 2 -H> 2 ) 

= (x i x t -y s y i )+i(x 1 y > +x t y 1 ) 

t.e. (x u yj (x 2 , y 2 )=(x 1 x a —y^s. *iy«+Wi) • • • < 6 ) 

(f) Multiplication is commutative, i.e. z 1 z 1 «=z 2 z 1 ...(') 

Since, ZiZaMxiXjj-yjy.,, x^j+x^,) by (6) 

=(x 2 x 1 -y 2 y 1 ,3'jiXi+yiXj) 

== (x 2 _ h(y 2 ) - (xi"i"tyi) 


-ZjZj 

(ii) Multiplication is associative, t.e. z x (z 2 z 3 )=(zi**)**—* 1 * 1*3 


Since *i(* 2 *a)=(x l5 y : ) [x 2 x 3 -y 2 y s » by W 

=[xi(x 2 x a -yjysJ-y^xjys+xayt), 

xjtxtya+xayji+yi^jx.-ytys)] by ( fi ) 

=[(*1**—.W*) *»—(xi^t+x^iiy*, (Xiyt+Xtyjxt 

+(x 1 x t -y i y i )yj (on rearranging) 
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=[(*!, J’l) (x», y»)] (X t , y t ) 

= (“1“») 2 3 

(/#) Multiplication is distributive, i.e. (zj +z t )z 3 =ZjZ, +z 2 z t ... (9) 
Since (z I +z l )z 3 =[.Xi+x 2 , y.+y 2 ] (x 3 , y 3 ) 

= [(x 1 + X 2 )X 3 -(>'i+>' s )^ 3 , %+Xtfrt 

+(>’i+>'i)x t ] by (6) 

=[(x 1 x 3 -y l y 3 )+(x. ! .Y 3 ->y 3 n (xj'g-f x^) 

+(x.,y,- .v : j’ 2 )] (on arranging) 
=(x l x Jt --y t y 3 , XJ’j-t -v a > 1 )4 (x z x 3 -y t y t , 

Xt)’ t +x 3 y t ) 

=(*i, yj (x 3 , y 3 )+(x,, >■,) (x 3 , y 3 ) 

_ e* _f_ "> — 

— i-3-r-2-t 

(rv) There exists a multiplicative identity i.e. z l =z . . . (10) 

where 1=(1, 0) is the multiplicative identity known as unity for the 
system of complex numbers. 

We have z-1 ~{x, y) (1, o) 

«(*.*) 

—z 

(v) There exists a multiplicative inverse i.e. zz~ 3 —1 . . . (11) 

If z—(x, y), then z _1 =(x, yf 1 so that we have to show that 
(x,y) (x, y)- 3 =(l, 0) 

Assuming (x, y)~ 3 =(A', y'), this becomes 
(x, y) (x',y')=ql, 0) 
i.e. (xx'—yy', xy'+yx') = ( 1, 0) 

which gives xx'—yy' =1 (on equating real and imaginary parts) 
xy'+yx'—O 

Solving these equations we get 


*'=**£}-* provided x*+J>V0 

Hence the complex number (x, y) has a unique multiplicative 

inverse ( ~ - , .. y v - ) which is also a complex number such 

V x-4 -y- x-+y- J 

[4] Division. Consider an equation z 1 z 2 =z' 
where z 1 =(x 1 , .v^, z 2 ~(x 2 , y 2 ) and z'=(x', y') 

Now z 1 z. i =(x 1 x 2 —y 1 y 3 , x 1 y 2 +x 2 >,)=z'=(x', y') 
which gives x^—yxy^x’ 

x^z+Xty^y’. 


Solving x 2 = 


y^'-Xix' 

xf+yf 


x 3 y X y\ 


provided x^+yi^O i.e. | z 2 | ^=0 
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Z 

Thvs we have a unique solution and -- is the quotient. 

[5] Conjugate complex numbers. If z—x+iy, then x—iy is said to 
be the conjugate of complex number z and denoted by z 


Evidently (z 1 +z i )—Zi^rZi ... (13) 

ZlZ 2 = |ZlZ2 • • • ( 14 ) 

ZZ =(* + !» (x-i» = x 2 +r= I Z I 2 ... (15) 

2 +g *=2x=*2R s or 2R(z) . . . (16) 

z—z—i2y=2il z or 2il(z) .. . (17) 


5.4. GRAPHICAL REPRESENTATION. (ARGAND DIAGRAM) 

Consider a point P in xy-plane. Let an 
ordered pair of values of x and y corres¬ 
pond to the co-ordinates of the point P. 
Then a complex number z may be made 
to correspond to the point P, where 
z=x+iy. 

Here z is called the complex co-ordi¬ 
nate of the point P. 

In the adjoining figure, the jt-axis is 
called the real axis or axis of reals and 
y-axis is called the imaginary axis or the 
axis of imaginaries. 

— > s the measure of length OP. 

co-ordinates of the 
form of the complex 



0 ) 


Fig. 5.1 

Here | z | = | x+iy 

If (r, 6) be the polar 
point P, the polar 
number z is 

z—r (cos 0-fi sin 8)=re i *. 

Here the number r (being taken +ive) is 
called the modulus or absolute value of the 
complex number z and 0 is called the angle 
or argument of z and usually written as arg 
z, i.e., | z | —r and arg z=0. 

Now the co-ordinates of a point P' which 
is conjugate of z are ?=(*, — y)or(r, —0) 

in polars. 

Since z—r {cos (—0)+/ sin (—0)}, 
geometrically the points P and P' repre¬ 
sent z and % respectively and their situa¬ 
tions are symmetrical about the axis of 
reals, i.e. .v-axis. The conjugate of z is 
called the reflection or image of z in the 
real axis. 

Note 1. The plane whose points are re¬ 
presented by complex numbers is known as 
Argand Plane or Argand diagram or Complex plane or Gaussian plane. 
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Note 2. The complex number z representing the point (x, y) is 
sometimes called as Affix of the point ( x , y). 

Note 3. The sum , difference , product and quotient of complex 
numbers can be geometrically represented on the Argand plane as 
follows: 

[1) Sum. Taking Zj and z 2 two complex 
numbers represented by the points P and Q 
on Argand Plane and completing the 
parallelogram OPRQ , we observe that mid¬ 
points of its diagonals OR and PQ coincide, 
since they bisect each other i.e. 

if z x ={x l9 y x ), z 2 =(x 2 , y 2 ), then mid¬ 
point of PQ is & ^ which is 

also the mid-point of OR showing that co¬ 
ordinates of R are (*i+* 2 > >’i+y 2 )* 

But ^ 1 +2 2 =Ct 1 +x 2 ,7i+^ 2 ) 

The sum corresponds to a vector whose components 

are a‘i+x 2 and y x +y 2 * As such the sum of two complex numbers z x 
and — 2 can be represented by a vector (r 1 +z 2 ) 



Fig.5. 4 


~ > -> —> 

i.e. if OP--z u OQ^z 2 then OR^OP+PR^OP+OQ=^z x - fc 2 . 

Hence the point R on Argand plane corresponds to the sum of two 
complex numbers z, and z 2 as shown in Fig. 5.4. 


[2] Difference. Taking z x ~(x l% y x ) and r 2 -=(x 2 , y 2 ) two complex 

numbers represented by the points P and 
Q on Argand Piane and completing the 
parallelogram OQPR , we see that the 
point R represents the complex number 
Zi—z a , since ‘z x Pi —y*) 

being a complex number corresponds to a 
vector wKose components are x 1 — x 2 and 
yi—y 2 and 



if ~OP=z l9 OQ=z» 

—> 

then QO^ —z 2 , so that 


—> —> --> —> —> —> —> —> 

h-z 2 =OP-OQ^OP-\-QO~QO+OP---QP=OR 
.e. the difference of two complex numbers car. be represented by a 
vector. 

[3] Product. If z 1 —(x 1 , y,), z 2 —(x t , y 2 ) are two complex numbers, 
:hen z 1 z a =(x 1 x t -y 1 y», x,y 2 +X 2 yi)=-(*i*i— yiy t )+i(xiy 2 +xiyj 
Changing to polars by putting x 1 =r 1 cos. 0 U yi=ri sin 

x,=r, cos 0 a , y%=r t sin 0, 
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where r x , r t are the moduli and 0,, 0 2 are arguments of z, and z 2 res¬ 
pectively, we have 

ZiZ t =r 1 r t [(cos 0! cos 0 2 —sin 0! sin 0 2 ) 

+j(cos 0, sin 0 2 +cos 0 2 sin 0 X )J 
— r i r 2 [cos ( 0 i+ 0 2 )+/ s*n ( 0 i+ 02 )] 

I *1-2 I ~ T \ r i— I -l I I “2 I • • .(1) 

and arg (r 1 z 2 )= 0 1 + 02 ^arg 0x+arg 0 4 ... (2) 

i.e. the modulus of product of two complex numbers is equal to the 
product of their moduli and argument of the product of two complex 
numbers is the sum of their arguments. 


In general if there are n complex numbers z x , z„.z„ with moduli 

r x , r 2 ,...r n and arguments 0 t , 0 2 ..., 0 n respectively, then repeated 
application of the above result yields, 


z 1 z 2 ...z n =r 1 r 2 ...r n [cos (0,+0 2 + ... + 0*)+/ sin (0, + 0*+... +0J] 
so that | z,z 2 ...z„ |=r,r 2 ...r n =|z 1 1 z 2 | ... | z„ | ... (3) 

and arg (z 1 z 2 ...z„)=0 1 +0 2 ...+0„=arg Zj+arg z 2 +...+arg z n .. . (4) 

i e. the modulus of the product of any number of complex quantities 
is equal to the product of their moduli and the argument of the product 
of these complex numbers is equal to the sum of their arguments. 



In a particular case when z x —z. 
results may be summarised as 


Geometrically represented 
on an Argand Plane the pro¬ 
duct of n complex quantities 
Zj, z 3 ,..., z« as shown in 
Fig. 5.6 follows that the 
iength of the vector (z t z 2 ... 
z„) is the product of the 
lengths of the vectors z x r 2 , 
..., z„ i.e. | z x z 2 ...z n |=|-il 
| z 2 1... | z„ | and the ampli¬ 
tude of (ZiZ a ...z„) is equal 
to the sum of the amplitudes 
of z x , z 2 ,...z„. 

— ...—z n —z (say), the above 


z n—r n (cos n 0+i sin «0) under the assumptions 


r 1 =r 2 =...=r B =r (say) 

0 1 = 02 =...= 0„=0 (say) 

i.e. | z"l=r»=|z|» ...(5) 

and amp z n =n 0=n • (amp z) ... (6) 

Also if r= 1, we get the De Moivre's theorem for positive integral 
exponents such as z"=(cos d+i sin 0) n —cos n $+i sin nO ... (7) 
[4] Quotient. Consider two complex numbers z x and z 2 such that 
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z 1 =* 1 +i> 1 =r 1 (cos 0 X +/ sin 0 a ) 
**=*»+0'» B=r s (cos 0 2 +i sin 0 2 ) 


The quotient of complex numbers z x and z 2 is given by 

z, r, (cos 0!+/ sin 0 X ) r, r „_ /fl fl v , , /fl n „ 

7r == X(cos0 2 +/ S iir0 2 ) == 7r [cos ( e !- 0 *)+ j 8in (®x—®.)3 

... ( 8 ) 


h 

Zi 


\*x I 


andarg^~j-)=0i—0 2 =arg Zj—argz 2 


... (9) 


i.e. the modulus of the quotient of two complex numbers is the quotient 
of their moduli and the argument of the quotient of two complex numbers 
is the difference of their arguments. 


As a particular case defining the division as the inverse of multi¬ 
plication we have —[cos(—0)+/sin( J -0)]=— [cos 0—isin 0] 

Z Y Y 

so that ~ =z“" =-i (cos nd—i sin n0)=»^-^ . . , (10) 

which shows that De Moivre’s theorem is valid when the exponent 
is any negative integer. 


Geometrical representation of 


Zl 

z* 


may be shown as below: 


Let OP and OQ represent the vectors z x and z 2 in an Argand 
plane such that | z x | —OP, | z 2 l—OQ and arg z t =0 lP arg r 2 =-0 ? 


Rotate the line OP in clockwise direction 
through an angle 0 2 (=arg z 2 ) such that its 
new position is OP' and /_POP'—Q t . Take 
OA—l (unit length) on OX and draw a line 
AR to meet OP' in R such that /.OAR 
= /OQP. 

The point R thus obtained corresponds 

to the quotient and it may be justified 
Z 2 

as follows: 


la similar triangles OAR and OQP v 
have 


OR 

OA 


n n vi 

“00 t e., OR - OQ , 

I Zx I 1 h 1 
“I z, \'Z»\ 


V 0/4 = 1 



Fig. 5.7 


1 

which shows that the radius vector of the point R is ' 




Also LAOR^LPOR-/_POX=$ x -K=-$i—6f) 
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i.e. vectorial angle of R is —(0 X —0 S ) which, when measured in 
positive sense is 0*—6 2 . 

Hence the point R represents the quotient —• 

Note 4. Multiplication of a Complex number by J. 

Let z be a complex number with its modulus r and amplitude 0 
I.e. z—r (cos 0+i sin 0) 

and j— cos — +/ sin y 


iz=y cos y +i sin y-J r (cos 6+i sin 0) 

=rJ%os(y+0 )+/ sin(y-+0^j • • ■ (H) 

which follows that iz represents a vector obtained by rotating the 
vector z through a right angle in the positive direction. 


Note 5. Extraction of roots. 

Suppose that z 0 n =z, n being positive integer ... (12) 

We can express, 

z—r (cos0+/ sin0) 

so that z 0 =r 0 (cos0 o +i sin0 o ) provided r+0 and */•„, 8 0 > are 
unknown. 


(12) gives, r 0 "(cos n0 o +i sin n0 o )=r (cos0+j sin0) by (7) 
Measuring the angles in radians, we therefore, have 
r 0 "=r, «0 u =0±2/wt, m being zero or any positive integer which 
follow that r, r 0 being positive, r 0 is the positive nth root of r and 


6 0 =— ±^^has n distinct values for m=0, 1, 2..., n— 1. 
n n 

As such there are n distinct solutions of (1), given by 
2 1 /"=z 0 =r 1 ' B ^ cos — ^ m7C +i sin m=0, 1, 2,...,n—1. 

.. . (13) 

Which are n distinct values of z 1/n . 

Here the length of each of the n vectors z lln is the positive number 

r 1 /" and argument of one of these vectors is — while the other argu- 

0 

meats are obtained by adding multiples of ~~ to —• 

In particular z=0, (12) has the only solution r 0 =0. 

But l=cos 0+/ sin 0, then nth roots of unity are given by 


iita 2*>n . . . 2itm , - , 

l l, "®cos — —hi sin -jj— , 0 , 1 , 2,..., n— 1 


.( 14 ) 
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Taking m=1, the root of unity being a complex number and 
denoted by w, is given by 

2* . 2« Y * 

““COS 7 + * sin ¥ 

••• (15) /v \ /v7\ 

According to De moivre’s / \j \ / \;/ \ 1 

theorem, the n , nth roots I._\_14. j_V-L. 

of unity are given by \ Oj\ Tx \ w3 f\ / 

l,<■>, *»*. • w” - * 1 ...(16) V /; J V / ; \ / 

Which are the vertices \ c j X c ! 

of a regular polygon in wl 0,4 u,i 

complex plane, of n sides (i) (ii) 

inscribed in the unit circle 
| z 1=1 with one vertex g.5.8 

at the point z—l. 

The case (/) of Fig. 5.8 shows for n=3 and case (//) for n= 6. 

Now if K is a particular nth root of z, then we have the n roots of 
z as 

C, W,..., W...XO*- 1 ... (17) 

since £ multiplied by w” implies the increment of arg £ by the angle 

If m, n be two positive integers prime to each other, then (13) and 
(17) yield 

(Z»»)l/n_(/pm)l/n ^ cos ^ -J-j s j n w *, g—Q > 1, 2,...n — 1 . . . (18) 

( z 1 /n)m_( r l/n)»n^cOS ~+ / sin J 

=( r m ) lln ( cos ~*+f sin <J m , 1=0, 1, 2,...n—1 

...(19 

The two sets of n numbers will be identical if the set to® and a> ,m 
coincide and then n numbers in either set can be written as z" 1 /" i.e. 

2 m/»_( r *n)l/n £ cos (®+2?w)^ + / sin 

m*0, 1,2.n—1 ...(20) 

we may similarly define, 

z~*» /"= (z 1 /»)-”* =» (z - ™) 1 /n 


5.5. PROPERTIES OF MODULI AND ARGUMENTS AND 
GEOMETRY OF COMPLEX NUMBERS 
[A) Properties of Moduli 

(I) The modulus of the product of two complex numbers is the product 
of their Moduli. 

If there are two numbers z x and z, defined by 

.Vi) or (r lt Oj) in polars I.e. (cos sin 
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z 2 =(x 2 , A’a) Or (r t , 0 2 ) in polars i.e. z t =r t e‘% 

Then, z x z 2 =r x r 2 e‘ (,1+ * 2) 

So that | z x z 2 1=| r i r 1 e 1 (®i + ®») | 

=r 1 r i | cos (0 x +0 8 )+f sin (0 x +0 2 ) | 

=r x r 2 V cos 2 (Oi+Oal+sin* (0 x +0 2 ) , 

—» ^ ^ 

= I z x J , • | z 2 | • • • (0 

(2) The modulus of the sum of two complex numbers does never 
exceed the sum of their moduli. 

Let z x and z 2 be two complex numbers and Z x and 2a their 
conjugates. 

We have already mentioned that | z 1 2 =z?. 

I *i+^«l ,sa (*i+"j) (2i+2i) (V z 1 ? 2 =r 1 e ,8x .r 2 e —108 

-!A+y.+iA +z t Zi =r 1 r 2 e 1 ' 

=1 * 1 1 2 H-| z 2 l 2 +2/J (z x Z 2 ) and z 2 Z x =-r x r 2 e — * ( e i _e *) 

<1 *i | 2 +l z 2 | 2 +2 | z x Z 2 1, 2x22+2,2! 

<{| *x H I x, I} 2 . =2r x r 2 cos (0 x -6 2 )=2/?(z x 2,). 

I 2i+z a | < | Z x l+|z 2 1. Also if z=x\-iy, 

R(z)—x 

<V(^ 2 +i' 2 ) 

<l*k 

Aliter. | z x +z 2 | 2 =|x,+x 2 +t Oh +>’,) I 2 

= (*i+*s)*+0'i+.>’a) 2 V I A+iB | 2 =^ 2 +5 2 

=x 1 2 +x J 2 +y 1 *+j 2 s +2(x x x 2 +>’j>’ 2 ) 

=1 l 2 +l z 2 l a +2 R (z x Z 2 ) 

<1 z, | 2 +| z 2 | 2 +2 | z x z 2 |, V I Zt 1=1 z a I 
I Zl + Zl I ^1 Z X l + l Z % 1- • * • (2) 

(3) The modulus of difference of two complex numbers is greater 
than or equal to the difference of their moduli. 

Let z l =x 1 +iy l --^r 1 (cos 0 X +/ sin 0 x )=r x e/9 », 
z 2 =x 2 +/x 2 =r 2 (cos 0 2 +i sin 0 2 )=r 2 e /6 2. 

Then 2 1 =r 1 e _,e and Z 2 —r t e~®* 

and —(z 1 2 s +r^ 1 ) = -[r x e ie » .r^-^fr^-^.r^-^] 

= —r x r 2 [e^( 8 x—®a) -fg—' (®x—®a)j 
==—r,r 2 cos (6 X —0 2 )=— 2R (z x Z 2 ). 
i Zi-z, r=(Xx-z 2 ) ( 2 x -z 2 ) V | z |*»ZZ 

=z x Z x +z 2 Z 2 - (ZjZj+ZjZ,) 

= l«i l*+|Za I*—2-R (z x Z 2 ). 

But R ( 2 x 2 2 )=i? {(x x +»> x ) (x 2 -iy 2 )} =x i x a +y L y 2 , 

I «i I lx, I=v'(Xi*+>x*) VW+h 1 )' 



COMPLEX VARIABLES 


469 


Now R (ZtZt) < I I I x> I, 
if x^+y^i < VW+yf) (x t *+y.*)} 

or if (*!*!+JV,) 2 < xfxf+yftf+xfyf+yfxf 

or if 2 x l x t y 1 y i < x 1 t y t t +y 1 t x t t , 

which is so, since arithmetic mean of two quantities is greater than 
their geometric mean. 

As such -R ( Zl z t ) > -I z, | | r, |. 

Hence | z^z, |* > | x x |«+| x, |*-2 | x, | | x, | 

> [I * 1 1-I *. I]*- 

I *i I ^ I I I z, I- • • • (3) 

[3] Properties of Arguments. 

(1) The argument of the product of two complex numbers is equal to 
the sum of their arguments. 

Take x lt z t two complex numbers with rabduli r,. r* and arguments 
°u 0* respectively, so that 

Zj=r, (cos 0!+/ sin 0 1 )=r l e l0 i, 2 ss =r a e' 0 * 

.. r 1 2 i =r l r t e , ’( e i+ 0 *) = r 1 r, [cos (0i*f 0*)-fi sin (0, + 0 2 )] 
giving arg (z l z 2 )=0 1 +0 J = a rg z,+arg z,. ... (4) 

The result may be generalized for any number. 

(2) 7%e argument of the quotient of two complex numbers is equal to 
the difference of their arguments. 

Take z u z 2 two complex numbers with moduli r u r t and arguments 
9 j. 6 - 2 , so that z t =r 1 e ,0 i, z t =-r t e'^ 

then ,/- = -£±V ( 1 9 * ) = -^-[c 0 s (0,—0 2 )+i sin (0j—e 2 )] 

•• arg (i^ j=fli-0*=argz 1 —argzjt ...(5) 

[C] Geometry of Complex Numbers 

(/) Arg ~ Tf gives the angle between the lines joining a to z and 
b to z taken in the appropriate sense. 


Take AP=*z—a and BP—z—b as shown in 
Fig. 5.9. 

LAPB^d=*hTg AP-axg BP 
=arg (z—a)—arg (z— b) 

“■arg 1 • • • (6) 

argument being negative as shown in Fig 5.9. 



Fig 5.9 
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In particular if 0~9O% arg^=±y and is purely imagi¬ 
nary. • • • (7) 

(2) Equation of a straight tine joining two points z, and z 2 in 

Argand plane. Referred to Fig 5.10, arg 



-——=t: or o according as z lies inside 

Z —■ Zj 

or outside the line joining A to B. 


Fig. 5.10 


In either case 


—-f is purely real, so that 

Z Z 2 


z—z 2 \z—z 2 ) 


z— X\ 

Z — ti 


i.e. z(Z 1 -Z*)-Z(ri-- s )+ (*i?«-*t*i)“0 

... ( 8 ) 


is the required equation of the straight line joining z x and z 2 . 


General Equation of a Line. _ 

z x —z e being purely imaginary, z 1 z 2 =? 1 —& is also purely imaginary. 

Also ZiZi—z 2 Zi is purely imaginary since z x Zi=z iZ 2 
Multiplying (8) by i, we have 

* z (?i ~ z 2 )~iz(zi —z s ) + * (ZiZ—Zj?|)=0 ... (9) 

each term of which now becomes real. 

Setting i(z x z 2 —z 2 zi )and —.f(z x — z 2 )=|a; X being real and t* a 
constant, so that 


the equation (9) becomes 


(xz+(xg+X=0 ...(10) 

where X, jjl are constants but X real. 

Note 1. In particular if | z—Zj |=j z—z 2 1 then we have the equiva¬ 
lent form 


(z—Zi) (Z—Zi) = (Z-Z 2 ) (Z—Z 2 ) on using | z |*=zg . . . (11) 

which reresents the equation of right bisector of the line joining z x 
and z 2 . 


Note 2. The equation (10) i.e. {*z4 t i Z+X=0 is the necessary and 
sufficient condition for z x to be the reflection of z 2 in the line. 

(3) Equation of a circle with centre at z 0 and radius r. 

If z is any point on the circle, then 

I z-r 0 |=r i.e. | z-z 0 f-r* 
using | z I 1 —zz, we have 

(z Zq) (Z~Zo)~ r " 

or zZ-ZoZ+( z oZo-' 2 )- z Z«=0 ...(12) 

Setting —z 0 =(*—z fl z—r*=X, this becomes 

zz+pz+pZ+Xss0, X being real ... (13) 
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General Equation of a Circle 

(13) can be written as (z-f-p.) (2+p)=[qji—A 
or | z+p | a =(JijI— A 

So (13) represents the general equation of a circle if A is real and 


tqi—A>0. 


(4) Equation of a circle 
through three points 

Z l> Z »' 

Let A, B, C represent 
the points z u z a , z 3 res¬ 
pectively. Take "a point 
P{z) on the circle. 


Z<t Z\ Z~~~Z-\ 

are ?rt -" 8 z- 2 . 

=0 or 7c 

according as case (/) or 
(//) of Fig. 5.11 exists. 



i e. arg 


Z Z Z 21 


arg - 


z-z, 


=0 or 7T 


In either case Im 


Z — Zt 

Zy-Z^l Z Z\ ”]_ 
Z 2 


>» 

«a» J Mt * — ~ A 

is the required equation. 


[ Zj-Zii - 

Sj) is p urc ^ 


z-z 
z-z 2 


r) 


(14) 


Note 3. Condition for four points z u z 2 , z 3 , z 4 to be collinear is 
that 


( z 3 -z,) (z 4 z«) 
(r 3 -z,) (z.-zj 


is purely real. 


•. . (15) 


<7 



(5) Inverse points with respect to a circle. 
Two points P{p), Q{q) are said to be the 
inverse points with respect to a circle with 
centre O(z) and radius r if 

OP'OQ=r* . . . (16) 

provided O, P, Q are collinear. 

I P-* I I ?“ z l= r * _ 

Also arg (p—z )—arg (q— z) = — arg (?— z) 

gives _ 

arg {p—z) Ar arg {q—z )~0 
purely real say equal to r l so that 
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(/>-*) {q-z)=r* ...(17) 

gives the required condition for p, q to be inverse points with respect 
to the circle with centre z and radius r. 

Note 4. If z=0, p, q are inverse points provided 

pq—r* . . . (18) 

Note 5. In w plane, »v=0 and w= oo are the inverse points with 
respect to the circle | w |= 1 , since if w=w 1 =0 and tv==M' t *=oo are 
inverse points then from (18), WjU^l or m> 1 w i =I i.t. w 1 M',=l 

h> 2 =J- =4-= 00 


IV, 


0 


1 


Note 6. In z plane, z and— are inverse points with respect to the unit 
circle | z | = 1 

Since ifz lf z 2 be inverse points then (18) gives 
z iZi=i i.e. Zj =-4 =— when z 2 =z 

Zz Z 

Note 7. In w plane, w and — are inverse points with respect to 

I w |= 1 . 

Note 8. The equation ~~ —K ^ being a positive parameter, 

represents a family of circles for every member of which p and q are 
inverse points. If A= 1 , then the locus of z is the right bisector of the 
join of p and q. 

Problem 1. Find moduli and arguments of the following complex 
numbers : 

<« Iff. (iff)' 


(») we have 


1 -/ 1 —i 


1 +i ~ 1 +/ X l-i 


-21 




1 -i 
l+i 


= -i 


\ / 0 2 +(— 1) 2 =1 

and arg -~-=arg (-/) = —— as -/=cos (~y )+' sin (- 3 ) 

». /2+i\ a 3-41 8+6/ 

(tf) we have ( 3 --,) =- 8 -,, X T+ -^ 

••• ;(4ff)’h'-l' Kl 

and arg =)-f (~ 0 - 4 (-f)—£ 

Problem 2. Prove that arg (z)—arg (— z)=according as arg (z) 
is positive or negative. 


8 + 6 / -14/ 

28 : 

2 



COMPLEX VARIABLES 


473 


when arg (z) is positive, let arg (z) = 0 , — «< 0 <ts 
T hen arg (—z)=—(«—0) ifO<0<rc. 

=«+0 if 0 > 6 > —vc 

arg (z)—arg (—z)= 0 +(«— 0 ) or 0 —(n+ 0 ) according as arg 
(z) is positive or negative. 

= 7 t or —n according as arg (z) is positive or negative. 
Problem 3. Prove that arg z+arg Z—2mt, n being an integer includ¬ 
ing zero. 

If z=x+iy then Z=x—iy 
So arg z + arg *=arg (zZ) 

=&rg (x+iy) (x-iy) 

—arg (x s +>’ 1 ) 

=arg m, where m=x 2 -j-y 2 
Obviously m is real and positive. 

If m—r cos 0, 0==r sin 0 then m—r and cds 0=1, sin 0=0 so that 
8=2rm, where n is an integer including zero. 

Hence arg z+arg Z=*2wz, n being an integer including zero. 
Problem 4. Show that | z x —z 2 | 2 + | | 2 =2 | z x | 2 +2 | z t I* 

and deduce that | a+ V a*—(3* | + | a— Va 5 — p 2 } =|a+p |+| oc—p |, 
all the numbers concerned being complex. 

We have, 

I X 1 +z 2 \ 2 + I Zj—z,| I =(z 1 +r 2 ) Ui+2 2 )+(Zi-z 2 ) (Zi-Z t ) 

v I *!•-*« 

=2ziZi ” 1 ' 2z t Zi 

_ =2 | z 1 \ i +2 1 Zj | 2 _ ...d) 

Now { | a+ Va 2 —p 2 | + |a— V «*—p 2 | } 2 =|«+ V** 2 —p 2 |* 

+ | a- |*+2 | «+ V« a -P*| 1 «- \/a T ~P r iI 

=2 | a | 2 +2 j V a 2 —p* | 2 +2 | a 2 —(a 2 —p*)| 

using ( 1 ) 

=2 1 « !*+2 | a 2 -p 2 | +2 | P 2 | 

=2{ [ a !*+| P | 2 }+2 | * 2 —p 2 | 

= | «+p| 2 + | *-p| 2 +2 | «+p | i*-P I 
={ | «+P | + | «-P | } 2 

.-. I «+Va 2 —"p* I + ! |=| a+p I + I a~p | 

Problem 5. Show that an expression of the form z in —l can be 
expressed as a product of n real quadratic factors. 

Assuming z 2 n — 1=0 i.e. z 2 "=l=cos 2 mn±i sin 2 mn, m= 0 , 

1 . 2 ,...« 

We have z=cos +i sin applying De Moivre’s result 
in in 

corresponds 

Here m =0 -► and 1 
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Consider z Sn —l=(z 2 —l)x (2/i—2) factors obtained by putting 

2 rm , , 2rm 


Now 


^r—cos 


5T ±,!in 2 » 


m=l, 2,...n—1 in the expression z —cos 

2 mr. . . 2mn\/ 2mit . 2mn\ 

,Sfl -5rH z - C0S 25- + '" n 'toJ 


2 n 


( 2/wr\ 2 . 2wrrc 

z _ cos _j +sm* 17 


, „ 2 m:r , , 

=z 2 —2z cos—^—hi 
2n 


z 2n —l=(z—1) (z+l) {z 1 —2z cos^+1 ^z 2 —2z cos ^+1 ^ - 
.^z 2 —2z cos ^~ 4 rc-f-l ^ ^z 2 —2z cos 


=(z 2 —1) ^z 2 —2z cos ~+l ^ —2z cos ~ + l 


•••(z 2 - 

«-l r 


„ n—2 , , 

2z cos-ir-f-1 

n 


)(- 


2 z cos 1 ^ 


=(z 2 —1) II [z 2 -2z cos^ + l ] , II denotes product of 
m= 1 C « J 


similar factors. 


5.6. REGULAR FUNCTIONS 

Before going into the details of Regular or Analytic functions, we 
first define some terms which are used frequently. 

Neighbourhood of a point. Neighbourhood of a point z 0 in the 
Argand diagram means the set of all points z such that | z—z 0 | <€, 
where € is an arbitrarily chosen small positive number. 

Limit point. A point z 0 is said to bp a limit point of a set of points 
S in the Argand plane, if every neighbourhood of z 0 contains a point 
of S other than zero. 

The limit points of a set may not necessary be the points of the set. 
There are two types of limit points: 

(f) Interior points. A limit point z 0 of the set S is said to be the 
interior or inner point if in the neighbourhood of z 0 there exists 
entirely the points of the set S. 

(//) Boundary points. A limit point z 0 is said to be the boundary point 
if all the points in the neighbourhood of z 0 do not belong to the set S. 

Closed set. If all the limit points of the set belong to the set, then 
the set is said to be a closed set. 

Open set. A set which consists entirely of interior points is known 
to be an open set. 

Bounded and unbounded sets. A set of points is said to be bounded 
if there exists a constant number k, such that | z | for all points 
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z of the set. If there does not exist such number k the set is said to be 
unbounded. 

Domain. If every pair of the points of a set of points in the Argand 
diagram can be joined by a polygonal arc which consists only of the 
points of the set, then the set of points in the Argand diagram is said 
to be connex (means connected) or domain or region. 

Open domain is an open connex set of points. 

Closed domain. When the boundary points of the set are also added 
to an open domain, it is then called a closed domain. 

Functions of a complex variable. If w=u+/v and z—x+iy are two 
complex numbers, then w is said to be the function of z and written 
as w=/(zj, if to every value of z in a certaip domain D, there corres¬ 
pond one or more values of w. If w takes only one value for each value 
of z in the domain D, then w is said to be uniform or single-valued 
function of z and if it takes more than one values for some or all 
values of z in the domain D, then w is known as a many-valued or a 
multiple-valued function of z. 

Since u and v both are functions of x, y 
vr=/(z)=« (x, y)+iv (x,y). 

It is however notable that the path of a complex variable z is either 
a straight line or a curve. 

Continuity. The function/(z) of a complex variable z is continuous 
at the point z 0 if, given a positive number €>0, a number 8 can be 
so found that 

|/(z)-/(z 0 ) |<€, 

for all points z of the domain D satisfying | z—z„ | <6, where 6 
depends upon € and also, in general, upon z 0 , i.e. 

8 =#€, z 0 ). 

If 5 is independent of z 0 or rather say that if a number A(€) can be 
found independent of z 0 such that | /(z)— f(z 0 ) | <€ holds for every 
pair of points z, z 0 of the domain D for which i z—z 0 |<A, then /(z) 
is called uniformly continuous in D. 

It should be noted that if a function f is continuous at z=z 0 i.e. if 
f=u+iv is continuous at z—z 0 then it will be so iff its real and imagi¬ 
nary parts are separately continuous functions of x and y at the point 

(x,y)=(x 0 ,y 0 ) 

Since if / is continuous'at z=z 0 then u(x 0 , y 0 ) and v(x«, y 0 ) both 
are uniquely defined such that 

°< I «(*> y)-u(x 0 , y 0 ) i < I f(z)~f(= 0 ) I ... (i) 

for. I f(z)~f(z 0 ) | =+[{u(x, y)-u(x 0 , j n)) 2 +{v(x, y)-v(x 0 , y 0 )}*] 1/ * 
as z-*z 0 , u(x, y)-+u(x 0 , y 0 ) i.e. u(x 0 , y 0 )=Lim u(x, y) ... (2) 

(x, y)Mxo, yo) 

This limit exists independent of the manner in which x-+x„ y-*-y„- 
(2) shows that u(x, y) is continuous at (x 0 , y 0 ). 

Similarly v(x, y) is continuous at (x 0 , y 0 ) 



476 


MATHEMATICAL PHYSICS 


Thus continuity of wand v for/to be continuous at z-»z g , is a 
necessary condition. 

Conversely if u(x, y) and v (*, y) are continuous, then 
u{x, y)-+u(x 0 , y 0 ) and v(x, y)-*v(x 0 , y 0 ) as z-+z 0 
so that f(z)=u(x, y)+/v(x, y)-*u(x 0 , y 0 )+/v(x 0 , y g )==/fz g ) 

So the condition is also sufficient. 

Differentiability. If/(z) be a single-valued function defined in a 
domain D of the Argand diagram, then f(z) is said to be differentiable 

at z—z 0 a point of D if tends to a unique limit when 

Z Zq 

x-*-z 0 , provided that z is also a point of D. 

A function/(z) is said to be differentiable at a point z 0 , if 

Lim — z \ exists and is a finite quantity provided by 

*-«o z ~ z o 

whatever path z-*z 0 ; then f(z) is differentiable at z=z 0 . The finite 
limit when exists is denoted by f'(z 0 ) and termed as the differential 
coefficient or derivative of f(z) at z=z 0 , i.e. 

f'(z 0 )= Lim M-feJ 

Z-*-Z c Z—Z 0 

Precisely if for a given €>0, there exists a number 8 such that 
" z-f 0 Z0) ~- /,(z »)| <e whenever 0< |z—z„ | <8 
i.e. writing z—z 0 =Az if for an €>0, there exists a number 8 
such that (Z o) -f'(z 0 ) <€ whenever 0<| Az | <6 

then f(z 0 ) is known as the derivative of /(z) at z 0 . 

Clearly the limiting value of is independent of the path 

Z — Zq 

in D along which z-*z 0 . 

Consider/(z)=z 2 , for example, then/'(z„)=2z e at any point z, 
since/'(z 0 )=» Lim --"^-4—— Lim (2z»+Az)=2z 0 

£\z-*-0 Az /\z-*0 

In view of the relation /'(z 0 )= Lim — whenever 

Az-rO A Z 

f'(z u ) exists at any point z 0 , we have 

Lim Lflzo+Ar)—/(z 0 )]= Lim A^T^ LimAz-0 

A *-*o A *-+o A* L*-+o 

which follows Lim /(z)=/(z 0 ) 
z+z 0 

i.e. f it necessarily continuous at any point z 0 where its derivative 
exists. But the converse ts not true t.c. if a function is continuous, it is 
not necessarily dlfferentaible as is evident from the following example. 
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Consider the function w= | z |“ which is differentiable at every 
point. It will be shown that its derivative exists only at the point *«■ 0 
and nowhere else, since 


Aw__ I x„-f Az I 2 —| z 0 | 2 _(z 0 +Az) (?o+ Az)—Zp^o 
Ax = Ax = Ax 

V | 2 | S «=XJ 

=2o+ Ax+z 0 • • • (3) 


Lim 

A z ~*-o 


A w_dw 
Az — 


Lim 
A *-*0 


[ 2o+A2+Z ° Ax] 


= 0 when z 0 =0 


But if Xqt^O, then taking 0=arg Az=arg (z—z 0 ) we have 


_ 2i# 

Ax e‘* 

=cos 2 6—i sin 20. 

So that Lim -=Lim [z 0 +Az+z 0 (cos 2 0 —i sin 20)] 

Az -*-0 Ax /\ z -*-0 
As 

Here the Lim — does not exist as Az-*0 in any manner, since 
Az-+0 Ax 

if Az is real, Ax= A* i.e. Ax= A*= Ax then limit of (3) is ? # -|-z 0 . 

Also if Ax is imaginary i.e. A z —t Ay so that Az=— Az, then 
limit of (3) is 2 0 —z 0 . As such the limit does not exist when z 0 #0 and 
hence | z |* has no derivative at z 0 . 

Analytic (or regular or holomorphic or monogesic functions) [Agra 196$] 
A function /(z) which is single-valued and differentiable at every 
point of a domain D, is said to be regular in the domain D. 

A function may be differentiable in a domain D save possibly for a 
finite number of points. Such points are called singularities or singular 
points of /(z). 

The necessary and sufficient conditions for /(z) to be regular. 

Necessary conditions. 

If w—f(z), where w=u+iv and z—x+iy 

As such u and v both are the functions of x and y and therefore we 
can write w=f(z)=u(x, y)+iv(x, y). 

Now if/( z)=m(x, y)+iv(x, y) is differentiable at a given point s, 

the ratio .. A 2 ) ~/S?) must tend to a certain finite limit as Az-*0 
Ax 

in any manner. 

From the relation z—x+iy, we get Az=A*+/Ay- 
If we take Ax to be wholly real, so that Ay=»0, then 
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"u(x + Ax,y)—u(x, v) 


Ax 


aw *. r 

Lim -~=Lim 
A*-m> A*-*0 L 

must exist and tend to a definite limit. 

dw 3m gv 
* * dx ~ dx + dx 

=u»+iv, (say). 


, v(x+Ax,y)-v(x. j>) “] 

Ax J 


i.e. the partial derivatives u x , v„ must exist at the point (x, y) and the 
limiting value is u a +iv x . 

Similarly again if A 2 be taken wholly imaginary, so that Ax=0, 
we find that the partial derivatives u y , v, must exist at the point (x,y) 
and the limiting value is v y ~iu y . 

Since the function is differentiable, the two limits so obtained must 
be identical, i.e. u x +iv x =v y —iu y . 

Equating real and imaginary parts, we get 
u x =v v and w„=—v* 
du gr 
dx = dy 


or 


. . du gv 
and 7T" — • 

dy 


(Agra, 1967, 69, 71, 73) 

These two relations, which are necessary conditions for a function 
to be analytic, are called the Cauchy Riemann Differential Equations. 

Sufficient conditions. The continuous single-valued function f(z) is 
regular in a domain C if the four partial derivatives u x , u y , v x , v y 
exist, are continuous and satisfy the Cauchy-Riemann equations at 
all points of the region D. 

Assuming and u y — — v x and these partial derivatives are 

continuous, we have to show that they exist and are finite. 

By the mean value theorem, we have 

**+ Ax, ri-A*. ,)-Ax i J&g i LZK ] 


aadfix, y + A y)~/(x, y)= A y 


where O<0<1 
A fi x, y+9'&y) 

A y 

where O<0'<1. 


• (0 


Now if w—f(z) and f(z)—u(x, y)+iv(x, y), 
w+Aw^z+Az). 

and fiz+Az)=u(x+ Ax, y+Ay)+iv(x+Ax, y+Ay)- 

Aw=f(z+ Az)-f(z}, 

Also if z=*x+iy, then Az—Ax+iAy. 

Thus 

Aw f(z+ Az) —f(z) 

A z “ Ax+iAy 

ujx+ Ax, y± Ay) +M*+ Ax, y± Ay) -«(x, y) —frfa, y), 

“ Ax+/A^ 
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Now «(x+Ax, y+Ay)—u{x, y) 

={«(x+Ax, y+AjO—«(*+Ax, y)}-H«(x+Ax, y)-u{x,y)} 

... Atffx+Ax,y+e Ay) ■ a t A »(x+fl' Ax,>Q 
-& y Ay Ax 

[by mean value theorem as stated in (/)] 

. „ r A«(X, y) , s 1, A r Am(x, y) t r "1 

=AX LTaI -+ e ‘ J +A:y L AF“ H ' e * J 

[ V if the function is continuous 
l/(z)-/(zo) I <€; A/(z)==/(z 0 )+€ 1, 
when | z—z 0 } <6 where | €j | <€]. 


= Ax 



€x 


Hence 


] +A> [| +Ci ] 

|V Lira 
L A *-*0 


A «(x, J>) 

Ax to 



Lim -^^-= “-=Lim 

Az->0 Az dz A^O Ax+iAy 

_ A *(lf +€l )+AJ'(^-4-€ 2 )+^Ax (f^+^+iAy (%+*»’) 

Ax+iAy 

_ d ‘ x (^ +t e) + a ->’ (| +i |)+ A * <«.+«.')+ AM€,+«.') 

"Ax+j’A^ 

(Ax+ZA.y) +Z {Ax+iAy)+riA x+t]'A y 

~~ Ax+ZAy 


• ^ 
•* dz 

Now 


[By applying Cauchy-Riemann’s equations and putting 
1 j=€ 1 +/€i', V=€ 8 +/€ 2 ' ; also Z*——1J. 
, f 9v , _ Ax , , Ay 
3x" t ~ 3xA x-HA}’ Ax+/A^ 

_ Ax I >i | I Ax I 

Ax+iAy 5 | Ax+ZA* 1 


La I Ax 

VUAx^+CAy) 2 } 

< j >} I V Ax<v'{(Ax)*+(A>’)*} 
^V^+Cx'*) V i»-€i+Z€i' 

< 0 when Ax-+0 ; €i and €/->(). 

But by definition the modulus of any quantity is always +ve or 
zero and it is never negative. 
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Similarly 


Hence 


Ax+i&y u ’ 

A*+/A> 
__3u,. 3r_ 
dz~dx dx' 


►0, when A*-»-0. 


“►0 when Aj>-»-0. 


i.e., the limit exists add is finite and unique. 

Therefore the sufficient conditions for the function f(z) to be 
regular require the continuity of the four first partial derivatives of 
uand v. 

Polar form of Cauchy-Riemann Equations 
The coordinates (x, y) in terms of polar coordinates ( r, 0) are 
given by 

x=r cos 0, y—r sin 0 

So that 

dr x __ a . dr y fl . dd sin 0 aH< j 39 cos 8 


dx r 
du du dr 


" ’dy 

du 30 


dx~8r dx+d* dx~8r 


dx" 

du sin 6 
00 r 


Similarly 


du du . a . du cos 0 dv 0v dv sin 0 

Ty-iF sm ,+ SI dx“dF cos S ~W — • 


dy dr 


sin 0+ 


dv cos 0 


Substituting these values in Cauchy-Riemann equations i.e. 
du dv , du 3 y 

and ap—s”' 8 *' 

du . du sin 0 dv . a , dv cos 0 


we get 


du . du 

37 003 °-30- 


sin 0+ 


du cos 0 


> dv . fl , dv cos 0 
~~dr Sin 0+ 0f 7~ 

dv fl , dv sin < 
z ~dr cos 9+ W ~r~ 


dr 30 r ~ dr ' 00 r ' * * ^ 

Multiplying (4) by cos 0, (5) by sin 0 and adding we get 
du 1 dv 
dr ~ r 30 ' 

Again multiplying (4) by sin 6; (5) by cos 0 and subtracting, we 
, du 0V 


«** 8 »-V 

Hence Polar form of Cauchy-Riemann conditions are 
du i dv du 9r 
dr “ r 30 * 30 ** r dr 


...( 6 ) 
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The derivative of the function w=/(z) in the polar form is given as 
dw dw dw dr dw cS0 


dz ““ 8x dr dx + dx 


dw 

= X- cos I 
dr 


sin 0 
‘' r ae 


dw 

Tr 

COS 0 

sin 6 j 
r ' 

U0 + 


cos 0 

sin 0 / 

r dv 

> 

r \ 

s r dr 

dw 

cos 0 

—sin 0 | 

(-dv 

dr 

< dr 


’») 

*£-)- 

#) 




= (cos 0—/ sin 0) ^ 

«=—“ (cos 0-rsin 0) ~ 

Condition for a Function when it Ceases to be Analytic 

]f w—F(£) and £=/(*), then w is said to be function of a function 

of z and we have ~ = — F(Z) and f(z) both being analytic. 

Also if w=/(z) be an analytic function of z such that corresponding 
to each point w {} there exists a point w {) and z=F(w) is such that to 
each value w 0 of w there corresponds a value z 0 of z, then the func¬ 
tion z~F(w) is said to be the Inverse function of w~f(z). Clearly, if 
/'{zf)^- 0, then w 0 is a regular point of z—F{w) i.e. z is analytic 
in the neighbourhood of K’ 0 . 

On account of functions being inverse we have F'(w 0 )= --J-— and 

hence the function z—F(w) ceases to be analytic where f\z)~Q i.e. 
dw 
dz 


'0 also that xv~f{z) where z—F(w) ceases to be regular when 
dw 


dz 


= 0 . 


Evidently when z=x+iy, w=f{z ), we have j 

dzJ}± 

dw~~du 


dw £W 


d^ /i 

So that if w=u-\-iv, z=f(w), then = 


As an illustration if w=e~'\co,> u ~i sin w\ then 


d ■p 

~ —e ~ v (—sin m-M cos «)■ 
dw v 

w ceases to be analytic when ^=0 i.e. c--0. 


dw 

ie r (cos u+i sin u)=—rz 
dz 


gnes 
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To prove that if a function is regular, it is independent of z and is 
function of i. 

If r-*+/>•, 

z=x-iy, 

Addin? and subtracting, we get 

x=i (r-fz) and y=~(z~z)- 


tx , , 2y 1 

;T =,and 8 ? = -T/' K - 


Now 


w=f{z) — u+iv. 
dw du . dv 
dz d~z 1 dz 


fSH fa fa C>1 , . TSv fa 0v^ 
=U* + fa z z _r lex'cz 'dz J 
fa , i fa .r?v , j_ap.“| 

~ c.x ' *" 2 1 cy lex * 2i dy J 


li 

fa 2t cy 

= 0 by Cauchy-RiemaniTs equations. 

Thus if the function is regular, it is independent of as its 
differential is zero. 

Laplace’s Equations 

Cauchy-RiemaniTs equations art 

CU cv 


cx 

^ o 

C‘.V 

? x-~ 


.fit ?v 
ana ^j — ~ 0 ^ < 


•-C . g 2 U 

- and ^~ - 
cx cy cy 1 


Adding, 


_ cn 

~ cx cy 

d 2 u 


d 2 v d 2 v 


exey cy dx 


*e 


dx~ cy* 

72 . d 2 w A 

7 ”=s? + S? "° 


0 , 


(«) 


Similarly, V 2 v=-|-~ +i-=0 ...(«/) 

cx* 1 c>- 

These are known as Laplace’s equations, in which both u and v 
satisfy Laplace’s equation in two dimensions. 

Harmonic Functions. A function of x, y is said to be a harmonic 
function if it possesses continuous partial derivatives of the first and 
second orders and satisfies Laplace’s equation. 

Two harmonic functions u and v as satisfying (ft) and (/ft) are 
known as Corjugale harmonic functions or simply conjugate functions. 
Determination of Conjugate Functions 

If f(z)—u-ri\ is an analytic function such that u andv are conjugate 
functions then being given one of them say u, we have to determine v. 
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We have 


j dv , , 8v , 

^ fmc 2x “ X ~^dy" ’•* v 1S a function of x, y. 

</y by Cauchy-Riemann equations. 


exact 

if 

i.e . 

3 i 


or 


i.e. 

0*« 

a** 


dAf 


^ a* 


0AT . 0m 

where Af= —— 

o* 


and AT=f- 
c>x 


JL( _<^\__<L(c u \ 
dy \ 0y/ / 


a a n 

dy* 

d*u 

dy^ 


d*u_ 

"0X 2 


+kx =0- 


As«satisfies Laplace’s equation, it is harmonic and hence its 
conjugate v can be found out by integrating the equation. 

. du , , du . 

J, ~ -?7 dx+ ii dy - 

As an illustration if w«y 3 —3x 2 j>, then 4^ = —6 .tv, 3X 1 

tfx ' dy 

d 2 u 

hence is harmonic 
#v 


6y, £pj=6.v so that u satisfies Laplace's equation and 


Now v 


i/ x +Ty i> ' 
?« 


= — by Cauchy-Riemann equations 

——(3y a —3x*) dx—6xy dy 
— — (3y* dx -f 6xydy) + 3x 2 dx 

Integrating v»—3xy 2 + x*+c which is harmonic conjugate to u. 
Corresponding analytic function /(r)=«+*V 

=y*—+/(—3jry*+x*+c) 

=fe*+c' 


0u 

3* 


-6*y-^-by Cauchy-Riemann 


Using an alternative method, 
equations. 

Integrating =*—6xy we get v=—3xy t +tf l x), +{x) being arbi¬ 
trary. 
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But 


gives 


3v _ du_ 
dx ** 8y 
-3/+fW = -3/+3/ 
i.e. <f>'(x) =3x 2 and so <f>(x)=x a +c 

As such v= — Sxy a +x a +c 

Construction of a function f(z) when one conjugate is given (due to 

Milne-thomson) 


If z=x+ly, z=x—iy and so x ——^—> y— 
f(z)=u(x, y)+Hx, y) 

Treating it as a formal identity in two independent variables z and 
Z and putting z=2, we get x—z, j=0 so that, 

/(z)=*«(z, 0)+iv(z, 0) 

Taking f(z)=u+iv to be analytic, we have 

=-^ — i ~~ bv Cauchy-Riemann equations. 

dx cy 

Writing <f>(x,y)= <K*, = we have, 

f\z)=^<f>{x, >’)-i»Kx, y ) 

0)—i<K=, 0) 

Integrating, f(z)—${<f>{z, 0)—i+(z, 0)} dz+c, c being arbitrary 
constant. 

Similarly if v (x, y) is given then we can find 
/(z)=J{<J>(z, 0)+/ T(z, 0)} dz-rC 


where d>(x, j/)=—- and T (x, y)= 

As an illustration if u=e x (x cos y—y sin y), then 
du 

-r^=e“(x cos y—y sin y+cos y)=<f>(x, y) (say) 
du 

and -ry— e x (—x sin y—y cos y— sin y)—<\>(x, y) (say) 

So that <f>(z, 0)=e z (z+ 1) and <\>{z, 0)—0 
/'<z)=#z, 0)-t <K*, 0) 

=e*(z+l) 

Integrating /(z)=ze*+c. 

Problem 6. Prove that the function «-fiv=/(z) wAere 
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m-o 

is continuous and that the C auchy-Riemann equations are satisfied at 
the origin , yet f'(0) does not exist. 

Here u+tv=f(z) 

x’d+Q—y 3 (1— i) 

~* x t +y i 

Equating real and imaginary parts on either side, we get 

y3- yZ 

u— and v= Ti t when z#0. 

x 2 +y 2 x l -\-y 2 

Obviously both u and v are rational and finite for all values of 
z#0. Thus « and v are continuous at all those points for which z#0. 
Hence f(z) is continuous when z^O. 

Given that /(0)=0, therefore at the origin u— 0, v=0. Hence u 
and v both are continuous at the origin. As such f(z) is continu¬ 
ous at the origin. 

Conversely /(z) is continuous everywhere. 


Now, 

(*L\ 

\dx J at 

y==0 


\Sy J at *=0 


du(x, 0) 
dx 


at x=0 


A-*-0 h 


u(h, 0)= 


h*—0 
h 2 +0 


—h etc. 



=Lim 

y =o 


du(0, >■) 
dy 


Ljm u( 0, k)-u(0, 0) 
A-*0 k 


Lim 

A-*-0 



V 


u(0, k)= 


0 -k 3 
0+k 2 


k etc. 


Vx ) at 


and 


W /at jc=C 


-Urn 3v( f- 0) 
x=0 ex 

=Lim v ^ °)r v .M gL im £ = 1 
^ /r-*0 " 

-Lim 8 '*®/* 

A-+-0 * A-M) * 

Thus we have found that at the origin 
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du dv du 

dx dy 8nd 0 y 




which dearly satisfy the Cauchy-Riemann 
differential coefficient of f(z) atz=0, i.e. 

f(z)-f( 0) 


Sv 
fa' 

equations at z* 


/'( 0 )= 


=Lim „ _ 

i+0 ^—0 

-Umfll+itt'C-'* 

.-M) (x'+r 1 ) tx+ly) 
y —0 

-T im »^(1— 

x->0 (x 2 +m*x*) (x+imx) 


>0. Again 


Z=5JC + I> 


by putting y=mx 


(l+m 2 ) (1+im) 

which is not unique, as it is different for different values of m. 
Therefore f(z) is not continuous at z«= 0. 

Hence /'(z) does not exist at the origin, i.e., z—0 . 

Problem 7. Show that the function /(z)= V(\ xy |) is not regular at 
the origin although the Cauchy-Riemann equations are satisfied at that 
point. 

Let the function be 

f(z)*~V(\ xy |)=« (*, y)+tv (x, y). 

Equating real and imaginary parts, we have 

u (x, y)—V (I xy I) and v(x, y)=0. 

■Urn “ t *. »>-«(»■ "l .u, »-0 
„ A-H) " A-*0 * 

Similarly at x=0, y=0, 

d J «o -^-0 ~^0 

dx u * 2y“ 0 ’ cy U ‘ 

These values clearly satisfy the Cauchy-Riemann equations. 

Agtin /'<0)-Lim vW-O 

*-M) z x=0 X-tiy 
y -o 


■J 5 !?£+£) by pu,,i ° 8 ^ 


■mx 


V(H) 

“l+im ’ 

which is not unique as its values are different for different values of 
m. So f(z) is not continuous at z—0. Hence it is not regular there. 
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Problem 8. Prove that the function: 

u=x3—3xy i +3x i —3y 2 +1 

satisfies Laplace s equation and determine the corresponding regular 
function u+iv 

Here, =3.r-3r+6.r. 


dx 


dx 2 

bu_ 

dy 

dfu 

dy 2 


=a6x+6» 
=—6xy—6y, 
—6x—6. 


...d) 
... ( 2 ) 
... (3) 
.. . (4) 


By the additions of (2) and (4) it follows that V 2 u=0, which clearly 
satisfies the Laplace’s equation. 

Hence U is a Harmonic function. 

Now Cauehy-Riemann equations are 

dv 

"ax’ 


du dv , du 


J, -jz dx+ w' y 

ss _^L dx+ ^L dy (by Cauchy-Rietnann equations) 
dy ' dx 

= (6 xy+(y) dx+ (3x*—3> ,! +6x) dy 

*=(6 xy dx+ 3x s dy)—3y 2 dy + (6ydx+6x dx). 

Integrating, . 

V3e 3 j &y-y*+6xy+c, where c is an absolute or complex constant. 

Thus 

a+/y=x»—3xy*+3x*— 3y* +l+< [ 3 x 2 y—y 2 + 6 xy+c] 

“=(jr+V)*+ 3 (x+W'+J+fc 
=2 s 4-3z i +H-fc , 

=z*+3z*+c'. 

Prob l e m 9. Prove that the curves w—constant, 

v—constant 

intersect at right angles. 

We know that the curves intersect at right angles if the tangents 
them at their point of intersection are at right angles. 
Differentiating partially the given equations of the curves, ge ge 

du . . du 


*“•«*+*-*■ 


■ 0 , 
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Therefore tangents of the angles formed by the tangents drawn to 
the curves at their point of intersection with the real axes are 
respectively 



du j du 
dxl dy 


and 


/ dy \ _ dy /3v 
l, dx Jr~ dx/dy 


Now 


du 3v 

/ dy\( dy \ _ dy dx 
\ dx J\ dx ) 2 ~ du_ _9v^ 
dy dy 


1, by Cauchy-Riemann equations 


which shows that the two tangents are at right angles if the function 
is regular. It follows that the two curves intersect at right angles. 

Problom 10. Show that V 2 | u | p =p (p—D \ u I* -2 | /'(z) | 2 . 

Here if u be positive | u |=m and if u be negative | —u\—u. 
Taking first u to be positive. 


d „ _ , du 

V uV=p ' uV ~ w 

_£ 

dx 


s u*= P (p~ i) (*Ly+p. u *-i^i 

d 2 u 


Similarly, u*=p (p- 1) tP- 2 (| yf+p-* 
Adding the last two results, 

V^-.pu^u+p (/»-!) »*- 2 [(~) 2 +(|y) 2 ], 




... a) 


V V 2 «=0 (Laplace’s equation). 

Now if m’=/(z)=«+iv, then 


!/•«''<£)'+{&)' •••<» 

Thus from (1) and (2) it follows that 

W=p (p-D u>~ 2 |/'(z) I*. 

Again if u be negative say u u 

| u |=uj. 

As before, we have 

w=/> (p-D ur* i fix) i* 
or V* | |’=p (p- 1) | «, I'-* | f\z ) |*. 
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5.7. Elementary Functions and Mapping by Them 

‘ --* «-■*-_«i—- if z= -x+iy and vis used as radian measure of 

fh? angle to define cos y, sin / etc, then the exponential function in 
terms of real valued functions is defined by. 

e z—e*+*vs=e*e iv =e x (cos /+/ sin y) • • • UJ 

In case z is purely real i.e. y— 0, we have e z =e* . . • (2) 

and if z is purely imaginary i.e. x=0, we have 

e* v =cos /+i sin / • • • W 

As such Maclaurin series representation of on replacing t by iy, 
gives 


00 

2 


O'yY 


, 00 S2n v 2n 

' = B =of 

00 

= 2 (“l) n 

n=0 


00 J2n+l v *»+ 1 „ . 

2 —— r where 0=1 


- 2 
n—0 
v 2n 


2n + 1 

00 


\2n 


v 2n+l 

+ '„!o ( - 1) " 


... (4) 


n — w i " * 

which are Maclaurin series for cos y and sin y respectively. 

The Exponential function given by (l) is an entire function since 

d . • • • (5) 


.( 6 ) 


..(7) 


dz 

d dw 

Similarly ~j^ eV=ae dz 

w being an analytic function of z. 

Polar form of (1) is e*=r (cos 0+i sin 0)=rc*« 

where r—e x , 0=/. 

I «* l-r-e- and arg «■-*-* • • • W 

Also I e* | > 0 /.<?. e*#0 for every value ofz • • • W 

So the range of the exponential function is the entire complex plane 
excluding the origin where r=0. 

Now e*= — 1 =cos (Tt±2mTt)+i sin («±2m*) gives 
x=0 and y=n±2mK, m=0, 1, 2,... 
lf gZi =ri (cos 6 x +i sin 0J so that r x =(? x 0 1 ^y 1 
an d & =r a (cos 0*+/ sin 0,) so that r 2 =e x * , O t =y, 

then, e Zl -e l '=r 1 r 2 (cos (0i+6*)+i sin (0 1 +0 2 )}=« Xl 

[cos (/i+/*) +1 sm (/i+y.)l 

= a*l +*2. e » (/i+/2) g*i+x2+i(r 1 +r2) 

s= £<»i+<vi>+<«*-H»*>«=e* 1 + >J • • • (1®) 

Similarly e* 1 /*"-** 1 "** ' * * (H) 

A =e -« ..-(12) 


«• 

(e*) fl ==e fl * 

n being a positive integer. 


(13) 
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(^)m/» ==e m/«( z+2 TCpi) 

i»**0, 1, 2,..., x—1 and m, n are integers (-fve). 

Also ^+ 2 w_ e z tf 2n/_. e i ase 2it/__| 

(15) follows that the exponential function is periodic. 

Again e 2 «■(?) 

In polar form z=r<? f *, z=rer*• so that 

ZjZ.^r.r., *«•*+•» __ f » 

’ ** r t 

Trlgnometrlc Functions 

fiascos >>+/ sin y and e r ' iv =cos y—i sin y yield 
e tv -\-e~ tv Jv—e~*» 


cosy= 


, sin >•= 


2/ 


Sin z and cos z are entire functions as 
d 


~3z si” z== cos z. 


dz 


cos z=l— sin z etc. 


Now, 

cos z=cos (x-f jy)=$ 

^IW^+e-^+y). 

“j**' (cos x+/ sin x)+\e v (cos x—i sin x) 
e y +e~* .e*—e~* . 

=— 2 — 008 x ~ t ~2 — S1Q x 


• • • (14) 

. .. (15) 

..#(16) 

• • . (17) 

. . . (18) 
. . • (19) 

... ( 20 ) 


Introducing the hyperbolic functions with the properties 

Sinh z——— Z --, cosh z=^ ~~ . .. (21) 

" mm 

d d 

-fo sinh z=cosh z, cosh z —sinh z etc. ... (22) 

cosh 2 z—sinh 2 z=l .. (23) 

cosh /z=cosh z and sin iz=i sinh z ... (24) 

the relation (20) becomes 

cos z=cos (x+iy)= cos x cosh y—i sin x sinh y ... (25) 

Simil arly sin z=sin (x+/y)=sin x cosh y+i cos x sinh y . . . (26) 
Also sin z=sin z and cosT=cos z ... (27) 

cos (z+tc)=-cos z, sin (z+n) = -sin z, etc. ... (28) 

It is easy to show that 

| sin z | 2 =sin 2 x+sinh e y .. . (29) 

| cos z | 2 =cos 5 x+sinhV . . . (30) 


A value of z for which /(z) =0 is known as a zero of the function f. 
The real zeros of sin z and cos z are their only zeros, since 
sin z=0 from (26) gives 
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sin x cosh y=0, cos x sinh j»=0 

x and y being real, cosh >>>1 and sin x=0 only when x-«0, ±w, 
±2*,...and for these values of x, cos x#0 and thus sinh y=0 i.e. 
y=0. 

Also 


sin z=0=>z<=0 or ±n«, x=l, 2, 3,... 1 

cos z=»0=>r== z=l, 2, 3,... 


.. . (31) * 


we may also show that 

cosh z=cosh (x+iy) =cosh x cos y+t sin| x sin y . • • (32) 

sinh z»sinh x cos y+i cosh x sin y . • • (33) 

So that | sinh z |*=sinh*x-fsin s y ... (34) 

| cosh z |*=sinh*x»i-cos* y • • • (35) 

Sinh z and cosh z are periodic with period 2 ni. 

Logarithmic Functions and Branch Points 
z—re*•, 0 being measured in radian, gives 


log z=log re <# =log r+/0 ?r>0 and —7 c<0<tc .. . (36) 

=log | z \+i arg 0 J 

If — tc< 0<«, thenz=re ,(# ± 2,n '^ n=0,1, 2,... 

So that log z—log r+i(t+i2nn), n=*0, 1,2, • • • (37) 

We write log z for principal value of log z and Log z for its general 
value. 


In (36) if we put log r—u, 0—v so that 


of z. 


du 1 hi 
dr - r 'de 




are all continuous 


Also, 


dz 



+i 



functions 


1 1 


“re** z 


... (38) 


when z#0 and —n< arg z<«. 

A branch F of a many-valued function/ is any single-valued function 
which is analytic in some domain at each point of which the value 
F(z) is one of the values /(z). The equation (36) gives the principal 
branch log z. Each point of the negative real axis 0»»« along with the 
origin is a singular point of the principal branch log z. The » 1 (*®y) 
6=it is said to be a branch cut for the principal branch and the 
singular point z=0 common to all branch cuts for the many-valued 
function log z is known as a branch point. 

Now if K , «=log z, then r+< *> 


i.e. e*°* «-z, z#0 


. .. (39) 
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and if c*=w, log w=log e a,+ ' l '=log e“+log e <v . 

=*x+i ( y±2rm), m— 0, 1, 2, 3,... 

—x+iy±.2pni 

=z±2piti 

So log w=z when e z =w . . . (40) 

and log e*=z for appropriate choice of logarithm .. . (41) 

Again if z 1 =r J e ,e i, z 2 =/- 2 e' 6 * ri>0, r 2 >0, then 
log Zj+log z ? =log +log r 2 e* 8 * 

=log rj+log r 2 +/(0i+0 2 ) 

=log r 1 r 2 +/(0i+0 2 ) 


=logz,z 2 

• • • (42) 

Similarly log z 2 —logz 2 =log } 

. • • (43) 

It is easy to verify that 

log z m =m log z 

... (44) 

log z 1 / n =~~ log z 

. • • (45) 

2 m ! n mcz C m ! n * 

. . . (46) 

In case of complex exponents, we define 

z c ~e c loB *, z, c being complex and z^O 

• • • (47) 

// ^ log z 

-- 7 ® e -/» — rr (e-l) loo z r -«—1 

<fe z • e«*»« _c * 

.. . (48) 

Also c*«=e/ ,# ® «, c^O, 

• • • (49) 

■—<*= 0 * log c, e#0 

. . . (50) 


Inverse Trignometric Functions 

Defining the inverse of sine function as w=sin -1 z, we have 

_ p—i\D 

z=sin w>= —-- i. e . e Uv, -2ize iu, — \=Q. 


Being quadratic in e iv >, this gives, e ia =*iz+ V (1 -z 2 ) 

So that H'=sixr 1 z =—t log {/z-f- y /1 — z 2 } 

. .. (51) 

Similarly cos -1 z=—/ log {z+ y/z*— 1} 

. .. (52) 

i , l—iz l . i+z 

T 8 1+fa = 2 08 ~i—z 

. ■ • (53) 

sottat* ,aD_ ’ 2 —rr? 

. • • (54) 

Also 


sinh -1 z=log (z+ \/z 2 +l} 
cosh -1 z=log {z-f V* 2 — 1} t 

. • • (55) 


tan -1 z*= -j logyi^ 
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Mapping. If w==/(z) and corresponding to each point (x, y) in z- 
plane in a domain of function/, there is a point (u> v) in w-plane 
where z**x+iy and w=w+/v, then this correspondence between the 
points of two planes is said to be a mapping or a transformation of 
points in the z-plane into points of the w-plane by the function /. 
Corresponding points or set of points are known as images of each 
other. The use of graphic terms as translation , rotation or reflection 
is rather convenient in mapping, e.g. 

The mapping w=zj-c, e being a complex constant gives the trans* 
lation of every point z through the vector c i e. if z~x+iy, 
c*=c x +ic 2y then the image of any point (*, y) in z-plane is the poin t 
>>+c 2 ) 

The mapping w=2?z where B—be 1 * and z=re iB 
i,e. w=6r e ti9 ^ } 

maps the point (r, 6) in z-plane into a point ( hr , 0+£) into w-plane 
Le. the mapping consists of a rotation of the radius vector of z 
about the origin through an angle [3=*arg B and an extension 01 
contraction of radius vector r by />= | B I. 

As an illustration the function w—z 2 maps the entire first quadrant 
of the z-plane, O<0 <tc/2, r> 0, into the entire upper half of the 
w-plane. 

The transformation 


T: 


az-r-b 

cz+d 


• • • (56) 


a , b , c y d being complex constants is termed as the linear fractional 
transformation or bilinear transformation or Mohius transformation . 


Here T~ l i.e . inverse of T is 


~~dw-\~h 

cw—a 


. . . (57) 


Any set of elements which satisfies all the following conditions 
is called a group: 

(i) There is a rule of combination such that product TT for each 
distinct pair T, T of elements is an element of the set. 

(n) The product is associative i.e, T(T'T' , )—(TT f )T" 

(iii) The set contains an identity T 0 such that TT 0 ~T 0 T**T for 
each element T, 

(iv) Each element Thas an inverse T~ l s.t. TT T~ l T~ T 0 . 

It may be shown that the set of all linear fractional transformation 
is a group. 

If besides the above four properties a group also satisfies the com¬ 
mutative property then it is called an Commutative group or an 
Abelian group. 

Problem 11. Show that the set of complex numbers form an Abelian 
group under addition . 

Take three complex numbers, (x lf y t ), z 2 —(x it y.»)» zj—to*. 
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belonging to the set C of complex numbers. Then the addition is 
commutative since 

(*!+*«• yi+ys) —(*a+*i> 

=z 2 -f-*s V z„ z 2 £C 

Also Z], Zj€C^Zi*f^i£C 
The addition is associative since 

*l+(*S+*»)=(Xl,tt) + (X 2 +X 3 , ^*+7») 

=(*i+x*+x„ y,+y*+y*) 

=(*i+x 2 , >\+yt) + [x it y 3 ) 

— (Zi+Z 2 ) + Zj. 

There exists an additive identity o=(o, o) such that 
z+o= (X, y) + (o, o) =(x, y)=z 

There exists an additive inverse (—z) for v z such that 

z-f- (—z) = (x, y ) + (—x, —-y)=* (o, o) the identity element. 
Hence the set of complex numbers form an abelian group. 

Problem 12. Show that the set of complex numbers form an abelian 
group under multiplication. 

It is easy to show that 

(*i. ^i). (* 2 , yt)£C^{x u y,) (x 2 , y 2 ) i.e. (XjXj-yjy,, x,y 2 

+^i)€C 

(Xi> yi){(x 2 , y 2 ) (x 2 , yj)}**{(x 1 , yx) (x 2 , y,)} (x 3 , y 3 ), (x Jt yi), 

(x 2 , y»), (Xf, y») £C 

3 multiplicative identity (1,0) s.t. (x, y) (1,0) =(x, y) V (x, y)GC 

3 multiplicative inverse s.t. (x, °) 

The commulative law holds i.e. 

(*„ ^i)+(x 2 , y,)=(x„ y,)+(xi, y,). 

Hence the given set is an abelian group. 

Conples Differential Operators 

If z=x+/y so that £=x—/y and F be a continuous differential 
function, then 

8F dF 8z ,8 F dZ dF dF . . 

0X “ 8z ’ 8x~*" lx 0x “ 8z glVing 



and 


dF_dF Jz JIF il 
dy 8z 8y + n ly 


.dF *F . . 

-'ir ,l, ‘” g 


• •, ( 58 ) 
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o O O JJ 

We then define V (Del operator) = — . 


+‘{k~k)- 2 -k •••<«> 

* (Del b,,) s kr'k-k + k ~ f kk-id “ 2 i 

... (61) 

Now taking /’(x, y) as real continuously differentiable function of 
scalars x, y and A (x, y)**P(x, y) -H Q(x, y) as complex continuously 
differentiable function of vectors x and y, then F(x, y) 

=F )=G(z, Z) say and A (x, y)=B(z, *) say . . . (62) 

The Gradient of a real scalar function F is'defined by 

gradF-VF-^+^2^- ...(63) 

and the gradient of a complex vector function A is defined as 

« r!d A ^ A ~{k +< i ) <'+*>-■ --k- f 




Geometrically interpreted, VF is a vector normal to the curve 
F(x, y)—constant, and if B is analytic function of 2 so that -g^-=0, 

.. dP dO dp dQ . . 

then gradient is also zero i.e. ~dy~~~0x sfc3<v,u * that 

Cauchy-Riemann equation are satisfied. 

The Divergence of a complex vector function A is defined as 

div-4-V A-Ke{V +-&- 

***2Re ^~-1 where Re denotes real part. ... (65) 

It is notable that the divergence of a real or complex function is 
always a real function. 

The Curl of a complex vector function A is defined as 
curl ^=y XA—I m (V-4)-/. (J’+iC)] 



496 


MATHEMATICAL PHYSICS 


The Laplacian operator is defined as the scalar or dot product of V 

V'•'V- ’ V'-K .<7 ’7 )■=*(£■) (■£ ■+*£) 
d*Jl_ A 0 * 

= '0x a + a^* “ 4 IraF * • • (67) 

Herebelow we summarize few identities involving grad, div and 
curl of two complex differentiable functions A x and A t . 

grad (.<4 X -Mi)”grad ^ x +grad A s ... (68) 

div (/4 1 +y4 8 )=divy4i+div A 2 ... (69) 

curl (/4 1 +^ !8 )=curl /L+curl A t ... (70) 

grad (At A g ) —A x (grad -4 g )+(grad A t ) A t ... (71) 

curl (grad A) =0, when A is real or I m {A) is harmonic ... (’2) 


div (grad A) =0, when A is imaginary or Re (A) is harmonic 


(73) 


5.8. COMPLEX INTEGRATION 

It has been defined that a function of z is said to be regular in any 
domain D if the function is single-valued and differentiable at every 
point of the domain D. Now in order to show that a regular function 
possesses a second derivative, we must first of all express the function 
f(z) of z as a contour integral round any closed contour surrounding 
the point z. 

Let us suppose that the equations x—<f>(t ) and y=y(/), where 
a<f< P represent the arc of the plane curve. Let us divide the 
interval (sc, (3) by the points t„, t u t g ...t„ and let these points on the 
curve be denoted by P,„ P u P 2 ,...P n . Then length of the polygonal 
line P 0 P x -Ps ■■P n will be the sum of the lengths of the lines P 0 P X , /W 
.... jP n -iiV If z a , z x , z 2 ,...z„ be the points on the arc corresponding 
to the values t 0 , r,. t n of /. then length of the polygonal arc 
P jP i P 2 ■ ■ ■ Pn 

r - 1 

The value of this sum depending upon the mode of subdivision is 
called the length of an inscribed polygon. If the arc is such that the 
length of all the inscribed polygons have a finite upper bound A, the 
curve is known to be Rectifiable and A is called the length of the curve. 

The necessary and sufficient conditions for the arc to be rectifiable 
are that the functions Ay i, y(/) must be of bounded variation in the 
interval (*, fs). Incase <f>\P fy'(t) are continuous, the curve denoted 
by a ■~4> t ), y=sty(t), when is rectifiable and its length is 

vW(f)} s +tt-' mdt. 
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Riemann’s definition of Integration 

Defining the integration as the limit of a sum, Riemann’s definition 
of Integration of a complex function is 
given as below; 

Consider a function h’=/( f' which is 
continuous (but not necessarily analy¬ 
tic) along a curve C with end points 
A and B. Divide the arc C into « arcs 
by the points z 0 =*, r„ r 2 ..„ r r _„ z r , 
with z 0 being at A and 
zn at B. Take points W W—.W such 
that w lies on the arc z T . x z r . 

Consider the sum /&) (r x —z 0 ) 

"HAW z x ) + ... +/(C,1 (z r —r,-!)-)- 

(^n Zn-l) 



U ‘ r ll /(W (r "” Vl) Fig. 5.13 


2 AW (*,—-r-l) 

r=l 

If this sum tends to a unique limit when «-*oo i.e. the number of 
arcs of the curve C becomes indefinitely large then the definite 
integral of/(z) along the curve C is given by 

) /tB A z )<k= Lim S AW (Zr-z,-1) 

]AO n-*co '■-1 

Note 1. If f(z)*=u+iv, z==x+i>=^(/)+i<j/(/) so that dz—dx+idy 


left )*-1 


We have 


/(z) dz= ? («+/v) {<&'(*) ++'(#}* 
C J* 


I 


= |^ (u+iv) (dx+idy) — (udx—vdy) +i(vdx+udy) 

Note 2. If C consists of a number of arcs C, 


j c /(z)*“ 2 j c ^A 


Continuous arc. When $0 and <{<(/) are real continuous functions of 
the real variable t in the interval («,' (3), the arc is known as conti¬ 


nuous arc. 

Multiple points. If the relations x—flf) and y=^(t) are satisfied by 
two or more values of t ih the given integral, then the point z=(x, y) 
is called a Multiple point. 

Jordan arc. A continuous arc having no multiple points is called a 
Jordan arc. 


Bif.hr arc of a Jordan curve. Considering an arc of a Jordan curve 
defined by the equation zs»$f)-H'K0» where if z be expressed 

as single-valued and #0, <K0 as well as f(/), <K(r) are continuous in 
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the interval the arc is then called Regular arc of a Jordan 

Curve. 

Length of the regular Jordan arc is 

JVww+t+'wn*. 

A Continuous Jordan Curve is one which consists of a chain of fini te 
number of continuous arcs. 

Contour. By the word ‘contour’ we mean a continuous Jordan 
curve consisting of a chain of finite number of regular arcs. It is clear 
that a contour is rectifiable. 

The complex integral of f(z) along the regular arc L is written as 
| L f(z)dz. 

The integral of f(z ) along a contour C, which consists of a finite 
number of regular arcs L r is given by 

j c fc) dz=1 \ L A*) dz - 

Here J c f{z) dz is read as integral f(z) taken over the closed 
contour C. 

Some properties in case of complex integrals, are however notable: 

1 } c (/( z )+#0} <fe=J c /(2) dz+^ c <t>{z)dz. 

J c /(z) dz ~~|_ c /( z ) dz > where — C represents the direction 
opposite to that cf C. 

3 ‘ \c^ *+| C2 /( z ) dz, where C, and C, are two, 

parts of C. 

4. J c */( z ) dz=k f(z) dz, k being constant. 

An upper bound for a complex integral. If a function of z say f(z) 
continuous on a contour L of length l and if the inequality |/(x) |<A/ 
satisfied, then 

I fL(z) dz | < Ml. 

Let the equation to the curve L be 
*=*(0,>=<K0 

Then the length / of the curve is given by 

+(•"!“) J dt, between proper limits. ... (1) 
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Now z=x+iy gives dz=dx+idy 

1*1-1 dx+idy |= V(dxf+{dyf 
So that f | dz I—JV (dxj 2 +(dy)* 

-WWRFf-* 

=/ by (1) ... (2 ) 

Now the modulus of the sum of n complex numbers being less than 
or equal to the sum of their moduli, we have 

2 Mr) (Z r -2,-l) < S Mr) (2,-V-r) 
lr==l r=l 

< 2 |/(^) | | | 

r=l 

Proceeding to the limit as n-+ oo, we have 

IJr A*) dz\ <!r\f(z)\ | dz | 

| dz I \ 1 /( 2 ) |<Af 

s£M/ by (2) 

5.9. CAUCHY’S THEOREM 

///(z) m a regular function of z and if f'{z) is continuous at each point 
within and on a closed contour C, then /(z) <fe=0. 

(yigrn, 7055, 57) 

(i.e the integral of the function round a closed contour is zero). 
Elementary Proof. Green’s theorem states that if P{x, y), Q(x, y), 

on 

are continuous functions of x and y in the domain D, 

then 

\ c ^dx+Qiy)= jmf-f-)*-*- •..» 

Let us now assume that/(z) =«+iV, where z—x+iy. 
dz=dx+i dy. 

Substituting these values in /(z) dz, we get 

J c ./fc) *—J c ( u + iv ) ( dx +> ft) 

«=»| c (u v </>»)+* | c (v dx+u dy) 

[by result (I) of Green’s theorem] 
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=0 7 


3 « 

dy 


0V 

tx 



dv 

** dy 

(Cauchy-Riemann equations) 


Rigorous Proof of Cauchy's Theorem 
If f( z ) is analytic ( regular ) at all points within and on the closed 

contour, C then f/\z)=0. 


To prove this theorem let us first consider two lemmas. 
Lemma I. If C is a closed contour, then we must have 

j c dz= 0 and also z dz=0. 

It follows from the definition of integral that 

[ f(z) </z= Lim 2 (z f -r r _j)/(z). 

JL u-^oo r*=l 

Taking/(z)=l, we have 


[ <fe=Lim 2 {(Zr-Zr-, )*1} 

n~+ao r-=l 

=0 as max. (z r — z r _ 1 )->-0, when n-+oo. 

Also [ z<fe=Lim 2 {(z T ~z r ^) z] 
iC r-l r-I 

n 

■“Lim 2 {z r ~i (z r -z r _j)} 
oo r —1 

“ilLim 2 {z r (z r -r r _i)} 

rt-*00 r= J 


+ Lim 2 (*r 

«->oo r«* 1 

Lim 2{(z r +^r-i) 

K->00 


—J Lim 2(z r *’-- Zr-\) 
n-> oo 


(for a closed curve). 

Lemma tl. (Goursat’s Lemma). 


Given it is possible by suitable transversals, to divide the interior 
of C into n finite number of meshes, either complete squares or parts 
cf squares, such that within each mesh there is a point z 0 , such that 


z-z 0 


<€, 


f.e. /(*)—./!>#) =/'(z 0 ) (z—z 0 )+ri (z—z 0 ) . .. (1) 

for all values of a in the mesh where tj<c. 
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[Note. Unless the contour is a square, the sum of the meshes will not 
be a perfect square ]. 



Fig. 5.14 , Fig. 5.15 

Let us suppose that the lemma is false and however the interior 
of C be sub-divided. Then there will be at least one mesh for which 
(1) is not true. We have to show that this necessarily implies the 
existence of a point within or on C at which f(z) is not differentiable. 

Suppose that we enclose C in a large square I\ of area A and apply 
the process of repeated quadrisection. When P is quadrisectcd there is 
at least one of the four quarters of the square P tor which (Pi is 
untrue. Let it be denoted by P t . We quadrisect Tj and take its quarter 
say r 4 for which (1) does not hold. This process is carried on inde¬ 
finitely. Let the infinite sequence of squares so obtained be Tj, P 2 . 
r 3 ,...r„...each contained in the preceding, for which the lemma is 
not true. Let this sequence of squares determine a limiting point t 
which clearly lies within C. 

Now/(z) being analytic everywhere and so at z=X,, it is differen¬ 
tiable at t and therefore, we have 



<€, 


i.e.f(z)—(z— C)+V (z—X), where | z—X, | <8 and yj'<€. 
With centre Z let us draw a circle of radius ^<8 and let 


I 2-X. | <8j <8, 

which contradicts our hypothesis, for by taking C to be z 0 > (0 is 
satisfied and thus it follows Goursat's lemma. 


Proof of the theorem. It is obvious that some 
of the meshes obtained by the subdivision of the 
interior of C will be squares and others will not 
be squares. Let C„ C 1 ,...C«...be the complete 
squares and D lf Z) 2 ,.be the partial squares, 
then 


J(z) dz 

=2 f ( /(z) dz+1 | o f(z) dz. 



( 2 ) 


Fig. 5.16 
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Also we have from (I) of the Goursat’s lemma 

/(*) =/(" 0 ) +/'(z 0 ) (z—z 0 )+>} (z—z 0 ), where | tj | < €. ... (3) 

Now 


J c /( z ) dz—J Cn [f(-o)+f'(z o) (z—z 0 )+>3 (z—z 0 )] dz 

“[/"(Zo) - / (z 0 ) z 0 ] dz+f'(z 0 ) zdz+ 

(z-z 0 ) dz 

s=r <| Cn (z—z o) as J Cn dz= | c z dz=0 from lemma 1. 

•*. !{ q /(z)*|<»,| Cb |z-Zo|& 

lc„ v/ ^ B * I’ s ‘^ e °f square being and 
Max | z—z„ |=\/2/„, where \/2/„, is the length of the diagonal of 

<€\/2/ n j c ds, s being the entire perimeter of the 


square. 

square 


<€V2/„-4/„ 

< 4 V 2€-/ b 8 

<4\/2€-.d n , l n 2 —A n , the area of the square. 
Similarly, 


\\ d AzUz\zW 2U'\ d * 


Hence (2) gives 


<€\/2/„' (4/„+z n ), s n being length of arc form¬ 
ing the curved boundary of D n 
<€ , 4v'2/4 n '+2€j n l B ' f A n ' is the area of square D n 

of side /„'. 


\\c*> dz 


00 


<<V2 2 {4 +*»/„'} 

n—1 


<W2 (4 A+SL), S being perimiter of contour C, L is 
the length of a side of some square enclosing C and A the total area, 
<0 as €->0, S and L both being finite, 

so that /(z) dz=0. 

This proves the theorem. 

Extension of Cauchy's Theorem 

For this purpose, we define some theorems which have not yet been 
introduced. 
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Connected region. A region is known as a connected region if 
any two points of the region D can be connected by a curve lying 
wholly within the region. 

Simply-connected region. A connected region is known as a simply- 
connected region if all the interior points of a closed curve C described 
in the region D, are also the point of D. 

Multiply-connected region. A connected region is known as a 
multiply-connected region if all the points enclosed by two or more 
closed curves described in a region D are also the points of D. 

Cross cut or simply cut. The lines drawn in a multiply-connected 
region, without intersecting any curve, such that the multiply-connec¬ 
ted region is converted to a simply-connected region, are said to be 
cross cuts or cuts. 


If the function f (z) is not analytic in the whole region enclosed 
by a closed contour but it is analytic in thd region enclosed between 
two dosed contours then also Cauchy's Integral theorem can be 
applied. 

Let the nearly equal and parallel lines AB and A’B' as shown in 
Fig. 5.17, be used as cross-cuts by connec¬ 
ting the points A and B (very near to each 
other) on outer contour C with points A' and 
B' on inner contour y. Let the simply connec¬ 
ted contour so obtained be denoted by I\ 

The function f(z ) being analytic in this region, 
the Cauchy’s integral formula can be applied 
for this contour i.e. 

. f(z) dz= 0 now gives 

1 Fig. 5.17 

j r /(z) dz=J c f(z) dz+\ AJ} fld dz +\ A > B > dz+ \*=0 

= | c /(z) dz+j f(z) dz=0, other two integral being equal 
and opposite in sense, cancel each other. 
i.e. J c /(z) <fc=-J_^/(z) dz 

where minus sign shows that the integral is traversed in clockwise 
direction. 



.*. Taking the integral along y in anticlockwise direction, we get 
\ c J{z)dz^f{z)dz. 

Note. In general if C be a closed curve and C lt C % , C s ..., C n , be the 
other n closed curves lying inside C and /(z) is analytic within these 

curves, thenj c f(z) dz=J^ f{z) dz+j^ fz) dz+...+ Jlf) dz 

integrals being taken in anti’clockwise direction. 
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Moreras’ Theorem as Converse of Cauchy’s Theorem 

If the integral i f{z) dz of a function f(z) which is continuous in a 
region D, is zero when taken round any simple closed contour in D 
then f(z) is analytic in D. ’ 

Taking z 0 as a fixed point and z any variable point in D, the value 
of the integral. ’ uc 

J'/«) “y ... ( 4) 

is independent of the curve joining z 0 to z and is dependent of z 
only: 

(4) may be interpreted as: 

So that (4) and (5) give 

F(z+h)-F(z)= \ Z+h fit.) <K.-\ Z /(0 dX. 

J*0 JZo 

The integration on right being independent of the curve joining z 
that*™ ^ ** takCn al ° ng ths strai 2 ht K ne joining z to z+h, so 

F(z+h)-F(z) If 1 . [z+h 

*- AZ>K- T f(z) it 

=j- j' + ‘ i m-ntut 

|,| im -m it 


f j’ + * I it. I since ft 


^j~h~j € j., I I since f(z) being 

continuous in D. 
I /(0-/(z) I<€ for | K.—z I<6 

€ | h |=€->-0 as A->0 

iJ5 F{Z+h i~—=F'(z)=f(z) 

showing that F(z ) exists for all z in D i.e. F(z) is analytic in D. As 
such F'(r) and so f{z) is also analytic in Z>, for, the derivative of an 
analytic function is also analytic. 
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5.10. CAUCHY’S INTEGRAL FORMULA [Agra. 1974] 

If the function f{z) is regular within and on a closed contour C and 
if X, be a point within C, then 

W—M M*. 

JW 2ni]c z—Z 

Ldt us describe about the point z—Z a 
small circle y of radius S lying entirely 
within C. Now consider a function 

which is regular in the region between C 
and y. 



By making a cross-cut joining any point of y to any point of C by 
two almost equal and parallel lines, let us form a closed contour 
LMCM'L'yL—Y (say) within which the function t{/(z) is regular, so 
that by Cauchy’s theorem, we get 

■vK-) dz- =0, where <Kr)=~qJ 

The function is analytic within and on the boundary of the contour 
and as points M, M' are very near, 

LM=L'M' and LM II L’M approximately. 

It follows that if the contour T is described in anti-clockwise direc¬ 
tion (i.e., positive sense), the cross-cut is traversed twice, once in 
each sense, and hence we have 



c 4'f) dz— j 

|* 4>{z) dz —0 


or 

\ c ttz)dz= 1 

[ mdz. 


,A ’ J 


■ Y dz. 

Y Z-X. 

...(1) 


Referring to the adjoining figure, 



QP=QO+OP 

= —S+z—z—C 

Complex co-ordinate of QP is 
z-X.= 8e‘*. 

[V if Z=x+iy, 

z=r (cos 0+/ sin 0) 
—re**]. 

where 0 is the argument and «is the 
magnitude of QP which is very small. 

Differentiating (2) partially, we get 
dz—iSe** c?6. •••(2) 
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Now (1) may be written as 

f,r\ f 2 " * 8 e '* dO , T t x 

"AO J c . —T i T -+ 7 (say) 


where 


/I 


0- Se ,# 

=27ti/(0+>, 

.i r Az)-m 

I Jr ^ 


dz\ 




u 


<fe 


z-C 

M-m 

' z-C 

But from the definition of continuity, the function _/j[z) is conti¬ 
nuous at z=£, when 

1/00-/(O KS a if I z-q <8. 

Also if z=x+iy, 

dz—dx+i dy. 

| dz I = V [(dxy+(dy)*]=ds. 

-g-ds, where J ds means the entire circumference of 

the circle y 

<-g- X2w5 
<27t6j 

<0 as 6!->0 which is so when 8->0. 

But we know that modulus of any quantity cannot be negative; 
therefore | 1 1=0 as 8 X =0, i.e., when z coincides with C. 

Hence 


So, | / | < 


i.e. 


L®- dz=2Kif(Z), 

/W 2ni J C 


(Agra, 1961) 


5.11. SOME RESULTS BASED ON CAUCHY’S INTEGRAL 
FORMULA 


1. If (z) is regular in a domain D, then its derivatives at any point z=£ 
of the region D is also regular in that domain and is given by 



/(z) dz 

c(z-x.y ■ 


1 where C is any single closed contour In D surrounding the point 
z~C 


Now,/'(O®* Lint 

h-*-o 


fK±hhzm 

h 


■»Lim 

A-*-0 


1 f /(z) dz C 1 1 7 

2itijc h l z—'C.—h z—£ j 

applying Cauchy’s integral formula. 
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where 


ij If fiz)dz 
h™ JC (z-Q (z-t-h) 

J Tim f A*)* 

“2 litis jc(r-C) (z-Z-h) 

5io 1 c i(^? + Rfi~H j /(z) dz 

J_ f /(--) <fr , JL Lim f */(*) 

“2t:/] c(r-0 2 + 2*/i^o J C(z-ty (z-t-A) 

_L[ M + /- S1V) 

~ 2ni J c(z-ty +I ySayh 

, JL t r hfl^dz _ 

= 2*/ Uo J c(z—X.f t iz—X.—h) ’ 


|/|<Lim y-'f 

A -*-0 2 « J 


i f(=) 11 dz i; 

Cl z-S f I z-T^F 


- t im LAI. ML since /(r) is regular in and on C, 

A-^O </ 2 (d—h) it is bounded, so that 


<0 as A-*0 
7=0 as a->0 


Hence/ 


/ r n- 1 f -A 2 ) 

W 2 S/Jc'"(x- 0 * 


I /(z) | <A7 on C. Let d be the 

lower bound of the distance of 
C from C, 

i.e. | z—K \>d and /be the length 
of C. 

... (1) 


Similarly the second order derivative of/(z) at z=Z of domain D 
may be found as 

' /.<n_um £S±*j =m 

h -+0 h 

Applying Cauchy’s integral formula, in the form (1) 

r( ® = &i T l(z-^-/0 2 “(F^?] m dz 

-"Si 2 lc(^» h \c mAz)dz 

Since 3 f[t {(T^^“(i^js}] 

2 

A 7?(z) where 7?(z) is bounded on C 
so that J c /(z) 7l(z) is finite. 



508 


MATHEMATICAL PHYSICS 


_!if *>* 

2ntJ<,z-W 

Proceeding similarly we can show that 

<&*"»• 

Here below the general result follows: 

2. If afunction f'(z) is regular in a domain D then f{z) has at any 
point z=X, of the domain D, derivatives of all orders, values being 

Let us suppose that the theorem is valid for w=/w and then consider 
h -+0 h 

c ~ l7r/' '~Je by the laSt reSUlt ’ 

_ hmi . (m-f 1) ! r hf(z ) dz 

where I 2w/ Lira Lv,i.r ) .» + 2 ^'fc-t-AV 


Lira f - hf {£> d - 

a-Io )c(z-v»*(z-t-hy 


It is easy to show as in the previous result that 
| /1 -*0 as i h | -^-0. 

/•(«+D i^+ii ! f M d z 
1 W “ 2*/ Jc d-0*^ 

which shows that the result is true for n=m+l and hence we have 
in general 

5.12. TAYLOR’S EXPANSION [Agra, 1966,68) 

If a function f(z) is regular everywhere inside a circle C whose centre 

is the point z—a and radtus is p, such 
r that | z—a | < p and ifC, is a point such 

that | s~ a | —r <p, 

.—. then /(0= 2 a„ (£-a)", 

z' \ n=0 

( t\ „,u.„ „ 


We know that 

j_L ... 

z-C z—a + (z—a) (z—C) 

i ,c-«r j | c-j._ 

z—a 1 ” z—a L 2 —a T ( 2 —a) ( 2 —? 


Fig. 5.20 
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Z-a , (C-aVT 1 


z—a '{z—a)' 1 ' (z 


-o) T 1 , C- a ~| 

—Of L z—a + (z—a) (z—Z) J 


_ 1 , .C-a.. , (C-a) a , , (C-a)» 

z—a + (r— a)-' 1 " (z—a)* ’""^(z—a) n (z—C) ‘ 

Hence by the Cauchy’s Integral formula, we get 


dz 


’Wi J C \jc-a t (z-a)- .(*-«)" 

__Lf Ml?. Z-a f /(z)<fc 
2*i Jc z—a + 2*/ Jc(z—f)“ 

( C-a)* f m dz 

‘ 2-r-i J c{z—a) n (z—Z) 

=/(a) + (C-a) + + -- (g) -f*». 

where J z~§^ZT ) ' the remainder aftcr n terms in 

Taylor’s Theorem. 

Now, since /(C) may be written as 

f(Z)=f(a+Z—a)- 
the expansion 

m-M+m (t-an^ a) {z-af+... 

represents the Taylor’s Theorem. 

On assumptions | Z—a | —r<?, 

I z—a | =p' and f<p'<p, 

as well a3 taking maximum value of 1 /(z) | as M , i.e., | /(z) |<3f on 
C, we have 


, » l/W.LL*J 

I •&» I < 2 S JcI z—a |*|*-C 
,r» Af f . 

6 2* • p' (n ' (p'— r) Jc 


[V | z-C |-| z-a-(C-a) I 
=51 z-a |—| C—a I 
<[ P’-d 

<£.. — M .—.. L, where L is the length of the entire 
2 « P' B (p'-r) 

circumference and hence L»2i*p 


<Sr 


M 


2* * p'» O'—r) 


.2tc p ' 




510 


MATHEMATICAL PHYSICS 


/ r \" M 


<0if«-^oo, since —,<1. 

P 

/?**= 0, when n->oo. 

Thus we have the infinite series 

M)=Aa)+f(a) (K-a)+... 

oo f n (d) 

= 2 u n (!;-c) n , where a„= =“rr- 
n*=0 

Note 1. Maclaurin's Expansion as a particular case of Taylor's 
Expansion. 

In Taylor’s expansion if a=0, we have 

ctr\ v r» v r" 

;(0= 2 o„ s n 2 —nr~ <• 

n=0 n-0 — 

Note 2. /fere | J?„ |->0 as «->oo, it follows that the series 2 

«=> o 

tf i if,—a) n is convergent and has fif.) as its sum-function. Also if the 
function f(z) is regular in the whole z-plane, the expansion is valid far 
all values ofX,. 

NoteS. If the function f(Q has a maximum M(r) on | X.—a |—r<p, 
then, | o„ | < M l r ~ , where 


The Taylor’s expansion is 

.^Analytic within /(S) =/(«)+/'(«) tf-a) 

fj +/»• 

, y" i \n 

=fl 0 + fl l (?—«)+ — 

> /Vfajr v'a/i/es of •••+a n (£-«)•+.... 

w (0 where a. 


Fig. 5.21 i-[ 

, 2n/J c (z-a)" - *- 1 

If c' be the circle | II—a |=r, then as in Cauchy’s theorem. 


1 f f(z) dz 
* S 2*i )c -«)"+*• 

<_Lf i/(?)ll*l 

^2*Jc' (z-a ( n+1 • 
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Now.if |z -a |-»p'>r ;~ < — % 

P r 

i o_ i < M(i) r ds 
'° nl < ~2r)cP^ 


< 


M(r) 

2tw b+x 

M(r) 

r n 


2 nr 


Note 4 . (Lioutille’s theorem). If the function f(z) is regular in the 
whole z-plane then f(z) must be a constant provided I ftz) I <k for 
all values of z. 

Since /(z) is analytic for all values of z t then by Taylor’s theorem, 
we have 


f(z)*=a 0 +o,z+a z z t +...+a n *+... 2 a n z ", 

71=0 

where | and | f(z) i=Af(r) when | z | —r. 

As given that | J\z) | < Ic for all values of z including oo, 
M(r)< k. 


Hence |o»l<^ 

<0 when n-+ oo for n< 0. 
a»=0 for «>0. 

As such f(z)—a 0 is a constant. 


5.13. LAURENT'S EXPANSION (Agra, 1966) 

Let there be an annulus between two concentric circles C 1 and C t of 
centre z=a and radii p t and p t (p,>p s ); then if f(z) be regular within 
the annulus between C x and C 2 , as well as on the circles, and X be any 
point of the annulus. 


where 


/(0- 2°a n (;-fl)"+ 2 b n (X-a)-", 

n—Q /i—l 

I_ f f(z) dz 

2*i J< 




I Ci (z—a) B+x 


and J (z-a)"- x /(z) dz. 

We have proved in the Taylor’s theorem that 
1 1 , z-a , , (C—a )" 

z—X, z—a"** (z—a)* + "'"*"(z—a) B (z—0 * 
Interchanging z and X, with each other we have 


( 1 ) 


1 


1 


z—a 




-a)* 


I 1 ‘ 


(z—a)" 
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1 1 , z-o , , (Z—fl)" 

ie - ~z-< (?-«)*■ tf-z> • 



• •« ( 2 ) 

Now, we know that 

/(0=2^/ |c^T by Cauchy ’ s int eg r al- 

Therefore by making a cross cut 
joining any point of the circle C x to any 
point of the circle C 3 , we get 

fir\_ 1 f Os*!. dx -L f /( 2 > dz 

2nijci z—X, 2tc/Jc« z—Z 

M * + sr 


Fig. 5.22 




Substituting the values of j^and—from (1) and, r (2), we get 
f(K)=a S3 JcxD^ + (h-ay + " + (z-a)»(^-z ) f{z) dz 

+ 2^rfc l [^‘ + (^)’ r+ - + (i:-a)" t-> dz - 

Here term by term integration is possible as the two series are 
uniformly convergent. 


bi 


where 


} 1 2 1 




,+ ( 

ni J 

\ci 

1 1 

r 

2nt J 

• • * * 

1 Ci 

» ••• 

1 I 

» 

" 2 ni J 

lea 


and P n is the remainder after nth term as in the Taylor’s expansior 
It is easy to show (as in Taylor’s expansion) that 

1 Pn |-*0 as «->». 


"*> e--^rT*r\c, i v£ M,b - 
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1*1 


| z—al" 


<2l . ML f M 

^ r* 2n Jc a r-p 2 
Pa" MJ_ 27tp 2 


r* 2n r—p 2 
\ n+1 JWT 

l- p I 


=(*)’ 


<0 as n-* oo, since ~<1 


" Pi> I C-«| >p* 
and Max. value of 

1/WlkM' 

Also 

C-r=;-a-(z-a), 

I C—* I > I 5-a | 

-I z—a | 
U 1 ^ 1 


t C-x I '•-P* 
Since modulus of any quantity cannot be negative. 

Qn= 0, when n->oo. 

Hence m-M+<Z-a) 


h 


b. 


I jj» _L 


+ C-a +(!:-«)* + (C-a) 
= 2 fl n (C-a)"+ 2 6»(C-«y-». 

«—0 B =1 

Note 1. 7%e integrals giving the values of a„ and b„ as 


(3) 


1 f /(*) dz 
2*/Jc 1 (z-a)" +1 and b ' 


-I f 


2«» J C, (z-a)-" +1 


are analytic every where in the annulus of C\ and C, and therefore 
by Cauchy’s theorem the path of integration can be taken any con¬ 
centric circle C 0 lying between C x and C 2 , so that 


bn 


2rti 
oo 


00 If f(z) 

Thus/(0«^ a„.C-a)" where *• 

Note 2. Zeros and Singularities of an analytic complex function. 

A zero of an analytic function/(z) is defined to be a value of z*=C 
such that/tO^O. 

Taylor’s expansion gives 

...•. - 

Here if/(Q«*0 and/'(C)^0 then/(z) is said to have a Simple zero 
at z—t 
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If /(0=/'CD=/'' (Q- ...-/-MQ-O [and then the 

point z*=C is known as zero of order n of the function flz), since then 

&=a _ (»-o ,w 


fu)‘ 


■ |_J_ ■/“©+• IJHH1 

^_o-r£^SL + .fca 

1 w L i«_ + 1 w+i 




••••] 


where ${z) 


_/ ,rt (0 . *-n 

IjL + |«+1' 


(4) 


—a non-zero and analytic function at z=C 
It follows from (4) that the point z—X, may be defined as a zero of 
order n of the function/(z) if /(z)=(z—C) n <£(z) 
for/(z) being analytic and non-zero function at z=S. 

If we draw a small circle C about X. as centre then within it $z)#0. 
Also for z^X, within C, (z—0 and hence II is the only zero of the 
function f(z) within C. As such the zero point ze=£ is isolated. But II 
being arbitrary may be any zero point of f{z) and therefore all the 
zeros of an analytic functions/(z) are isolated. 

A point at which a function /(z) ceases to be regular (analytic) is 
termed as a singular point of /(z) and the function/(z) is said to have 
a singularity at this point. 


In case there is no other singularity in the neighbourhood of a 
singular point z=!I, the function /(z) is said to have an isolated 
singularity. We can surround such a singularity by a small circle T 
with X as centre such that in the annulus made by T with a larger 
concentric circle C, the function /(z) is analytic. Then we can expand 
f(z) by Laurent’s expansion as 

where the terms containing b's are termed as principal part of the 
expansion at the singularity z«C 
There arise three possibilities: 

(0 All the coefficients b’s are zero so that the function is equal to 
the analytic function except at z=lI. Such a singularity is defined as 
non-essential or removable singularity of /(z). 

(ii) The principal part is an infinite series. Then the point z—X, is 
said to be an essential or non-removable singularity of /(z). 

(Hi) The principal part contains a finite number of terms i.e. 

the principal number part~jjv+ -^^ r + ...+■ ^ 


so that bm+i—bw+a =... =0 

then the function f(z) is said to have a pole or singularity of order m. 
In this case, we have 
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/(z)= ? a n (r-0"+ 2 b n (z-Z)-” 
n =0 «=l 

=(z- ')-** f s a, 

1-11=0 

=(z— C) _m ^(z)= y ~^y~, wi &*) is an analytic function at 

( z— ■'») „ 

z=C 

when m—l, the pole is known as a simple pole. 

For a pole of order m of z«=C, the Uniting value of the function is 
given by ; 

Lim /(z)=Lim 2 b n (z—£)“" 
z-*Z z-*P. n=1 

! m 

or Lim | f(z) |=Lim ! 2 b n (z—K)~ n 

r-K lf»—l 

r :_ bn , ^tn-l , , ^1 

-JJ? u=?5 = + (F-<r T+ - + *-i: 

= Lim y~-p- {6 m +i m _j(z—Q+...+6»(z— K) m ~ n + 

z->* » ~ ** 

...+WZ- 0 ™- 1 } 


>Lim g ^ |m [ I b m l+l b m -t(z—K) I + — 

+ I biiz-ir-' | ] 


>Lim , ~-4r- | b m | 

z-K I z_c * 

>oo 

/.e. 1 /(z) |-*oo as z->S 

Conclusively if /(z) is analytic in a given region except at a point 
z=£ and Lim f(z)-> oo, then /(z) is said to have a pole or singularity 
z+K. 

at z=K. 


For the pole of order m, we have 
Lim (z—S) m /(z)— & w =»constant (#0) 

*-K 

and the value of the function Is given by 

In case there does not exist a value of m such that Lim (z-~^)' n f(z) 

be finite, then the point z=£ is an essential or non-removable singu¬ 
larity of f(z). 
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If an analytic function f{z) has a pole of order m at the point z—X, 
then has a zero of order m at this point . 

z*=C will be a pole of order m of f(z) if 
(z—X) m f(z) is analytic and non-zero at z=£, so that 

4>{z)— is analytic and non-zero 


-77—r= (z — K) m f(z) follows that f,-\ has a zero of order m 
J\ s ) J\ z ) 

as z—X. 

A similar procedure will show that if has a pole of order m 

then/(z) will have a pole of order m. 

It also follows that since zeros are isolated, the poles must 
be isolated. 

Note 3. The Point at infinity. In treating the complex variables it is 
convenient to regard infinity as a point. The point infinity is considered 

by putting z=~- in f(z) so that the behaviour of f(z) at infinity is 

examined by the behaviour off at X,—0. 

Consequently f(z) is analytic or has a zero or has a simple pole or has 
an essential singularity etc., at infinity according as^analytic or 
has a zero or has a simple pole or has an essential singularity at K =0. 
e.g. if/^-^-j has a zero of order m at C=0 then writing for 

/^ its expansion at S=0 by Taylor’s theorm is 

=<Ln S m +<W:S’ n+1 +... so that corresponding expansion of/(z)at 

z=«oo is f\z )=*£-~-+—jsti + ...which does not contain constant 
Z* z 

terms and terms containing positive exponent powers of z and hence 
/(z) has a zero of order m at infinity. 

Similarly if^ has a pole of order m at C*=0 then by Laurent’s 


expansion 


X a£*+ X W- 
V «• / n-0 n«l 


So that corresponding expansion of/(z) at z*= 00 is /(z)= X b m z n 

H-l 

no m 

4- X a n zr* which has X b n z n as its principal part as z*- 00 and this 
a —0 i «—1 
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principal part being a finite series of positive powers of z at z=*K,. shows 
that/(z) has a pole of order m at infinity. 

Problem 13. The function f(z) is regular when | z | < R'. Prove that 

f\°\ <R<R » f{a) X i ”2^j j£, (z—a) _ 2 3) /( z ) dz, where C is the 

circle | x |=-J?. Deduce Poisson’s formula that ifO<r<R, 




R t —2Rr cos (0—^)+r 


-f{R<**)di. 


Taking centre as origin and a line OP 
making an angle 0 with the horizontal/ let 
us take a point Q on OP produced, such 
that OP-OQsbR*, where | z 1=2?; then Q 
is called the point inverse to P w.r.t the 
circle of radius R. 1 

Let at P, z**a, and at Q, z=a x be the 
complex co-ordinates. ( 

Now |OJ>l 1 OQ \=R*. 

IOG|mi 'W >RotR> 

Therefore Q must lie outside the circle. 

Again a^OQ ■ e if —-jjp «’* 



Fig. 5.23 


—r as a—OP e**, 
OP-tT** * 

IP 


conjugate of a i.e. a=02 > -e~ < *. 


By Cauchy’s theorem,/(a) 


/(g) dz 
i—a 


...( 1 ) 


Also the Cauchy’s theorem states that if F(z) is a regular function 
and if F'(z) is continuous at each point within and on a closed contour 

C, then F(z) dz —0 and thus as point Q is outside the circle and 
JC 

F{z) is analytic, i.e,, 

/(g) ^ 


therefore 


'-U 


Subtracting (2) from (1), we get 

w-srj. 


/(g) dz 
C z—a x 

{a-a x )f(z)dz 
C ( z-a ) (z-a,) 


... ( 2 ) 
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if 

~ Mi V-o(.-£) 

Jf f(z) dz 

2tc; J c (z~a) (R*—za) ’ 

To deduce Poisson’s formula, if 0 <r<R. 

Put a=re it ; a=re-*», 

z—Re**, i.e., dz^iRe** d+. 

Being a circle, limits of <j> are from 0 to 2n. 

(z-a) {R 2 -az)^{Re**-re i ») (Rt-re-** • Re**) 
=Re** (Re**-re*») {Re~** - re~*») 
=Re** [R 2 +r 2 -2Rr cos (9-<!>)] 
and R*—aa=R 2 —re-**re** [7 e* <•-*>+*-< <•-#> 


• =2 cos ( 0 -#|. 

Substituting these values in result ( 3 ), we get 



Problem 14. The function f(z) is regular in | z—a | < R. Prove that 

ifO<r<R,f'{a)*=~ | 1 °( 0 )<r<» t/0, where P(9) is the real part of 
f(a+re if ). 0 


We know that/'(a)=^.J c ^A.. Put z-a=re<‘, 

2 dz~ire i9 dff 

= 2 ^ 1 0 /*«+'*'•)*-*<#• ...( 1 ) 

By Taylor’s Theorem, 

00 00 

/( z ) == 2 o„ ( 2 —o) B = 2 a n r n e in * 

«=0 „~o 

00 

~n “0 ^ ne '^ n * r " c * B *» where a* is a complex quantity 

and therefore may be written as 
a n *mR„e'tn 

— 2 R n r n e i ^+*^>, 

/i*0 

Let the conjugate of/(z) be }fr); then 
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00 


/(z)= 2 i? n r"e- , '(« e +^ 
n-0 


( 2 ) 


••• is Ic(?S? *-Rr|! V “ “f-f ^ 

=J i -2 |V'«<"+»•+*■>* 

s i *2 U n »r n f # <n+1,i rffl 

2 ^/ 0 n Jo 

= 0 , ^ • • 
[since [~f(^J)|* W== 0or^cos(n+l)8—^sin (n+l) ®| # = 0 ]* 
Adding (1) and (2), wc have 

..JLP* p(0) e -« <*0. Since z+Z=2P(z), 

2wJo 

- * r p P(6)c-** dO. /(z)+7(z)=2P/(z)=2P(6) 

as given that P(0) is the real part of/fa+re'*). 
Problem 15. By using the integral representation of f n (a), prove that 

7£lV = 7_[ 

VnlJ 2itf Jen ! z^ 1 

where C is any closed- contour surrounding the origin. Hence prove 

8 (x*y J_f 2 * 2* COS 9 de 

ihat Jo UV " *). e 


We know that 


fn(n s_ n 1 f /(z) <fe_ 
/ W-2S7j c ( z - a )»+i 

• r-rm w 1 f MJL 

• • /^°)- 2 ni J C z"* 1 


...d) 

... ( 2 ) 


Let us put /(?)=*e“. 

Differentiating n times w.r.t. z, we have 
/ n ( 2 )=x n e*‘. 

/ n ( 0 )=*". 

Substituting its value in (2), we get 
** If <“<fe 
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Multiplying both sides by , we have 

(x n V I f e" . 

\n ! / ~ Ini) C n \ "F+ 1 * 

Now s (~y=JLf f 

»«=<A rt ! / 2m JC z 0 n !. 

*[ CL* 

2«ijc z 


(*/z)' 

n ! 


x" 

z" 


If «=.*.«« 

2 m J c z 


=isL 


If we put 
and 

so that 


(*+1 /•) 
1C z 
z=e { *, dz—ie** d6 

z-f— =2 cos 9. 
z 


(3) 


Substituting its value in ( 3 ), we find 

r2 * 2* cos 9 

io 


o 11 


<w. 


\ n ! / 2re J 0 
Problem 16. Obtain the expansion 

-W / "( 4 1 ) 




<J»uf determine its range of validity. 

We know that 

*)=/(■£+£ + jpL) alMl /(«)=/(£+?_£=?). 

Expanding them by Taylor’s expansion, we get 

/(^/(^) + (V)/'m+(^)'aV-( £ ?)+- 

...( 1 ) 

..a (£± 5 ) + l(^)V(^) + ... 

:.. ( 2 ) 

Subtracting (2) from (1), 

«-*»-* I t r / '( J r) + fi <rr)' '"( 2 -£)+■ ]■ 
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(*¥ )+••-I 

Range of validity or the condition for the validity of Taylor’s 
expansion is that 

2 ~° <8 or z— 2+0 <8, 

I * i i - i 

from which it is obvious that z must be in the neighbourhood of the 
point a. 

Problem VI. Prove that cosh ^ z +'j) 1=a o+S a„ ^ z*+ 


where a n —cos nB cosh (2 cos 0) dd. 

Laurent’s expansion yields . 

cosh (z+ j=a 0 + Sa„z*+2 Z>„z~". . .. (1) 

Putting — for z, we get 
z 

cosh ^-+z ^=Oo+ 2 p; +2 bnZ n . •. (2) 

It is obvious from the two expansions i.e., from (L) and (2) that 
a n =b n . 


By Laurent’s expansion,.we know that 

/m«? -- • * K 


/( z ) dz 


lh “ «•-» Ic. ( tSf* *-sr Jo ™ *• 

As such in the existing case, 

2 i \ c *.-sr J c (‘+7) 

Putting z=»e 4 * by taking a circle of unit radius, 

2 cos 0 


— =er u , so that z+ — 
z z 


and 


and 


dz^ie*? d6, — ==/ J0, we get 
z 

1 r*» cosh (gO+e-**) e 4 * de 
flnBS 2 irJ o e 4<B+u * 

= i-p* cosh (e‘»+<r 4 «) «r” 4 * d0 
2 tcJo 

i cosh (e^+e- 4 *) e" 4 » </0, 
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i.e., 


a '- 2fc -sl 


2 * 


On 


-K-l\ 


0 

1 f 2 * 


cosh (2 cos 0 ). 2 cos n 0 dQ, 
cosh (2 cos 6 ). cos «0 dQ. 


5.14. RESIDUE AND CONTOUR INTEGRATION 
Definition of residue. The residue of a function/(z) at the pole z=a 
is defined to be the coefficient of (z—a) 1 in the Laurent’s expansion 
of the function /(z), i.e., 

f(z)=2 a n (z—a )"+2 b n (z-a)~ n , 

0 1 

where z=a is a pole of order m. 

If z=a be the pole of order one, then the residue is 
f>x=Lim (z—a) flz), 

z-*-a 


i.e., in case of a simple pole z=a. 

Residue=Lim (z—a) /(z). 


2->a 


(z—a )" -1 /(z) dz which is 


Now consider the integral b n = ~ f 

J C 2 

the value of in Laurent’s expansion. Here the circle C, is arbitrary 
and may therefore be replaced by any closed contour C containing 
within it no other singularities except z=a. Thus 


JLf 


f(z) dz 


2 */ J C 2 

where n=l, i.e., pole is of order one, 


2 if/J c 


f(z) dz. 



Hence as an alternative, the residue of a function /(z) at the pole 
z=a is equal to f(z) dz, where C is a closed contour con¬ 

taining within it the only singularity z=a and integration being taken 
round C in anti-clockwise direction, i.e., the positive sense. 

Similarly the residue of f(z) at infinity, i.e., at the point z= oo 

is f( z ) & taken round C in clockwise direction, as it is nega¬ 

tive w.r.t. the interior of C and positive w.r.t. the exterior of C, 
provided the value of this integral is definite. 


5.15. CAUCHY’S RESIDUE THEOREM (Rohilkhand, 1977) 
If the function f(z) be single-valued, continuous and regular within and 
on a closed contour C, except a finite number of poles (isingularities ) 
within C, then 

j c /(z) dz-. -2ni2R 
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z—a v 
tision 


where 2R represents the sum of the residues say R u R 29 Jl» of f[z) 
at the poles cc u a 2 , a 8 ...a n (say) within A. ( Vikram , 1969 ) 

Let us draw a set of circles Yi> Ys—Y« with centres a lf a.. and 

radius p, such that they do not 
intersect each other and lie entirely /. 
within the closed curve C. Then 
f(z) is regular within the region 
enclosed between C and the small 
circles Yi» Ysi—Y*. The entire region 
C may be deformed to consist of 
these small circles and the polygon 
P. Now by Cauchy’s theorem, we 
have 


i 





llfr 

/(z) dz. 

But the integral round the polygon P vanishes since/(z) is regulai 
within and on the closed contour P. Therefore 


L/(*)&= S [ /(z) dz. 
J c r= Jjfr 


Let us now consider z—a, a pole of order m; then by Laurent’ 
expansion, 

tt m u 

/(z)= 2 fl„ (z—n)"+ 2 


n =0 

=$ z)+2 


r ,r 0 (z-o)‘ 


bs 

l (z—fl)* 


J 


where fa) ^=2 b„ (z—a)" j is regular within and on y. and has no 
pole. 

where | ${z) dz —0 by Cauchy’s fundamental theorem. 

Putting z~a=pe i9 , where 0 varies from 0 to 2w, 
dz—pie i$ dQ. 

As the point z makes a circuit which consists of the circle Yr>- 
therefore 

L™*- i M l. rfr 
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m i>*» 

1 Jo 

f*» r ’Mil-tHT&w 

Now | # 

But if s—1, all the terms will be zero except one. 

( f(z) dz—bji f d&=2nib u 

itr Jo 

where b x is called the residue for the function. 

Let the residues for r=l, 2, 3...» be respectively R lt R t , 

then I f(z) dz=2iciR lt 
. r Tl 

f(z) dz=2niR., 
lY* 


f(z) dz=2*iR n . 

Y» 


Hence 


| c /(z) dz^l^f(z) dz 

=2«i 2R. 


5.1 6. ANOTHER IMPORTANT THEOREM 


Let C be the arc 0 ^arg (z —a)<0 2 of the circle | z—a \—r and if Lim 

z-±a 

{(z-a)f(z)}=zb, then 

Lim f r A z ) dz^ib {e 2 —di). 

r~>0 JC 

In order to prove it, let us assume jF(z)=(z— a) f(z); then 
F(a)=Lim (z—a)f(z)—b (giverf). 
z-*a 

Since f(z) and (z—a) both are individually continuous, therefore 
their product (z—a) f(z ) must also be continuous. 

For a given €, tj(€) can be so found 
that if | z—a | <vj, | 5 |<€, where (z-a) 
/(z)=*± 8 . 

[That’s why if I z—a |<t), 

| F{z)-F(a)=* 8 <€, 
i.e., | F(z)-b |= 8 <€. 

So F{z)=b± 6 -] 

Let us now take a contour whose 
centre is z=a and radius is r and f(z) 
between any two points say A and C, 
i.e. along the curve AC; given by 



Fig. 5.25 
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f f(z) dz— f Q£-dz= ( -M- dz. 

J AC JACZ—a J AC z—a 


Let us assume that z—a—re* 1 . 

dz=ire it d6 and -^-=/ dd. 

z—a 


..( 1 ) 


Substituting these values in (1), we get 

=/i( 0 a -e 1 )±/s (0,-0,). 

Now r-*0 as z->a, V | F(z) — F(a) |«=5, F(a)=b and z—a—re** 
and z->a as 8-»-0; :,'‘F(z)—b±.^—F(a)^. 

Conclusively when r->0, 8-»-0. 

Hence Lim [ f(z) dz=ib (0 a —0,), where Lim (z—a) f(z)=b. 

0 J z->a 

By similar procedure we can show that 

If C be the arc 0,<arg z<0 2 o/ Me circle | z |=i? fa«rf if Limz 

R-*- oo 

f(z)-+b uniformly, then 

Lim \ f(z) dz—ib (0 2 —0,). 

Cor. //0!=O, 0 2 =2tc, then AC covers the whole circumference of 
the circle C (say), then 

J c /(z) dz=2itib. 


5.17. COMPUTATION OF RESIDUE 

(0 Residue of f(z) for a simple pole z—a, i.e. a pole of order one. 
This has been already established that 

residue of f(z) at z=e is =Lim (z-a) f(z). 

z-+a 

If we put f(z)= , where <Kz)=(z— a) F(z) provided jF(a)#0 

but =0, then 


Lim (z—a) /(z)=Lim 

z-+a z-*-a 


(£zgMg) 
<Mz) 


=l im (g-aWa +z-g} 

r-*-a <K«+z—a) 

r im (£ng) Wg)-f(g~q) f(g) +-1 
z-+a <\>(a)+(z-a) t|/(o)+... 


expanding by Taylor’s theorem 
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_ Lim M± (*-oW'(g)+... 
Z ^ a m+~{z~a) <!»'(«)... 


<Ka)=o' 


T 

Hence for a simple pole, residue at z=a 

<!>'(«) 

(it) Residue at z=a, a pole of order m. Let f(z) be of the form 

to —* J > - 

{) (z—-a) m - 

We have proved that Residue b x at z=a is ~r J c /(z) </z. 

Hence in the existing case, 

Residue— ' [ JfcL 

2ni J (z—a) m m-~ 1) 

by Results of Cauchy’s Integral. 

Hence Residue of/(z) at z=a, a pole of order m, is 

_ p^\a) 

1 (w- 1 ) 

(iii) Residue of f(z) at a pole z=a of any order. Laurents’ Expansion 

fr/w«£* (z-aY+i—^r 

/_ -S_ , ^1 ^2 , , b m 


=2 a B (z-a)"+- 


z—a " r ’ (z—o) s 


■ + ...+■ 


(z-u) H 


Putting z—a=t, i.e. z—a+t, we have 
/(a+O^Sa^+7 1 +jr+...+-^ +•••» 

where b t the residue of /(z) at z»=a the pole of any order is the 
coefficient of ~. Hence coefficient of — is the residue of/(z) at z—a, 

a pole of any order, in the expansion of/(z) after putting z=a+t, 
(iv) Residue at infinity. We have already defined that residue of /(z) 

atz=oo is f(z) dz taken clockwise, (i.e. in negative sense) 

round a large circle C within which all the finite singularities are 
enclosed. 

Putting z= ~. f.e. dz=--^~ the above integral yields 


maa(A) 
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taken round a small circle y. in anti-clockwise direction, (i.e. in positive 
sense). 

Thus residue of/(i-) at *=0 is ==Lim[* 

)] 

if it has got a definite value. 
Hence residue of f(z) at z==oo is Lim {*-zf(z)}. 

z->co * 

(v) Residue of f(z) at infinity is the negative of the coefficient of 1/z 
in the expansion of f(z) for values of z in the neighbourhood of z=oo 
Let f(z) have a pole of order m at infinity. Then/(1/z) has a pole of 

?.“ s 

/ (t)-I„“’ z "+ •; (1) 

Replacement of 1 /z by z yields the expansion of/(z) in the neigh¬ 
bourhood of z= oo, 

/(z)= 2 &»z"+ 2 a n z~\ ... (2) 

B=1 n—0 

so that the residue of/(z) at infinity 

_ _ 1 f /(z) dz (by definition of residue) 

2 Ki J C 

‘tr s 6 nZ n + °2 a tt z-"]^ from ( 2 ) 

2"/JCL„ = i n=0 J 

_Lf dl dz, other integrals vanish, being of the form 

2 *< Jc z f dz 


Ini 




I 


dz_ 
C Z 


=-k, a ^‘ •• id- w 


=the negative of the coefiicient of 1/z in the expansion of f(z) 
for values of z in the neighbourhood of z=oo. 

5.18. INTEGRATION ROUND THE UNIT CIRCLE 
It is ttotable that in case of complex integration a curve is generally 
known as a contour and the process of integration along a contour is 
known as contour integration. 
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f 2 * 

Consider I ft cos 0, sin 6) dQ, where ftcos 0, sin 8) is a rational 

Jo 

function of sin 0 and cos 0. 

Let us draw a circle of unit radius and 
take its centre as origin. Let us now 

^ -no consider a point P on its circumference 

j yK z = e<® with complex co-ordinate z=e u . 

/(p _J_ dz—ie** d6=iz d8 and — =e ft 


Fig. S .26 


z -=2 i sin 0. 

z 


Also z -\—=2 cos 
z 


Substituting these values in the given integral. 


^(cos 6 


[ i n 
Z+ z _ z dz 

-TTJT 

-H FW - 


W ' 

which may be integrated, thereby giving the value of the required 
complex integral. 


5.19. EVALUATION OFj^^x) dx. 

Let f(z) be a function such that 

( i) f(z ) is analytic throughout the upper half plane except at certain 
points which are its poles. 

(ii) f(z) has no poles on the real axis, i.e., if R-+ oo (R being radius 
of semi-circle), then it will cover entire upper half plane. 

(///) zf(z)-+0 uniformly as | z |-*oo for 0<arg z<«. 

{ 00 ro foo 

f{x) dx and 1 ^/(*) dx both converge, thenj _ 00 /( Jf ) 

dx=2niZR\ where denotes the sum of 
the residues of j{z) at its poles in the upper f 

half plane. 

Choosing a semi-circle as contour let the 
origin be the centre of the semi-circle and R 
its radius in the upper half plane. Let the 
semi-circle be represented by T and R be 
chosen large enough in order that the semi¬ 
circle may indude all the poles oifiz). Fig. 5.27 
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If A 2 ) has no poles„on the boundary and we consider the dosed 
contour C, then by residue theorem, we have 

\ c fo) J* ^ A x ) dx+ J r f(z) dz, 

since along the axis of x, z=x, f(z)**f(x). 
Assuming z—Re 4 *, dz—tRe*•, d^—iz dt we have 

\ r f(z)dz=i \^Rz)zdQ 

<=0 since | J A 2 ) z dO J < | f{z) | i z J d9 

< 0 as z->co, zftz)-+0 
= 0 as modulus cannot be —ve. 


Hence by Cauchy’s Residue theorem, , 
2nVR+~\ c Az) dz 

- j* r A*) dx > v J^A *) dx 

=| A x ) dx > as 

Hence Ax) dx=2ni2R+. 

Now J_ <w A x ) dx== \ () A x ) dx + \_ t0 A x ) dx > 


where both the integrals on R.H.S. individually converge and hence 
the result. 

Note 1. This theorem utilised for evalua- 

tion of the integral of the type^ _ Ax)dx / v\ 

by the method of contour integration, J . \ 

may be extended to the case in which -R l > 6 a e 

f(z) has simple poles on the real axis. In _ , 

such cases, we can indent the contour by *’ * . 

making small semi-circles in the upper half plane to cut out the simple 
poles on the real axis. 

Suppose that A 2 ) i* a Quotient function of z, whose numerator and 
denominator are represented by N(z) and D(z) respectively. Then 
D{z )=0 gives "the poles. Let us assume that P(r)=0 has only one 
real root say z=a, where a is real. Let the semi-circle, indenting this 

E le be denoted by y- Its centre is the point r=»a and let its radius 
p. 

If T isaufficiently large to enclose all the poles of A 2 ) in the upper 
half plane, then the integral round T tends to zero as R-* oo. We 
therefore have by splitting up the bound (shown in the adjoining 
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diagram;, j c f(z) dz**2n{ER+ as 

dx+ J y A » dz+ dx+ j r Az) dz-2naR*-. 

Here z/(z)-+0 as r-*co. 

1^, A 2 ) dz-*-0 (as shown above). 

Now we have to consider [ A 2 ) dz. 



Let us assume that z^a+pe**, 
where z**a if p-»0; 


Fig. 529 


then dz**pW d6—i (z—a) dd. 


So A 2 ) dz=t J* A 2 ) ( 2 ~ a ) d» 

Lim f A 2 )dz=*i [° Lim (r-a)/(z) dB 

P-*-0 Jy J w x-*-a 



where R 0 is the residue of z«=e, the simple pole, on real axis. 

Hence, when J?->oo, we have 

( Ax) dx+ P Ax)dx-2nfL&+tK2R„ 

J J fl+P 

where 2-R* denotes the sum of residues of A 2 ) at its simple poles on 
the real axis, for each pole on the real axis can be treated similarly. 

The left hand side of this equation is known as Principal value for 
dz from — oo to oo and denoted by P, so that 

P J"^*) dx*=2nai?-+in'LR', 

Note 2. Indented Semi-circular Contour. 

When A 2 ) Aar simple poles on the real axis, 
we then indent the contour by making small 
semi-circles in the upper half-plane in order to 
cut out the simple poles on the real axis 

Fig. S JO 

5.20. JORDAN’S LEMMA TO EVALUATE INFINITE 
INTEGRALS 

If T be a semi-circle with centre as origin and radius R and let A*) b® 
a function such that 
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(i) A z ) is analytic in the upper half plane, 

(//) /(*)-►© uniformly as | z |-»-oo 
for 0< arg 

(Hi) m is +ve, 

then | p e"* 4 * f(z)-+0 as 

Let us assume that | f[z) |=e when t is 
sufficiently large and *->0 as z-*oo. 

Also, let z—Re *• and dz^iRe** d&. 

eimRe< * 

< J" | eimRe" y /(**<•) | ] / | R | & | d& 

<«j* | e lmRei * j R dB, since | e« |-1, | /1-1, 

also | f[Re if ) |—s. 

Now consider that f** =e imR (<»•«+/sin*). 

I JmRt** i^j e ~mR (sin *) , g imR cos * ^ e ~ mR sin • 

JmR cos * i , cos (mi? ^,5 #)+ | sin ( mR Co, e) , =1> 

|<« 


Thus QJ r «*”“ /(r) <fe 




" e - mRtia6 RdB 
f"/2 e mJIsine^^ 


■f 


* z- m * tia *RdO 
*H 


} 


If we put 0 =» 7 c— 5 J, where 0=*, ^= 0 , dB——dfa 0=«/2, ^=«/2. 


then 


n 


Hence 


II. 


*/2 


«<tnf 


sin * ^ 


«H-mR«n t Rd4> 
0 

n/l'-mR tin* R(J6 


A z ) dz 


on replacing <j> by 0 . 

<2«J"V mJ?sin9 i!d0. 


Now we know by Jordan’s inequality that if O<0< «/2. 

from 6 to n/2. 

• • 

As such 


s * n 1 since steadily decreases from 1 to ~ as 0 increases 


sin >—• 0. 

TC 


e -mR sin • <e ~ mR W») 9 
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Therefore 

f{z) dz 


( * /2) # 

e~ mR - ("/ 2) e J?>/2 
-mJ?(2/7r) Jo 




'in 


<0 when z-»oo and c-M). 


Hence jp e imM 



fly) dz -*-0 as R-*- oo. 

Note 1. Integrals involving many-valued 
functions. If z* _1 he many-valued function, 

then an integral of the type j x* -1 /(x) <fx, 

where a to no/ integer can be evaluated by con¬ 
tour integration by taking the integral round a 
circle | z |*/? and a small circle I z |*»r, which 
encloses the branch point z—0 and a cross cut 
along the real axis from 0 to oo, i.e. Joining the 
ends of the two circles. 


Note 2. There is no special merit in using a particular curve as 
contour for a particular integration, but in fact any of circle, semi¬ 
circle, quadrant of a circle or a rectangle whichever is suitable, can be 
used as a contour unless otherwise stated, e.g. if the integrand is a 
periodic function, then rectangular contour is rather convenient. 

Problem 18. Find the residue of Z t_^ a z at z=*/«. 

A* given /W-Vqj - fr-toffr+fa) ■ 

Here z«=ta is a pole of order one or say a simple pole. 

Residue at z—fo is—Lim (z— la) f(z) 
zMa 


—Lim (z—ta) 

z-+la 


(z+ia) (z—ia) 


-Lim 


z-+ia 


* (Jd£ ia 
z+ta 2a/” 8 2 


AMter l.flz)-- is of the form-^, 

where #z)=»z*, <Kz)—z*-f a*. 
■to « ^'(ia) » w **ere &.1a)<-(aff,ty\ia)"a2at 

(<of)* at 


residue at z> 
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Aliter 2. Pot z«-to+/. 

. fft- | a _ Cto+Q» 

. • / v «+0 ( 2 / a +/) t 

_^ L 0 ± ^X_ 

2,< "\ 1+ lfa) /V 

-ID+I+G+ ”][ 1_ 2S' + (2S') •] 

=a 5 'L 1+ (^ - ^) r+ •] 

Residue at z=ia is *= coefficient of j- in /(/«+/) =y • 
Problem 19. (a). .Rnrf /Ae residue of (z—3) at z *“^‘ 


^ ^ ^ (z— a) (z-b) 


and Z Z at infinity. 


(a) Here/(z) (z _ 1) 4 (z _ 2 )( z _ 3 ) 

To find'residue at z=l, which is a pole of order 4. 

f,, _ 1 _ £ _ fo) 

AZ) (z-l)« * (z—2) (z—3) “ (z-1) 4 ’ 

’ ,heK «*>- <z-2)‘(r-3) “’+ fe + 19 -7^- + 7=T 


(breaking into partial fractions). 


f(z)-2z+5+ ( r _ 2 )* - (z— 3 )* * 

32 . 162 

* ^ 2 (z—2)* + (z—3)* * 

*•* () (z—2)* “(z—3) 4 

_ 96 486 _ 243 525 

Thus 9 (l)=*^zj)r-^2)r -96- 8 - 8 

The residue at z*»l is* 

<6) Both the functions are analytic at infinity. 
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(z-a) (z—6) 


Residue of J(z) at z= 0 =Lim {—zfijz)} 

z -+oo 


(z-a)(z-b)\ 
=Lim r——-77-7 

““I (“7)(‘- 


— 1 . 

Z 8 -Z* + 1 


Here Lim {—z/(z)} does not exist, 
z-voo 


We can write, 

*>- ! —7+?~ 

Residue of_/}z) at z—ao 

=*the negative of the coefficient of ~ in the expansion of f(z) for 

values of z in the neighbourhood of z=»oo 

=—(—1)=1. 

Problem 20. Apply Calculus of residues to prove that 

• rn&r-fr incram-mn 

(<tt) f «*•* ror (sin 8-b0) d9—-r^~ where n is a A-tve integer. 

J o IJL 

f ^ A 'I _ 

^ Jo o*+m s 0 mm VU+d t ) ,a>0 ‘ 
f** cos 3 30 d$ l-P+P 1 

' ^ Jo l—2pcos20+P*’“ Te ' l—p^ • ( 0< P J )- 

, m .*\ f aw dB 40 _ ,, f lf com2B w 

( 0 J 0 CJ-4 cw «)* “~27 *’ and (w ° j 0 5+4 eosO d *~~6 

(0 Suppose /- (Agra, 1964} 


5+4 cos« 


* de 
0 2+cos e 


Mgro, 79tf¥> 
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Choosing the contour as a circle of unit 
radius ([ z I—1), 
r-e**; dz~ie*> dt**iz de, 
dz 

so that d9mn ~, where 0 varies from 0 to 2n. 
Also when z«*«**=eo5 0+1 sin 0. 

>cos 0—/ sin 0. 


Thus, /■ 


dz ^ f 

: ft i 2 + K i+ t)1" t 



dz 


C z 2 +4z+l 


where C denotes the unit circle | z 1=1. 

Poles of the integrand will be given by z*+4z+l—0 
-4±V(16-4) 


or z*=- 


-2±3, 


of which the pole z=—2 —v3 lies outside the contour and therefore 
the only pole that lies within the contour is z=—2+V3 (which is of 
the order one). 

residue at z=-2+V3 is Lim {z-(-2+V3Mz) 
z+-2+Vi 

where ^)»^4i+T) 

“T ^b^ V3 (z+2 ~ V3) -W^TiT 

2 z+2—V3 

" i ^_2?V3 (2+2-V ' 3)(z+2+V3) 

(7+2+73) 

2 1 1 
“ i ' —2+y'3+2+V r 3 "V3* 

Hence by Cauchy’s residue theorem we have 

/= 2k{1R, where 1R represents sum of the residues inside 

contour 


•2 nix 


(U) Suppose /—J 


1 2 * 

#75"V3 

*» sin*0i 


io a+bcos0 

Choosing the contour C as a circle (| z 1—1) of unit radius. 
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*—«*•, so that r +*7 ■■2 cos 8 . 

m 


dz^iz dO 


z -= 2 / sin 

z 


• /.if iMfzi)]* i 

" 'U4K)'"^ 


, b 

c a+ r 

1 f (r*—l) 1 dz 


H 


(■:/ . 

2z^2fl+*(a+yJ| 

If ( z'-D 'dz 

)A^ +1+ t-‘ ) 

_ 1 f (z*-l)*<fe 

lib )c*\z-*){z-PY 

where —- a+v ^ al ~ &> ^ - and p= ~ a ~^°* are the roots of 


"* 2 /h J C z f ~( 2 ar+hz*+h) = 2ib 


the quadratic z ! + 
So 


la 


P+1- 0. 
2 a 


*+P=—y, and ap=l. 

As such | a 1 1 p |= 1 , where | 0 f>| a | 

I P i.e., 1 a |<1 and so z=> a is the only simple pole 

within the contour C. r—p hes outside the contour. Also r«=0 is a 
pole of order two, which lies inside the contour. 

Rahteat *-■ 


1 .. (r*—l) 1 

-2»Jif?(i=5r 


• —-r^-Lim 
2 ib z + u 


fr-iy 

imV_*7 


J (‘ 1) (or—P)* 

— - “-2 ib (OC-P) 


lib «-( 


z~? 
as *p«= 1 , 


-i 


wherc (*-P)*-(«+P)*-4«p 


4^ A 

«•-**> 


V(d*-h*) 

m ~=W~ 
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Again residue at z—0 (a pole of order two) is the coeffident of™* 

in —where z is a small quantity near the pole, 
2 to 1 - ' 


/.e. in 


z*(z*+l+^z) 

(-«r 


V 1 xV _ W.-JLY(i+£+i-V 

~~ 2tb (. ,2a 1 IV 2/H x* ^ x* / ’ 

V+tt+t) 


in “d^O-? + -) D'Gf+P )+”} 

residue at z=0 is t) = 5 2 * 

Hence by Cauchy’s Residue theorem, > 

I=2iti2R 

(//if) Suppose /=* f «***• cos (sin 8—nV) 0. 

J 0 

Choosing the contour C as a circle of unit radius, | z |-1. 
z—e*•, so that ~ =-=e"‘*, 
dz=iz d0. 

Now, consider, 

e“" [cos (sinfl—n0)+/ sin (sin 0—«0)] </0 

Jo 


or 


gcot0 e 4 i*in9-n$)jJQ 

W 

gCOH+i tin § £-ini JQ. 


where I is the real part in J. 


=| e‘ i, .(e~ it ) n 


On putting the values of e t§ =z and e~ i$ —~ etc., we have 


jJ 

\c e z* iz - i Jc- 
Here the only pole inside the contour C is z=*0 of order («+!)• 


1 c^ z ' 


Residue at z*0 a pole of order (n+1) is* - 


d"( 0 )_ 1 

\n_ *100’ 

where j(z)=* j-e", f(z)=* j, ^(0)—-~* 

Hence by Cauchy’s Residue theorem, 
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J mm 2.ni'ZR, where 2U is the sum of residues inside C 

multi 1 2W 

'100 |j*_ 

Thereforereal part in J, t.e, 

7=J*% C0 * * cos (sin 0-n0) </0 

I n add 
o 


I n 


(tv) Suppose 7 < 



0 o 2 +sin* 0 * 

Choosing the contour C as a semi-circle of 
unit radius. 


or 


T=e if , dz=izdO 


where 0 varies from 0 to n. 


.Iff 


_ l dz 4a f dz 


z dz 


4a f 


zdz 


i Jcr* (4a*+2)-^-l-“ « ]c —z* (4a*+2)+z 4 +l 
Poles are given by -z* (4a*+2)+z 4 -H->0. 

Let us assume that 

(4a*+2)+1 =(z*—a 1 ) (z*-p»). 

«*+p*=4a*+2 and 

If «<1, then p> 1, implies that the pole within the semi-circle will 
be which is the only pole inside C and z=(3 will lie outside the 
contour. 

Residue at z=*k is 


-Lim (z-a)(_ 4 < a ). ( -^i-^ r) ^ ?r ; ?f - 


4a,. z 

(*+«) (z*-P*) 

4a a , 2a 


-—~Lim 


i 2*.(a*—p*) /(«*-{!*) 

Hence bv Cauchy’s Residue theorem, 

2 a 


Imu2nfZRuu2nix , , , ... 

(**-?*) 

where 

- VK4a*+2)*-4]-4«V(l +«") 

4«a * 

- 4aW+«*) “V(i+«*)* 
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(^ Suppose 


30 dd 


< cos 20 +p*' 

Choosing the contour C as a circle of unit radius, 
z=e«; <fe=fe‘» de**tz dd, 

»-£■ 


z"=e"«; ~=e-"'«. 


so that 
Also 

As such, 2 cos 30=z*+ -i and 2 cos 20=z*+~ 

*-u(*A)r , ’ 


• /_-Lf _£J 

*■ i Jc 

‘ JC 1-D. 


II 


-/»• (**+^i)+p* 

if (z«+iy«fe _ i r 
4f J c 2 *[pz*—(i+p 2 ) z*+p] *“ 4F J 
Poles are 2 = 0 , a pole of order five, and 


(z*+ 1 ) 1 2 * _& 

C 4z* {(l+p*)z 2 —pz 4 —p} z 


(z*+ l)* dz 
C 2 ‘ 0 > 2 *-i)( 2 *— p) * 


1 


z-±Vp.± ^ 

lfp>l, then y < 1 ; so the only poles within the contour are 

z =db VP and also 2 = 0 , a pole of order five. 

Residue at z=0 (pole of order 5) is the coefficient of 1/z in 
(**+!)» 

2 *(pz*— l)(z 2 — P) 


-coeff. of —in 

% 


(l+22*+2>*)| 

■ P 11 

— 4/z*(l —/>*)! 
(l+2z*+z 1 *) 

_pz 2 —1 2*—p J 

r i p 1 

—412* (1—p 2 ) 

1 1 

l+2z*+z M 

”4/ (1—p*)* 

x[l( 



1 14-2 Z*+2» 

”41(1—p*>* 


X [p( 1+ 7 + J*' + " )-^( 1 +^+^* 4+ - ) ] 

”-4/(i-p*) * 
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Residue at z—Vp is 
-l 


---l Urn («*+iy _ 

4 * z-^Jp ** (pz*-l) (z+Vp) 

_1 (p»+D a _ (p*+i)> 

4/ p*' 1 (p l -l)-2^p “8(p* (!-/>») 

Similarly, Residue at z=—\/p is— g.^fVf* 

° l P (1 —p ) 

Hence by Cauchy’s Residue theorem, 

t= 2p*(l-p*) [- A +/» , +/> , +V+1] 

T _*_ 2b» (l 0+P) d-P+P') 

2 />* (1 —p*) 2p (!+**)=«. (l-/>)(l+/>) 

=,t (±=£±£ 

1-P 

<’° sui, ' k,m Mr (5=4^1?- 

Choosing the contour C as a circle of unit radius (| z |—1). 


dz=*iz dz or dd= ~ 
tz 


=e - (t ; 


>2 cos 0. 


Thus, 


zdz 

C (2z*-5z+2)* 


* “iJc(2z*-5z+2)« 

If z dz 

"f Jc(r -2)*(2r-l) 2 

Poles are z=2, a pole of order 2 and z=$, also a pole of order 2. 
But the only pole that lies inside the contour is z=i of order 2. 

Residue at z=$ (pole of order 2) is**-y 

Ar-\ z (z-2)*-2z (z-2j l+t 20 

where - 4> (z)= - (T-i? -> * IF "*27 

Hence by Cauchy’s Residue theorem, 

I-2nlR 

-id* 20 40 

2/X 27?“2f W - 
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a>b> 0. 


Note. The similar procedure will show that 
[2* do 10w 
I. (5+4 cos 0)**“ 7- 

d9 2na 

(a+b cos 6)* “(a 4 — 

cos 26 
5+4 cos 0' 

Choosing the contour C as a circle of unit radius i.e. \ z ]->l, 
we put, z—e**, dz—iz dz or do— ~ 


and in general 

(ri/)Suppose /-{f 3 ”” , * 


Then / 


-J 


2* 2 cos 8 9—1 

5+4cos0 


•=! 


2(z+|/z)—1 d ± 
C 5+2(f+l/z) iz' 


1 

*~2j 

z 4 +l 


Jc z 2 (2z+l)(z+2) * 

Within the contour C there are a simple pole at z=—$ and a 
pole of order z at z=»0. 

R«idue.tz—i. - Um (,+ft-ij 

1 1 J.1 

and Residue atz=0 (order 2)=coefficient of —in Yi F(2z+l)(z+2) 

z, being small 

-«*«. <* i ta ±(,+^)( 1+ £)- , ( 1+ !)-‘ 

Hence by Cauchy’s theorem, 

/—2«/xsum of residues=2*2/? 


„ .T 17 5 "I « 

~ 2ni L 24/ “8/ J” 6 ‘ 


Problem 21. Prove by contour integration that 
r8(> dx * 1.3.5...(2n—3) 1 

-rvr 


(0 ! 
(#) J 


1.2.3...{n—1) 

Jttt dx 'T' n *~ a * where a>0; 
x*+«* 2 

<™> i: w£k- y i£ whe '' “ >o ; <w w 


0 (a+hx 4 )" 
00 x z/n ax 


ji 

~2 
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«J. {^’yj+y> whtre «>»>»«<< 

w —/ftT-to-* log 2. 



( Rohitkhmmd\ 1978) 
dz 


it) Here /W-^ 5^55 

Choosing the closed contour C con* 
sisting of the real axis from —R to R 
and the upper half of a large circle 
| z I—JR represented by T, we have 
by Cauchy’s residue theorem 


and since J c f(z) dz=2nilR* where 2R+ is the sum of residues, 

A J*^ to) dx+ J r to) dz-lrilX*. 

Now poles of f{z) are given by 

<«+»«•)■-0 or 4- (x+f Jj.y (*-l 

*• *■«:£/ J ~ (poles of order «). 

Only the pole z=*/ of order n lies within the contour. 

I **(*. /?) 

Residue at z=*i J-j (& pole of order n) is® — ffiJ i ) - 

to)- 


i.e. 


where 




(-l)" -1 - n (wj-1) («-j-2)...(2B—2) 

9 W— (la \ ,B_1 ’ 

»{ Z+I J r) 

. I a \ (-1 )"-»•« («+l) (w+2)...(2a—2) 

w*; — 

Thus residue s^z*=1 J -J- (pole of order n) is 


(*; 
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|(«rl)’ b H 


a Y n-1 


Now [J r /!--> * |-'jj j- (o+i« , '"l < IrlT-f 


_& I 

a+bz* I"’ 

which tendi to zero as z-*co. 
Hence when R-*-<x>, the relation (1) yields 

dx (-I )"" 1 » (n+l)(n+ 2 )...( 2 n- 2 ) 

tHWr- 2 ’ 1 * fcF V ' 


i:. 


*2n/X 


'{ 2t 

(- 1)"- 1 (24—2) 1 


(n— 1 ) 1 . (n— 1 )! 4 /A ( 2 /Va ) i - 1 

[multiplying N r and D r by (n— 1 ) !J 
2 ni X (— l)* _ 1 1.3.5....(2i»—3) X 2.4.6...(2n-2) 

" (n-l)l. (n— 1 ) iiV* (2»Va ) 1 " -1 

f«* 2* 1.3.5...(2n-3).2«- x (n-1) 1 

2 ], <i+Sj^“2^" I (ii--l)l' («-l)VA<fl)"-‘ 1/, » 

. f" " 1.3.5...(2n—3j 1 

** Jo («+Ax*)« ” 2 "VA 1.2.3...(n- 1 ) a’" u "- 1 » 

(if) Consider/(r)=J^ i , where^— is the imaginary part of 

Ax). 

Choosing the closed contour C, which consists of real axis from 
—R to R and upper half of a large circle | z ]=/?, represented by T, 
we have 

\ c Az)dz=\ R _ R Ax)dx+ J r /(z) dz=2*fZR*. ... (1) 

Singularities of /(z) are given by z t -\-k s —0, i.e. z*±/A of which 
only the simple pole z—+lk lies within the contour. 

ze im 

Residue at z—/fc (a simple p°le)=Lur^(z— (z+ik) 

~ 2 ik * ' 

I z 11 <*“ I 1 <fe I 
IT |z*+**| 


Now 




ze iu dz 


r z*+fc* 


=!, 


<0 as 2 -* oo. 


|p/(z) <fe= 0 , since modulus cannot be negative. 


Hence (1) yields when R-+& 
xe M 


1 


x*+k* 


2nix 
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I. X*+k»' 




Equating the imaginary parts on either side, we get 


f 80 x si 

Jo **H 


7,-ZL^-q* 

! +* 2 ax- 2 e . 


(HO Here f( z )= {a i +z iy • 

z/(z)-»-0 as z-+ oo, which satisfies the condition for evaluation of 
an infinite integral. 

Poles of/(z) are given by 

V e* <2n+,, *=cos(2n+l) «+/ sin (2«+l) «*=cos «= — I, 
z=ce (2n+1,irl/4 , where «=0, 1, 2, 3. 

Thus the poles are ae‘ wi i i . ae 3T</4 , ae 5 **/ 4 , ae 1 "*!* of which the first 
two only lie in the upper half plane (coefficient of i being +ve) which 
is to be chosen as a contour consisting of large semi-circle T, along 
with the real axis from — R to R. 

Applying the theorem of residues, 

<fr+j r /00 dz=2ni2R+. 
where V represents the upper half plane. 

Since Jp/(z) dz-+0 as z~>oo. 

Hence when R-*- oo, we have 

1“^ Ax) dx=2n&R*. ... (1) 

Now to find the residue at z=ac ,r</4 =>z 1 (say), let us put z=ae* ill -t-t, 
t being small, in the value of/(z), whence we get 

(zi+t) 4 z 1 *+6z 1 *t+... 4 _4 

fe 4 +(Zi+0 4 ]*~ In 4 +Zi 4 +4zi , /+6z 1 */*-i-4z 1 /*+/ 4 ] a * Wliere Zl “ & 

Zi*-f fiz^.r-H... 


lfiZjV^l+^-f...] 


( z 1 4 +6z 1 8 +...)T 

“ Uzjt* L 

(z l *+6z 1 t +...) 
" 16 z x *t l 


"tt-r 

D-f} 


Residue at z«*»z x is=coefficient of ^-in/^+Zj) 
^_6_3_ 3 

" “16ZJ 16z x “ldzj * 
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Similarly, residue at z=.ae w,/4 =»z l (say)is — 
Hence by (1), 


I" 


* # dX Ini. 3 
*= 2m \6 


00 (fl 4 +X *) 3 


<M) 


OU 


37ti, 

= 8 a 






or 2 


foo jc*d!x 


lo (*+*)*' 

[00 xVjC 
| 0 (a*+x*)* 


3 */ .. . n 3« 1 
X 2/ sm 4 


8 

3\/2* 
s 16a 


(iv) Here ./(*)“ jv - *! so that 

zf(z)~*0 as z-*oo. 
Poles of/(z)are given by l+z*=0 
i.e. z=±i of which z=i lies in the 
upper half plane /.e. in the contour 
chosen as consisting of a large semi¬ 
circle T along with the real axis 
from —R to R. 


Residue of f(z) at z*=*i is Lim (z—i ): , . 

z-W 1 

By Cauchy's residue theorem, we have 
{ * R f(x) ^+J r /(z) </z=2*/2R+=2*/x -=* 

wh ' re |Jr*>* Hln^ r !<jn^r < l: 



■ L JSz + rs 


a) 


| dz 


•f Rdd 
'Jo JP-l 


itR 


when z«=R« ,# and 
0 as R-* oo 


r I z |*—i 

since | z*+l J>| z|*—1 
dZ^iRfdOl-Rdd 


i.e. jf r f(z) dz 


00 <£jf 


J- 


R*-l 

=0 when R-*-°o and then (1) gives 

oo ax 


it or 2 


-ool+x* 
(v)T,fa^)- , g , +a , |(gl+t , ) 


°> ix f« 


l+x* 


n 

"T 
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and choose the closed contour C as consisting of the upper half T of 
a large circle | z |=JR and the real axis —R to R. 

Poles of /(r) are given by (z*+a 2 ) (z*+6*)=0 i.e. z=«±/a, ±& of 
which the only poles lying inside C are z=ia and z—tb 

Residue of /(z) at z=ai is Lim (z—ia)f(z) 

z-+ia 

~Lm 

Similarly residue of/(z) at z—ib, ~ 2ib (a s —b*j 


Hence by Cauchy’s residue theorem 

Jr/W*+ J* j, M [- 


-] 


where 


IJ 


rtf+a^^+b*) 


dz < 


| e* 11 dz 


_r(|zl*-o*)(lz|*-6*) 

V 1 Zi+2, |>| Z, |-| Z, I 

r* e-^sine.jjjfl 

<J 0 (R'-a*) (R*-b') 

where z=*Re**, and so | dz |=2W0 
21 ? 71 „ _, 4 

< (R*-a t ) (R t -V) 2R 1 ' 

which -vO as R-*-co 


.*. as R-*-co, we have 


1“ 


, n (er* e-"\ 
~ dx - (P-b 1 b a ) 


-oo {x*+a*) (x*+b l ) 

Equating real and imaginary parts we get 

it (er* e- a \ 
? dx ~a t -b*\b~ a ) 


J" 


cos* 


and 


l-o 


00 (**4-a») (x*+lP) 
sin* 


oo (**+«*) (**+6 a ) 


Note. Similar procedure will show that 

f« dx _* (a+2b) ft . n 

J -oo (*‘+<r) (x“+b*) “2o» (a+b)* ’ ’ 

M<l I-coTxWHx*+W‘ fa *i5 i ^5 i r ( ‘ , * e "~ 4 ’ 0 - “ >0 - 6>0 - 

and choose the contour C as consisting of upper half T of circle 
| z !—R, (R being large) and the real axis from —R to R. 

Poles o(f(z) are given by **4-1 “0 i,e. z*m±i 
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of which the only pole lying within the contour C is z=i. Residue of 
f(z) at z=i is Lim (z—i). f(z) 

z~>i 


=Lim 


(z—0 


log (z+i) 
z*+l 


=Lim (z—i) 

r->/ 


log (z+i) 
(2-0 (Z + /)~ 


log (2i) 
2 / 


= log 2+i 


7C 


2 / 


V log i—log 


Hence by Cauchy’s Residue theorem, we have 
J^/(x) dx+ j r /(z) dz=2nilR+ 

= 2*iX^r(log 2+ *2 ) 

=7i^log24-y ) 


where 


II. 


log (z + i) 
z 2 +l 




dz 


log (z +j) 
r '| z*+i | 

log | z+i | +i arg (z+ i) | | dz | 

T I z| 2 -l ' 

by (36) of §5.7 
f | log ([z | + l)+i2jr |ldz| 

^Jr "t zr l a — I 

v arg (z+i) <2* and i |«=*1 

{logJ/?+0+271}^ when z==Re i t 

^ R l -l 

p^ -r^p— t ->0as R-*oo 
R+l + R+iyR -1 


< 


( log 


and hence when R->oo, we have 

*- 0° 8 2+ f) 

Equating real and imjginary parts, we get 
f«> A!?*!! ±£?> log 2 

J -00 1 +x 2 

Jo 1 
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. tan- 1 - 

Lrr+* *“"2 


Problem 22. Prove by contour integration that 

{ °° sin mx , n 

- r </.X= -7T 

0 A 2 


where 


t O r 


Fig. 5.37 


J 0 x 2 (Agra, 1963) 

_ Let us consider | _/(z) dz, where 

^-j c jy ' 

/ Nv e ims 

/ \ /(z) = — which has got a simple 

* J _ x ‘ pole of/fz) at r-0. 

—/i —r 0 r -i-H Choosing the contour C con¬ 

sisting of a large semi-circle | z \=R 
Fig. 5.37 indented at z=0, let the radius of 

the indentation be r. Since there is 
no pole within the contour, we have by Cauchy’s theorem, 

| _ r R f( x ) <**+J /(*)<&+ <fr+J r /(z) dz—0, ... (1) 

Residue at z=0 of/(z) is =Lim z/(z) 

z-*0 

e im * 

— Lim z. — *»1. 
z->0 2 

Now Lim [ /(r)=— i (r.— 0)*1 — — ni by theorem of §5.16 (—ve 

r-»-0 JY 

sign being taken as contour y is in clockwise direction) and 

|J r /(z)<fej<J r l/(z) I | dz |-J p f 1 

1 w e -mRs in 8 

o- R - R d& *•* z==Re **' 


V z—Re**, 


1 ** 

< 2 |* 12 e(~ 2mM )l n dd 




dz |=R de 


by Jordan’s inequality 
which ->0 as R-+ 00 . 


With these results as /?-*■ co and r-*0, (1) reduces to 
dx—ni+ j°°/(x) dx—O 

I oo «*“• 

— I 

-00 X 


rfx«=7t7 
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Poo e*”** 


dx=*ni 


/•«M j 


oo e im * dx n 


Equating imaginary parts on both sides, we have 

! oo sin mx . « 

. t 

_ . f oo cos ffll , 

Note. Equating real parts, 1 - - - — dx— 0. 

Jo * 


dx—0. 


Problem 23. Prove hy contour integration that 
foo .x-" 1 __ „ . _, 


-dX-T. cot or-, 0<X<1. 


Let us consider 


j c f(z) dz. 


where f(s)=-. 


Choosing the contour C consisting / 
of a large semi-circle | z \=R inden- / 
ted at z— 0, z— 1, Jet the radii of in- / 
dentation be r, and r, respectively. ^ 
Since there are no poles within the 
contour, we have 


/ R 


Fi . 5.38 


r; es **->+\ r *>* 

+ J f(z)dz-i- J fiz) dz=0 . . . 

-rOl -1 

Now residue of f{z) at z=0 is =Lim z." --0 as «>0. 

z~>0 * 

•* Or - < 

Residue of /(z) at z— 1 is — Lim (r -1)~—- — — 1. 


Also Lim [ f{z) dz— 0, 

n->0 Jn 

im [ /(z) dz——i 0) ( -1 )=•«/. 
-K> JY* 


-Z I 


f 1 * i *" 1 
Jriz-i i 


^R*- 1 - 

<-RZ^* R =R-i‘ 

which —►O as R-+ oo, V a<l. 

With these results as R-*co .and r lt r t both tending to zero, (1) 
reduces to 
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or 


I 00 ,*® -1 , r°< 

-- dx—e*" ‘I 

0 1 X Jo 


-X 

n -1 


0 liri , vOi—1 

T . dx+ni=*0 

oo 1+* 

00 A *" 1 ... 

rfX-f 70/= 0 


1 + -V 


or 


foojc® 1 , . ... . foo x* . 

I —- dx —(cos a7c-f i sin y~) 1 —— dx=—ni. 

Jo 1 —a v Jo 1+x 


Equating real and imaginary parts wc find 
f A ®' 1 


x°^l _ 71 

1 -f x UX ~~ sin an 


foo A ®-i fa x®- 5 , 

ana | - dx^ cos a- 1 —— dx- 

JO l~~x Jo l+x 

Problem 24. If —1 <p<l and — - 
tion that 

J OC a ' v dx ~ ^ sin ph 

0 I -j- 2x cos A-f- a ■sin p~ sin A 


cos art. * — =7U cot a7C. 

Sin a7c 

, jAoh’ by contour integra- 


Let us consider 


i c a--> *. 


where f(z)— 


- P 



l+2z cos X+z- 
when the contour C is chosen to be con¬ 
sisting of a large circle | z !=■ Ji, a small 
circle | z |=r, and the cross cut joining the 
arcs of the two circles along the real axis. 

The poles of/fr) are given by 
1 -f 2z cos A+z 2 =0 
or (z+o‘ A ) (z—e ,A )= 0, 
giving z=—e iX —e liir+X) 

and Z -——^-lA — gidr-A) 


Amplitudes of the point being rr+A, and 7t—X follow that 
<n. As such the two amplitudes lie between 0 and lx. 

The poles within the contour are z= — e iX and z——e~ iX . 
Residue of f(z) at z— —e iX is 

~ \z+e' A ) (z -\ e~* x ) 


-7T < A 


r*« 


»(— 1 ) 


Similarly residue at 


-tpk 


— 2 i sin A 


— p-*X 


” —2/ sin A 

pipk 


IS € 


e 

2 i sin A 


e~ pvi e i} _ e~ ip * -pvt 

Sum of residues= .- .. =-—=. sin pK. 

stn X 2i sin X 

Applying Cauchy’s residue theorem, we have 
j *A») dx+\ r f(z) dz- J R r Kxe"<).d (xe***)- j^/(z) dz 

=27tixsum of the residues. .. . (1) 
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^ R~ f -2~R 2~ 

'-(R-inR-i) 

which -*0 as R -*oo provided l-fp>0, i.e, p> — 1. 

I f r l ~ p 

Similarly f(z) dz |-<2tc—-— which ->0 as z->0, 

f J y I U+ r “ 

if 1—p>0 or l>p, 

Hence there exists a condition — l<p <i. 

With these results as R-+co and r-+0, (1) reduces to 

f°°/(x) dx— [°°/(.r<? Iir< ) e Ui dx~2^i-e~ I ' ,i 115^ 

Jo Jo «n X 


or 


[°°- 

Jo 1 


xr*dz 


+ 2x cos X+x 2 


_[oo (xe iiri ) ~ p '<! t Ti dx 
J 0 1 +2xe ini cos X-j-(xe 2 » 4 ) 2 


=2 *«-"• 

sin x 


or (l—e~ 2p '* i ) [ 


. f 00 

le \ol 


Jo 

x~ r dx 


00 dx ^ 2 nie-**' sinpX 

1—2xcosA+x- sin X 


_ 2 ~i • e~ T ** s in p X 

+2x cos X-f x* ~er v *' ( e p■<r‘—e-^ f • , ) sin X 


e 2 » '=1 
sinpX 


sin pit sin X 

Problem 25. By integrating e*‘z* _l round a quadrant of a circle of 
radius R, prove that if 0< a<7, 


Consider 


roo . cos , n . cos 
;* 1 . x dx= T(a , , 

lo sin stn 2 

J{z) dz, where f(z)=e ic ^~' 1 . 


a 


Choosing the contour C consisting of 
a quadrant of a large circle | z \=R , 

indented at z— 0, let r be the radius of 1 
indentation. By Cauchy’s integral, we 
have 

\ c m dz=0. 

Here z= oo is not a pole, but z=0 
is a pole which has been excluded from 0 
the contour by indentation. 

Splitting up the above contour, we get Fir. 5.40 

* e ile x*~ 1 dx + dz+ ('J’)* -1 f 4>'+[ e'*z* -1 dz =0 

" ...d) 
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Residue of/(r) at z=» 0 is Lim z.e te 2 * -1 =0 

x-M) 


and IJp***!* -1 <fe j=j|pe < * e u (Re**)*' 1 iRe *• d6 J as z—Rt?* 

< J 1,/2 C ~ RA ** | cos 8 | |/ | | | | gto | dB 

tiBf> R a dd 

< 1 e-2iW/* Ra as > 2- (Jordan’s inequality) 
, 0 ® W 

^2R which tends to zero as R-+<x> 


Similarly |J^e u z* _, <fej (1—e _r ) Y z—re if 

^ * r* / r* . \ 

< T r ( r T! + - ) 

which tends to zero as r-+0. 

Hence with these results as R-+o o and r-+0, (1) reduces to 

I oo foo 

e te x *-l (/x — J g-V/ayx-l Jy—0 

or 1 00 (cos ,v+/ sin x) x* -1 dx—i* j e-* y*" 1 dy=(e iw /t )* T(a) 

Jo Jo 

V d.v=r(a) and i—e^i 2 . 


Equating real and imaginary parts, we get 

| cos x.x* -1 </.v=ra cos~- a and |°° sin x.x* -1 dx=r<x sin — a. 
Problem 26. Prove that f °° e~ x " cos 2ax dx=\ y/~e~ a ' 2 by Integra- 

Jo 

ting e 2 “ round the rectangle whose vertices are O, R, R+ia, ia. 



Fig. 5.41 


Let A be (J?, 0), C be (0, a) in 
the Argand diagram. 

On OA, z=x; dz—dx. 

On AB, z^R+iy; dz^tdy. 

On BC, z=x+ia ; dz—dx 

and on OC, z—iy, dz=t dy 

Now e~ z2 has no poles within or 
on this contour and if the whole con¬ 
tour be denoted by I\ then by 
Cauchy’s theorem 
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|pC **<&=0. 

Splitting up the contour 

J*e"* 2 dx+ c~(«+'> 2 )* Jy+l° Jt e-(*+Wdx+ J* e-(W idy~ 0. 

...( 1 ) 

Now |J‘ *-(*+<>»> fd>| < J* | e-^+W-y*) j | 1 1 ^ 

< j" e"*V 2 | 

e"V rfy V | e -2 '^ | =1 
and | i | =1 

which tends to zero as R-+co. 

Hence when R-+ oo, (1) reduces to 

\ C °e~ xi dx— [°°e ~( x + ia )* dx—i f* e^ 2 dy —0 
Jo Jo Jo 

or [°° —x * dx—e ai \ <X> e~ xt e~ Vax dx—i\° e yZ dy = 0. 

Jo Jo Jo 

or [°°e-* 2 dx — e a2 ^° e~ xZ [cos 2 ax—i sin lax] </.*—/f° e y2 dy=0- 
Jo Jo Jo 

Equating real parts, e° 2 J a e~ xZ cos lax dx— j°°e — * z dx=^~. 

\° ~ x2 cos 2 ax dx=hv~e~ a2 

Jo 

Problem 27. Using the rectangular contour, prove the following: 




foo /*“ 

(0 I : </r = TI COJCC <x~; 0 < X < 1 . 

Jo ^ I ^ 

(For /= e®, Rohilkhand , /P77) 

.... foo ax, , a , _ 

(H) | -r-</.v=4 sec -^r- —« < a < n 

Jo cosh nx * 2 

oo sinh ax 


m [ a 

Jo 

«) Gr 

'-\7t 


dt 


cosh rsx 
(i) Gi\en integral is 
oo i * -1 
+t 

Putting f=e®, we get 
oo e*“ 

—oo e®+l 
Consider, 


dx=i tan -j\ 0 < a < n. 


C( 


5(R. 2r) 


l 


dx. 


J c M&-] 


C e*+l 


dz 


D(-R,C) C. 

Fig. 5.42 


AR.O) 
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where C is the rectangle A BCD with vertices at R, R+2ni,—R+2nt; 
—R; R being positive. 

Here, /(-)=^y 

The poles of f(z) are given by «*+1=0 
i.e. e*=—1 =e (2n+1) »‘ 

or z=(2« + l)*/ where n=0, ±1, ±2,‘ ±3,... 

Only the simple pole z—ni, (corresponding to n=0) lies inside 
the contour. 


Residue of /(z) at z—ni— 


e** 


~h < ,+e *> 


pOtT* 


-c* T< 


JZ=7M 

as e’^cos w+f sin w= —1. 
By Cauchy’s residue theorem, we therefore have 

dx i'dy+ R f(x+2ni) dx 

+ f° f(—R+iy) i dy=2ni xsum of residues 

J 2 it 

= -2wje«»«. ...(1) 

){o' /(/?+ * >) tdy | < |/(R+z>) 11 idy \ 


ut 


ir 


c a(R+iV> 


1 +**+/> 


77, I dy | as 1* * 1 =1 


' dy as | I I sSe*«» | -1 


S-Ci-,. 2 *. 


e R —V 


2 * 


sd-oi) R rf-a R 


which —►O as R-*- <x> for 0 < a < 1 


I In 

f(R+iy) i dy -*-0 when R--*-co. 


1 2 « 

fi—R+iy) idy-+0 when R-*- oo, 

provided 0 < a < 1. 

Hence proceeding to the limit when R->oo, (1) gives 

[°° f(x) dx+ [~ W fix+2ni) dx^—2itie^ 

J —00 J 00 
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or 

or 

or 

or 

or 

or 


j: 


•oo e*+l 


dx 


-|-00l=^+l 


f°° ^ dx -[°° 

J —00 e +1 J — 

I 


» *— 2 *te**' 

•00 c*+l 


00 1 ** i!n* 2aw !L Jx= — 2 «ie** < 


-oo >+l 
oo e* x 


i- 

I co e 

-oo «"■ 


«*+l 


.oo"e®+T dx ~ i-V-**' 

►oi* , 2 / 




gOi.ni _g-atr< 

TC 


sin ar 

{ oo /*~i 

-- dt=~x coscc «tc 

0 f +1 


dx. 


(//) Given integral is 
ax 
"X 

Consider 

r . . . r 

JC 


*» / ^ — c 

f 00 CQS h ^ 

= )o chsh-J 


/^ rfr== SsSih¥z' 


dz 




Y 

-R+» 

R+» 

1_a;-. ft 

r 

0 

_>- 

/ 

- > —; 

A 

r\ 


Fig. 5.43 


where /( z )=^h^z ~ R 

taken round the rectangular - — 

contour which consists of x-axis from -R to R and J-axis from 0 to 1. 
Poles of /(z) are given by cosh wr«= 0 

e T *+e - ** 

' 2 

e** 


/.e. 

or 


-0 


£**=- —£—ir*s-5 - 


or 

f.e. 

or 


g!ir« = „l—e< «"+»> » 


2z=i (2»+l) where n=0, ±1, ±2,... 


2n+l. 

Z - rs l 


Only the simple pole z= ^-lies within the contour. 


Residue 


t r <?** l 
ofAz)at z =d 7,1 
L^- cosh it* J,. 


*/22 
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« sinh ~ iti sin 


71/ 


By Cauchy's residue theorem, we have 

J** *+J>+W » 4y+J~*/(x+0 «*x 

+ f f(—R+iy) i dy=2ni. 

Jl WI * 

But |£ /(/?+/>-) / £ | f(R+iy) | \t\\dy 


f 1 1 e* (R+iy) 

) o I cosh w (R+Jy) ^ as ^ 1 

r 1 2 e»* I <?*‘» I dy 

| 0 i e *{R+iy)j_ e -n{R+ty) | 


.[* 2e** 

Jo e nR —e~ r 


e *R _ e —*R 


which -*-0 as R-*<x> when *<it 


f(R+fy) t dy-* 0 as R-*co. 

Similarly | f(—R+iy) i dy-* Oas 7?->oo when a 

Hence when R-*oo, (l) becomes 

f°°./(*) dx+ f °°/(jc+0 dx-2e'* ri 
J —00 J 00 


w _— dx a =2e i * n . 
oo cosh - (jc+i) * 


J —oo cosh to* J oo cosh -x (x+i 
But cosh n fx+i )=cosh i~ (x + /)=cos (tzxi—t.) 

=*— cos “vi=—cosh to* 
foo e“* , f -00 e * ( * +1 > , 


-oo cosh 7tjc 


-oo cosh 7sjc 

( 1 +e'*) I 


Joo cosh 7tAr 
roo 

I —oo cosh TOC 


dx=2e*> 2 


dx=2e^‘ 2 


-oo cosh to* 


dx=2e ilxl 


oo e«« ^_2c'*'* 2 

—oo cosh 7*x JC— f+c** — e”‘l i +e~ i>l * 
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-CO cosh nx 


cosh nx 


=8 ec a 
- « 2 
2 cos f 


If we replace x by —x in the first integral this becomes 

f°° . 

]„ cosh nx aX 


cosh rex 


cosh nx 


C 00 g**a 

1 ---= ggQ -— 

1 0 cosh nx 2 

f °° cosh ax a 

o cosh nx —SeC 2 

( °° cosh ax , a 

-r-= * sec -s-. 

„ cosh wx 2 2 


Aliter, Consider 

\c m *-fc 


C cosh tez 


-R-H2 -P P R+H2 


where /(z)=—- , 

J ' 7 cosh tez 

taken round the rectangular con¬ 
tour with vertices at 

-*+yand-*, 



Fig. 5.44 


indented at z=-j, since z=-^-is a pole of /(z). 

Clearly /(z) is regular within and on the contour, so that Cauchy's 
theorem gives 

\*_ r A*) & +{['7(*+0') i dy+ J^/lx+W dx 

+ f f(z) dz+ f _J? /(x+iO dx+ f 0. ... (1) 

Jr j—f Jila 

But Lim (z—10 /(z)= Lim ^~~^ * 

/-►Jl «> sh 


Lim [ Kz) dz~{-ni) 
p->o Jt 


e i *i gW jW 

wsinh tcisin nt 

iz~{-ni)'±-ei' i - e* 



558 


MATHEMATICAL PHYSICS 


«a |f*" M+ma i i * i 

f 1 ' 2 _ e* R dy _ 

^ J 0 cosh kR cos icy—sinh kR sin icy 
[V | cosh ~R cos it y+i sinh it/? sin it y | 
>Cosh it/? cos ity—sinh it/? sin ity J 
[ 1/2 **iy 
^ J o e nR '' C0S n y ~* ,n 

writing e nR for cos it R and sin it R when 

R is large 

—►0 when /?->oo if «<it. 

I */* 

/(■R+OO i dy-> 0 when /?-*<». 

° f° 

Similarly I f(R—+iy) i dy->Q when R->0 provided a<n. 

J 1/2 

Hence in the limit when /?-*co and p->0, ( 1 ) becomes 

f 00 f(x) dx+ [ f{x+\i) dx—e i%i + f f(x+\i) dx=0 

J —00 Joo Jo 

or [°° f{x) £fr-(°° f(x+\i) dx=e iai 

J —00 J —00 


e a,a e « (*+ii) 

COSh TtX cos h 71 


[0° r_£!!__ (*+*'> "I dx=e W 

J -OOLCOSh *tAT cosh K (X+i») J 

I oo r e«* e«x i««- 1 1 ... 1 

I - g _ I dx =cos fa+isin *a 

-ooL cosh itx { S i n h Ttx J 

foo f z* x ie* m (cos $a-f/sin $a) ~| , . ... . 

J-ooUgn5c+- sinh « J ‘ fc - C0 ‘ ** 


foo p 

e“ x •<?**“' “I 

J —ooL cosh it* 

i sinh it* J 


Equating real and imaginary parts, we get 


-oo cosh it* 


foo e«».gi 
C J —oo sinh 


sin |« 


dx =cos ( 2 ) 


I oo g*® i 

-oo sin 

r ’ 

J -00 SI 


cos Ja . . • 

t— r—— ax=»sm iot 
smh tcx * 


J -oo sinh nx 

(2) gives with the help of (3), 


=tan Jot. 


-no isrs; * t_si " i —* 05 ** 

*=co> s ' n j” sec 

-oo cosh tc* cos $oc 8 

foo e** 

-oo cosh itjc X+ J. cosh it* ^ XsaXC 
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or 


i.e. 


I oo *r»* . , f° 

„ coshirx aX+ jn 


oo e* m 


—r— sec 4a 

cosh * 

(on replacing x 4>y —x in the first integral), 

foo e*"+e~' ~ , 

| - ,- =sec 4 a 

J 0 cosh tcjc 

I oo cosh ocx , , , 

, c/x— 4 sec 4 a. 

0 cosh Ttx 

(///) This may be proved independently as (ii) or may be derived 
from ( 3 ) of preceding aliter as follows: 
foo e“ r 


We have 
or 


-oo sinh tcx 


<fx=tan 4 a 


oo sinh tcx 1 Jo sinh «x 


dx =tan 4 « 


e - *®' 


or 


sinh itx 


Jo 


sinh «x 

(on replacing x by —x in the first integral) 

, . 'oo sinh ax , . , 

— =tan 4 a, i.e. -r-r- —=*4 tan 4 a. 

sinh «x Jo sinh nx 

Problem 28. Evaluate the following integrals by contour integration: 


or 


r 


00 


to" 

(tf) 

(HO 

(IV) 

« 


00 !i. n x dx. 


Jo 

’2rt 


de 


o T+sin 0‘ 

00 COS X . 

IS+J- *• 

X* dx 


0 

00 

-oo (x*+a 2 )»- 
oo X* 

0 1+* 4 

cos x 


-,dx. 


foo /—C0J 
(vi) —3- 


(Agra, 1961, 70) 
(Agra, 1961) 
(Agra, 1962, 65, 71) 
(Agra, 1962, 65) 

(Agra, 1964) 


(v/i) j°° (x*+aV (x'+i 8 )- 1 dx. (Agra, 1966\ Vikram, 1967) 
(i) The given integral is 


1 


00 sin x 


dx. 


JO * 

In order to evaluate it, let us consider 



\c mdz ~\cT il - 


where the contour C is chosen as consist¬ 
ing of the real axis from —R to +/?, 


-R -r 6 r 
Fig. 5.45 


+R 
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indented at r=»0 and the upper half of the semi-circle | z |=»/i re. 
presented by T. Let radius of indentation be R and let it be represent¬ 
ed by y. Here f(z) has got a simple pole at z=0. 

Since there is no pole within the contour, we have by Cauchy’s 
theorem 

J c /(z) 0 ,. 

Le., |_ r R fix) dx+^fiz) dz+^fix) dx+\^ r f{z) dz=0. ... (1) 

Residue at z=0 of f(z) is=Lim zf(z) 

z~0 

e xt 

=Lim z . — = 1. 

2-M) z 

Now lim /(z) dz~~i (tt—0 ). 1 = —n:/ by theorem of §5.16 (—ve 
r-*0 y 

sign being taken as contour y is in clockwise direction) and 

|| r ^)*!<J r I/(--)! I* I”J r ' '"i'z'i* ' 

= [" e ~ R *! a l..R dd, 

Jo R 

V z=R<>. I dz \~RdO 

* 

e-2/te/w by Jordan’s inequality 

(1— e~ R ), which-»-0, as R-*- oo. 

With these results as Jt-> co and r-»-0, (1) reduces to 

f° f{x) dx—ni+ f°°(*) dx—0 
J—oo Jo 

or f(x) dx=ni 

01 2 dx—ni, 

U [QO QMjr+jij n ? *« (. 

Jo x 2 

Equating imaginary parts on either side, we get 
r oo jin* * 

J. * 2 


(ft') Given /* 


Jo J+8in « 
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Off 


Choosing the contour C as a circle ( | z |*»1) of unit radius, we 
have 

z—e if , so that z ——=»2i sin 6, since 

z z 



I< 


dz=ie i% dO=iz d6. 

"•IM-tT! 



Here 


2z*+5iz-2 * 


dz 

5 /z+2(z*-l) 


Its poles are given by 2z*+5/z—2—0, 

_ -5/±V(-25+16) -5±3f , i . 

z== -2-“T- ~T ~ 2t 

of which the pole z— — 2i lies outside the contour and therefore the 
only pole that lies within the contour is z— — i/2 (which is of order 
one). 


Residue at z ——is 

“Lim (r+iO/(z)«=Lim (z+ii). - 

w-//2 z-+-ill (z+y-J (z+20-2 

t:-. I 1 1 

z~* — ij 2 2(z+ 2/) 2 (- r/2+2i) ~ 3/' 

Hence by Cauchy’s theorem on residues 

I=4x2rci2R, where 2 R represents the sum of residues 



(Hi) The given integral is J® dx - 

Let us consider f(z) (say). 

Choosing the closed contour C, consisting of real axis from —R 

to R and upper half of a large cirde 
| z | =R, represented by T, we have 
by Cauchy's residue theorem, 

\c <^+| r /(z)dz 

~ 2 n{ZR*. ... ( 1 ) 

Poles of f(z) are given by z*+a*=0, 
i.e. z~*±ta of which only the simple 
pole z=/a lies within the contour. 



Fig. 5.46 
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Residue at z*=-f ia (a simple pole) 

e" 


= Lim (z — ia) 


Z’>U I 

e i' 2 a 

lid' 


{z -ia) ( z+ia) 


e — 

"lid 


Now f(z) dz |=J r ~J 

4 


M dz 

|r | 

-0 as z->co. 


j p/UJ d:—0, since modulus cannot be negative. 
Hence when (1) reduces to 


{ oo _ e~ a it 

/(A) dx=2r-tX TT-z= — e~ a 
-co 2ia a 

. . (cos x-\-i sin a) , 7t 

t»€ • • z | <i "o* * dx " * 

Equating real parts on either side, we get 

{ oo cos x __ 71 

0 x*+«*■““ 25? 

fco JC 2 




{ 00 

Here /(r)= 


co(* 2 +* 3 ) 8 
*2 




(z 2 +fl 2 ) 3 

z/(r)->-0 as r->co, therefore the condition for the evaluation of an 
infinite integral is satisfied. 

Let us choose the contour consisting of 
; a semi-circle F of radius R> large enough 

to include all the poles of f \z) and the part 
of the real axis from —R to +R. 

Poles of f(z) are given by (z 2 -j-a 2 ) 3 =0, 
i,e. f z~±ia (each pole is of order three). 

-R ' 0 ' +R The only pole z~±ai (of order three) 

lies within the contour C. 

Fig. 5.47 Applying the theorem of residues. 


i* 


J 


J c /(2) <1- - J* J, /(*) dx+ | r f(z) dz=2niZR+. 


.• • ( 1 ) 


Since Lim zf(z)-+ 0, we have 

Z-*00 

Lim [ /(z)Jz=0. 

r-+co j r 
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Hence when R-> oo, (1) becomes 

f°° fix) dx=2-xiZR+. ... (2) 

J —oo 

Now residue of f(z) at z—ai 

—coeff. of -- in f(al+t), t being small. 

(ai+t) 2 

~ *' ” {(a/+OHfl-} 3 

t 2 +2aif—a 2 

- •* » {-a*+2ait+t 2 +a 2 } 3 

~ ” ” (i? it-'b2aii-a 2 ) ( 1 + ™) 

. _ -(/ 2 +2o//-fl 2 ) r, 3/ 6r 2 *, 1 

~ ” ” W ~ L W 2"a* ~4^ + - J 

^(/*+2<rf/-a 2 ) f 1 3 6 “| 

~ ” ” 8a a / L ? “ 2ait 2 ~4a 2 t"‘ J 

= 16a 3 7 


Thus (2' gives 



dx—2-zi 


1 

16a 3 / 



, foo x 3 rfx rc 

’ • -oo (x a +fl 2 ) J ~ ’ 

1 00 

o r+x* ^ 

Here Az)= j-~«- 

zf(z)-*-0 as r->oo, thus the condition for evaluation of an infinite 
integral is satisfied. 

Poles of/(z) are given by 1 +z 4 =0, 

i.e. z*- -l=e‘« 2 »+D>r f 


so that z=e i,2nM) * /4 , where »=1, 2, 3, 

i.e., the poles are z=e ivn , t’ 3ir/4 , e <5ir / 4 , e ,;ir/4 of which the first two 
ionly lie tl the upper half plane, which is to be chosen as a contour 
consisting of a large semi-circle T and the part of the real axis from 
-R to R. 


Applying the theorem of residues, 

j* A /W <**+J r fis) dz=2*iZR\ 

since Jp f(z) dz-y 0 as z~y oo, we have, on proceeding to the limit as 

*-►00, 
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roo 


-oo 


f(x) dx*=2itl2R*. 


To find the residues at the poles, we have f(z)— 


,#£> 

<Kr)’ 

Residue at z=e tw,i is =: 


1 +z* 


... (0 

which is of 


the form where #z)=z s and <Kz)=l+z 4 

W*) 


if /« 


~ip'(e ir '*) ~4(e*" j*j*' 
Similarly residue at z=e‘ 3v is —ie~ 3wi /*, 
so that (1) gives 

f°° fix) dx=2*i i [<?-*</*+*-»»<'«] 

J —00 

2 ^ *% f® ^ ^ . If” ^ , 37T 

Le - 2 ] 0 -T+^ E= 27 r; -TL cos T“ ,sm T +cos T- 

nr r f °° &dx ni ( \ \ « 

Jo l+x i ~2\- 2, V2rV2’ 

O'/) The given integral is[°°— 

Jo 


e-nil* 


-i sin 


m ~4 ~J 


-cos X 


X * 

Consider 


/(*)= 


1—e 4 * 


r z‘ 

Choose the contour C, consisting of the 
upper half of a circle | z |=J? and the real 
\ ax * s from — R to R, indented at z=0 (a pole 

J i \-J of order 2). Let the semi-circle be denoted by 

—K — r o r +“ T and the small semi-circle of indentation by 

y. Let the radius of indentation be r. 

By Cauchy’s theorem, we have 


Pig. 5.48 


c fiz) dz—j_^/(x) dx+^f(z) dz+ 1 *f(x) dx+^fiz) dz=* 0. 

Now |J r /»*|-|{ r - L i^*| 


(1) 


J p /(z)&-0 


S fl 

=l: 


l—e ig | | dz 

I* 4 I 


R*e“» 


l+e 


—X tin 0 


| i I 11 d6 I 

V z—Re**, dz=iRe** 
0, which —>0 as R -*■&>. 
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r r° 1 — eire* 8 . ^ 

a ° d | Y -^ z) ^ J* r*e* <# ire 


<w 


xr* 4 * 


i: 


~e !i » 


-K 


e-<* <70 


Jit c 

= j° [l+terms containing powers of r] <70, 

Lim ( f(z)dz=\ d9=*--x. 
r-f 0 Jy J* 

Hence when R-*-co, ?-*■ 0, (1) becomes 

J 00 ^ /(x) Jx-- + J® fix) dx=0, 

i.e., f°° /(.v) dx —“ 

J -00 

foo l-e" _ 
or 1 —-s— 

J -00 V- 

Equating real parts on either side, we get 
Too 1 —cos x 


r 


or 

i.e. % 


—00 

2 




r j 

r 


— COS X 


X- 

—cos* 


w 


(vn) The given integral is j _ qq (x*+a*) * (x 3 ^-^) 

Lct ^ )= (z-+a 2 ) 2 ls*+^) . . . . 

The poles are z =±ai (of order 2) and ±W (simple 

If we choose the contour C, consisting of the Jgy* a Jjg 
circle | z\=R and the real axis from —R to R, then me omy P u 

lying within the contour are ...... __i-, 

+ai (of order 2) and +bi (simple pole). 

Here zf(z)-*-0 as z->oo. 

Hence by Cauchy’s theorem, 

\_fiz) dz=> J * R fix) dx+ jp/(z) dz=*2*®R>, * ’ ’ (1) 

where 2JP- denotes the sum of the residues and T denotes the upper 
half of the semi-circle. 

|J r /(*)<fe| 


Now 


dz _i 

r^+a*)* (z*+6*) 


I dz 1 
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so that Jj_,/(z) dz— 0. 

as (1) reduces to 

f GO 

I _ qo f(x) dx—2n{2R + . .. . (2) 

Residue at z—ai (a pole of order 2) 

*=coeff. of — in f(ai+t) 

— _1_ 

” {(/ {(H-flif+A-} 

_ 1 

” ” ” t*{2ai+if(P-cP+2ait+i*i 


a _[, + ±n, + .w! j 


= » '* -4aU-(P-a 2 ) + " 

_ 1 Cl 2ai f b*-3a- 

4a a (h 2 -fl z ) £ a/ + h 2 -a*J ~ 4fl»/(h*-a s ) 2 

Residue at z—bi (simple pole)=Lim (z- bi)f{z) 

z-*-bi 

” (z'^+a 2 ) 2 (z+ti) (z—bi) 

1 


2W (h 2 —a 2 ) 2 
Hence from (2), 
f°o ,, x , „ T Z>*~3a 2 


t/ — ju f 

4a*j (h*—fl 2 ) 2 . 2to(6 2 


W] 


“ 2a 3 Z> (if) 2 -a 2 ) 2 [i * 3a 2 h+2e*] 

« (fe-a) 2 (h+2a) 

— 2u 3 h (fc—a)- (6+a) 2 
rc (h+2a) 

= 2a 3 bib+a) t ' 



Fig. 5.49 


5.21. ANALYTIC CONTINUATION 
If there exist two functions f x {z) and 
/*(z), such that they are analytic (regu¬ 
lar) in domains D l and D 9 respectively 
and that Di and D* have a common part, 
throughout which/i(z)=/,(z), then the 
aggregate of values of / x (z) and / t (r) at 
the interior points of D x or D t , can be 
regarded as a single regular function 
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(say) F(z). It is obvious that F(z) is regular in the common part say 
A of the two domains and F(z)=/i(z) in domain D x and F(z)—f.(z) 
in domain D t . We thus regard the function / 2 (r) as one, extending 
the domain in which /,(z) is defined and so it is called an Analytic 
Continuation of fi(z). 

The method of analytic continuation. Its standard method is the 
method of power series, which can be summarised as below. 

Suppose that there is a point P(z 0 ) in the neighbourhood of which 
f(z) is analytic; then the function f( z) can be expanded by Taylor’s 
theorem, in a series of ascending powers of (z—z r ‘, the coefficients of 
which involve the successive derivatives of/(r) at z u . 

Let there be a singularity S of f(z) which 
is nearest to P. Then a circle of centre P and 
radius PS is the circle of convergence within 
which the Taylor’s expansion is valid. :If we 
now take any point P' (not on PS) ifithin 
this circle, then we can find the values <tf/(z) 
and all its derivatives at P', from the series 
by applying the method of term by term 
differentiation. We thus find the Taylor’s 
series for f(z) with P' as origin and this series 
will define a function which is regular in the 
circle whose centre is P Such a circle will extend as far as the singu¬ 
larity of the function defined by the new series, which is nearest to P' 
and this may or may not be S. In either case the new circle of 
convergence may lie partly outside the old circle and for points in the 
region which is included in the new circle but not in the old one, so 
that the new series may be utilised in defining the values of f(z) while 
the old series failed to do so. 

In a similar manner, we can take another 

point P" in the region for which the values o* 
the function are known and form the Taylor s 
series with P" as origin which will, in general, 
still further extend the domain of definition of 
the function and so on and so forth. 

By this method of continuation, starting from 
a representation of a function by any one 
power series, we can find any number of other 
power series, which between them define the 
value of the function at all points of a domain, 
any point of which can be reached from P 
without passing through a sigularity of the function /(zh 

It is easy to show that continuation by two different paths PLN 
and PMN gives the same power series provided the function is 
analytic and has no singularity inside the closed curve PLNMP. 
To show it, let us suppose that S, S'. S ",...be the power series with 
P, P\ P',.... as origin. Then S'= S" (for, each is equal to S) over a 
certain domain which contains P', when P" is taken sufficiently near 
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to P', and therefore S' will be the continuation of S'. Continuing 
this process we can deform the path PLN into PMN provided no 
singular point lies inside the path PLNMP. 

Note. Weierstrass defined an Analytic function of z as one power 
series together with all the other power series derivable from it by 
analytic continuation. 


An important remark. There must be at least one singularity of the 
analytic function on the circle of convergence C 0 of the power 

oo 

series S a„ (z—z 0 ) n . 
n—0 

Assuming that there is no such singularity, we can construct by 
the method of continuation, a function equal of /(z) within C 0 and 
regular in a larger concentric circle r ? . The 
expansion of this function in Taylor series in 
powers of (z—z 0 ) would then converge every¬ 
where within the large circle T 0 . But this is not 
possible, since the series would be the orignal 
series which has got C 0 as its circle of conver¬ 
gence. Let there be a point z, within C 0 and 
let C x be the circle of convergence of the power 
series, 

2 A„ (z—Zj)", 

Fig. 5.52 0 



fn(~ \ 

where A„ — (by Taylor’s expansion). 

Let be the circle of centre z,, touching the circle C 0 internally. 
Then the new power series defined by (1) is certainly convergent 
within r A and has the sum /(z) there. 

Since the radius of C x cannot be less than that of r i( there are 
these possibilities: 

(0 C, has a larger radius, then r lt in which case C x lies partly 
outside C 0 and the new power series provides an analytic continuation 
of f(z). Then taking a point z 2 within C x and outside C 0 , the process 
can be repeated. 

(ii) C 9 is a natural boundary of f(z). [Note. A closed curve is called 
a natural boundary of a function if the function is such that it cannot 
be analytically continued to any point of the same]. In this case we 
cannot continue f(z) outside C 0 and the circle Cj touches C 0 
internally, wherever the point z lies within C e . 

(id) C x may touch C 0 internally, though C 0 is not a natural 
boundary of /(z). In this case the point of contact of C* and C x is a 
singularity of the analytic function which has been found by continua¬ 
tion of the orignal power series; for there is necessarily one singularity 
on C x and this cannot be within C„. 

Problem 29. Show that the two power series 


.. •</) 
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and 


fc-(z-2)+l(z-2)*-... 


•( 2 ) 




r^\ 

t 0 

J 



have no common region of convergence, but they are analytic continua¬ 
tions of the same function. 

Here the series (1) defines the 
function—log (1— z), whose circle 
of convergence is I z |=1, i.e., a 
circle with centre z=0 and radius 
1. The only singularity is s— + l. 

The series (2) defines the func¬ 
tion /it—log [l+( 2 — 2)],* where 
z—2 I < 1 is a circle with Centre 

z—2 and radius I. It touches the Fits- 5.53 

first circle externally as shown in the adjoining figure. 

The function rt—log [l+(z—2)]=/w—log (z— 1) 

=fr-log[—(1— z)] 

—in —log ( — 1)—log (1— z) 

=ir .—log e**—log (1— z) 

==j7r—Ttf—log (1— z) 

= -log(l-z). 

It is clear that the two functions defined by the given power series 
have no common region of convergence, but they are analytic 
continuations of the same function —log (1—z). 

Problem 30. Show that the series 


JL+* + . 


•+ + ... 


represents the function which can be continued analytically outside the 
circle of convergence . 

Let the given series define a function /(z), Le. 


/(z)=i-+4+- 




-" £ being an infinite geometric series if |~j > 1J 


1 


a~z 


only for points within the circle of convergence | z |=| a | 

If we consider a series 

1 j z —a , (z— b) % , t b . 

+••• wberc 7 iSreaI ' 
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then 


f(z) 


1 

a—b 


1 

a-b 



z—b 
a — b 

z—b 

a—b 


r 


provided the circle of convergence say is | z—b |=| a—b |, when a 
and b both are real and positive and also 0 < b < a, the circle of 
convergence C } of the second series touches the first circle (say) C 
internally at its only singularity z=a. It follows that there is no 
analyitc continuation (see figure 5.54). 




In case — is not real and | b | < | a | and positive, the second 

series converges at points inside a circle which is partly inside and 
partly outside the circle | r |=a. In fact the two series represent the 

same function at points outside the circle \ z\—\a \ and hence 

can be continued analytically as shown in Fig. 5.55. 


ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 31. Evaluate by the method of contour integration the integral 


( Rohilkhand, 1978;Agra, 1967, 69 


Jo 7-f* cos 8 
using the transformation. 

. . 7X 

*■■•77=5 

Proceed as in Problem 20 (/). 

Problem 32. (a) Prove that the n-th derivative of a function f(z) of the complex 
variable z in the domain of its unalyticity is given by 

fin) f .), 1" (£ 

’ w 2-r.i Jr (z'-z)«+ 1 

where the contour of integration lies within the domain . 

(b) using the above formula, show that 
(d»e~‘\ 


(Agra, 1968) 
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Problem 33. Obtain the Cauchy-Riemann condition for a function f(z) to be 
analytic function. [Agra, 1969 , 71] 

Problem 34. Evaluate by the theorem of residues 


°0 cos x 
—co a 2 +x f 


dx, a>0 L 


See Problem 20 (Hi). 


Problem 35. Apply calculus of residue to evaluate 
f 00 x*~ l 


1+x 


dx 


Ans. 


ae a * 


Ans. n cot *n 


See Problem 23. 

vProblem 36. State and Prove Cauchy's residue theorem . Evaluate the following 
integrals by the method of contour integration 
Icosinxdx 
lo V x 

foo x A dx 
tt+i 


M J C 


(Agra, 1972, 74) 
(Agra, 1972) 


(a) Take/\jp}— 7 = 

V Z 

Choose the contour C as consisting of a positive 
quadrant of a large circle l z \~R with its bounding 
radii as two axes, indented at 2 = 0 , as shown in 
Fig. 5.56. Let r be the radius of indentation at z= 0 . 

f(z) has the only pole z*= 0 , of order one and it 
does not lie inside the contour C indented at z=0. 
Cauchy's theorem gives 

J*A*) AW (My) 

-[ 0 

J y 



.(1) 


Here 


|{ r A='* ! <j r iAsn*i-|r l |V 1 l 


dz 




6 R d§, taking 2 = Re*® so that \ dz\-Rdb 


*7*1, 


X jR 
fir/2 




dO !>ince by 
if 0<0< -■ 


Jordan’s inequality 


sin ' 


2y 


v*t 


2 

TC 


-2R0/j;]r.,'2 

Jo 


- V 2 

Also residue of f\z) at z~0 being =1 i/n =~C, by §5.16 w ? e have 

-->0 ^ 2 

Lim f f(z) dz**- — i ( ~~ =0 V 0**0, negative sign being taken as y is traversed 
r -*0 J y \ 2 / 

in clockwise sense. 
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Hence as U-mo, r-+ 0, (1) reduces to 

J*/(*) dx+ /(O') / «5r-0 

, foo e<* . foo e^y) _ 

'•'■J. 7r*J. vr J, "° 

-2 vrj“ .-**# 


=2a/ i (See Beta and Gamma functions Equation (3) of 


*=\/ 7t ^cos y +/ sin 
“V 7c (cos y-Wsin 

-Vf»+'' 

Equating real and imaginary parts, we get _ 

and f"/2sinx = Vjr. 

1 / x 2 Jo V * 2 

\N6te. Similar procedure will show that 


\N6te. Similar procedure will show that r T* 

A Y (6) Take f{z) = 

m and choose the contour C consisting of a 

large semi-circle r of radius R in the upper 
half plane and the real axis from — R to R. 
Poles of/(z) are given by z 6 +l=*0 
- i, e , 2a= (_i)i 

-R -fR =*{cos (2r+l) ir+i sin (2r+l) »}* 

Fig. 5.57 W6 wherc rsE= o, 1$ 2t 3 , 4 , 5 . 

•*. Simple poles of f{i) are 

**//2 p 5ni/6 _ 7 ni/6 Jni/2 AW/2 

of which only the first three lie within the contour C. 

Denoting by p> any one of these poles namely e K ^l^ % we have the 


residue of f(z) at 


*t z~p S -1 by §5.17 1 

Li^ +,) Jats-P 

[&]z- P -l- x £l 


*.y —1 


Sum of residues— 


e ^/« + ^/2 +e 25«//6J 
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2 
6 L 

6 


J 


e 5rr//5 +c 2«/ c *//2 +e 4*/ e n//6] 
5r.il6 +e ^ll + ^//6 ] 

V3 


2 «_ 2 _ 

-6 3 

Now by Cauchy’s theorem, 

j c /(z) <fz=J^ /(*) <&+ Jp/(z) dz=*pciXR+ 


• e 2ni ~e 4ltl ~l 


where |Jp/(*)<fc|< 

< 

« 

=1 


<Jr 

< 


pl/WI 1*1 

rl^prl I * I. Put z=JW* e so | dz I-JM« 
z 4 ! 1*1 


*•1 -1 


2® I —3< I Z«~l I 


f» R'dO R&n „ „ 

J # -^r- 1 =^rrr^0as/iH-oo 


Hence when R-*co, we have 

foo 


/(x) dx~2nix 


/“ 

Jf a,) *-(' 


(t)' 


2n 

3 


00 Jt 4 d* 7C 


Problem 37. Derive the Cauchy-Riemann conditions for a function of a complex 
variable to be analytic . Test if the functions^ and | z | 2 are analytic. 

Prove that if a function is analytic on and inside a closed contour its integral over 
the contour must vanish . ( Agra, 1973) 

See $ 5.6 for the first part. 

It is easy to show that /(z)=~ (giving /'(z) =—p, z^O) is analytic it 

every point except at z=*0 where it is not continuous and so/'(0) does not exist 
(z-*0 is a pole of/(z)). 

The function /(z) = I z j 2 is not analytic at any point since/'(z) exists only at 
the point z=0 not throughout any neighbourhood. It may be shown as below 
/(z)= I z | 2 =x 2 -fy 2 V zy«x+#> 

If f(z)**u (x, y)-f iv {x, y)j then it is clear on comparison that 
u{x, y)~jc 2 +y 2 > v (x, y)«0 


du _ du _ 9v 

ix** 2 *’ i? 


' dx 0 9 y 


Cauchy-Riemann equations are not satisfied except at a*0. 

For second part see $5.9. 

Problem 38. Defining a Meromorphic Function as one which is analytic In a 
region except at a finite number of poles t if f(z) be an analytic function within and 
on a closed contour except at a finite number of poles and is not zero on C, then 
prove that 
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where N is the number of zeros ami P is the number of poles inside C (pole of ord*. 
m being countedm times). y J raer 

then e p-Vand ierWh€ deduCe the Princip,e of Ar g«®ent U, f( z ) is analytic in c 

A cargf{z) 

Ac being the variation of log f{z round the closed contour C. 

Taking z—a as a zero of order n , we have 

/(z)-(r-a)* f(z) 

where 4>{z) is analytic and not zero in C. 

Thus f ~ _— e*l Z l 

inus, / (r ) ~ z - a + + {2) 

Since <t>(z) is analytic and so is <fi'(z), therefore is analytic at z*=ct. it 

f( z ) 

follows that —has a simple pole at r=a with its residue n. 

Similarly if z=b is a pole of order p then J j~ has a simple pole at :=-b 

its residue —p siace then 

f(z)^{z-b)~P^{z) 

Hence by Cauchy’s theorem 

2^7 JcTTz7~^ r=:= ^ um al1 rcsi(lues within C 

— In — 2p 
-P 

Now to deduce the principle of argument, f{z) being analytic in C, we have 


with 


(1) 


Then (1) reduces to 


1 f £*) AT 

2-iJC f(z) dz ~ N 


or N ~2ni 

~2nf Ae log f'z) where Ae is given to be the variation of log 

/(«) round the closed contour C. 

”2tt7 A' { 'OS I f(-) I +1 arg f(z)} 

Equating real parts on either side we get of J5.7. 

A A.arg/fz). 

Problem 39. (Rouchr’s theorem) If flz^ ami g(z) are analytic within and on a 

ZZL'ZZ /£«fc! f 111 < 1 /,l! 1 » * <*»n.) 

* I si 2 ) I < 1/00 1 on C | on C which follows that 

l/W I 9^0 otherwise this inequality will not hold. 

As such 1 1j > 1/W * “ I *00 J ^0 by properties of moduli. 

So j /(*)+*(r) | ^0 implies that neither/(z) nor/(*)+*(*) has a zero on C. 
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Taking N and N' as number of zeros of f(z) and/(z)-t-*(z) # we have by the 
principle of argument given in Problem 38, 

N= 2 ~ A* arg / and N'= ~ A« arg (f+g) 

So that N'— A« (/+<’)~j^Aearg/ 

=^[ A* arg/+Ae arg (l + Ae arg/ 

= Ac arg by the propenies'of arguments. 

Jf \+- 8 j~Q, then IQ- H == -\/f<l 

showing that Q is always an internal point ol the circle with centre Q=1 and 
radius unity. This ci/cle being wholly to the right oi imaginary axis, the join of 
any point of this cncle to the otigin makes an angle b with x-axis such that 

. As such putting Q=^Re lU we have arg ^ ^ ^ arg Q^b which 
returns to its initial value when z describes C and he$ice 
cac arg^l •+• —0 

Hence. A"—A==0 or N—N' 
which proves the proposition- 

Problem 40. Evaluate the following integrals by applying the method of contour 
integration. 

(/) Ans. f e -a 

J o .r-H-fl- 2 

, ... foo sinh ax , ^ ^ „ 1 . a 

{n) I . , dx , — 7c<flO, Ans. -- tan - 

J o sinh -a: 2 2 


(in') 

(«V) 


OO sin rux 


■dx 


o 

oo a cos sin * 
—oo x'Z+d 1 


dx. 


tv _ tne . 

Ans ‘ ~2cP e V 2' SU, VT 

Ans. 2ne~ a 


f Hint: take /(*)= 

, . foo 

V Jo sinh jc 


Ans. 


f- a d0 

(w) )o tf=+shvO * fl>0 

(vii) [°°SO>2ax-^2hx_ JXt a>Q b>Q 

Jo 

(viii) | 


00 e x- cos cos O 2 sin 2a' </.v, a<4 
0 


<“■ r 




cos 2 dx and 


oo - r- 

0 


Ans. 


Vl + fl 2 
Ans. it J? —a) 

Ans. 'V / * 


and j" 00 c ^ cos ^* sin (jc 2 sin 2«) «/a% Ans. 


V' 


cos « 


-sin a 


*"■ sin 2 a.* 

«2 


Ans. 
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to 

to) 


foo 


»i n rex . 

I—1 “*• 


Abs., 


, -00 X (1-**; 

**’ (°< a </) t«c Probtem 27(/)J, {Agra, 1974 j 

Problem 41. The function w (z) is analytic in a region R t except at two simple 
poles Aand B. Find: £^ w W dz where C is a contour in the region R (i) en- 

(Agra, 1974) 


closing A and B ( 11 ) enclosing B only . 

Problem 42. Evaluate the following integrals : 

(0 J*' e cos *cos (ri-siiA) dt, 

,,,, foo cosx j„ foo s/nx 

{M) (,H) J-oo~r 


rfx 


797J) 


Am. (i) rp, («) ( iff) n. 

Problem 43. Evaluate the fcllowingdntegrals : 

(o) [ * (<*+6 cos +)~ l (a>Z>>0) 

4 0 

(6) J® (7+x*)-i log (I+x*) rfx [sec Problem 21 (W)] 


(Agra, 1976) 


Am. (a) ja— \/a* '—b 2 1 , (bj n log 2 

Problem 44. (a) Derive the Cauchy-Riemann condition for complex function to be 
analytic . i4re the conditions sufficient ? 

(£) Evaluate the following integrals : 

(/) [°°S^<k(ii) f 00 -^4- 

Jo x J -oo 1 +x 2 

(Rohilkhand, 1976) 

Am* («) ( 6 ) (/) («) 7 t. 

Problem 45. State and prove Cauchy’s Residue theorem Jor a complex function. 
Explain how it is extended for the case of an isolated first order pole lying on the 
contour of integration. Using this theorem sho\v that 

t 00 rdx= where 0<a<l 


J-col+e* 1 

> § S.15 and Problem 27(/). 


sin na 


(. Rohilkhand, 1977) 


1 46. State and prove Cauchy's residue theorem for a complex function 
and using it evaluate the following integrals. 


to ( M<1±£ a. an f d9 
HI J T+x' U ) J He cos 9 

0 0 

See § 5.15; (0 see Problem 21 (W); ( ii ) see Problem 31. 


(Rohilkhand, 1978) 



CHAPTER 6 


BETA, GAMMA AND ERROR 
FUNCTIONS 


(.1. DEFINITINOS 


Under the study of Definite Integrals, we come across two very 
important integrals known as Eulerian Integrals which are of the 
type 

| jc m_1 (1—x) n_1 dx and |°° tr®;c n_1 dx. 


where the quantities m and n are supposed to be positive. These 
integrals are so fundamental and hold such an important place that 
they are widely applied in different branches of mathematical analysis 
like mechanics and physics etc. 

The first Eulerian integral is generally known as Beta Function 

and defined as p (m, n)= I x m ~ l (1 —x) B_1 dx where m and n are 

Jo 


positive. 

The second Eulerian integral is known as Gamma Function and is 

I oo 

dx, where n is positive. (Agra, 1961 ) 


6.2. FUNDAMENTAL PROPERTY OF GAMMA FUNCTIONS 
r(n+i)=«r(n). 

In order to prove this relation, let us consider the integral 
J a V'*x B dx*=r(n+l)/ 

Integrating it by parts taking tr* as ;*cond function, we get 


<fx n dx 


X 1 * 

since —— vanishes for both 

e* 


r 

4-*~l ~ n f — er"x*~ i dx the limits as Lim —-=0 and 
L. Jo Jo jp-pn * 

s "l.° 

. r(n+l)=nr(n) 

l =0. ... (1) 

From (1) it is evident that if the value of T(«) is known for n bet- 


.. x” .. 
Lim ——=Lim 
J x+o# * 
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ween two successive positive integers, then the value Tn for any posi¬ 
tive value of n can be determined by the successive application of (1). 

Now (1) can be written as 

r(„)=iMlI ... ( 2) 

If — l<w<0 then (2) gives Tn, since n+1 is positive. As such the 
value of r» may be determined if — 2<n< — 1 since then r(«+l)on 
the R.H.S. of (2) is known. Similarly Tn may be determined when 
—3<n<—2 and so on so forth. 

Hence Tn= dx = ^—— — define Tn completely for all 

Jo n 

value of n except n—0, —1, —2, —3... 

Now replacing n by n —1 in (1) we get 

r«=(n—1) r(n-l) 


Similarly T(n—l)=(w—2) T{n— 2) etc. 

Hence (1) yields 

r(«+l)=«(n—1) (n—2)...3.2.1 T(l) 

But by definition r(l)=|°°e~* e~ x J°°=1 

r(n+l)=n (n—1) (n-2)...3.2.1=r(n). 

provided n is a positive integer 


Putting n=0 in (3) we get 

r(l)=|0=l v |0=. 


r(i)=i ...(4) 

Also if we put n=0 in (2), then we find 

r(0)=^ ) =oo ...(5) 


By repeated application of (2), it may be shown that the gammp 
function becomes infinite when x is zero or any negative integer i.e. 

r(-«)=co .,.(6) 

when n —0 or a positive integer. 

But the function has finite value for negative values of n which are 
not integer. 

Note. Gauss’s Pi function in terms of gamma function is defined by 

//(n)=r(n+l)=|JL ...(7) 


6 3 0F AND GR APH OF THE GAMMA 


We have by definition 

r*= f 00 ^"- 1 dx, n >0 

Jo 
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Putting i.e dx=*2$ d<f>, we get 

r(n)=2j% 2n-1 e~+ 2 d<j> 
when «=£, this yields, 

r(*)=2 J%~* 2 d<f> 

Suppose 1= \e~t 2 d$ 

Jo 

Putting ^=A<}' so that d^—'K dty 

We have I— [°°e — dty 
Jo 

Multiplying both sides by er Xi , we find 

J. c -X2_ ^(l+l 2 ) x 

Integrating both sides w.f.t. A within the limits 0 to oo, 
I f°°e- x * <A= f C0 [®e-x 2 (l+^) A<ft 

'4i:A-4t-.-*r-T4 


...( 1 ) 


or / 


oo 1 it * 
= TT = 4 


°e~* 2 dt=YJL 


From (1) and (2), we get 


r(i)=2.^ = V * 

Now putting n =—in (2) of §6.2, r „ find 

r(-i)='-^J-=-2 V *"by (3), 

~~~2 

Similarly T(—£)=-^j =-K-2V « ) = 4^y 


... ( 2 ) 


,..(3) 


... (4) 


... (5) 


The graph of fn may be shown as below under the definition 
that the function becomes continuous function of n except when n—0 
or any negative integer. 
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Fig. 6.1 

6.4. TRANSFORMATION OF GAMMA FUNtTION 
By definition 

1 00 

e - Xx n-l fa 

0 

Putting x=\y, dy in (1), we get 

foo 

r(//) = I e~ Xv dy 

Jo 


dy. ...(2) 

If we put e~ m —y in (1), then we get 

r <"HX'»‘ir>-i: ( ,o *7)”’*' • • <3> 

[••• — ~iy\- 

Again if we write x=y 1/n in (1), we get 

T(n)=— [°° e~y lm (y) <n ~ 1, / n »(y) <u ' n) i n dy 
n Jo 

[v <6 

-Hr e ~ > “" *• 
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nr(n)=I\/i+ 1)=J® e~y lin dy. 

corollary. If we replace n by $ in (4), we find 


(4) 


™-I‘ 


2 dy, 


which is the same as (1) of § 6.3. 

6.5. TO SHOW THAT, p(m, n)=p(n, m). 
By definition 


p(m, w)= f 1 

JO 


x mr-l (1 dx. 


Replacing x by 1— x, we get 

p (w, «)=|° (1 —at)”*- 1 (l-d-jc)}"- 1 (-dx) 

= f (x)" -1 (1 — x)”^ 1 dx 
Jo 

=p(n, m). 

6.6. DIFFERENT FORMS OF BETA FUNCTION 
Substituting for x, we have 


I | ^ lui a, tt v uarv 

p(m,«)—J a' 1 1 (J _*)~i dx V dx*. 


and 1 - 


1 


d+yf 


-dy 


oo y m_1 1 _ dy 

o (i+J')’ n_1 * (l+y)"- 1 * (1+y) 2 

*00 ym—1 


Jo (l +y) m+ " dy ' 
Also, since p(m, «)=P(n, m). 


s 


foo v”” 1 

p ( m. »>= J. 


■pft] 


... (1) 


... ( 2 ) 


6.7. TO FIND THE RELATION BETWEEN BETA AND GAMMA 
FUNCTIONS 

P(m, »)—C^gra, IP62, 65, 70, 71, 72, 74) 
From equation (2) of §6.4, we have 


/.e.. 


Tm 
A m = 

Tm= 


‘CO 


o 

oo 




dx. 
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Multiplying both sides by er^K*- 1 and integrating w.r.t. X within 
the limits 0 to oo, we get 


r oo 


'»- I < A=| 00 ^J 00 x *n-l dx 

rm-r/»=J ” •x’*- 1 dx by equ. (2) of §6.4 


=r(m+n) p(m, n) by §6.5. 

a, _ rmTn 

Hm, n)~ r(m+n) • 

corolarry. If we put m+n—l in 

i*-jT 


we have Tmr 


fOO 

rmTn= r(m+n)' 
Jo 

I OO v ** -1 
« \^ dx[ 


dx[ v n=i] 


sin mrz 


[••• I 


00 r 2 ”* 


(Agra, 1964 > 


- . 2m-fl 

2nsm—* 
2 n 


when m and n are +ive integers and n>m as will be shown in §6.9J 


Replacing m by 1, we get 

r§r$»7r or ri= 


(Nagpur, 1966} 


6.8. REDUCTION OF DEFINITE INTEGRALS TO GAMMA 
FUNCTIONS 

[1] To show that 


’00 ym—1 

o Ti+>’) w+n 


we know that 

J 00 yin-1 
0 (1 +^) m +" 


dy=^ 


1 x^+x" -1 
0 (I+x)"*" 


Y m-1 fo 

H. Iwr * + J. 


YmTn 

E r(m+n) 


00 y«*—1 


(l+^) m+ * 


Substituting — for y in the second integral on R.H.S., we get 

/ i \«—i 




y- T .dy- 


, (l+xj-t- 
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I 


00 

, (i+PP 


*-r. 


0 (l+*)•+• 


«)=J 


1 fl x n~l 

srr *+1, ir+xp 5 " dx 

[V change of variable does not 
change the value of integral] 


1 x m-l_)_ x r.-l 

0 (1+X)~** ' 


£mTn 

r(m+«)‘ 


[2] If we substitute for x, we get 

r°° *ri amh n f° ° y m ~ 'Jy 

JoTl+x)^ Jo (ay+br+" 

foo X fn-1 dx p m r w ^ 

Since Jo (T+3^=rvH^ by §§6 - 6and6J 
, n f oo y TO-1 dy _ Tmrn 
**• 0 b Jo (ay+b) m+n ~r(m+n) 

J oo y™- 1 dy rntTn 

0 (ay+b) m+n “ a m 6’T(m+n)* 




corollary. Substituting j=tan 2 0, this relation transforms to 
[«/* sin*"* -1 0 cos*" -1 6 d 0 Tmrn 

J 0 (a sin* 6+b cos* 0) m+n “ 2a m b n Y(m+n) % 

[3] If we put x=sin* 0, we get 

| x** -1 (1 — x) n-1 </x=2 J ^ sin* < ”* -1) 0 cos*' B-1 > 0. sin 0 cos 0 d 0 

{V </x=2 sin 0 cos 0 dd] 


*'• 1 


=2 r /2 [sin !m-1 0 dd cos*" -1 0 dd. 
r (m+n) Jo 

{ ^ sin* m_1 8 cos*" -1 0 dd— 


TmTn 
2r (m+n) * 


corollary. Replacing 2m—1 by p and 2n—I by q, this relation 


reduces to 


f 1 sin* 0 cos® 0 </0= 


P±q± 2 


Putting 0 and ?«= 0 in succession, we get 

J * ar(|- + i) J> r(|+i) 2 

[4] By putting x—tin* 0 in xm ~ 1 0 dt. 
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We have just proved that 

j'' 2 sin 2m_1 6 cos 2 "- 1 0 A- 

Now if w$ put 2/i==l, we have 

f */ 2 . n „ y/n rm 

1. “ * ■"-T"T(5+r 

Again putting m=n in (1), we find 
r*/ 1 .... . . . .. JTm)* 

2 f( 2 m) 


...( 1 ) 


...( 2 ) 


sin 2 "- 1 0 cos 2m_1 0 </ 0 = 


or 


sjjjtm-i 20 c /0 [7 2 sin 0 cos 0 =sin 26] 


fr(m)} 2 i r*/» 

2 P( 2 m) — 2 Jo 

= —r| sin Sm_1 <f> d<f> put 20=^, S=\ d<f> 

• m ~ 1 <f> d<f> l V sin (n— ^)==sin <f> 


22 ti 


r* ,s ... 

I sin* 
Jo 


I -r/2 2 2m ' 2 frm) 2 

0 Sin 2 w - 10 ^ J W L 

From ( 2 ) and (3) it is obvious that 
2 2m_ * (rm) 2 Tm V 72 
2 


(Prop, of definite integral)] 
...(3) 
(replacing ^ by 0 ). 


T(2m) 

or rmr(m+l)-^-r( 2 m). 


T (m+i) 

v'* 


This may also be put in the form 

r(2m)=~- rmr(m+i). 


(Agra, 1962, 65) 


6.9. MISCELLANEOUS PROPOSITIONS 

[1] Infinite and Improper Integrals : their Principal and General values. 
^Riemann introduced the definition of definite integral 

j / (x) dx under two assumptions: 

(0 Integral / (x) is bounded, and 

(ii) the range of integration i.e. (a, b) is finite. 

Cauchy modified this definition to include the cases: 

(i) The range of integration is infinite, e.g. 

fx dx dx . 

Jx *“'*» J —» 1 t*V 3n 

(ii) the integrand becomes infinite, i.e. the function is unbounded in 

I 1 dx 

(unbounded at x»0). 



beta, gamma and error functions 


Sts 


The former is known as Infinite integral of first kind And the latter 
as infinite integral of second kind. But by convention we are accustom* 
cd of speaking the first type as infinite integral and the second kind 
as Improper integral. 

If there is an integral J f{y)dx, where fix) becomes infinite 

at x—c (a< c < b), then in order to exclude c, the point x=c 
may be enclosed in a small neighbourhood (c— (as, c+ve), (x and v 
being any arbitrary constants, so that 

f* f{x) dx—Wm f [ c ~«“ fix) dx+ P fix) dx\ 

Ja LJ a Jc+vc J 

This limit is known to be the General value of the given integral. In 
case (x=v, the value of this limit is said to be the Principal value of 
the integral. 

The integrals have infinite limits may be; expressed as follows: 


r 


fix) dx—Lim 
e-M) 


i/c 


fix) dx. 


P fix) dx=Um P f{x) dx, 

J —00 c->OJ —1 It 

f 00 fix) dx—\Am f 1,vt fix) dx etc. 
J — 00 C->0J — l/ixe 

[2] Evaluation of the Integrals of the Type 


oo f(x) 


J- 


-00 F(x) 


dx. 


where is rational algebraic function such that the degree of 

fix) is at least two lower than that of Fix) and all the roots of the 
equation F(x )=0 are imaginary. 

Since imaginary roots occur in pairs and all the roots of Fix )=0 
are imaginary, it follows that Fix) must be of an even number in 
degree say 2n. Further it follows that Fix) cannot become zero for 


fix) 


is always 


any real value of x and consequently the integrand 

finite for all real values of x. 

Let us suppose that any pair of imaginary roots is a±ib, so that the 
factors of Fix) corresponding to these roots are (x—a—ib) and 
lx—a+ib). Let the corresponding partial fractions be of the form 


A—tB * 
77 and 


A+iB 


Then 


x—a—ib 
A-iB 


x—a+ib 
A~\~iB 2 A jx~ 


■d)+2Bb 


ix—a)—ib " r (x— a)+ib 

now, t« * 

J —00 (x—a)"+b* 


(x— a)*+b* 


■Lim 

«->0 


[K 


1/vt 2/t (x —a) 
l/n* (x—a)*+h* 


dx+ 


J? 


2 Bb 


l/i»*(x— a)*+b* 


*] 
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>Lim 

«-M> 


Lim f a log {(x-a)*+6*}+25 tan - 1 -^T 7 '*, 
*-*■0 L o _J— 1 / 

(1— ave)*+cVe 8 jj. 2 


l/l“ 


A log 


(-l-flKe) 2 +6Ve* v 2 


+2 B 




*A log ^r+2nB 


log-tt 


b 

4*5 ) 


•d) 


As we have already supposed that F(x) is of degree 2n, so it will 
consist of n pairs of imaginary roots. Let these pairs be ai±.ib u 
a*±ib t ,...a n ±ib n and let the corresponding constants in the partial 
fractions be (A lt B t ), (A 2 , B t ), ...(A n , B„); then we have 

(“ r 

J -oo F(x) J _oo (x— ai) 2 +V 

i f 00 2A t (x-a t )+2B 2 b 2 , . fco 2A n (x-a n )+2B n b n , 

+ J-oo (x-atf+b* d+ ')-O 0 FOT? 

-2[a log-^+jri? 1 J+2[^ 2 logiJ-4*** ]+...+2^„log^-+Tr J B fl ] 

from ( 1 ) 

“=2 log — + 2 « (J5 1 +5 2 +...+5 ft ). . . .(2) 


Also 


Ax) „ 2 At (x-aJ+2B 1 b 1 


F(x) 


{x-atf+b* 


+ -4 


2 An (x—a n )+2B n b n 
(x—a n )*+b n * 


• /jvv_ 2y4i (x fli)42i? 1 £> 1 ™ \ , 


Since (x—fli) 2 4£>i 2 is one of the factors of jF(x)= 0, therefore F(x) 
is completely divisible by (x — atf+b* etc.... 

••• f(x)^{2A 1 (x- ai )+2BA} [x 2n_2 -f ...]4-». 

But Ax) being at most of degree 2n—2, on equating the coefficients 
of x *" -1 on either side, we get 

0=2 ( A 1 +A t -i-...An )• 

Hence from (2), we get 

f 00 Ax) 

J—oo F{x) 

Applications of this result. 

I oo dx 

~ l+x 2m * w bere m and n axe positive integers 

and n> m. 

Here H-x*"«=0 gives x=(— I) 1 ' 2 ", i.e., all the roots imaginary. 

If a be a root of the equation x in 41 = 0 , then a=(— l ) 1 ' 2n . 


■ dx=2AB x J r Sg4 ...+B„). 
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Putting— 1=A: cos e and 0=k sin 0 so that fc-1, e-w, wc get 
a — [cos ( 2 rrc+n)+i sin where r—0, 1 , 2 ,... 

_ c °- 2r + 1 _^ +l - sin- ^ 1 -- 75 by De Moivre’s theorem 

where r= 0 , 1 , 2 ,..., 2n— 1 . . f 

Since imaginary roots occur in pairs, « is of the form 

a=aC0S 2r ±lrc-j-r sin — where r * =0 » 2 . 

Now « being one of the roots of x*»4-1=0, (x-a) is one of the 
factors of fct“+l). Let P * 1 ** 1 frac,i °" “"“P 0 " 111 ”* 

to any root « of the type cos 2 ' 2 ^ 1 r.+i sin jo *' T4 “ 


A — Bi _ 


-2 m 


X—a 


2rta ,in ~ :L (x—») 

[Note. //(*-«>* «/««<»•»/ W ** ^ ■ ,hm Par "°‘ 

L /(fl) 1 

tion corresponding to (x-a) is pi ( a ).( x _ fl ) J’ 


a 2m+l a 2m_1 * o n * 

s '"“ '' 


a being root of x^+l ^ 0 


._ir 

2 nL 


cos 


2r+l 

2n 


75 -fi sin 


2r+l r T” +1 
In * J 


= - If cos(2r4-l)^-|p ,t + /sin ( 2r+l) lT ] 

_ 1 . 2m+l, 

_ ir cos (2r+l)0+i sin (2r+l) 0 , where 0=-^“" ' 

2 «L J 

Equating imaginary parts on either side, we get 

Bbb 1 sin (2r+l) 0 where r=0,1, 2,..., («-*)• 

Hence if B lt B n be the constants corresponding to r-0,1, 

2,... (n-1), then 

[» _ r ^_rf«_2a[J>,+8.+ -+W 
J—GO 1+* 2 

ie f *>*!-dx= [sin0+sin 30+...+sin (2n-l) »1 

’J* 14 -x*" 2n 1 


*4n sin 0 


[2 sin* 0+2 sin 0 sin 30+— 


+2 sin 0 sin (2n— 1) ®] 
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„ , . a . 2m-1-1 
But sm «0=sm —^- 72 


= 4 „ s ' in 9 [(1-cos 20) + (cos 2«—cos 49) + ... 

+{cos (2n—2) 0—cos 2»0} 

VST* U-cos2n0]= 2 sin*»» 

= rc sin 2 wO 
2 « sin 0 

±1, so that sin* n0=l. 


Hence 


f 




dx 


n 


it 2m+l 

cosec —=-7c 


l+x 2 » 2» sin 0 2n 2 n 

foo X 2m 

(ii) Evaluation of I j—where m and n arc positive in¬ 
tegers and n>m. 

Here the equation 1—-x 2 "—0 has got only two real roots ±1, 
corresponding to the factors (1—x) and (1+x). 

Now (x—1) corresponds to the partial fraction 

(Q 2m ie 1 

—2n(+l) 2 ’- 1 tx-l)’ 1 '*-’ —2n (x-1) 
and (x+1) corresponds to the partial fraction 

(- 1 ) 2 ” , . 1 


-2 n (-l) 2 "" 1 (x+1)’ , - e- * 2 n (x+1) 

1_1 , 1 T x— 1 —x — 1 ")_ 1 

2 n (x+1) 2« (x— 1) ~^2n [_ x 2 — 1 n (1 —x* 

dx 


„ 4 f°o </x _ f 1 dx , foo dx 


) 


dx 


If we put x= ~ in the last integral, we have 
fco dx = _ f fl (Hz 2 ) dz _ f 1 dz _f» 

Jo l-* 2 Ji l-(l/2*) J 0 z 2 -1 J 0 1 

(by the properties of definite integrals), 
A .foo dx r 1 dx f 1 dx 

It follows that the part of the definite integral corresponding to 
real roots of 1—x 2 "=0 vanishes and as such we have to consider only 
the integral corresponding to («—1) conjugate pairs of imaginary 
roots. 

Now 1—x* n =0 gives x=(l) 1,2n 

or x=(cos 2rrc+i sin 2rrc) 1/2 " on putting cos 0, 0*=k sin 0, 

so that k— 1, 8=0, 
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Leaving the roots corresponding to r —0 and r=n, which are real, 
let a be any of the («—1) pairs of imaginary roots, so that 

a=cos+* sin where r=l, 2, 3,..., (n—1). 

A — Rf 

If -be the partial fraction corresponding to any root a, 

X —ot 


then A-Bi- _ 2na ^ 

— s[ co 


__ _ a 2m+l 

- 1 2 n 


since a 2 "= 1 


IT 2rr . . 2rr. T"* 1 

5L CM 1S- +■ sm -S’j 

IT 2r (2m+l) tc , . 2r(2m+l)it 

cos—- ~ 5 ~~ -b# sin — L - ^„ r 


»— ~ [cos 2r0+i sin 2/0] where 0= 

and r=l, 2, 1). 

Equating imaginary parts on either side, we get 

J=^-sin2r0. 

2 n 

Hence if B lt B 2 ,..., B„ be the constants corresponding to r= 1, 2,..., 
(n—1), then 
Too x 2m 

-J—- 2B ^= 7t + + 

[sin 20+sin 40+...+sin (2n-2) 0] 


~a— : — a (2 sin 0 sin 20+2 sin 6 sin 40+... 

4n sm 0 v 

+2 sin 0 sin (2«—2) 0] 

^ sin 6 K cos e ~ cos 30)+(cos 30—cos 50) + ... 

+{cos (2n—3) 0—cos (2n—1 ) 0}] 


4n sin 0 


'4n sin 0 


[cos 0—cos (2n—1) 0] 
2 sin n0. sin (n—1) 0. 


But sin (n— 1) 0=sin (n—1) n 


. r2m+l , 2 m+l “I , 2m+1 
=sm [-y- «- n J=± co » ST * 


Hence 


a 2 m +1 ,, 

sin n0=—^— 1t== ±*« 

foo x*« it 2m+l 

» P3= i, "5“ , -sr-*- 
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Deductions. We have proved 

I oo x 2m , it 2m+l 

—— dx—r- cosec -s-* 

0 l+x 2n 2n 2n 


and 


Too **"• , « ^ 2 m+l 

1 t-5= dx=— cot .y — 71 

!o 1—**" 2n 2 n 

2m 4 -1 


... ( 1 ) 
... ( 2 ) 


If we put x 2n —z and then — =a, we can easily show that (1) 

and (2) give respectively 


[00 z* -1 dz 


=tc cosec wa and 


Too z*~ l dz 

Jo 1 —z 


-.n cot mx. 


|0 1+z 

[iff] Evaluation of T—r—r—...r(-—where n is a positive 
n n n \ n j 


integer. 

Let p=r—r—r-...r(—'J 

n n n \ n J 


=r—r-r-...r( 1 --)• ... (i) 

n n n \ n J 

By reversing the order of the factors, this may be written as 

’-IK '-1>- r M 

- r ( ‘-v)< '- 4 K1-4) •••< '-~)i i-t 1 ) 

Multiplying (1) and (2), we get 

p '-K4K , -4j]K4K i -4)] 


.( 2 ) 


• H VX >-¥)} 




7t 


7t 


. n 2 . n —1 

sin — sm — sin- n 

n n n 


, since rmr(l—m)= — 


it 


sin m 


Tt * -1 


ft . 2« . n —1 

sm — sin —...sin -« 

n n n 


(by §6.7) 
...(3) 


Suppose that Z)=sin — sin —...sin-— - tt. 

n n n 

In order to calculate the value of D, let us consider the equation 
1—x 2 "=0, i.e., x=(l)V*» 

—(cos 2 m+i sin 2nc) 1/ *" 
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=cos ^+i sin where r=0,1, 2, ..(2 h—1), 

so that we have the identity 
l-**"=(l-x)(l+*) | x-(cos ^+/sin-^j 

[*-(■»• j-‘ ™ )H*- 

•' [ x “(, cos ?~ fsiD ?)]••• 

jx-(cos n -j^*+i sin j x-(cos^p *-/ sin —■ n 

i.e. j~r=( 1—2* cos ^-+x* ) ^l-2x cos* -^+x*j... 

...^1—2* cos ^-^jc+x*^ 
Putting x=l and x= — 1 in turn in the above identity, we have 
n=^ 2—2 cos-^ ^ 2—2 cos^^..,^ 2—2n cos w ^ 

and n=^2+2 cos ^ ^ 2+2 cos - ( 2+2 cos - n ^ 

“( 2 ““a)’ 2 (S)‘ -i 2 15 )’ 

r c . T * \—x in i. —2«jc 2n ~ 1 . T . \—x tn n 

L x-n 1“** x-M -2n *+-i l ~ xl J 

Multiplying (4) and (5) we get 

i»—1 


(4) 


... (5) 


n 2 =r2*"“* sin* — sin* —...sin* ——- z=2 2(n-1,, D* 
n n n 


so that 


D= 


n 


2 «- 


J^Note. The value of D may be calculated by using the identity 
sin s ' n (ti-b-^—sin ^0+ —~ 11 ^ 


sin w0 
«'« 0 


=2"- 1 


, 0/1 n n0 r . n cos n0 , „ 

//we put 0=0, Lim ~~ r „ —Lim -«-=n, so /Aaf 

0-*0 ® 8-kO cos 0 


w^J^-s/w ■?■ s/w ^'... sin -—^ «1 
* it n j 
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Thus we have from (3) 


P*~— -2*~' 

rt 


1 2 — 1 \ (InY*- 1 '! 2 

i.e. P*=r~r—...r(-j—-7-, which is the required value. 

n n \ n J y/n 


Problem 1. Show that 


r 1 x "- 1 

J. ( 


- 1 (7-x)"- 1 dx 


ri»r« 


|„ (a+x) m+n _ a n (l+a) m r(m+n) 


. t r f 1 * m - 1 d-x)r l dx 

Jo (a+*) ra+ " 

Put so that *— rjfi— ■ 

(fl+Jf) 1 +a—y 

«+<■>•££ r JX=dy - u ‘ ,x= JTiT£‘ ly - 


As such 1 — x= 1 


Also a+x=a+ 


and therefore, dx— 


ay 1+a—y—aj^(l+a) (1— >>) 

1+a —y ~~ 1+a —y 1+a— y 

_ ay _ a+c?—ay+ay _a( l+a) 

1+a— y~ 1+a —y ~ 1+a —y 

__ aH\±a)' _ .—a (1+a) 


(i+a-7) a a (1+a) ' (l.+a-jO* 


■i a m-i ym-i (i-f- a )n-i (l—(1 +a—y) m+n afl+a ) 
o (1+a—(1+a—,y) B+1 a m+n (l+a)"+» (1+a-^)* 4 

1 „ 1 Tm Tn 


_ y X Q ^ _* _ A « 

or a" (l+o) m ” n ~a n (l+a) m T(m+n) * 
Problem 2. SAow that 2 n r(n+i)—l’3‘5...(2n—l)\/n. 


We know that r(n+l)=nrn. 

r(n+l)=(n-l) T(«-J) 

=(«-!) ( 8 - 1 ) rc»-« 


(Agra, 1966) 


~(«-i) (8-1) (8-4) («-4)...4.i m 
=(«—1) («—1) («—D'-l-l-lV^ 

= ^L<2„-l)(2n-3)...5.3.1 
or 2»r(n+4)=1.3.5...(2n-3) (2«-l) V*. 
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Problem 3. Show that 


f 1 dx _ ^(/|) y/ 7C 

r (' + A) - • 


(Agra, 1972) 


Suppose 


7 _r <** 

Jo VO-*")' 

jt n =sin 2 0, i.e. *=sin 2 / B 0. 
dx—— sin <2-n,,n 0 cos 0 d0. 


2 f»/ * sin* 2 "” 1 0 cos0 </0 

n J 0 cos 6 

2 r »/ 2 __ » 




S j n ( 2 -n) /« 0 


■ 2 r (l) Kj) <j) g 

” 2r (M) r G+l) ” 


Problem 4. Prove f/re relation 
In'* d& f»/ 

Jo V(«'» 0) X J 0 


Jo V(^1) X Jo V ' (jf/,6)rfe=7r - 

L.H.S. = J^' 2 (sin 0)- 1 / 2 rf0x J" 2 (sin O) 1 / 2 


r|ri r*rg 
-2r| x 2r^ 
« ri 

=Tif|= TC 


[V r|=im 
(Nagpur, 1965) 


Problem 5. Prove that J 1 y/(tan 0) <f0=O££. (Nagpur, 19t 

L.H.S.=J #/2 (sin 0) J / 2 x(cos 0)" I/2 dO 

rjri rir} 

_ 2r i _ 2 * 

Problem. 6. Express the definite integral 

r»' 2 </0 

Jo V(I—k 2 sin* 6) 
in the form of series, where k<l. 

/= f w,i —« P'* (1-yt 2 sin 2 0)- 1/2 dO. 

Jo V(l-k*s m 2 0) Jo 

Expanding it by Binomial Theorem for any index, 

sin 2 0+^| k 4 sin 4 e+fifil ** sin * e +-] d8 
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* ±*.±JL . 

+ 2 2 2 + 2.4 ’2.4 2 


1.3.5 ,« 1.3.5 « , 

T33^2A6T + -“ 


■H 

j: 


Problem 7. Prove 


35x* 


-dx=l 


32VU-X) 

Ii 35 x s 

32^7 ( 1 ~ x ) P ut x ~ sin * 0 

dx—2 sin 9 cos 0 dB 
f*' 2 35 sin® 0'2 sin 6 cos 0 dB 


(Nagpur, 1965) 


=j: 

35 C"' 2 

“16 Jo 


32 cos 0 


sin 7 0 dd 


35 T4r | 

16 2r| 


Problem 8. Prove that 

x 2 dx 


J!; 


35 

16 


3.2.1 yw 
2.-T.i.T-iV ,7C 


> 1 . 


Let /, 


-f 1 jg 

1_ Jo(l- 


JC 4 ) 1 ' 2 


0 U-x*) 
and / 2 =| 


X 2 dx 

X 


4\l/2 


i: 


dx 

(I+X 


TC 


4y/2 


dx 


(1+* 4 ) 1 ' 2 


If we put x 2 =sin 0 in / lt j.e. 2x dx =cos 0 <f0, we have 


«r 

=*i 


\/(sin 0)-cos 0 dB 


o 

ir/2 


COS 0 
sin 1 ' 2 0 c/0=i- 


riri l rpri r^rj 


, 0 2r| -4 iri - ri 

Again putting x 2 =tan <f> in /,, i.e. 2x dx=sec 2 <f> d<f>, we get 

r w ' 4 _secf _ JL f ’ \ /2, dj> _ 

V(tan • sec <j> 2 J o 

r*' 4 d<f> 


■*II 

-f 


V(sin 2$) 


, 0 \/(2 sin <f> cos $ 

put 2^=4'» /.e. 2 d<f>=d'\> 


sm 


2"\/2 J 0 

1 r m 


,-1/2 


2V2 2ff 


<]/ d<l> 

riri 


Hence /jX/ 8 = 


riri 

ri 

(rj ) 2 

4V2 


Problem 9 . Show that 


4V2ri 

rjrj 

4V2r| 

71 

4V2 

dx 
-x*) 


f 1 x " dx 
ioV(l-= 


1.3.5..(n-1) n 
2.4.6...n 2 


or 


2.4.6...(n—1) 
1.3.5...n 
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according as n is even or odd positive integer. 

—ij put x=*in 0, dx=cos 8 dd 


L .H.S={‘-^ 
J. Vfl-: 


or 


C*/* sin" 0*cos 0 d8 
'J* cos e 

rx/i r(-2±i) rj 

). ^f±i) 

n—1 «—3 3 1 r 1 „ I 

2 ' 2 "2222 

n-1 n-3 2 j r J_ 


according as n is even or odd 

1.3.5 ... (w—3) (w—1) * Qr _ 2 

2 «/2 j 2.3...— ^ 1.3.5.../J 

2 

according as « is even or odd 
2.4.6. ..(n-1) 


1.3.5...(n-1) r. 


' 2.4.6...« 2 1.3.5...n 

according as n is even or odd. 

Problem 10. Prove that J ( 1— x") 1 /B dx—~ 2r^i”nj ~ 

Let /=J X (1— x n ) lln dx, put jc”=sin 2 0, i.e., x=sin 2 / B 0, 


so that dx—-- sin <2- ” ,/2 0 cos 0 dd 
n 


cos (S/n,+1 0 sin' 2 '"’- 1 0 dd 

2 r (4 +i ) r ( v) 

Kf+■) 

1 i/« r(l/w) rq/n) 1 {r(i/n)}* 

“ n ' 2fn T{2jn) “ n ' r< 2/n) 
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Problem 11. Show that P x"*- 1 (/-*•)• dx= — Ig-ggfeL. 

r(-+„+/) 

L.H.S.=J x m ~ l (1— x°) n dx put x a =sin 2 0, i.e. x=sm 2/0 0, 

2 

so that dx =— sin <2/0)-1 0 cos 0 t/6 
a 

=— f sin 2< ” ,_1,, ° 0.cos 2n 0<sin <2/o)_1 0 cos 0 <J0 
fl Jo 

2 C *' 2 

=— I sin <2m / a)_1 0 cos <2n+1) 0 <J0 

* Jo 

_2 r(m/a) n»+i ) 

2 | rtm/fl) | n i J_n T(m/a) 

"°“ ’ 2 <x+”+>)”“ < 1+^+0 

Problem 12. The equation of motion of a particle moving from rest , 
towards a centre of attraction point, situated at distance ‘ a ’ cmsr. apart 
from it, is given by 

d^x Ic 
~ + _ =0> 

where k is a constant. 

Applying your knowledge of gamma functions, show that it will reach 
the centre of attraction point in a time given by 

T ~a (Nagpur, 1965) 


The given equation of motion is 
!? x .+JL—q 

dt 2 + * 0 


Multiplying both sides by 2-^- dt, this equation may be written as 


O <Px dx 

2 1VST*'- 


Integrating, — —2k log x+A, A being a constant. 

dx 

Initially when x=a, -^-=0; A = 2k log a. 

We thus have 

( - “2 k log x+2k log a—2k log ~ 
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so that 
or r= 




V(2fc) 


rx-t) 


a V 1 / 2 


__ \ -[° (p)- 1 '* e-* dp 

~ V(2*)Joo W 


put log — —p 

or x—ae~ v 

dx——ae~ r dp 


_ foo . . when x=0,/>=°° 

■ P<12> ' * * P and when x=a, p=0 

_ 3 —r(J) by the definition of Gamma function 

\/(2k) 

-V(*) 

6.10. ERROR FUNCTION OR PROBABILITY INTEGRAL 
The error function denoted by erf (x) is defined as 

* r/(x)= vM" e ~ n2dn • (1) 

which arises in the solution of certain partial differential equation 
The definition (1) follows the properties of error f ^ 

erf(-x)=~ erf(x) " . (S) 

erf (0)=0 

„ /(00)= _M°V« 2 *-4^1 by §6.3 (2) 

7 VuJo V" 2 (4) 


«•/<&>= 


en 2 dx when z— V — 1 


ADDITIONAL MISCELLANEOUS PROBLEMS 

// \ /— (Agra, 1970) 

Problem 13. Prove the following (i) T^y 

i 1 ri 3Sx 3 . 

(«)\f Vt-sre *>=J-r|rf a nd («J, 3 2Vr^ w „, t 7965) 

Problem 14. Express the product 2.5.—8{3n-J) in terms of the gam /9<S6) 

using r(«+l)-»r(«) we have 4 \ / 7\ 

r („ + f).(»-i-)rei)-(-l)r(”-f)K”-T)-" 
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-(-*)(-*). fff'5 

Hence 2.5.8... (3»-1)=3" + -?-) /r-|- 

Problera 15. (a) Evaluate the following integrals (/) dx 

(») f 00 ^*" coj(x>) </y, h>0. 

J o 

(b) From the above results show that 

f 00 cos (xy) cos (xy') dx =—8 (y—y') 

Jo 2 

where y>0, y’>0 and 8 (y—y') being the Dirac delta function. (Agra, 1968) 

(a) (i ) We have f 00 2r e~ ( 62 +* 2 ) z2 rfz= —— 1 .. 1" e -(6-+* 2 )z i! ‘] QO = _L_ 

J o b l +x* I. J 0 b*+x* 

Multiplying both sides by cos xy and integrating within limits from *=0 to oo, 
we get 

[J“ e ~ x ' 2 ~ cos xy dx J dz 

Here /= [°° e~ x " z ‘ 2 cos xy dx gives ~1=-\ <X> e ~x 2 x 2 x sin xy dx 
Jo dy J • 

= [-- 2z f P ^ J”— 2 ^"{^° e ~ X * z2 cos W dx, (integrating by parts) 

=0-^T 

Integrating log /=—-~-+log A i.e. I=*A e~~y 2 H z% whence A can be deter- 

4 z z 


mined by putting y==0 so that Q° 


00 e~~ x%z2 cos xy dx 1 


fo°e-~x*z*dx= 
J o 


As such / 


[00 _jr2y2 , \/ K — y 2 /4z 2 

= I e x 1 cos xy dx=* - - e 

Jo 2 Z 


QO cos xy 
o & 2 +* a 


dx~\™ 2M-»* ^ e~ y2 ‘** dz. -V« 

IT 


= V *\™ e b * ( Z * + 4 &-) dz= VnJ (say) 

Now consider/=J^° e~^ 2 ^ z 2 + dz 

so that yj* e~* Pu t ^-=/> so that 
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Kfe)*—fr*-* iW *• 

(on replacing p by 2 ) 


—bJ 

dJ 


-j- = —tdy which gives on integration J=*Be ~~by where B is determined by 


L and hence /= = 


V 7? 

26 


puttingy=0, so that B=[^ =0 = J°° - b ’ zi dz 

Th " s n°Ku-v'5 

(#/) (say) /= ^ cos *7 ~ Xos xy J 00 —|^° e~ hv sin xy dy 


b a l 


e~bv 


- sin xy 


loo x 2 f 

Jo 62 j 


00 _ 
e 

0 


(integrating by parts) 
1 x 2 

by cos xy dy~ -g- —0— p- / 

b 


,0 .ha. / [l +1 ]«| or J- j®.-* c«*r 

(6) This follows from the definition of Dirat delta function given in §8.10. 
Problem 16. (a) Evaluate the following integrals 

( 1 ) J 00 ^ I x I + 1 dx t a>0 nwd | x 1 1 j the absolute value of x 
{h) )*■*•* 

(6) //I /6e second integral given above, take the limit {3->0 and hence evaluate in¬ 
tegral 1 00 log x.e~~* x dx 

i 0 

( Use the approximations 1 -f P log a and T(1 +p) ~ 1 +5 P, 5=— 0.577218 for 

small p. 1967) 

(i) Say 7=1^^ e~ a I * I + * ** d x *= J 0 ^ ^ ^ ( cos **+* sin **) * 

^ ^ cos * J -00 e ~~ a ^ ^ s * n ^—fi*** 1 h (say) 

...(0 


Now | jc | is absolutely positive if x is negatively large or positively large 
and « is always positive also the values of cos kx and sin kx are always finite 
ly ing between —1 and +1 and hence both the integrals l\ and I 2 being convergent 
exist. 

We have /*= f° ^ «I I sin kxdx+ [°°e~ a 1 * ' $mkxdx=h\+hzfay) 
J —00 J 0 

Replacing x by —x, 1%\—— f°° e~“ a ^ x ^ sin kx dx. 

J 0 

So that /*“T*i+/m=- f°°e -a I x I sin kxdx+ f°°e -ot I x • sin kx dx=0 

JO J 0 

Hence 7=/i= f 00 e“* I x 1 cos kx dx =2 f 00 e~~ a i x I cos kx dx f the 

J —00 Jo 

integrand being even function of x 

- 2 J® cos kx dx= by Problem 15 (a-it) 
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(«) We have f J J^° e "*“ x 


p 




*dx 


rr®+i) 

i_l •• f 

L bP+i 

“«J • J 

rnp+i) 

11 

L p«p 

“ p J 


J 


o “ 


(b) 


In (it) we have shown that — J^°( * B —l) e * 9 dx=— J 

1 rr(f>+p—«» l 

•L p- p J 


when P->0, both sides of this relation are of the form and hence taking limit 
as p->0» we have 


f °° Lim •“ (**-l) e ** dx 


or 


jr- 


Lint ~ (p) 
0-*O 


■ = Lim 
0->O 


(l-Kft) —(l-hft log ct)] JL 

a 


_ +Plog«) ~| 

Pd+Ploga) J 

, .-a. .. Tim 1 r P^~ lo g tt ) 1- 7 f 5~log « , 1 1 

L ^0 “ L PU+P log «) J L 1+P log a « J 


P -,.0 “ L PU+Plog' 

S—log « 

a 


Problem 17. Show by integrating by parts that 


J* e~n 2 dn= 


V' 


lx 


(j A , 1*L\ , I****, f 
V 2x* + 2***/ + 2 8 J 


7x3x5 foo e~”* 
zi® 


.Sftow fonv /to expression may be used ft? compute the value of erf 
values of x. 

Problem 18. Define the error function erf (*). 

Problem 19. Define Gamma and Beta functions . 


Problem 20. lfTz— f 00 e U* 1 dt , evaluate 
J o 


firfi 

Jo ' 


cos m *x sin n x x dx in terms of gamma function. 


Problem 21. Define beta and Gamma functions. Show that 

Tm Tn 

(a) r{n+l)^»rn (b) P 


(c) r*=V « 


t d) ri n=«2 1/2 


dx 

(Agra ; 1971) 
(x) for large 

(Agra, 1973) 
(Agra, 1974) 


(Agra, 1975) 


(Agra, 1976 ) 


Problem 22, (a) Derive the recurrence relation r(z-f l)=zFz 
from Euler's integral rz== J^V"*/ z ~i dt) R*P. (z)>0 
( b) Show by means of beta function that 
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(. Rohilkhand , 1976) 


[* - Jl -— ■ 0<a.<l (Rohilkhand, 1976) 

(a) See §6.2. 

(b) Let /= f Z -- ~~ / -- - f * (x-t)- a (z-x)*-' dx 

Put *=f sin 2 8+z cos 2 8, so that dx= —2 (z--/) sin 8 cos 8 d§ 
x —/=(z—■/) cos 2 8 and z—x=(z—/) sin 2 8 

Also when x—z, sin 2 8~0=*8===0 and x==f, cos 2 8===0=*8=£-* With these substi- 
itions we have 

/=* — (z—/)“'* co$~ 2 *8.(z—f)*** 1 sin 2 *~ 2 8.2(z—/) sin 8 cos 8 J0 

-2 f" 2 sin 2 * -1 ® cos^^e </0 


, r g r{i-tt)} 
l *2i>+(l-«c)} 
r«ra-«) , 


by property of Gantma function 
\ • n, _x TmTn 


=T {a+(l-a)} =<*<“* •-“) •• ^ n) “T>TR 
of§6.5. 

« * U f 00 J 2m 7T 2/tt 41 .0,0 

But we have J # ^ eosec—gj- * by §6.8. 

1 K— 1 

On putting ^— * th * s y* elds 

foOjK 01 ” 1 n 

/— -t~— dy ^re cosec rra -—:- whenOOCl. 

Jo l+y sm Tea 

Aliter. We have, by definition of Beta function, 

$(m f w)== f y m ~' l (l~y) n ~ x dy 
J o 

Put y= j~ so that dy=~~ 

firm _ fz U-/)™" 1 U~ x)"- 1 1 dx 

= Jf (•c-D TO ~ 1 (^—x)" -1 </* 

or | 2 (r--jf) B_I (x—t)™" 1 dx^ ( 2 -r) CT+ "~ l 0(m, ti) 

If we put «—«, w=l —a, this yields 

[ 2 --=0(«, I—a) 

r«r(i—a) _ r 

“rfJ+i-i) a(1) - 


v r»r(i—»)--r^— 

1 ' sin n re 



CHAPTER 7 


DIFFERENTIAL EQUATIONS 

(ORDINARY AND PARTIAL WITH FINITE DIFFERENCE 
i.e. INTERPOLATION) 


7.1. INTRODUCTION 


In mathematics we call the changing entities as variable s and the rate 
o f change of one variable with respect to another as a deriv ative. 
Equations Expressing a relationship thpc^ variahW anH tW 

derivatives are known as Uiff erenliaL equations. In other words, 
d ifferentia l equations originate wheneve r a universal la w is expressed 
hy means of variables andthelr derivatives. 

A relationship between two variables x and y is expressed as /(x, y) 
=0 and read as “/ of x, y equals zero” or as “a function of x, y 
equals zero”. A function difining y as a function of x in the form 
f(x, y)=0 is said to be an implicit function of x. A special class of 
constant functions is referred as elementary functions. An equation 
involving x, the function/(x) which defines a function of x and one or 
more of its derivatives is called an ordinary differential equation. In 
other words an ordinary differential equation involves only one inde- 

— ~ while a partial differential 

equation is one which involves two or more independent variables say 
0Z 0Z 

x and y such as g^~+-g- =x 2 . The order of a differential equation is 

cPy 

t he order of the highest derivative involved in that equation e.g. 


pendent variable say x such as 


2 

“■p is of order 3. 

If y—ftx) defines y as a function of x on any interval, then f(x) is 
said to be an explicit solution or simply a solution of an ordinary 
differential equation involving x, /(x) and its derivatives. Whenever 
it can' be shown that an implicit function does satisfy a given 
differential equation on any interval then/(x, y) =>0 is said to be an 
implicit solution of the differential equation. 

The solution of a differential equation of order n contains n . 

arbitrary constants sav c.. c .c. and calico an Jbparameief family 

if solutions, referring to the constants as parameters. 

An n-parameter family of solutions of an nth osier differential 
equation is called its general solution and the function obtained by 
giving a definite set of values to the constants c u c„...c* in the family 
is said to be the Particular Integral of the differential equation. 


DIFFERENTIAL equ ation s^ 603 

There are differential equations which have solutions not obtainable 
from the n-parameter family whatsoever values are given to the 
constants, such solutions are called Singular solutions. 

The n conditions which enable us to find the values of n arbitrary 
constants in an n-parameter family if given in terms of one value of 
the independent variable, are called Initial conditions or boundary 
conditions. 

The reader of this book is presumed to have passed through the 
degree level where the methods of solving ordinary differential equa¬ 
tions of first order are discussed in details. In the next section we 
discuss some methods of solving ordinary differential equations of 
second order which are of physical interest. 

7.2. SOLUTION IN SIMPLE CASES OP ORDINARY DIFFEREN¬ 
TIAL EQUATIONS OF SECOND ORDER 

Generally an ordinary equation of second order is of the form 

where P, Q, X are functions of x only. 

I. Linear Equations with Constant Coefficients. 

The general solution is found by usual methods of finding the 
complementary function and particular integral of the equation. 
Although the student is presumed to have a sound knowledge of the 
methods to be employed for finding the complementary function and 
particular integral, but still then, we summarize them as below: 

Let there be a differential equation of the type 

where p t , p t are constants and X is a function of x. 

In terms of the D operator, it may be written 

d d 

( D i +p 1 D+p t )y—X where D stands for i.e., 2)=^, 

or we may write thus, /(£>) y=X. 

To find the complementary function (C.F.). The X is removed and 
replaced by zero. Then an auxiliary equation is written either by 
putting y=e mK whence, we. get 

m 2 +/VM+p*=0, 

or simply writing D 2 +p 1 D+p i =0 i.e.,f(D)= 0. 

In either case, we get the roots of the quadratic. 

Case I. lfdhe roots are of the type m t and m t (real and distinct) 
C.F. is C x tP" x +C i e m * x - 

Case II. If mi=m t i.e., both the roots are real and equal, C.F. is 
(C 1 +C t x)e m ' x - 
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Case HI. If the roots are imaginary i.e., of the type 
C.F. is «** [Ci cos 0x+C 2 s'n M or C x e xx cos (px+C 2 ). 

Case IV. If the roots are of the type «±\/P» C.F. is 
C x e* x cosh (Vpx+C 2 ). 

Note. The number of the arbitrary constants will be the same as the 
order of the equation. 

To find the Particular Integral (P.I.) 


We have 


p j __^L. 

^ /(D) 


Case I. If X—e ax where a is any constant. 

oax #ax 

Case II. If X—x m , where m is a positive integer 

v n» 

P.I .=^j =[/(D )/ 1 x™. 

Expand [/(D)] -1 binomially upto mth power of D and then operate 
x m on every term. 

Case HI. If X=sin ax or cos ax. 


P.I.= 


sin ax or cos ax sin ax or cos ax 


provided/(- a 2 )^. 


- 7m /(-a 2 ) *.. " 

• n v P* aX 

In casc/(—n 2 )=0, ~^ 2 y — Imaginary part of 

nd = R e al P art which is case 1 

Case IV. If X=e ex V, where V is any function of x, then 

p j ss s^e nx —-— V 
AD) e /(D+a) 

Case V. If X—x. V, where V is any function of x, then 


xV 1 v 
7(D) ~ X f(D) • K ‘ 




Hence general solution—C.F.-rP.l. 

Problem 1. Solve — y—x sin x+(l+x 2 ) c x 

or (D-—7) y=x sin x+(7+x 2 ) e* 

Now its complementary function and { particular integral may be 
found thus: 

For complementary function, the auxiliary equation is 

D 2 —1=0 or D=±l. 

C.F isC 1 e*+C 2 e-- t . 

« . . .... x sin x , (i+x 2 )e x 

Particular integral =-^2 _ p — ^ _j — 
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xe ix 1 

=imaginary part in ( /) + i/~i .( 1 + A ' 2 ) 

c= imaginary part in e ix . t— y. x+^.p—^l+x*) 

1 e J .I 

^imaginary part in elx -]y J r 2iD-2 ' x+ —7-.o\( l +* 5 ) 


e‘*r, 2 i 2 >+ 2 > 2 T 1 

imaginary part m —jr 1 — - y—J 


=imaginary part in £y£l + 


<*+?) 

+ 1-./)-^ 1 + y ]" 1 .(l+**> 


2iZ>+D 2 


+-} 




oix 


=imaginary part in l*+ , ’]+~y ^ 1 H+* 2— *+$] 


„ • /cos x+i sin x\, v , A 
= imaginary part in I--M*+0 


+- 


r jc :i jc'- ^ "| 

=—£ (x sinx+cos x)+ yl J“y ^"2 X I 

Hence the general solution is 


| fx 2 —x+|) 


dx 


y—C 1 e x +C i e~ x —i(x sin x+cos x)+ -yy (2x 2 -3x+9). 

II. Linear Equations with Variable Coefficients (Homogeneous Linear 
Equations). 

/f*v dy 

Consider, p 0 x z -^r+PiX-^+Piy^X. 


' dx 

dz = J_ 
dx x 
dy _ dy dz _\ dy 
~dx ~~ dz dx x dz' 

(Py__ Id / 1 _4y\ J_ _1 <**_ dy_ 

“dx 2 x </z l x tfe/ x 2 tfz* x s dz dz 


Put x=e®, t.e., z=log x; 
Then 


'(£y- d i\ 

x 2 \ dz 2 dz ) 
If we put =D, we have 
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Now substituting these values in (1), we get 
p 0 D (D—l) y+PiDy+ptf^X, 
which may be solved by the method employed in I. 

. . <Py dy 

Problem 2. Solve x* — x-^+y=2 log x. 

Put x—e* and denote-^ by D ; we have 

i>(Z>-1) y-Dy+y=2z or (2> 2 -22>+1) y=2z. 
Auxiliary equation is 

D 2 —22)+1=0 

or (2)—1) 2 =0 ; D— 1 (repeated twice). 

C.F.=(c 1 +c i z)e‘. 

p - I== ^-22)+1 ==2[1 * 

=2(1 +2D...) z—2 (z+2)=2z+4. 

/. General solution is y=(c 1 +c l z)e x +2z+4 

=(cj+c 2 log x) x+2 log x+4. 
Note, equation of the type 

{a+bxT g-+A (o+Z>x)- 2 gj+... 


••.+P_i (a+Ax) g +P„> , =F ( jc) 

can be reduced to the homogeneous linear form by putting z—ax-\-b 
or this can be solved by putting ax+b—e* as above. 

HI. Exact Differential Equations and Equations of other Special 
types. 

The equation of the type 

where P 0 > A and P 2 are the functions of x, is said to be exact if 
P 2 -2Y+iV=0 

or in general an equation of order n (say), 


d n y 


• t* + J> . i^f+’+^-ew 


d^y 


is exact if P n — />'„_! + ... + (—l) n P 0 (n) =0, 

where P\ P",...P (n) are the successive derivatives of P. 

Jn case the equation is exact, its first integral is 

+(/\ P o))’n-*+(P 2 P 1+2* o*))'»-S+”- 

...+{P n _ 1 -P' B _ 2 + ...+(-l) B 2Y’~ 1 })'=J Q(x)+c, 
where y n stands for ^r~r etc. 
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or 


Problem 3. Solve 
d*y 




dx* 

cPy 


2y cosec 2 x=0 


or cot —2 y cot x cosec 2 x=0, 

which is exact and hence its first integral is 

dy 
k-4- 
dx 


cot xrf- cosec 2 x=c x 


or 


dy 


1 


_I_ 

dx sin x cos x' 


y—c 1 tan x 9 


which is a linear differential equation of the first order. 

f dx _ f 2 cosjec lx dx 

r ~ P ] sin x cos x ==e J 


Integrating factor=e J 

=e ] °g tan * r =tan x. 

The solution is y tan j c x tan 2 x dx+c z 

—c x J (sec 2 x—l)dx+c 2 
^^(tan x)+c 2 - 

Note 1. Sometimes the equation becomes exact by multiplying an 
integrating factor x m , where m can be found by applying the condition 
of exactness. 

Note 2. Equations of the form ~/(>’) can be integrated by 

multiplying by 2-—- y whence we get 
dx 


or 


= \/\ Cl + 2 \ ] 


dy 

dx 


which may further by integrated by any of the standard methods. 

Note 3. Equations not containing x directly can be integrated by 
dy 

putting 

Problem 4. 

ru, 

So we get 


d*y dy_ 
dx 2 + dx 
d i y _ dp 
• dx 2 

„ dp 




P dy ' 


dy 


■p+p*— 0. 
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or 


dp 


-dy. 


1 +P* 

Integrating Xavr 1 p—c—y, i.e., ~~=p—\.a.n ( c—y ), 

which can further be integrated by standard methods. 

Similarly equations not containing y can be integrated by putting 

Note. 4. Equations in which y appears in only two derivatives whose 
orders differ by unity can be integrated as follows: 
cPy 


Probem 5 

dy 


Put 


dx 


dx 2 

d 2 y dq 
dx 2 ~~ dx 




= 2 ; 


We have 


or 




V(l+4*) 

Integrating, 


dx 
3=2 a 

sinh~ 3 g=- 


-+<V 


^= sinh (T+^) - 

Integrating again, y=a cosh (~+ c i j+ c 2 - 

IV. The Complete Solutions in Terms of a Known Integral. 

Let y=yi be a known integral in the complementary function of 


w +*£+<*-*• 

Put y= vyi ; so that *L- y *.+f 


■( 1 ) 


. d*y 

and u-5- 


d*v 


dx 2 dx 2 dx dx 


dv dy t d 2 y t 


With these substitutions, (1) gives 

fd*v\. dv_( idy±+ Pyi y v (<pLi 


dx 2 


W 






?*)■ 


or 


^L+(' P +l*yL.\*L 

dy 2 + \ + y 1 dx )dy- 


JC t 

yi 


• ( 2 ) 


since 


, P dy t 
dx 2 ^ 


2 ^ 1=0 by hypothesis. 


Putting .aawwiFP. (2) becomes 




... (3) 
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which is a linear equation of first order and hence its integrating 

factor _J(' + 

Hence solution of (3) in p is 

P •y l i e SPdx a y e !Pdx Jrf.r+c, 


or 


_ dv_ c 1 e ~^ pdx , e~^ pdx 


p= dT= 


Vi 


ys 


OV 

J 


X>e SPdx) dx) 


Integrating, 

[ e S Pdx f e -iP<ix f , p . 

v==Cj+fl )i__ i _^ + J^r-j 

Hence the required solution of (1) is 

f e -Pj dx 

y^vyi—ctyi+ctfi 


ys 


dx+y^ 


e -P Sdx 


y i 


:J Ov 


. J Pdx 


X-e 


) (dxf. 


Obviously y—x is a part of the complementary 
Putting y—vx\ the given equation gives 

d*y / 2 . x: 8 - j-2jr \</v x-ef 

* x l 
dv 

Now put -j- =p; then we get 
dp 


Problem 6. Solve — (x 2 +2x) — + (x+T) y—x^-fp. 


)dx 


dx 


-p=e*. 


Being a linear equation of first order in p. 
Integrating factor=e”f dx =e~ x - 

/>-c _x ==J e*-e~* dx+C t 


Thus 


or 


=*+C, 


Required solution is y=v.v=(x s —. v+Cj.y) .e 1 ~C~_x 
Note. It will be helpful to find that 
y== x is a part of the complementary , if 

» » *> 
y=e* „ » 

y=e~* „ 


P+0v=O. 
2+2Px+Qx'-=0, 
P+Q+ 1=0, 
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V. Transformation of Equation 

(i) By Changing the Dependent Variable 

g+^+c-x. 

Putting y~vy l this becomes 
dx 2+ V + y x dx J dx + }’! \ 


...(4) 


d^Yi 

Choosing Vj such that ~j~r 


d t y 1 
dx* 
dy x 




f s'+»>- 0 ' 


(5) reduces to 


where 


rf*v 


dx 2 


P,=P+ 


dv 

2 

dx 


X 

y x ‘ 


Now equation (6) may be solved as in previous method. 

d 2 y 2 dy 


Problem 7. 


Here 


~i j- 

. = e J 


dx 2 
Px= 
~dx 


x dx 
2 

* * 

( —log x 


= n 2 y. 


Take y x ~e J x ~e * =1 lx. 

Now put y=vyi whence the given equation becomes 
cPv 

Jts solution is v -= C x e nx + C 2 e~ n *. 


0. 


The required solution is y~vy x = 


- (C 1 e n ‘ t +C 2 e~ 
x 


*) 


00 By Changing the Independent Variable 

■ "-dy + Q y==x . 


dx 2 


dx 


£y f dz _V , dy d 2 z 


+ 


We know that 

dy dy dz , d 2 y 
dx ~~ dz dx aD dx' 1 ~ dz 2 \dx J 
Substituting these values in (7), we get 

d jy(*zxAy.£i+p Il.^l+ov^x 

dz\dx) dz dx- dz dx 


dz dx 2 


or 


or 


d 2 y 

dz* 


d 2 z 

dx* 


dz 
_ p 

r dx 




dx dy A _ Q_ 


X 


dz 


l dz 

V dx 


V 


dxj 


m 




(5) 


(6) 


• (7) 


...( 8 ) 
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A _ f dz 


where 


Pi- 


dx 1 dx 


andjr ' ! 

V J \dx) 


(M-'j 


m 


d l z dz 

If z be chosen such that -jj-iF+P ^ —Of 




=j 




then the given equation changes into 

which can be solved if Q x is a constant or a constant multiplied 
Again if 2 be chosen that Q x be a* (a constant), then 


i.e.. 


az= | VG dx. 


With this substitution (7) reduces to 

d 2 y ip dy ^ £ 

dz* +Pl dz + y ’ 
which can be solved ifP x is a constant. 

Problem 8. Solve ^ =<) - 

We can choose z such that 

(£)’-«- 

. a 

giving 4 -—r- 


Now changing the independent variable from * to z when 


z=—-, we have 
x 


The given equation reduces to 








d*y , 

■ f . -L.—i 


dz* 


y=o. 


Its solution is y=C x cos z+C t *h» *• 
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a , d 

Required solution is,y=Ci cos — + C, sin — 

X x 


7.3. SIMPLE PROBLEMS FROM PHYSICS 


f idt 

T— i J _^ 0 

*- At t n 


Problem 9. Solve L~ + J c ^0, the differential equation which 

means that the self-induction and capacity in a circuit neutralize each 
other. Determine the constants in such a way that I is the maximum 
current and t—0 when t—0. 


Given 


L -4-' 

L dr 


W+~Lc \ “"=°- 

dH i 

Differentiating, we get 777 -= 0 . 

Its auxiliary equation is ^ when D ~fft 


D=±V l-l) 


V(i-C) * 


Solution is i=y4 cos s * n '^/(Ic) * 

where A and B are two arbitrary constants. 
Applying the given conditions, when i=0, t=0, (1) gives 


0—A. 


Again /=/, when 


di A t B t 

V " ~ VTIcT Sin V(LC) + V(LC) COS V(LC) 

c . di . . 

For maximum or minimum of 1 , -^-=0 gives 


V{LC) ~ A 

= 00 when A—0 


t=yV{LC). 


Putting in (1), /=/ when t=~^<f{LC), we get 
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1=A cos 


TC , _ . 7t 

-j+Bsxn T , 
B—I. 


giving .. 

Hence putting the values of the constants A and B in (1), the 

required solution is i—I sin r - 

V (EC) 


Problem 10. The relation between the small horizontal deflection 0 of 
a bar magnet under the action of the earth’s magnetic field is 


A^L +MH6-0, 


when A is the moment of inertia of the magnet about the axis, M the 
magnetic moment of the magnet and H the horizontal component of 
the intensity of the field due to the Earth. Find the time of a complete 

[>• *-*y(™r)] 

Problem 11. In the case of the simple pendulum of length /, the 
equation connecting the acceleration due to gravity and the angle 0 

through which the pendulum swings is 1 dt* + gd— 0 where 0 is small. 


Determine the time of an oscillation. 

[a.,, t- 

Problem 12. Solve +~ ijj*. + ~=0, where R*C=4L. 


[Ans. i—e ^ Rt ^ L \ (Cj+Cy). 

.Problem 13. The differential equation for a circuit containing resis- 
'anee R, self-inductance L and capacitance C, in terms of current i and 
rhe time t is 


<Pi R di i J_ d 
dt * + L dt + LC~ L dt 


E{t) 


E (t) being the electromotive force which is the sum of voltage drops in 
t closed circuit according to Kirchoff’s second law. Find the current i 
md interpret the result physically. 


Given equation is 


ePi 

dt* 


i 1 d 

^+Ic= L dt E{ ) 


di 

di 


. . .0) 


Assume, E(t)=F sin (<or+p) 

So that -Jr- E(t)=F to cos (<a?+p) 

Then (1) becomes, ,== X C0S 

The solution may easily be found as 
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<=A e~£ ' m, HVCL-R'V, , +e \ 
\ 2 CL ) 




[ 


RaC sin (o>l+p)+(l— CLu?) cos (of-j-ft)' 


(/?wC)*4- (1 — CLvP) 1 


Putting sin a 
and cos a 


l—CLw® 


RaC 


(1-CLw 2 ) 


V^Cf+Cl-CLco 51 ) 2 
The second term on the R.H.S. of (3) 


'] 


(3) 


FaC 


V (RvCF+tl-CLv*)* 

sin [a>f+P) cos a+cos (tof+p) sin a] 
FtoC 

sin (ci>f+|3+a) 


Hence the solution is 


V (RuC) 2 -(l-CL<* 3 ? 


i=Ae '2L ‘ sin ( V4CL-R*C > , +€ \ 

\ 2 CL J 

4 -— == ==== = sin (of+p+a) ... (4) 

T V (i?wC)*-(l -CLtff 

The current in the circuit consists of two parts namely a damped 
harmonic motion due to the first part and a simple harmonic motion 
due to the second part. The first part consists of the damping factor 

e 2L and may be called as transient current while the second part 
as steady state current. The function E(t) or E{t) is called the in¬ 
put of the system and the solution as output of the system. 

Amplitude of steady state current is 

FaC F 


vXRuCjM-d-CLo- y 

whose denominator is called as Impedence Z of the circuit i.e. 

Z =V J '' + (^c- I “>* 

■ 0 * i ''" 2 (Jc- L “)(-sr- i )-° 


So that 


dz 

da' 


i.e. 


«* 


CL 


or <■>* 


\'Ct 
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showing that the impedence z of the current is minimum for 

( 4 = ——== . and then the amplitude A m will be maximum and in such 
V CL 

case we say that the electromotive force is in Resonance with the 
circuit. 


Putting w= —-= in (5) we have Max A m —-^- 
V CL R 

i.e. Max A m a — when Resonance occurs. 

Consequently R should be sufficiently large to prevent a circuit 
breakdown. 


Problem 14. A particle weighing 8 lbs distant 12 ft. apart from a 
fixed point O is given a velocity of 16 ftfsec in a direction perpendicu¬ 
lar to x-axis. The particle is attracted to the fixed point by a force F 
whose magnitude is inversely proportional to the cube of its distance 
from O. Taking constant of proportionality as 10, find the distance of 
the particle from O as a function of time t. 

Let (r, 0) be the polar coordinates of the position of the particle at 
time t. Then we have 


F r ct-Jj i.e. F r =-~ =ma r . . (1) 

o r being component of acceleration along r i.e. radial axis 

and /»= 0 —m a, ... (2) 

a t being component of acceleration in a direction perpendicular to 
radial axis 


Given mg—8 so that m— 


8 _ 

32 "~ 


\ 

4 • 


Since the particle subject to a central force moves in a plane, we 
have 


and 


a r =*ir —r <5* and a t = 2 'r e +r e 

(1) and (2) give j(r-r i.e. r-r 6 2 = 

1 (2r'e+r'e)=0 


40 


(3) 

(4) 


(4) multiplied by 2r is equivalent to Jj- (r 2 e )=0. 

Integrating r* 6=A, A being constant of integration. 

Initially when t—0, r—12, v»=l 6 (velocity component perpendicu¬ 
lar to r i.e. x-axis since when 0=0, r is along x-axis). 

Also v»=r 6=16* so that r 2 6—A gives A=r (r e)=12x 16=192 
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From (5) and (3), we have 

(192)*—40 36824 




dr 


r 3 

36824 


,3 


. ( 6 ) 

• •( 7 ) 


Put u=~ —r so that « = 
at 

Multiplying both sides of (7) by 2 u, we get 

, . , 36824 36824 . 

2m u—2x—p —m=2x— pj— r 

or d(u*)=2xwhich gives on integration, w*=-^—1-5 

36824 


144 


Initially when t—0, r =12, m— r =0, so that B 

• ■ 36824 (7=-i3i)- 36824 Ct4^) 


<dr\- 
<dt 

i.e. dt 


(dr Y 144/ -* 

0r W/y r " 3oS24 (/ 2 —144) 
12r 


191.9 v r 3 --144 
r =^ 1 9 9 V / '---l 44 + C 


- </r which yields on integration 


Initially when t—0, r= 12 C —0 
Hence (15 99 r) 2 =r*-144 
or r*—144-1-255.68r* i.e. i -■=- V 144-f 255.68^ 


7.4. PARTIAL DIFFERENTIAL EQUATIONS 
These are the equations containing one or more partial derivatives 
and are concerned with at least two independent variables. The order 
of a partial differential equation is the order of its highest derivative 
appearing in the equation: 

[A] The Partial Differential Equation of the first Order. Let a relation 
$(x, y, z , a, b )=0 . . . (1) 

be derived from the partial differential equation 

F(x, y, z,p, q)-0 ..-(2) 

where p-t— and q= C ~-- 
ox cy 

The solution (1) consisting of as many arbitrary constants as the 
number of independent variables is called the Complete Integral of 
(2). If we give particular values to a and b in (1), then it becomes 
Particular Integral. 

Since the envelope of all the surfaces given by (1) is touched at 
each of its points by some one of these surfaces, the coordinates of 
any point on the envelope with p and q belonging to the envelope at 
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that point must satisfy (2). Hence the relation found by eliminating a 
and b between <f> ( x, y, z, a, b) = 0, —=0, ^=0 

is called the Singular Integral. 

If b—f(a) then (1) becomes <p[x, y, z, a,f(a)]= 0. 

The elimination of (a) between this equation and ^ = 0 gives the 
General Integral. 

Methods of Solution 


(i) Lagrange's Method. 

Lagranges' equation is of the form Pp+Qq--R . . . (3) 

P, Q, R being functions of x, y, z. 

If u—f(x, y, z)=a satisfies (3), then we get on differentiating (3) 
partially w.r.t. x and y, ' 

du du n du du n ■ ■ 9« /9m 

_ + _^ 0and - + _- 9 =o giving P=- rx / d -, 


dx'dz 


du I du 


civ / cz 

(3) yields, pg+e ...(4) 

Obviously u=a satisfy (4) and-hence comparing (3) and (4) we get 
equations known as Lagrange's Subsidiary equations, i.e. 

d J__dy__dz_ 

p-Q~ R ■ * • W 

which are also satisfied by u—a. 

If v—b be another integral of (5), then <j> (u, v)--0 or if>, 

being arbitrary function, is an integral of (3). 

Problem 15. Solve (jv 3 .v— 2x*) />+(2y 4 — x*y) q = 9r (.V s —y s ) 
Lagrange’s subsidiary equations are 

dx _ dy _ dz _ . 

y 3 x —2x 4 2y*—x 3 y 9z(x 3 —y 3 ) K 

. dy 2y 4 — x 3 y 

First two fractions give -y-=^k -sr~s 

° dx y 3 x —2a' 4 

which being a homogeneous equation may be solved by putting 
v* whence may we get • 

dx _ v s —2 _ , ( 2 1 2v—1 \ . 

x v(v+l) (v z —v+1) v \ v "'"v + 1 + v 3 — v+1/ 
Integrating log .v+log A ——2 log v+log (v+l)+log (v 2 —v+1) 

or Ax*y 3 =x*+y 3 i.e. 4 


so that 


... ( 1 ) 
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Again from (1) we have 
dx dy 

x _ 7 


dz 


y*-2x* 2y 3 -x* z 


x'y 


9z(x s —y 8 ) —3( JC 3_ > ,3) 

dz 


The last two fractions give—4- —_ 

* y —3 z 


Integrating 


x 3 y*= 


1 

Bz 


or z— 


1 


x*y* 


or 


(# 


^ (1^") by taking 


+J" 


) 


AC *)' 3 ^ 

which is the required solution. . 

(/<) Standard Methods: 

Standard I. Equation involving p and q only as F(p, q )=0 
have their complete integrals z—ax+by+c 
where a and b are connected by the relation F(a, b)*= 0. 
Problem 16. Solve 3p i —2q 2 =4pq. 

Its solution is z=ax+by+c provided '3a 2 —2b*—Aab 

/ To> 




b= 


—4c± y/\6d i +24a : 
“ 4 


( i j V U>\ 

lrfc 2 j 


.( 6 > 

•(7> 


Hence the complete integral is 


- 1 ± 


VlO 


)>• 


z=fl£x+y ( —1 

Standard II. The equation analogous to Clairaut’s form ^ 

c ^ which has its solution as y=xc+f(c)J, 

z=px+qy+f(p, q) 


i.e., y= 
such that 


has for its complete integral, z—ax-\- by+f(a , b). 

Problem 17. Solve z=px+qy—2\/ pq _ 

Its complete integral is z=*ax+by—2 Vab 
Standard HI. The equations of the form F{z, p, q)— 0 are solved by 
putting q—ap, (a being an arbitrary constant) and changing p into 

where X=x+ay and then solving the resulting ordinary differential 

equations between z and X. 

Problem 18. Solve 9(p t z+q t )=*4. 

dz 

Putting q=ap where and X=x+ay, we have 

p x= d L^± dX= y (z+arfdz, taking +ve sign 
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Integrating X-\-b—(z-\-a 2 ) 212 or (x+ay+h) 2 = (z+a 2 )* 

Standard IV. Equations of the form/ x (x, p)=f 1 (y, q) 
are solved by putting f x (x,p)=/ 2 (y, q ) —a (an arbitrary constant). 

These equations give p and q which when substituted in 
dz—pdx+q dy give the complete integral. 

Problem 19, Solve q—2yp 2 . 


We have p 2 — ^=a* (say). 

dz 

When p 2 =a 2 , p= we have ^=c x +constant 


and when q= 


dz 

dy 


=2 a 2 y we have z— a 2 y 2 + constant. 


The complete integral is z=ax+a~y' z +b. 

(Hi) Charpit's Method. Let the partial differential equation be 
F(x,y, z,p, q )=*0 • •-(8) 

Since z depends upon x and y both, therefore 

dz=^dx+ ~ dy—p dx+q dy • • • W 

Forming Charpit’s auxiliary equations (proof is not required) 

_ dp dq __ dz _ = d y_ 

3F . dF _ ~W dF ~ dF dF _dF 

~fo +p a ? ~ P 1*p 


dF 

dz dy dz * %p 

We may find a relation f(p, q)~ 0 • • 

between p and q. (8) and (10) will yield p and q which when substitu¬ 
ted in (9) give the required solution. 

Problem 20. Solve 2zx—px 2 —2qxy+pq=0 
Charpit’s auxiliary equations are 

dp _ dq _ dz __ dx _ dx 

2z—2qy 0 px 2 +2xyq—2pq x 2 —q 2 xy—p 

Whence dq=*0 gives q—a (constant) 

_ . ... . 2 x(z-ay) 

Putting q=a in the given equation we get p= — 

Now substituting values of p and q in dz=p dx+q dy we have 
2x(z—ay) 


or 


dz— ,— 

x-—a 

dx—ady _ 2x 


z- 


dx+ady 

dx 


-ay x*—a 

which gives on integration, z— ay—c(x 2 —a) i.e., z=oy+c(x 2 —a) 

IB] Partial Differential Equations of the Second and Higher Orders. 
Such an equation of second order is of the form 

Rr+Ss+Tt=V 
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B*z B^z 

where r=-^-, s— and R, S, T, V are functions of 

. 9 z dz 

*, y, z,P, q, where p=-^,q= -y 

The complete solution of such equation will contain two arbitrary 
function as z=*f(x+oy)+4>(x— ay). 

Mehtods of Solution: 

(/) By Inspection. Method is clear from the following Problem. 

d 2 z 

Problem 21. Solve ar=xy i.e., o-^ - xy. 

Bz 

Integrating with regard to x, a-— ~-~y+$ 00, constant ot 

integration with regard to x being possibly a function of y. 
Integrating again with regard to x, 

az— | ■— ydy+ jV(y) <ix+const. 

= ~ +x<f>',y)+Uy)- 


(ii) Monge’s Method. 

The equation is ^?r+5J+ Tt—V 
Total differentials of p and q being 


. .( 1 ) 


and 


dp- | ~dx+ ~^dy=rdx ±sdy 
dq=^~ dx+ dy—sdx+tdy 


dp—sdy t _ dq—sdx 
We haver- ^ - 1 dy 

Substituting these values of r and t in (1) we may get 
C Rdpdy+Tdqdx - Vdxdy)-s(Rdy--Sdxdy + Tdx 2 ) =O' . . .(2) 

If any relation between x, y, z, p, q makes each of the bracketed 
expressions in (2) vanish, this relation will also satisfy (2). Hence 
from (2) we have so-called Monge's subsidiary equations as 

Rdy-—Sdxdy+ Tdx 2 —0 • • (3) 

Rdpdy+Tdqdx — Vdxdy— 0 ..-(4) 

Let (3) resolve into two linear equations 

dy—m i dx— 0 • • -(5) 

dy—m 2 dx= 0 • • >(6) 


Combining (5) with (4) and with dz*=pdx+qdy if necessary, we 
may get two integrals «,.=«, v^b giving an intermediary integral 
(Vi),/, being an arbitrary function. 

Similarly from (6) and (4) alongwith dz=pdx+qdy, we may find 
another intermediary integral u 2 —f 2 (v 2 ),/* being arbitrary. 
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These two intermediary integrals can yield p and q which when 
substituted in dz=pdx+qd" will yield the complete integral on inte¬ 
gration. 

In case m 1 —m s either of the intermediary integral may be integra¬ 
ted to give the complete integral. 

Problem 22. Solve r+(a+b) s+abt—xy. 

Putting r— ^ —and t — - ^ in the given equation we get 

Monge’s subsidiary equations as dy 2 —(a+b)+dxdy +-abdx*=0.. .(1) 

dpdy + abdqdx — xydxdy—0 .. .(2) 

(1) yields, dy—adx— 0 and dy—bdx=* 0 
Integrating them, y—ax^c^ and y—bx—c t 
Comparing these with (2) we get adp+abdq—ax(c 1 +ax)dx=0 

bdp+abdq-bx( Ci +ax)dx =:0 

2 t 

Their integration yields p+bq—c x — ^-=k l 

, x* bx* 

p+aq-c t — —-— =k 2 

** J 

or p+bq (y—ax) -y~—(c,)-^(y-«) .. .(3) 

bx^ 

p+aq—(y—bx) — -—=& (c 2 )^My—bx) .. .(4) 

Solving (3) and (4), 

P= ( a -b)-(a z -b-) ^-+a<f> l (y-ax)-bfa(y— 

and l[^~b\_l> ( a ~ b) ~* 1 (y- ax )+Uy-bx)^ 

Substituting these values of p and q in dz—p dx+q dy, we find 

[If-(a+b)4 + -MzMV 

L 2 6 a—b a-b J 

+ f & Syyr a *L -L h (y- bx) . 

L 6 a—b a—b y 

, , ,. x 3 , . 3x-y dx+x 3 dy 1 r 
= -(a+b)-jdx+ —■ y —^ {y ~ ax) 

(dy—adx) ]+-^£ [rf, (y-bx) (dy-bdx) ]• 

Integrating, z « -(a+b)-~ + +<\> 1 (y-ax ) +<W C V-x) 

(iii) Monge’s Method of Integrating Rr +Ss+Tt+U(rt— s*)=»F, 
R, S, T, U, V being functions of x, y, z, p, q. 

Putting . and f _ in the given equation we get 
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(Rdp dy+Tdij dx+Udp dq—Vdx dy)~s (Rdy 3 —Sdx dy+Tdx 3 
+Udp dx+ Udq dy)=0 
Say N—sM—O 

Consider, M+hN—Rdy*+Tdx 2 —(S+'KV)dxdy+ Udpdx+Udqdy 

+ARdpdy+ATdqdx-\-Wdpdq 

=(Ady+Bdx+Cdp ) (Edy+Fdx+Gdq ) (say) 

Then equating the coefficients of dy 2 , dx 2 , dpdq we get 
AE=R, BF=T, GC=\U 

Also taking A—R, E= 1, B=kT\ F= ~ , C—mU, G-— and 

k m 

equating the coefficients of the other five terms, we may fin d 


*r+y=-(S+AF) 

. • .(14) 

AjR „ 

m 

• • -(15) 

kTK 

- —AT, 

m 

. . .(16) 

mU=AR 

• • (17) 

II 

...(18) 


From (18), m—k which satisfies (16). 

From (15) or (17) m=-^~ =k and hence from (14), 

A 2 (RT+UV)+WS+U 2 =0 .. .(19) 

So if A is a root of (19), the required factors of A/+A N are 

dy+A^j-du+ARdp) ( dy+-~ dx+j~dq ) 

i.e. |r {Udy+*Tdx+Wdp) (KRdy+Udx+AUdq) 

we thus obtain integrals from the linear equations 

Udy+ATdx+Wdp=0 . . , (20) 

\Rdy+Udx+Wdq—0 ... (21) 

If u x =f x (vi) and « 2 =/* (»’ 2 ) be the two intermediary integrals so 
obtained for finding p and q and substituting in dz=*pdx+qdy we get 
the required solution after integration. 

Problem 23. Solve z(l+q 2 )r—2pqzs+z(l+p 2 )t—z 2 (a 2 —rt) 

+l+p 2 +g>=0. 

Here /?=z(l+g 8 ), S~-2pqz, T=(l+p 2 )z, U=z 2 V, 

V= —(l+p i +(?) 

quadratic in A is (RT+UV)'k i +'AUS+U i =Q i.e. {pqk—z) % =0 

giving A«»—> • 

Pi 
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Now the system of intermediary integrals is 

Udy+\Tdx+*Udp=* 0, Udx+-\Rdy+MJdq=0 
i.e. pqdy+(l+p s ) dp+zdp=0, ... (1) 

pq dn +(1 +q 2 ) dz+zdq =0 ... (2) 

Also dz=pdx+qdy ... (3) 

So (1) can be written as dx+p(pdx+qdy)+zdp =0 
or dx+pdz+zdp —0 giving x+pz—A 
Similarly from (2), y+qz—B 

So that p— -and q ——— 

z z 

Putting in dz—pdx+qdy and integrating we get the required 
solution. 

dz— A - ~? dx+-—-dy or —zdz=(A—x)(—dx) 
z z 


z* (A-xf {B-yf 
2 ~~ 2 + 2 


4-di-y) (-dy) 
const, i.e. z i +(x—A) i 

+(y-B)*=c* 


[C] General Linear Partial Differential Equations of an order higher 
than the first. 


Such equations are of the form 
A d*z d n z , , . 

A °dP +Al d^dy +-+ A « 


3 "z 


+B 0 


d^z 


3 y n ' " u dx n ~ 

+ M d £+N^ + Pz=f(x,y) 


or [A 0 D n +A 1 D n ~ 1 D’+...+A„ D' n +B 0 D n ~ 1 +...+MD+ND'+P]z 
=f(x, y) where D=~ and D'=~- 


i.e. F(D, D')z*=f(x, y). 

Its complete solution consists of two parts : (/) Complementary 
Function (C.F.) (//) Particular Integral ( P.I .). 

The complementary function is obtained from F(D, D')=0. 
Methods of Solution. 

(/) Complementary function of a homogeneous partial differentia) 
equation with constant coefficients. 

Such an equation is of the form 

(A a D n -\-A l D" -1 D'-\-A 1 D n ~ 2 D' 2 +... + A n D' n )z=f(x,y) 

Taking the trial solution as z=<f> (y+mx), so that D n (z) 

— m n <j> in) ( y+mx ), D'"(z)=^ <0, (y+mx) 
and in. general D f D'*=m r $•***) (y+mx) 
the auxiliary equatoin of the given equation becomes 
Apm”+A l m n ~ 1 + ...+A„=0 
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If the n roots given by it be m 1 , m t , . m„, then the required 

complementary function is z=& 0’-fm 1 x)+& (y+m t x)+... 

32- 22- 

Problem 24. Solve — a*-%-2'—0 i.e. (D 2 —a 2 D' 2 )z=0. 

Putting z=^(z+*wx), the auxiliary equation is m 2 —a 2 —0 
giving m=± a 

Hence the solution is r=^(y-f axJ+'K.y—<**) 

Note. If an equation has repeated roots such as (D—mD') ! z=0, the 
solution is z—xif>(y -f mx) -f -j-mx) 

If a root is repeated thrice then z=A'V(y-|-mx)+xoKy+»M^) 

+xO , +w*) and so on. 

(li) Particular integral of homogeneous equations. 

Let the equation be F(D, D') z=<j> (x, y). Then 


PI. 


1 


F(D, D') 


tM*, y)- 


Case I. If #x, y)^e a *^ then l —t™*** ~F(^bT ^ V P r °- 


vided F(a, b )=£0 

Case II. If <f>(x, y)= sin ax or cos ax then express F{D, D') as 
F(D 2 , D D'D' 2 ) and write 


sin ax or cos ax sin ax or cos ax 
F(iy s , DD', D'*)~ F(—a 2 , — ab,—t?) 


provided 


F(-a 2 ,-ab,-b 2 )^ 0 


Case III. If j> (x, y)=x m y n , then - p ^jy~jyy c m y n — [F{D, Z>')] -1 x m y n , 

expanding binomially and operating x m y n on every term. 

Case IV. If $(x, y)=e ax+bj V which may also arise in case of failures 
of cases I and II. 


Tfb»)^ vv=eax * v m^>v+i>y v which reduces to any 

of the above cases. 

Problem 25. Find ihe Particular Integral of 

(Z> 2 - 2DD' + D' 2 )z = 12xy. 


We have, P I. —^t^DD'+D' 2 ) l2xy ~ 12 (D-D')- xy 

s = #( i + 2 f + ") xy = 12 ^( x y+i x ) 
-i 2 [& >y+-F * ]—12 [ i ir+S] =s ^ +Af4 * 

Complete Integral is z=‘x4>{y+x)+ty(y+x)+2x*y+x*. 
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COROLLARY 1. In case </>(x, y)=f(ax+by) and F ( D, D') is a homo¬ 
geneous function of D, D' of degree rt. Then 
D n f(ax+by) — a n f n (ax+by) 

£>'"/( ax+by)—b n f n (ax+by) 

So that F(D, D')f{ax+by)—F{a, b)f n (ax+by) 

. f n (px+by) : fjax+by ), 

F{D,D )~ F(a,b) 

Hence ma y be evaluated by integrating f(ax+by), n 

times with regard to (ax+by) and then dividing by F(a, b) 


when F(a, b)^t 0 


Problem 26. Solve 


d 2 v d*v 


--12(x+z) 


8x* T dy* 
i.e. (D*+D' l )V=12(x+y). 

Auxiliary equation is m*+l=0 i.e. mp=±/ so that C.F. is <f> (>•+<*) 

++0’—to) 

12(.v+>’) 


and P I. 


2-3 


-=(x+y)* 


'D*+D'*~ 1 *+ 1 2 

Hence the solution is V— (.T+y) 3 +^(y+iV)+'f'0'— ix). 

corollary 2. In case, method of Cor. 1 fails i.e. F(a, 6)=*0, then 
consider 

(D—mD')z—p—mq=x T ^(x+mx) . . .(22) 

. d v dy dz 

Lagrange’s subsidiary equations are y=—=^= — 

of which first two fractions, give dy+mdx— 0 i.e. >•+m.v=const. 
=c (say). From first and third fractions, we have 

dx— , or dz—x r y(c)dx 


Integrating 


z r ty(y+mx) 

A e+1 


r+1 




v-r+1 


A-d-(c) 

r+l' 




Thus (22) yields (D—mD) ~~ + mx)— .\ r y(,y +ni.\) 

r+i 

1 \* r+1 

ie - D=^ ^ +mx)tm 7+r^ °'+ mY) 

Hence *0»+"«*)= y Vj+mx) 

+ (y+mx) 


1 


x- 


(D—mD') n -* 1.2 


I" 


<J» (y+mx) 
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Problem 27. Solve (IP-6D D'+9D' 2 )z=6x+2y. i.e. (D-3D')*z 
—6x+2y. C.F. is clearly, x ^0'+3x)+<l'0'+J*) 


P.I. — (D~— 3D') 2 ' 


(Z>-3Z)') 2 


= 2 - 


!2 


0>+3.v)=x 2 0'+3x). 


Solution is z=.v 2 (3x+;04-x$.y4-3x)+<Ky+3x). 


(y+ix) 


corollary 3. General rule. 

Consider ( D—mD') z=p—mq—f{x, y) 

Lagrange’s subsidiary equations are 


dx dy 


dx 

7(x,y) 


1 “ -m 

First two fractions give y+mx=c 

and then first and third fractions yield dz—f{x, y) dx=f(x, c—mx)dx 

z=J f(x, c—mx) dx+const. 

Hence, /(*» c ~ mr ) where c is replaced by 

y+mx after integration. 

Problem 28. Solve (2D z -DD’-3D' 2 )?=5e*-* i.e., ( 2D-3D') 
(jD+2>')z=5c J, ~". Clearly C.F. is <f>(y—x)+<\i(2y+3x) 

1 1 5**-v 

i ' 3<r by Cor. 1 


P.I. = 


(D+D')(2D-3D') 
1 


5e®-»= 


D+D' 2—3(—1) 


e x-»_| gl»-{c+z) d x== J e -< (Jx=xe~ e = xe’ : ~ 11 . 


~ D+D' 

Solution is z~xeP~ t +t'y—x)+ty(2y+3x). 

(iii) Non-homogeneous linear equations (complementary function) 
Consider ( D—mD'—n) z—0 i.e., p—mq=nz 

Lagrange’s subsidiary equations are 

I —ni nz 

First two fractions give ;y+wjt=const. 

dz 

First and third fractions give n dx —— i.e., nx=log z—log k or 

Z 

z=k e™. 

Hence the integral of given equation is z—e nx fty+mx). 

Note 1. If factors are repeated say (D—mD'—nfz— 0, then 
z—xe nx <j>{y + mx) -f4- mx). 

Note 2. The Particular Integral is obtained by the methods already 
discussed. 

Problem 29. Solve 


0*z 


d# 


dz dz 
dx ly 


d*z 


dy 1 


■2 -| j+2~=e‘**<'+sin (2x+y)+xyi 
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Given equation is (D 2 —DD'+2D'*+2D'+2D)z 

=e &*+»v 4-sin (2 x+y)-\-xy 
(£>+Z)') (D—2i)'+2)z=e 2 * + * v +sin (2x+y)+xy. 

C.F. is My—x)+e~ u ty(y+2x) and by usual methods 

P.I.— -pg- e 2x+2v —cos {2x+y)+~ (6xy+9x-2xr—6y—l2) 

Hence the solution. 


(iv) Equations Reducible to Linear Form. 

Consider an equation all of whose terms are of the form 


Ax m y m 


g™+«z 

dx**dy* 


Put x—e u i.e. «=log x and y=e v i.e. v=log y, then it is easy to 

8 8 3 • 3 

verify that if D=^=x — 

then x 2 *- 2 =D(D- 1), x’~=Z>(2>-t) (/>-2) etc. 


y^^D'iD'-l), y 2 — =D'{D'-\)(D'-2) etc. 

0t»+w gm 0n 

or in general x m y n ^ dy „ =* TO •>>"— 

=D{D-l)...{D-m+l). D\D'-l)...{D'-n+ 1). 
So that the given equation will reduce to F(D, D')z—V which can 
be integrated by usual methods. 

„ d 2 z „ 3 2 z 3z , . 3“ 

Problem 30. Solve x ^-s - >"~dyT y dv 1 A cx ~ U ' 

0 3 

Putting if=log x, v=log y with D= , D'= , this becomes 


f£>(D—l)—D'(D' — \)—D'+D}z=0 i.e. (D 4 —D' 2 )z=0 

or (D-D')(D+D')z= 0 

So that solution is z =/( v+u)+F(v—n) =/(log xy)+F^ log ^ 

(v) Equations in which Linear Factors of F(D, £>')=0 are not 
possible. 

Consider (D~ — D') z— 0. , . , _ x+a _ 

Assume z=Ae^\ giving D'z=A^ » and Ds ~ A * e 
So that the given equation, yields a — p—0 t.e . ot p 

Hence the Complementary function is z=/4e 0U+a V =v4e* < * + * V ) 
or in general, z=*'£‘Ae* {m+ * y) 
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7.5. SPECIAL TYPES OF DIFFERENTIAL EQUATIONS ARIS. 
ING IN PHYSICS 

[A] Hyperbolic, Parabolic and Elliptical Equations 

Consider f^x, y, z )-~ +/ 2 (x, y, z) ~j^+fa( x > y, *) •fp + 


Writing it as Rr+Ss+Tt+V— 0, 

0 2 Z , . 0*Z 


p, z,/>, q )=o 


•d) 


where r- 1? , . and ^ etc. 

(/) if S i >4RT, the equation (1) is said to be Hyperbolic 
(ii) if S 2 =4RT, „ „ Parabolic 

(Hi) if S 2 <4RT, „ „ Elliptic. 

<?Z d * Z • . • . u 

e.g. -r—r =-p-j J.e. r=Ms an hyperbolic equation 


a** 

0fz_ 

CX- 


0P 

8z 

dy 


=-x— i.e. r—q is a parabolic equation 


? 2 


•( 2 ) 


d 2 z 

and ‘ 0 ^ 2 ' == — i.e. r~ — t is an elliptic equation. 

[B] Diffusion Equation or Fourier Equation of Heat Flow 

1 dV 

A parabolic equation of the type 7 2 K=- r - — 

k gt 

is said to be a diffusion equation. 

d 2 0 2 ? 2 

Here V 2 =g^ 2 "+-g^-+(' n 3— D\, k is the diffusivity and 

K(x, y, z, t) is the temperature at any point (x,y, z) of a solid at 
time t. 

d 2 V 1 r)V 

One-dimensional diffusion equation is —- 


Two-dimensional 

Three-dimensional 


0 2 F d 2 V 1 dV 


0x* dy 2 k dt 

a 2 F d 2 V 0 2 F 1 dv 

0x a + 0z 2 ~k Bt' 
corollary. In steady-state heat flow, ( 1 ) yields V 2 l ,r =0 .. .(3) 

d 2 V . tfV 


.. ~ Sl/ _ d 2 V 

Here V 2 ^-^ 


gyj +-—^=0is known as Laplaces ’ equation. 


Its cylindrical form is V 2 F= 


1 


0_ 

dr 


( dv \ , 1 

\ r ~Tr ) + 7 


d 2 v 

80 2 


d 2 v 


and spherical polar form is V 2 K=~ r 2 -|^-j+ 


dz* 

1 JL 
00 


sin* 0 


f _._ D W \ , 1 0*K 

V Sm 6 00 ] + r* sin *0 8<f> x = 
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[C] Wave Equation 

A hyperbolic equation of the type □ 2 K=0 . . .(4) 

02 gj2 ^2 | Q2 

where □*=— 2 + ^r+-|p--^r -^r » c being a constant is said 
to be a wave equation. 

8"V 1 8 2 V 

One-dimensional wave equation is ? 

or 8 c- d/“ 


Two-dimensional 

Three-dimensional 
Methods of Solution 


0 2 K 8-V 1 6 2 v 

Hx* + 0v- ~ c* ' 0t 2 ~ 
gap! i d 2 V 

~dx r+ dy 2 = Sr 1 


(/) Separation of Variables. 

The equations introduced in this section may conveniently be 
solved by the method of separation of variables. This method is 
illustrated here. 

Consider -g -^y~, where z—z(x, t) .(5) 

Suppose that z=X (x) T (t) .(6) 

X (x) being function of x only and T (t) function of t only. 

11/ u r S * z & X <r A dz v dT 

We have from (6), =-^- 2 T and w = X 


Their substitutions in (5) yield 


d 2 X 1 
dx- ~'kT 


dT 

dt 


■ . .(7) 


Assuming that L.H.S. of (7) is independent of t and R.H.S. 
independent of x, each side of (7) can- be equated to some constant 
known as Constant of separation. 

According as this constant is negative or positive, there arise twe 
cases : 


Case 1. Let the constant of separation be 
J _ d*Y „ . d 2 X 
X 


n . inent./; gives 


and 


1 

kT 


dx- 

dT 

dt 


-= —n 2 i.e. 


-ri 1 


dx 2 

dT 


-n 2 X=0 


i.e. -*+n 2 kT=0 
dt 


. . .( 8 ) 

. . .(9) 


(8) gives on integration X=a cos (nx+a), a , a being arbitrary 
constants and (9) gives on integration T—be~ k n u , b being an arbitrary 
constant. 

The two solutions when combined in accordance with (6) i.e. 
z~XT, yield 

z—A cos (nx4-“) e~^ n ‘ f ' “ ‘5^ 

where A(*=ab), n and a are constants and they can be determined 
by the boundary conditions. 
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Case II. Let the constant of separation be n 2 . Then (7) gives 

d~X „ n , dT „ 

—— n-x—0 and ~j ( -n 2 kT=0. 

Which give on integration, X=a cosh (nx+a) and T=be kttS ‘ 

So that the combined solution of (5) is z=A cosh (nx-f a) krfit 

The solutions (10) and (11) can be expressed as 
z—A n cos (nx-f <*„) e - *"** 

z—A n cosh(nx+a„) 
where the constant A n corresponds to a particular value of n. 

Since these are the solutions of (5) for all n, therefore summing over 
all values of n, the solution of (5) is 

z (x, t)= S A n cos (nx+a„) .. . (14) 

n=0 

or z(x,t)= 1 A n cosh (nx+a n ) ... (15) 

n=0 

according as the constant of separation is negative or positive. 

0*z I dz 

Problem 31. Solve wit ^ ^ boundary conditions, z—0 

when x—0 and x—l for all values oft. 

Using (10), the solution is z(x, t)=A cos (nx+ a) e~km 2 
Initially z=0 when x=0 gives z (0, t)=A cos «■ e~ k ” 2, =0 

and x=l for all t gives z(/, t)—A cos (n/+a) *-*»*/=o 

So that A cos oc=0 and A cos nl cos a —A sin nl sin a=0. 

u • ,J A n 2« 3* 

Which yield a=-y and n=-j< j-» y-,... 


••.(ID 

• • • ( 12 ) 
-..(13) 


With n = ~j »the solution is z(x, t)—A sin nxe kn,( 
2n 3n 


Note. Here n 


I■ i y, -j, ...are called eigen values. 


(«) D’Alemberts’ Method. 

Consider the equation of vibrating cords 
d'u , 2 &u 
9 1* dx* 

which is also known as D'Alembert's equation. 
Suppose that v=x+Af") 
w—x—htj 

_ . 0v dw , dv , dw , 

So that dx = dx -h dt -K df A 


.(16) 

.(17) 
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a ——Qa. 1 i J!a 

an<1 0X~dv dx + 0W 0x ; 


8u 3u . _____ , 

= 0V +0W '*• a-=a„ + 


• !?_1 (da\_( 1L . A\ f 

*’ 0X 2_ 0X \0X/~ \0V ' dw) \0F 0W/ 


1 = 1 

0X 0V T 0W 

2 2 « 


+2 J!l. J!? 

0 V* + 0V 0W i '0H' 2 


.. du du 0V 0W 0W 

A,so a7=0TT/+ 


. • (18) 

_./ 3 « _ 0__./0 _ 0 \ 

0W 01 \0v ~ 0w ) Le ‘ ot \dv~dwj 

. ^L-Uifl M ? 8 2 « , e *“\ 

■ ‘ 01* \0V 0W/ \0v 01V / \ 0V* 0V 0 h "*’0IV* / 

. .. (19) 

(16) yields with the help of (18) and (19), ^^=0. 

fill 

Integrating with regard to w, we get|jj-=cpnst.=/(v) (say) 

Integrating it again with regard to v, u=J /(v) </v+const. 
=^(v)++(w) (say) 

Le. u(x, t)—$(x+ht)+<b(x-ht) ... (20) 

Physically interpreted (20) represents two plane waves travelling in 
opposite directions with same period. 

3 .0 2 


Aliter. Writing A.==p (16) becomes 

d 2 u 


dt 2 


~(h D x ) 2 u 


.. • ( 21 ) 


=a 2 u 


Treating (20) as an ordinary differential equation with constant 
coefficients such as 

cPu 

dt 2 ' 

where a—h D, 

We have the solution of (22) as u==A l e“+A 3 e~ at 
where A u A, are arbitrary constants. 

Now (22) is formally satisfied by 


. ( 22 ) 

.(23) 

.(24) 


, hD t t 

D * si 


«=e -‘VW+e _WV i Kx) 

Since (22) has been integrated with regard to t and so the arbitrary 
constants A lt A t appearing in (24) can be replaced by arbitrary func¬ 
tions ^ (x) and t)< (x) of x. Now we know that Taylor's expansion is 

/(x+A)=/(x)+l /'(x)+lV'(x)+.+£ /"(x)+.... 


.125) 


Using the symbolic operator D t ”= 
dr 


d* 

: dx n 


for n=l, 2, 3. 
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This becomes/(.v+A) =/(x)+jj- D x f{x)+^ D*f(x)+... 



hD x 

II 


+ 


\n 


D' n f(x)+... 


h 2 D .* 
12 


+ ...+ 


h n D x n 
l» 



=e* D «./(x) . . . ( 26 ) 

Using (26), and replacing h by hi and by —ht in succession, (25) 
yields 

«(.v, t)=$ (x+Ar)+$ ( x—ht) 
which is the same as (20). 


7.6. FINITE DIFFERENCES 

If fix) be a function of an independent variable x, then in calculus 
we study the change in fix) corresponding to an infinitely small 
change in x and denote this change by 5x or dx or A*. Here we shall 
use the last notation. 

The change A* ia * may be constant for all values of x or may 
vary for different values of x. Taking A x=h (a constant) the incre¬ 
ment in function/(x) will be /(x+A*)—■/(*) which is represented by 
A f(x) i.e. the increment A* in x corresponds an increment A fix) 
in fix). This A fix) is called as the first differenced fix) and the 
interval h as the interval of differencing. In other words the first 
difference of a function fix) denoted by A /(*) and read as ‘Delta/of 
x’ is defined as 

A f(x)=fix+h)- fix) . .. (1) 

where A is a fixed constant. In fact it is the difference in values of the 
function for two neighbouring values of x, h units apart. 

The second difference A */(■*) is defined as the difference of the first 
difference of fix) for two neighbouring values of x, h units apart and 
written as 

A 2 /(*) = AIA /(-”)]=A [/(*+A) —fix)]— A fix+h)—& fix) 

... ( 2 ) 

Similarly the third difference A * fix) is the difference of the second 
difference of f(x) for two neighbouring values of x, h units apart i.e. 

A */(*)=A [ A 2 /(*)] ...(3) 

and in general the nth difierence is A" fix) = A[A n_1 fix)], »=1, 2,... 

... (4) 

In finding A fix) by (1) it is clear that fix) is shifted to fix+h) and 
then / (x) is subtracted from/(x-Hi). Toe operation of shifting fix) to 
fix+h) is sometimes denoted by Ef (x) i.e., 

fix+h)=Efix) ... (5) 

As such fix+2h)=Efix+h)=E{Efix)}—E* fix) ... (6) 

fix+3h)-=Efix+2h)—E{E 2 fix)}=E 9 (fx) ... (7) 
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and in general f(x J r nh)=E n f(x) ...(8) 

It should be noted that A" and E n do not bear n as an exponent 
power but they simply represent the n times operations. 

Relation between A and E. 

Af(x)=Ax+h)-fix) 

=£/(*)-/(.v) 

or Ef(x)= A/(*)+A*)==( A +1 )/(*), 

so £=A + 1. . .. (9) 

i.e. operators E and A arc symbolically connected with this 
identity. 

Difference table. The successive differences A fix). Ap{x) • • • A r f(x) 
etc. of f(x) for different values of x are easily calculated from a table, 
known as difference table, by subtraction. In any difference table the 
independent variable (say x) is called argument, and the corresponding 
value of the function [as /(*)] is said to be the entry. A difference 
table can be coustructed as shown below. 


DIFFERENCE TABLE 


Amount 

Entry 

First difference 

Second diffe- 

Third 

X 

/(*; 

A fix) 

rence & 2 f(x) 

difference 

A 3 fix) 

a 

f(a) 

A/(«>-/(«+ *)-/(«) 

A 2 /( fl ) 


a-j-h 

f(a+h) 

A 3 fi“) 

A/(«+*) 




=f(a+2h)-f(a+h) 

A 2 f(a+h) 

a+2h 

f(a+2h) 

A f(a+2h) 
=f(a+3h)-f(a+2h ) 

A 3 f(a+h) 


A *f[a+2h) 

a+3h 

f(a+3h) 


Af(a+3h) 


a+4h 

f(a+4h) 





Fourth 

difference 

A 4 /U) 


a 4 m 


Clearly each of the A/(*)> A 2 /(•*)> or A 8 /(*) etc. is obtained 
by subtracting the corresponding value from its succeeding value i.e. 

A r /(x-f kh)= A r ~ l Af(x+kh) 

= A ^fo+k+}h)-Ax+kh)) 

or A r f(x+kh)= A r ~ 1 f(x+k +1 h)— A'-'ffx+kh) ... (10) 

for every value of k and r . 0 

Giving different values to k and r, we get different results of the 
difference table. 

In difference table its first given term i.e. /(a) is called the leading 
term and the differences. A/(a), A 2 /(a), A 3 /(u) etc. are called leading 
differences of/(a). 

Difference of any order can be expressed in terms of the function 

alone. 

(0 Af( a ) —f{ a + h) —/(a). . . .(11) 
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(i7) fta)=> A { A/(«)}= A /{(a+A)-/(e)} = A/(a+A)— A/(a) 
=K(a+2A)—/(a+A)]—[/(a+A) —/(a)] 

=/(a+2A)— 2f(a +A) +/(a). .. . (12) 

(Hi) A 8 /(a)=A{(A 2 /(a)}=A{/(o4-2A)—2/(a+A)+/(a)} 

= A/(a+2A)-2A/(a+A)+A/(a) 
={/(a+3A)=/(a+2/i)}-2{^(a+2A)-/(a+A)} 

+{^(a+A}—/(a)}. 

or A 8 / (a)=/(a+3A)-3/(a+2A)+3/(a+A)-/(a) . .. ( 13 ) 

Properties of the operators A and E. 

(0 If a is a constant Ao =0 and £a=a. ... (14) 

(«') A{af(x)}=aAf(x) and E{af(x)}~aEf(x) ...(15) 

IV E{af(x)}=af(x+h)-aEf(x)]. 
(*Q A r A'f(x)= A r+ 'f(x) and E r E s f(x)=E r +‘f(x) ... (16) 
[*.' A T A‘f(x)—(AA---r times) (AA-J times)/(x) 
=(AA...r+J times) f(x)= A r+ '/(*)].i 
(*> A{f(x)+#*)}=A/(*)+A#*) 

and E{f(x)++(x)}=Ef(x)+Eftx) ... (17) 

[V £(/(x)+^(x))=/(^+A)+^+A)=Ef(x)+E^(x)]. 
Formulation for nth difference 

If we call j',, y u the values of /(x) corresponding to/(x 0 ), 

/(•*»+A),.../(x 0 -f-nA) then by ( 1 ) we have 

A>’o=J'i-J’o . • • (18) 

A 8 3 'o= A( AT'o)=A (.Vi -J'o)=A yi - Ay 0 

=(>■« -yj-(Ji-y 0 )=y i -2y i +y„ ... (19) 

A =A (A 2 ^o) = A 0 ' 2 —2>' 1 +^ 0 ) = Ay i —2 Ayi + A ^0 

=0'3-J'»)-2(y*-y 1 )+(y 1 —y„) I 

=y»—3y»+3y 1 ~y e ... ( 20 ) 1 

Similarly A 4 >'o=>'«-4>' 3 4-6y 1 -4y 1 +y 0 ... ( 21 ) 

and so on. 

Clearly, the coefficients in the expansion of A ".To will be the same 
as the'coefficients in the expansion of (x— 1 )" t.e. 1 , "C x , n C t ,..”C n -i> 

1 and therefore it will follow by the induction method that 

oef or Jo ( - 1) * (t) • • • (22 > 

where A 0 y<,=y<> and in terms of f(x) it becomes 

A n /(x,)= Y~T k A(*o Hn~m ... (23) 

ProUem 32. Evaluate 

(a) Ax(x+I) (x+2) (x+S) 

(t)A’(of> (c) 
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(</) A n (e a+bx ) ( e ) A n (ax"+6x"- 1 )' 

(/) A"(y) (g) A (x !) 

(а) Ax(x+1) (x+2) (x+3) 

=(x+l) (x+2) (x+3) (x+4)-x (x+1) (x+2) (x+3) 
=(x+l) (x+2) (x+3) {(x+4)—x} 

=4 (x+1) (x+2) (x+3). 

(б) A n (ab cx )~& n - 1 (&ab tx ). 

Now A (ab ex )=ab c(x¥1) — ab ex —ab' x {b c — 1}. 

A 2 (ab ex )= A (ab ex ) (b'-l)=(b<-l) A («***) 

— (b e — l) 2 (ab cx ) and so on. 

A" (ab cx )=(b c -l) n (ah'*). 

^ 5x+12 “1 As r2(x+3)+3(x+2)T 

(c) ^ L vh-5» +6-J- A L (*+2)fr+3) J 
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= A 


f- 


L (x+2) 
= A • A 


(x+3). 


] 


r 2 ^ 

, 3 1 

L(x+2) H 

h (x+3)J 


Also A 


=either, 


r 2 i 3 i 

r_i_. 

- 2 1 

1 (x+2) + (x+3)J- 

L(x+3) 

(x+2)J 


+ 


[(x+4) (x+3) J 

1 


(x+2) (x+3) (x+4) (x+3) 

So that 


or 


(x+3), 
2 


(x+4) (x+3) (x+2) 


( 1 ) 




x 2 + 5x+6j ^ L (x+2) (x+3)“(x+3) (x+4) 

1 


-(x+3) (x+4)~(x+2) (x+3) 
1 


G 


G 


[< 


i 


G 


.(x+4) (x+5) (x+3) (x+4) 
_ 3 f (x+2)—(x+4) ~1 

L(x+2) (x+3) (x+4)J 

(x+3)—(x+5) 1 


■Q 


_(x+3) (x+4) (x+5)J 

A* r 5X+12 1_4_ , 6 

A L x*+5x+6 J~ (x+2) (x+3) (x+4)"*" (x+3) (x+4) (x+5) 

(<0 A" («° +6 *)= A* -1 (A« a+ * 1 )- 

• • ^ gfl+W —- gfl+i (®4*1) —|gb __ J | 

a*^*—(« 6 —l) 2 6°+** and so on. 

Hence A*e B+to =(e 6 -l) n e a+bx . 
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(e) A" (ax n +bx n ~ 1 )= A” («*")+ A" (bx”- 1 ). 

But A" (hx"- l )=0 

(as bx n ~ l is a polynomial of («—1) degree only) 

A" ( ax n )=aA n ~ 1 (Ax n )=aA n ~ 1 {(x+l) B —x"} 

=a A " -1 { A x" -1 +terms with powers less than 

(u—1) in x) 

=aA" -J nx" -1 =flA" -2- « {(n—1) x” -2 4-terms 
with powers less than (n—2) in x) 

=aA"~ 3 n (n— 1) (n—2) x" - * and so on. 

Ultimately, A" ( ax n )=a (n !). 

(/)A- (4)-A«-a(4) 

.. A (XVJ_1 (-» 

■ \*/ *+1 x ~ *(*+ 1 ) 

A ' (l)= ^irFF2) a ° d s ° °°- 

A. flL_!=J>!_ I-D’ 

1 \x) x (x+1) (x+2)...(x+n) (x+TV”* 17 ^ 

=(—l) n [(x+n)—(n+l)] <n+1, =(—l) n [x-l]'^ 1 ' 

(g) AjW =| (x+l) —]x — [x {(x+1)—l}=x l(x). 

7.7. POLYNOMIAL INTERPOLATION 

The process of estimating the value of the function for any inter¬ 
mediate value of the variable with the help of certain given values of 
the function corresponding to a number of variable values, is called 
Interpolation. 

In otherwords if a function y=/(x) is known for values Xj, x 2 , x 3 ,..., 
x, as/(x,),/(x 2 ),...,/(x n ), then the process of fiading the value of/(x) 
for some other value of x (lying between the values, Xj, x 2 ,..., x„) is 
called Interpolation. 

When we estimate /(x) for some such variable value which lies out¬ 
side the given values, the process is called extrapolation. 

If the exact form of the function f(x) is not known, or, known, in 
a complicated form, then to solve the problem of interpolation we 
assume that the function/(x) can always be taken as a polynomial in 
x. Only after making this assumption the calculus of finite differences 
can be applied to obtain the value of function /(x), for any unknown 
value of variable x. Moreover the polynomials are the simplest func¬ 
tions. 

Validity of this assumption of replacing /(x) by a polynomial 
function lies in an important theorem due to Weierstrass, which states 
that if/(x) is continuous between and x„, then itcan be replaced 
by a Polynomial of suitable degree in that interval with as small an 
error as we please. 
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The degree of polynomial depends upon the number of given 
values of the function. In general if n values are given, we can lit a 
polynomial of degree (»—1), no matter whatever be the exact degree 
of the polynomial. 

This limitation of fitting a polynomial of degree (n — 1) only, when 
n values are known, creates two problems : 

(i) If f(x) is of a degree higher than n — 1, then wc shall inter¬ 
polate the values of f(x) only approximately. 

(//) If f(x) is not actually of polynomial form but of a different 
form like exponential etc., then also the interpolated values will not 
be exactly the same. Such functions as exponential can be expanded 
upto infinity, but we can assume them only! of degree («—1), ifn 
values are given. 

7.8. INTERPOLATION WITH EQUAL INTERVALS, (/.*., when 
function-values are given at equidistant intervals). 

[1] Newton-Gregory Formula. 

If n is a positive integer, then 

f(x+nh)=f(x)+ n C 1 A~f(,x)+ n C 2 A 2 f(x)+ n C 3 & 3 f(x)+...+”C n /\ n f(x). 

We have f(x+nh)=E n fix)=(\ -f A)" f(x) 

={l+”C 1 A+ B C 2 A 2 +...+ n U n A"}/W 
=/(*)+"Ci A f(x)+ n C 2 A */(*)+■ +"C„ A"/(*) 

...( 1 ) 

which is Newton-Gregory formula. 

Here we get fix+nh) in terras of fix) and its leading differences. 

Note 1. This formula can be applied, when there are n equidistant 
terms, and 

(/) we want to obtain an intermediate value. 

(ii) out of those one value is missing which we want to obtain, 

(Hi) out of those r values arc missing which we want to determine 
from the (n—r) known, values. 

Note 2. The Gregory's expansion is convergent. But its nature of 
convergence may finish if n becomes either a negative quantity or a 
fractional one, and the formula may take a divergent shape. So the 
results obtained will be very much approximate and sometimes 
inaccurate also. 

If the function remains a polynomial one, then Newton's advan¬ 
cing difference formula, where fix) is expressed in terms of fiO) and its 
leading differences, can be used for all values of .v, positive or nega¬ 
tive, integral or fractional. Also this formula gives highly approxi¬ 
mate results if f(x) is of any other form than a polynomial. 

[2] Newton’s Advancing Difference Formula. By (8) of §7.6, taking 
h= 1 we get, f(x)=E x fiO) 

=(1 +A)*/(0)={1+*C 1 A+*C i A 2 4 • -}^0) 
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or /(*)—/(0)+*C 1 AAO)+*C*A 2 /(0)+... .. .(2) 

which is Newton’s advancing difference formula. 

So long as fix) is a polynomial in x, this binomial expansion is 
valid for all values of x if starting value of variable is 0 and interval 
of differencing is unity. 

[This formula can also be deduced from the Gregory formula by 
putting a—0 and A=1] 

Problem 33. Show that Newton's formula 

W* = W 0 + *(J> Aw#+* (t) A*«o + *<a> A a «o+ — 
can be put into the form 


w*=«o+*AKo-*«A 2 Ho+*a6 A*u 0 —xabc A\+... 
where a=I— i(x+/), b=l—\ (x+7), c=7—J (x+7), etc. 

Hence show that the successive coefficients converge slowly and tend 
eventually to numerical equality. 

a= 1 — i(x+l), .’. — fl = l (Jt+1) —l=i (jc— 1) 

Also b—\—\ (x+1), .*. -b=\ (x+l)-l=* (jc—2) 

Similarly — c=i (x+1) — l = i (x—3) 

-d=i (at+ 1)-1=^ (x—4), etc. 


Given «,=a 0 +yA«o+ 


x(x-l) 


1.2 


A 2 «o + 


(x— 1) (x- 


x(x—1) (x—2) 
1.2.3 

-2) (x—3) 


A s « 0 


2.3.4 


A 4 « 0 +-” 


or Hx=Ko+- x Awo+x^—A 2 w 0 +x 

=«o+*A«o+*(—a) A*u 0 +X (— a) (— b) a 3 U 0 

+x(-a) (-b) (-c) AX+- 
or u x = u 0 +x A u 0 — xa A 2 «o + xab A 3 u 0 — xabc A 4 «o+ xabcd A s h„—... 

It is clear from the values of a, b, c and d etc. that successive 
coefficients in the expression converge. 

Problem 34. Given the values sin 45°—'7071 , sin 50°—'7660, sin 
55°=*'8192 , sin 608= 8660, find sin 52°. 


0 

sin 8 

A sin 8 

A 2 sin 8 

A s sin 9 

45 

50 

55 

60 

•7071 

•7660 

•8192 

•8660 

*0589 

*0532 

0468 

—’0057 

—‘0068 

— 0007 




differential equations 


639 


sin 52°asm (45+5.1‘4)=£ 1 * 4 sin 45°=(1 +A) 14 sin 45 
fesin 45°+1'4 A sin 45°+ - 4 j { 4) A 1 sin 45° 


0 


, (14) (-4) (1-4—2) 

+ ' ~ 3 1 


A* sin 45° 


='7071+(1*4) ( 0589)+( 7) (*4) (- 0057) 

+(•7) C4) (-*2) (--0007) 
=•7071+*08246 - 001596 + 0.0000392 
=*7880032=07880 approx. 

Problem 35. Given log x for x=310, 320,330, 340, 350 and 360 
according to the following table. Find the value of log 3375. 


DIFFERENCE TABLE 


X 

log* 

A log X 

A 2 log x 

A 3 log* 

A 4 log * 

A 6 log * 

310 

2*4913617 

•0137883 


. 

. 



320 

25051^00 

•0133639 

— 0004244 

0000255 

— 0000025 


330 

2*5185139 

- 0003989 

•0000230 

0 

0129642 

— 0000025 

340 

2*5314781 

- 0003751 

0000205 


0125891 

• 



350 

2*5440680 

‘0122345 

—-0003546 




360 

2*5563025 







We shall first evaluate log 337 5. 

V log 337-5=log (310+10x2'75)=£ 27 - 5 log 310 

=>log 310+2 75 A log 310+ - — A* log 310 


+ (2 ’ 75) A 3 log 310 

(275) (1-75) C75) (- 75j log 310 
* 4 ! 

(taking approximation upto five places) 

log 337-5 =2*49136+2 75 ( 01379)+ 2 75 2 ~ (- 00042) 

(2'75) (1'75) ( 75) ^.qqoo 3) {leaving other terms} 
’ 6 


-2-49136+2-75 ( 01379)—(2 75) (1*75) ( 00021) 

+ (1-375) (1 75) (75) (*00003) 
= 2 49136 + 03792 - 00101 + 00005= 1 52832 
Now log 3375=log 10 x 337'5=log 10+ log 337-5=1+2*52832. 
i.e., log 3375=3-52832. 
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Problem 36. The following table is given : 


X 

0 

1 

2 

i 

3 

i 

4 

fix) 

3 

6 

11 

i 

18 

27 


What is the form of the function fix) ? 


X 

fix) 

A fix) 

A Hix) ! 

A7« 

0 

3 

3 



1 

6 

5 

2 


2 

11 

7 

2 

0 

3 

18 j 

9 

2 

0 

4 

27 | 


1 

1 


V f(x)=f(0) +*0 A/(0)+ x C 2 A 2 /(0) 


=3+x-3 


x(x— 1) , 


{as third differences are zero} 


or f(x)=3+3x+x {x— l)=3+3x+x 2 -x 
or f(x)=x 2 +2x+3. 

Problem 37. Given /(0)=7, f(l)+f(2)=10 andf(3)+f(4)+fi5)=65; 
findf(4). 

Since we are given three relations, so we can assume fix) a polyno¬ 
mial of second degree. 

Suppose f(x)=A+Bx+Cx 2 . 

.*• /(0)=1 gives A= 1. ...( 1 ) 

and /(1) +/(2)=10 gives (A+B+C)+(A+2B+4C)=10 
or 2A+3B+5C=10 

or 32?+5C=8 ... (2) 

and /(3) 4-/(4) 4-/(5) — 65 gives 

04+3B4-9C)4-(.4+45+160 +04+55+250=65 
or 125+50C=65—3=62. ...(3) 

(2) and (3) give C— 1 and 5=1. 

fix) =**+X+1. 

Hence f(4) =21. 

[3] Equidistant Terms with Terms Missing. 

In general if p out of n equidistant values of the function are 
unknown, i.e., only (n—p) function-values are known, then we shall 
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assume the function of degree («-/>-!). Thus (n-p) th difference of 
the function will be zero for every value of the variable. Equating 
these differences to zero, we may have as many equations as we like 
(for finding out missing terms) by giving different values to x 
Problem 38. Given f(l)-=386, f(3)-530, f(5)=810,.findf(2) and 
f(4)' 

Since only three values of the function are known, so f(x) may be 
assumed of second degree. Thus a 3 /(*)=0 for every value of x t 
A 3 /U)=0 gives (£—l) s /(l)=0 
or /(4)~3/(3) + 3/(2)—/(l)—0 

or /(4) 4-3/(2) —3/(3)-f/(D—1976. ... (1) 

A 3 /(2)-~0 gives /(5)—3/(4) J -3/(3)-/(2 WO 
0r 3/(4) -f /(2 )=/( 5)+3/< 3+. 810 + 1590 

=2400. ...(2) 

Solving (1) and (2), we get 

fi'2W441, f(4)-- 653. 

Problem 39. Estimate the missing terms in the following table where 
f(x)~-3*. 


X 

1 ! 2 

3 

4 

5 

6 

fix) 

3 9 1 

1 | 

— 

8 1 


729 


Explain why f(3) differs from 3 3 andf (5) from 3 s . 

As only four values are given so A 4 /(*)=0 for every x 


As above, A 4 /(l) gives 

/(5)-4/(4)+6/(3)-4/(2)+/(l)=0 ... (I) 

aud A 4 /(2) gives 

/(6) -4/(5)+6/(4)-4/(3) +/(2)= 0 ... (2) 

Substituting the given values in (1) and (2), we get 

/(5)+6/(3)=357 ... (3) 

/(5)+/(3)=306 ... (4) 

Solving (3) and (4),/(3)=10.2 and/(5)=295.8. 


When estimating/(3) and /(5), we have.assumed here that the function 
f(x) is a polynomial of degree 3, whereas it is an exponential function 
3*. That is why/(3) and/(5) are differing from 3 3 and 3 s , i.e. from 27 
and 243 respectively. 

7.9. INTERPOLATION WITH UNEQUAL INTERVALS 
In §7.8 we have assumed ]that values of f(x) are given at equidistant 
values of x, say for a, a+A, a+2h etc, but it may happen that the 
values of f(x) are not given at equal distances but are given at points 

M y *o. *i. **, *„..., x n , where (*,—*o), (*»—*i), (*s~*s)* •••• 
(**—x„_j) are not necessarily equal. We define divided differences 
to explain the interpolation formulae in such cases. 
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[1] Divided Differences 

Suppose /(x 0 )./(*i),.. /(*») are the values of fix) corresponding to 
values Xot x t ,..., x„ which are not necessarily equally spaced. Then 


(0 


/(*i)-/(*o) fixd-fix i) 


..etc. 


f(Xn) f(X n -i) 


are called first 


x^—x n ' x,—x, ’ x n —X*»-i 

divided differences of x for the variable-values (x lt x 0 ), (x 2 , Xj),..., (x„, 
Xn-0 respectively. These differences may be denoted as /(x„ x 0 ), 

f^X2> Xj),..., X n — j). 

(ii) Similarly second divided differences are 

/(x 2 , x t )-/ ( x x , x 0 ) /(x 3 , x 2 )-/(x 2 , X,) etc 

^2 *0 ^3 ^1 

denoted by/(x 2 , x,, x 0 ),/(x„ x 2 , x 2 ) etc. 

(iff) And similarly rAiirtf divided differences are 

/(.Yj,. X 2 , Xi)-/(X 2 . X,, x 0 ) 

•Y S -X 0 

denoted as/(x 3 , x 2 , x 1# x 0 ) etc. 

[2] The Divided Differences remain Uaffected by Changing the 
Permutations of their Variable Values. 

••tv- r v /(-Vi )-/ <*(>) /f£i) ■ /(- Y o) 

* l l, 0J X,-X n (Xj —X„) ' (x 0 Xj) 


X 1 

f(x„)-fix i) 


Xt). 


Similarly/(x 2 , x lf x 0 )= 

{ , , 
l(x a —x t l ~ t 


/(X 2 . X])—/(X,. Xft) 

(x 2 -x 0 ) 

/Vx,) ? f /(X,) /(X 0 ) j 

(X,—X 2 ) j ? (X, X n )_(x 0 —xQ j 


f«x.) 




/fx 0 ) 


(•^2 - V o) (** *o) (^1 ^ 2 ) (*C ^l) (*0 *^ 2 ) 

=/(x n . X u x 2 )-=/(Xi, x 0 , x 2 ) etc. 

The nth divided difference is sometimes written as: 

n 

/\\ f(O=fix 0 , Xj,...x B ) 

aiM2,: $ a n 

=s _ /(x n ) _ 

(Xo-Xj) (x 0 -x 2 )+.. (x 0 -x„) 


2 is the summation of all x's. 

(3] The nth divided differences of a polynomial of the nth degree 
are also constant. If a 0 x n is the leading term of the polynomial then 
nili divided difference will be o 0 . 

Problem 40. Findf(2, 4, 9, 10) where fix)—x*+x*+1. 

/|\*/(2) or f{2, 4, 9,10)=25. [See Table on the next page] 

4.9.10 
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fix) 

/IX/(*) 

/l\ ! /W 

/IX 3 / W 

21 

273—21 _ 



273 

4-2 ~ 126 

1274-126 

9-2 =164 



6643 -2 ? 3 = ?4 

= /IV>/(2) 

3^161^ 


9-4 

4,9 

10-2 z 

6643 


3458-1274 „„ 

id—4— =3<4 

=/KV(4) 

9, 10 

-/!\ 2 /(2) 

10101 

10101-6643 
, 0-9 = 3458 

4, 9, 10 


[4] Newton’s Divided Difference Formula 

Suppose f(x Q ), f(x 1 ),...f(x n ) are the (n+1) values corresponding to 
values x 0 , x 1 ...,x n . With these (n + 1) values we can fit a polynomial 

of degree n. Thus nth divided difference f(x 0 , x Jt x .;*»)—constant 

and (n+1 )th divided difference f(x, x # , x 1 ,...x„)=0, where x is some 
value other than x 0 , 

•• ftvv v y \ f(xx 0 ,x l ,...x n - l )-f(x 0 x 1 ...x n ) n 

• x l9 ...x n j — —v 

A A n 

f(xx 0 , x 1 ,...x n - 1 )=f(x 0 x J ...x n ) 

f(XX 0 , Xi,. f(x 0 , _ yv „ „ „ \ 

or --—-- —J\ x o> X 1 > - *n) 

X -^n—l 

or f(xx 0 x 1 ...x n - 2 )=f(x 0 x 1 ...x n -i)+(x—x n - 1 )f(x 0 , x 3 ,...x n ) 
mmmm f(xx 0 . ..X n _3) /(X 0> XiX n —2) 


f{xx 0 , Xi 9 ...X n ~ 3 )=f(XQ 9 X lf ...Xn-2)”f“(* x n~z) f( x 0* ‘ •■' Y n-l) 


H-“(x ^ n _ 2 ) (x X n ^-i) t f(X 0f X lf ...X n ) 


f{XX 0 ...X n - A )-f(X 0 X l ...X n ) 


X—X n - 3 


or f(XX 09 X 1 ,...X n - 4 )=/(X 0> X 1 ,...X fl - 3 ) + ( ;C “"^n-3)/( :r 0» Y n-i) 

~f"(x—x n _ 3 ) (x—x n - 2 )/(x 0 , x 1 ,...x fl _ 1 )+(x—x n _s) (X—X n _ 2 ) 

XiX-Xn-JfiX o, X^ — Xn-j), 

and so on. 

The last but one step will be 
/(x, x 0 )«=/(x 0 ) 5 x 1 )“|“(x Xj)y*(Xo, x 1# x 2 ) 

-{“(x—Xj) (x—x 2 ) y*(x 0> x 2 , X3)• • • 

+(x — x l ) (X—Xf)...(X— X n -i)f(X 0f x x ,...,x ,) 

_ /(x)-/c Q ) 


or 

or 


X—x 0 

/(x) =/(X 0 ) + (x — x 0 ) /(X 0 , 


*l) + (*-*o) (X-Xi)/(.V 0 , x„ x t ) 

-f-... +(x—X q)...(X «^»—0 A^ 0* ,, ^n) 
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+ X 0 ) (x— Xg)...^— x n _ a ) /'V ”- 1 /(*„) 

Xl, Xu-Xn-l 

+(x—x 0 ){x—x 1 )...(x—x n . l ) /J\ n f(x 0 ) 

Xl, Xi.-. Xn 

which is Newton’s divided difference formula. 

[5] Newton’s Gregory Formula as a Particular Case of Newton’s 
divided Difference Formula. 


In the above Newton’s divided difference formula, if we put x=x 0 
+nh, x x =x 0 +h, x 2 =x 0 +2 h, x D =x u -f3 h etc., we get the various 
terms as under: 


(x-x 0 )/(x 0 , x^—nh 
~nh 


f(x,)-f(x 0 ) _ nh f{x 0 +h)—f(x 0 ) 
x x — jc 0 h 

/(*„)-*c ,a /(*o) 


(X— x 0 ) (x—Xj)y(x 0 , 


Xl, x 2 ,)=(hA) (n— 1 h) 


fjXu x 8 )— /(x 0 , Xg) 
x 8 —x # 

A f(x 1 )~ A f(x 0 ) 


“(»*)(«-1 h ) - Yh - 

- ” ( "7--- A{A x o+h) 

= " ( ” j~ - A* /(x 0 )—"Cj A * f(x 0 ). 

Similarly, 

(x—x 0 ) (x-xO x-x 8 )/(x 0 , x lt x 8 , x 3 )=^A 3 /(x 0 ), 
and finally, (x—x 0 ) (x - Xg)... (x—x„_g)/(x 0 , x 2 , x s ,...,x n ) 


„ n(w-l)(/i-2)...(n-n-l) . . 

(| n ) A AXo) 

“^nAflAXo)' 

Substituting these values in the Newton’s divided difference 
formula, we get 

/(x„+ nh) =/(x 0 )+"C, A /(x 0 )+ n C* A 2 /(x 0 )+...+"C B A n /(x 0 ). 

Problem 41. Find f/ie polynomial of the lowest possible degree which 
assumes the values 1245, 33,5, 9 and 1355 when x has the values —4, 
—1,0,2 and 5 respectively. Also obtain the t value of the polynomial 
at the abscissa 1. 


We have to find a polynomial satisfied by (—4, 1245), (—1, 33), 
(0, 5). (2, 9), and (5, 1335) and the value for ‘1’ is to be interpolated. 
1 he difference table is given on the next page. 

/(x)*/(x 0 )+(x-x 0 )/(x 0 , x x )+(x—x„) (x— Xg)/(X 0 , x u x 8 ) 
+(x-x 0 ) (x Xi) (x-x*)/(x 0 , Xu Xg, x 3 ) 

+ (*—X 0 ) (^““^2) [x — X^)f(pe 09 Xj, X|, Xj) X4) 

«1245-(x+4)404+(x+4) (x+1) 94-(x+4) (x+l)x.l4 

+(x+4) (x+1) x (x—2) 3 
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x | 

/(*) 

/K/(*) 

/N«/(«) 

/IV/(*> 

/IX 4 /(*) 

~4 

1245 

1245 -33 
-4-1-1) 






= -404 

-404-(-28) 



-1 

33 


-4-0 




33—5 

= 94 

94-10 




—1 —(0) 


-4-2 




“—28 

1 

S 

! 

NJ 

= -14 

-14-13 

0 

5 


-1-2 


-4-5 



5-9 

=10 

10-88 




0-2 


-1-5 

H. V;-, 



=2 

2-442 

= 13 


2 

9 


0-5 





9-1335 

=88 





2—5 






=442 




5 

1335 


—--1 


1 


/(x)=5—14x+6x z —5x 3 +3x 4 . 
when x=l,/(x)=5—14+6—5+3=—5. 

[6] Lagrange’s Formula. 

Suppose (n+1) values of f(x) are known as/(* 0 ),/(xiV--. /(**£ at 
points x 0 , Xi,...,x„, which are not necessarily equally spaced. Thus 
f(x) can be taken as a polynomial of degree n and one of the 
possible forms of /(x) can be taken as under 
/(*)=^o(*-*i) (X- X s )...(x-X„)+^ 1 (x—x 0 ) (x— x 2 )...x— x n ) 

+A 2 (x—x 0 ) (x—Xj) (x— x 3 )...{x— x„)+... 

~j~A n (x ^n—l)*” 

At the point x=x 0 ,/(x)=/(x 0 ). Puttting x=x 0 and f(x)—f(x t ), we 
get 

A SB _ f( X d) __ 

# (*o-*i) (*o—^x 2 )...(x 0 —^ x n ) 


Also at the point x=x 1 ,f(x)=f( i x i ). This substitution gives us 

A , _ fail _ 

1 (*|-*o) (<* 1 —-**)—(*!—■*») 


Similarly, 


A ji_ fail _ 

* (*| X 0 ) (*l Xi)...(Xj x n ) 




__ y 

(X„—* 0 ) (Xn—Xi)...(Xf t — x n-l ) 


With these values, we get 
Jfcy (*—*i) (x-x 1 )...(x-x«) 

(x 0 -x 2 )...(x 9 -x n ) 


/(*<>) 
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(x— v 0 ) (x—x 3 )...(x—x n ) 


(*r 


-.v 0 ) (Vi—V,)...(v x —v„) * 

, (x—x 0 ) (X-V,) (x— x 2 )...(v-x„_ 1 ) 


-Xn-x) 


/(*»)• 


(v„ —V 0 ) (vn—Vj) (v n — x s )...(x„ 

which is Lagrange's Formula. 

Problem 42. By means of Lagrange’s formula, prove that 
(0 . V !=y 3 --J (y s —y- 3 )+ 2 (y,—_y_ 5 ) approximately. 

00 yo=\ O'i+J'-i)-! [\ (y 3 -yi)-$ (^- 1 -^- 3 )] approximately. 

(0 Here we are given y. 6 , >’_ 3 , y 3 and y s and is to be determined 
(1+3) (1-3) (1-5) 


>’1= 


+■ 


(-5+3) (-5-3) (-5-5) 
(1 + 5) (1-3) (1-5) 


y -o 


(-3+5) (-3-3) (-3-5) 


T-3+ 


(1 + 5) (1+3) (1—5) 

(3 + 5) (3+3) (3-5) ^ 
(1+5) (1+3) (1-3) 


or y r - 


°ryv 


4 (-2) (-4) 
(- 2 ) (- 8 ) (- 10 ) 


y- 5 


(5 + 5) (5+3) (5- 
(6) (-2) (-4) 


■3) 


ys 


( 2 ) (- 6 ) (- 8 ) 

(6) (4) (-4) (6) (4) (-2) 

(8) (6) (-2) • >8 " r (10) (8) (2) n 
= -To J-s+£t'- 3 + y 3 - -i%y 3 ~'2y- & +-5 y- z - 3y & 

■ys —'‘3 (Js-J+O + ’S (^-a-^-o). 


(ii) Here we are given the values of y_ 3 , y~ u y x and y 3 and y 0 is 
to be determined. 


y 0 


or 


or 


= _(0+1) (0-1) (0-3) 


(0+3) (0—1) (0—3) 


y-1 


(—3+1) (—3—1) (—3—3)^" 3 ”^ (—1+3) ( — 1 — 1) (-1-3) 

1 (+3) (+1) (—3) (4-3) (+!)(-!) 

(1 + 3) (1 + 1 ) (1-3)^ (3+3) (3-t-l) (3-ir 8 

Fo=“ v^-3+ fxy-i +TT>'l ~ TB>3 

= JI Oh + JV-l) t\ CO’3 )’l)— O’-l J- 3 )] 

y»=l (>’ 1 +^- 1 )-J [£ (y 3 -yi)-i (+-x—> , - 3 )]- 


7.10. CENTRAL DIFFERENCE FORMULAE 
When applying Newton’s Gregory formula with (n + 1) known values 
of the variable, we assumed the function as nth degree polynomial, 
for finding out any intermediate value, but actually the polynomial 
happens to be different from nth degree, so Newton’s formula gives 
an approximate result only. For better results central difference 
formulae are introduced. 

^^PPo^functionAv) takes the values /(0), /(l), /(2), /(3), /(4), 
/(5),/(6),/(7),..., equally spaced having unit interval. 

If we shift our origin to the 4th point then fix) will become /(—3), 
/l-?),A-D.AO),/(l),/(2),/(3),... 
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[I] Gams’ Forward Formula. 

Newton’s advancing difference formula (in which interval is 
unity and zero is the starting value of the variable) is 
/(*)=/(0)+*C, A/(0)+*C 2 A 2 A0)+*C 3 A*A0)+...+-C r A r A0) 

as a 2 A0)=A 3 /(-D + A 2 /(-1) , 

[v A r A-D=A r ' 1 {A0)-A-i)H 

and A 3 A0)=A 4 A-1>+A 3 A-D- 
Similarly, A 4 A<»= A 5 A - D+ A 4 A - 0+ A 3 f(— D 
= A 4 A-2) + A s A-2), 

AV(-1)= A 5 A-2)+A 4 A-2) etc. 

In general A r A/>)=A r+1 A^-D+A r 0-D. for every integral 
values of r and p. 

Substituting these transformations in advancing difference formula 
wc set 

/(x)=ao)+ t c 1 aAO) i *c 2 a 2 /(0)+*c 3 a 3 A0)+*c 4 a 4 A0> 

+ i c 5 a‘A0)+- 

= y (0 )+*C, A AO) 4- X C, { A =/< -1) + A 3 A -1)) 

+»C 3 3 A-0H-A 4 A-l)>+^4 {A 4 *i-l>+ A 5 f(-1)} 

+*c 8 {a 6 A-D+ a 6 A-i)} and so on 

/ (J c)=A0)+ , c 1 AA0)-f x QA"A-i)+rc 8 +"C 3 ) a 3 A-D 

4-( x C 8 4-*C 4 ) A 4 A-1)+( I C 4 + X C’ 5 ) a 5 A-D 

+CC.+-C,) a*A— i) and s0 on 

A*)=AOH *CxA A0 )+*c 2 a 2 /(- 1)+ X4 ' 1 ^aA- 1 ) 

+ x+, c 4 a 4 A- D+^sA'A-D+^c. A e A-iH o - n ; 

(Now we have to transform A’s of A~l) into A s A 2) ®f*^ 
4th term, and then A** ofA~ 2) into A*s of/(-3) after Wh urm 
and then after 8th term A’s ofA-3) into A s of/(-4) and so o ■) 

... /(x)-A0)+ x c, A A0 )+ x c 2 a 2 /< -i)+7‘ C ;A A--i) 

+ X+1 C 4 {A 4 A - 2) 4- A 3 A—2)}+* ^5 {/- A-2) 

+ A # A-2)}+ x+1 C« (A'A-2)+AA-2)H- 

Ax)=A0)+ x c 2 a A0)+ x c 2 a 2 A- 0+ x+l ^A 3 A-i) 

+ X+1 C4A 4 A"2)+{ X+1 C4+ I+1C *> A 5 A-2) 

+{ X+ 1 C 6 + X+ 1 C»} A 6 A-2 )+{ x+1 C r B t " +1C 3 2 + ” 

f(x)=f(0)+ r c l AA0)+* C 3A 2 A-O+ x+ CsA A ) 

+."C,a‘/!-2H-«’C.A‘/(-2)+-^AA^)_ 2)+ ^ 

/(x) =ao>+ x c x a /( 0 )+ x c 2 a 2 A -1)+ I+lc 3 a *A -1) 

* -f ® + 1 C 4 A 4 A - 2)+* +2 C 5 A 6 A — 2)+ x+2 QA A“2) 

+* +3 c 7 a A —3 )+”; 

(V A 4 A-2)-A 7 A-3)+A # A- 3 )> 

which is Gauss’ forward formula. 


or 


or 


or 


or 


or 
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If origin is not 0 and interval is not unity then, in general, 
/(a+4=/(fl)+'C 1 A/(fl)+'C ! A 2 /(a-A)+ Ml C,A!/{a-A) 

+* +1 C 4 AV(a-2A)+* +2 C s A 5 /(fl-2A)+... 
This formula contains the odd differences just below the central 


line through /(0) and even differences on the centrai line. The 4 
following table will make it clear : 

[2] A central difference table can be prepared as follows : 


fix) 

A fix) 

A 2 f{*) 

A 3 fix) 

A x fix) 

A 5 /W 

A 6 /(.r; 

/(- 3) 

/(-2) 

/(-1) 

! /(o)/ 
/(i) 

/( 2) 

A3) 

m 

A A-3) 

AA-2) 
AA-D X 
A Ao. 7 
A AD 

A A 2) 

A A 3) 

A 2 /(-3) 

A 2 /(-2) 

A 2 /(-D\ 

A 2 /i0) 

A 2 /(D 

A 2 /(2) 

A 3 /(-3) 

A 3 /(-2) x 

A 3 /(-D / 

A 3 Ao; 

A 3 /(D 

A 3 / (-3) 

A 3 A-2)t( 

A 4 /(-D 

A 4 /(0) 

A 5 /(-3) v 

A 5 /(-2) / 

A 5 /(-l) 

A 8 /(-3' 

A*/(-2 


[3] Gauss’ Backward Formula. 


Here Newton's advancing difference formula is so transformed as 
to have a formula involving odd differences just about the central 
line through/(0) and even differences as before i.e. on the line. 

.*./W=/(0)+ I C 1 A/(0)+ I C,.A 2 /(0)+ I C 3 A 3 /(0)4-*r 4 A 4 /(0)+- 
=/(0l-FC, {A/l-lR A 3 /(-1 )R x C 2 {AV(-1) 

•i A 3 /(~l)} + *C 3 {A 3 ^(-l)+A 4 /(-l)} + ... ' 
=/(0)-l *C,A /(-l)+(*C a +*C a ) A 2 /(-l)+( a ’C 2 +*C 3 ) 

A 3 /(~1)+( X C S +*C 4 ) A 4 /(-l) 

+(*C 4 +*C R ) A*/(-l)+... 
or f(x)=r-fiO) +-C, A /(-l)+ x+l C 8 A 2 /(-l) 

+ x+1 C a {A 3 /(~l)+ I+1 C 4 A 4 /(—l)+* +1 C 6 AV(—1)+— 
or /(x)«/(0)+*C t A /(-l)+ x+1 C*A 3 /(-l)+ at+1 C 8 (A*/(-2) 

+ A 4 A-I)+* +1 C 4 {A 4 /(-2)+A‘/(-2)}+... 

or /(xH/lOj+^A /(-l)+* +1 C*A*/(-l) 

+* 4-1 C ;s A 3 /(—2)+* +, C 4 A 4 /(—2). 

Thus the backward formula is 

/(*)=/(0) +*C 4 A A-l)+^C a A*/(-l)+ x+1 C»A*/(-2) 

+* +3 C 4 A 4 /(-2)+*^C,A‘/(“3)+... 
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In case origin is a and interval of differencing not unity, then 
f{a — nh ) =/ {a+ n ( —A)} (taking h negative) 

A M =f(o+h) —f(a) —f(a - h)-f(a) = - A f(a-k). 
&*f(o-h)=f(a+h)-2f(a)+f(a-h) 

—f(a—h) —2 f(a) +/(<H A)= f?f(a—h). 

Thus even differences remain as such whereas odd ones change 
their signs. 

f(a—rth)—f(a)— n C 1 Af(a—h ) + n C 2 A 2 Aa— h)• 
~ <n+1, C 3 &*f(a~ 2/») + <n+,, C 4 A 4 /(u-2/i)- < ’* +1) C 5 A s /(o—3A)+.. 

[4] Newton’s Stirling Formula. 

This formula is obtained directly from forward formulae. 

V f(a+nh)—f(a)+ n Ci A /(fl)+ n C 2 A l f \a — h) 

+ n+1 C 3 A a f(a~ h)+ nJrl C f(o—2h) 

+ n+2 C 5 A 5 /(a-2h)+ n ^C ls A e f(a-3h)+... 

=/(a)H-«A/(o)+^ A 2 f(a~k)+- A *f(a-h) 

+ (”+.l) A 4/(q— 2 ft) ~ 


- l^Aa- lh) 


(w 2 —2 2 ) ( « a — l 2 ) w a6 ^_ 


A®/(«—2A)+... 


=/(a)+« 2 ^ A /(a) •: A 2 /(« - « + * A 2 /(a-/i) 
« (« 2 -l 2 ) 2A*f(a~h)-A t Aa-~2h) 


+ « ! oj- 1! ) AV(a _ 2ft) 

n (» 2 -1 2 ) (/r-2 2 ) 2 A 5 /(«- 2h) - A 6 /(u ^3A) 

+ | 5 _ '2 

A6/(a _3A) + ... 

-*• /(*+«*)=/(«)+* ^^ 

« (« 2 —l 2 ) A'f(a-h) + A*f(a-2h) 

+ ~|3* 2 ■“ 

AVM) 

, w(w 2 — l 2 ) (n 2 —2*) A 8 /(fl-2A)+A , /(g-3A) 


a«/(«-3A)+... 

o 


which is Stirling’s formula. 
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If a— 0, h= 1, and n=x, we get the formula as 

/W-/(0)+ | f- 4/ (0) ±„A/(-i) + *f A 2 /( _ 1} 

jc (x*-l 2 ) A 8 /(-l)+A»yi[-2) 

+ “'| 3 _ 2 

AV( _ 2)+ ^=£&2!) 

A 5 /(—2)+A s /(~3) 
x 2 


The central difference table shows that this formula involves the 
mean of the odd differences above and below the central line and 
even differences on the central line. This gives very good results in 
successive approximations as it decreases or increases uniformly. 

[5] Bessel’s Formula. 

Gauss backward formula is 
f( x )~f(0)+ x C i A /( —1)+ 1+1 C 2 A 2 /(-1) 

+* +1 C,A 3 /(-2)+* +2 C 4 A7t-2)+.(1) 

And forward formula is 
f(x)=f(0)+*C 1 A /(0)+*C 2 A 2 /(-1) 

+* +1 C 3 A 8 /(—l)+* +1 C 4 A 4 /(—2)+.(2) 

Shifting the origin to 1 in backward formula (1) i.e. at 4 in the 
original data, we get 

/(*)=/(!) + X - 1 C 1 A /(0) +*C 2 A'’/(0) 

+*C 3 A 3 /(- l)+^ 1 C 3 A 4 /(-l)+.(3) 

Taking mean of (2) and (3), we get 

/(*)=* t/(0)+/(l)m A/(0) 

+xC t A 2 /(0)+a 2 (tzll +i [*+1 C 3 +*C 3 ] A*/("!) 


+ x + i Ci A 1 /(-! )+ A 4 _/L-2) 


+ £ r 1 C 5 +* +2 C 5 ]A 5 /(-2)+... 


or/(.r)=H/(0)+/(l)] + (.v-i) A f(0)+ x( A 2 /(0) + A 2 /( . U 

(x—J) .r (jr—1) a- Ar-fl) -Y (.V— 1) (jf—2) 

"T i * /l — 1>T |4 

..AVt-l)+A 4 /(-2). (*-£) (.r+1) x (*—1) (x—2) 

x j-j + (5 


x A 5 /( —2)+... 
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+■ 


+ p*"- A a /(-l) 

HA 4 A-l)+A 4 /(-2)} 

A 5 /( —2)+... 


which is Bessel’s formula. 

If we replace x-\ by t, i.e. x by r+i we get 

/<r+i)=i t/(0)+/(l)]+r A M 

, i 2 -(i) 2 A 2 /(0)+A7(-l) , 

+ ~T2 2 + |£ 

f/ 2 — (i) s l (f 2 - 

II 

. < (f s -(i) 2 } {f 2 -a) 2 > 

+ g; 

which is rather convenient shape of Bessel’s formula for practical 
purposes {but only if x > $}. 

Here we have alternately mean of the differences falling on both 
the sides of central line and differences lying upon central line. 

[6] Laplace-Everett’s Formula. 

Gauss forward formula is 

/(x)=/(0)+xA/(0)H- e C,A 2 /(-l)+ I+1 C3A 3 /(-l)+* +, C4A 4 /(-2) 

+* +5 C 6 A 5 /(-2)+. (4) 

A 2i+1 /(*)= A tk f(a+h)- A 2 ‘7(«). 

With the help of this relation, eliminating odd differences from (4), 
we get 

/(•*)= /(P)+*Ci {/(I)-7t.O)}4-*C g A 2 /(— 1)+ I+1 Cs ( A 2 /(0) 

-a*A“1)}+-^4A 4 A-2)+^c,{a 4 A-»-a^-»} 

er/ljr)-(l-*)AO)+"CiAl)+('C.- rtl C,) A 2 /{-l) 

+* +, C s A 2 /(0)+( I+1 C 4 - :r+2 C’ 6 ) A 4 /(—2)+ x+2 C 6 A /(—1) 
+ (*+2 C6 _*+3c 7 ) a7(-3)+ x+s C 7 A*/(-2) 
+( i+3 C 8 — X+4 C # ) A*/(—4)+ — 


or /(*)Ki-*)/(°)+*/(i)+[-pi— ^rr ~ ~ ] A 2 /(-D 


+ (£jHVl) A 3 /(0)+ ( 


(A-+ 1 ) 14 ' (.y+ 2 ) ( °) 


) A 4 /(-2) 


A 4 /(-!)+.- 


or _A*)=£(l-x) A0)+^y-h^4y—] 

+ {^^-^rr 1 \ A 4 /(-2)+... ] 

+[ */(l)+ ( -^y^A 2 A-1)+ ( 1|^A 4 A-1)+-] 

If (1—A-)=f in the 1st part of the formula, then we get 
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/(*)=[ J - | y — a 4 a-2)+...J 

+[ x f(l)+“ A* /(0)+ x (xi ~ 12 5 } ( * a ~-AV(-l) 

+...] 

which is the Everett’s formula. 

Problem 43. Given u 0 , u u u t , u 3 , u t , w 5 {fifth differences constant), 
prove that u 2i =+c+ 25 - by any central difference 

formula, where a=u 0 +u 5 , 6=n 1 4-w«» c=w s +«j. 

Bessel’s formula is 

,,. t 2 -(*) 2 a 2 uo+a 2 «-i . t {t 2 -m A ».. 

« (/+ j)=i [« 0 + w i]+tA«oH—p-2-"*-[3 A 1 

, {^-(l) 2 } {t'-O) 3 } A 4 «-,+A 4 »-2 

+ ]_4 ' 2 

+ » {<--ame- (jn A% .„ 

-{fifth differences constant means that differences above fifth are 
zero}. 


"i 


Putting r=0 in the formula 

, r u , U 1 1 AX+A 2 «-, A^-I + 4 -H^ 

-i l“o+«il—i-2-~ + 24 2 

X (,1 -Lul 1 A 2 «sA*«-i , 3 A 4 M-i + A 4 «-* 

=1 («•+«!>—t-2-+128-2 


=$ (««+ a i)“rr {«2~2 u 1 +i/ 0 +«i.— 2« a +«-i) 

+tK {«»—4«i+6mi— 4u 0 ++« 3 —4«!+6 m 0 —4«_j+«- 2 } 

«■ i («,+«i)—TT {*<2 — Wl — «o + a -l + TVT {w 3 — 3w, + 2«i+2u 0 

—3u_ x +tf_,} 

ot «i =i(«0+ a l)+TTT {3(M 3 +M_a)—9(« 2 -fU-i)+6(«l+M») 

+ 16(«o+«i) — 16 ( a i+W-i)}* 

Shifting the origin to —2, we get 

«24 («,+«,)+tU {3 (tf»+«o)—9 («.+«i)+6 («*+«*) 

+16 («,+«»)+6 («*+« i )> 

=Jc+ T | T {3«—96+6c+16c—166} 
or v 2J =*c+ T M3«+22c-256} 

, . 25 (e-6)+3 (o-c) 

or “ 2 i=^+-556- 
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7.11. APPROXIMATE INTEGRATION 

The approximate integration or numerical quadrature deals with 
the evaluation of approximate area under a curve by determining the 
value of a definite integral with the help of a given set of numerical 
values of the function under integration. For this purpose we first 
approximate the function into the form of a polynomial applying some 
formula of interpolation. The degree of the polynomial depends upon 
the number of known values of the function. With n known values 
the function can be supposed as a polynomial of degree (n— l). Now 
approximating the form of the function, we can integrate it within 
desired limits. 


[1] Trapezoidal Rule 

Suppose there are two values of the 
function f(x), /(0) and f(l), represented 
by H and K on the curve. There can 
be unlimited curves passing through 
these two points; the simplest of them 
will be one degree polynomial, i.e. a 
straight line, say/(*)=A+.8.x. 

As such area under the curve bet¬ 
ween {0,/(0)}, { 1 , /(!)} and the axis 
of x is 

= f f{x) dx= f (A + Bx) dx 

Jo Jo 

-[ — 


V 



Suppose f(x) d.v=//(0)+m/(l) 

=/ (A)-\-m {A+B) 
= (l+m) A+mB. 
Comparing (1) and (3), we get 


( 2 ) 


[byf{x)^A+Bx] 
• • • (3) 


l+m = l, 

1=1 

Substituting these values of / and m in (2),^we have 

J* f(x) dx=\ [/(0) + /(l)]. 

[2] Effect of changing Origin and Scale upon Trapezoidal Rule. 


z—ci 

Suppose x= —g- {where a and h are constant and z is a new 
variate}. 

dz 

So that z=a+xh, giving dz=h dx or dx~—r~. 


When x=0, z=a and when x—l, z—a+h. 
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Also we have J f(x) dx=\ [/(0)+(!)]. 

fa+* fa 

• • J a fe) [f( a ) +/fa+A)] 

I a+A ll 1 *o+A 

f(z) dz=y [f(a>+f(a+h)]= I f(x) dx. 

[3] Extension of Trapezoidal Rule. 


We have by taking n intervals each of length h, 

J °+** .. . , f°+* , . fo+2* fa+3A f 0 +nA 

f(x) dx— 1 /(x) dx+1 4. +... + I f(x) dx 

a • a J a + h J *+2 h J o+f»-l^ 


h [i { /fa) 4/fa -h nh)} + {/fa + h) +/fa+2 h) -f• . 

+/(a+n-)A)}] 

—distance between two consecutive ordinates 

X [mean of the first and the last ordinates 
+sum of all the intermediate terms]. 


Y 



Fig. 7.2 

f(x)=A+Bx+Cx 2 . 


[4] Simpson’s 1/3 Rule. 

Consider three equidistant 
points H (0,/(0)}, K{\, /(l)} 
and L (2, /(2)}, where the 
function f(x) takes values 
/(0),/(l) and/(2) respectively. 
There are unlimited number 
of curves to pass through 
these three points H, K and 
L, and second degree curve 
will be the simplest one. 

Suppose 


... (4) 

f{l)=A+B+C ... (5) 

and /(2) —A+2B+4C. ... (6) 

The area between the curve HKL and the axis of X is 



(A+Bx+Cx*) dx 


J —2A+2B+^C ... (7) 

Suppose J f(x) dx =//(0) +mf(l)+nf(2) 

=lA+m(A+B+C)+n (^+25+4C) 

[by (4), (5) and (6)] 
=A(l+m+n)+B (m+2n)+C (m+4n) ... (8) 




differential equations 


655 


Comparing (7) and (8), we get 
l+m+n—2 ") 
m+2n=2 >, l—\m— 

m+4n=l j 

Sathat P/(*) rfx=i/(0)+4/(l)+i/(2) 

Jo 

i.e. £ f(x) dx=\ { /(0)+4/(1) +/(2)} .. .(9) 

which is Simpson’s one-third rule. 

Alfter. f7(x) dx= P {/(OR^A/tOR^A 2 /^)} dx 
Jo Jo 

=j* [A 0)4 *{A /(0)A 2 /(0)}+1* 2 a 4 /(0)] dx 

=[x/(0)+4{A/(0)-iA 2 ^0)}+~ A l /(0) J 

-2/(0)+2A /(0)+4AV(0) 

=2/(0)+2 {/(l)-/(0)}+i {/l>2)—2/(1) +f [0)} 

or £ f(x) dx=* (f(0R4f(lRf(2)}. 

[5] Effect of Changing Unit and Origin on Simpson’s 4 Rule. 

_ 2 —a . , dz 

Suppose x— —y- ; . . rfx=-y 

Thus f*/(x) dx—\ {/(0R4/(lR/(2)}, changes to 

J 0 

I 0+2A L 

f(=) dz= y {/(aR4/(RAR/(a-f2A)}. 

In particular. J' f(x) dx=-J{f(-lR4f(0Rf(l)} ...(10) 

Also when a— 0 this yields 
t 2h h 

j # /(z) dz= y (f(0R4f(hRf(2b)} ...(11) 

[6] Extension of Simpson’s $ rule (for all even values of n). 

I a+nA To+2A f a+4A 

(x) dx— 1 f(x) dx +1 f(x) dx+... 
a J a J a+gA 

fa+nh 

+ _ Ax) dx 

J a+*—2A 

-4- (( K°) +4/(a+A) +/(a-f 2A)R { f(a + 2h) +4/(a+3A) +A a +4A)} 
+...+{ /(a+n-2A) + 4f(a+~n -1 A) +nA)}] 

= 4~t{/( a )+/( a + B ^)}+4 {/(a+A)-h/(u+3A)+...+/(a4-n—1A)} 
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4-2 —2A)}] . .. (12) 

=(one-third of the interval) {(sum of the 1st and the last terms) 

4-4 (sum of the odd number of terms) 

4-2 (sum of the even number of terms)}. 


[7] Simpson’s |th rule. 

Consider four points {0, /(0)}, {1,/(1)}, {2, 2/(2)} and {3,/(3)} 
of instead three as taken in [4] 


Then Required area 



dx. 


• - 03) 


For the sake of convenience let us double the unit of interval and 
then shift the origin to 3. Ry this transformation we have the four 
points {—3,/( —3)}, {-l,/(—1)}, {I,/(l)}{ and {3,/(3)} as given and 

so we have to find out the value of the integral J f(x) dx, where 

f{x)=A- > r Bx- 1 rCx 2j rDx 3 , a third degree polynomial with four given 
values. 


Suppose | *f(x) dx=m {/(—3)+/(3)}+n {/(—l)-f/(l)} 

or J* {A+Bx+Cx*+Dx 3 }dx=m{2A+\ZC}-Vn{2A+2C} 

{ V /(—3)==^4 —3R+9C-—27Z) etc.} 
or [Ax+ ~A {2m+2n)+C (18m+2n) 

or 6^ + 18C=(2m+2n) ^+(18m+2n)C. 

(2m+2n)=6 and 18m+2n=18, 
giving 16w=12 or m=* 
and 2n=6— 2m—6 -$—\or n— f. 

Substituting these values of m and n in (13) we get 

f* f(x) dx~i {/(—3)+/(3)} + i {/(- 1)+/(1)} 

J-3 

or f* f(x)dx=* [2{f(-3)+f(3)}+6{f(-l)+f(l)}] ...(14) 

J -3 

which is the form of the Simpson’s |th rule. 

Shifting the origin to —3, we get 

[fix) dx= l[2 {/(0)+/(6)}+6 {/(2)4-/(4)}] .. . (15) 

Jo 

which is another form of the formula. 

Making the interval half of the present one which is 2, i.e, making 
the interval unity, we have 

f(x) dx=S l{f(0)+f(3)}4-3 {f(l)+f(2)}] 


.. - (16) 
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Not*. Uke the \rd rule, the \th rule, can also be obtained by 
evaluating the integral. 

J' m dx= j' E*m dx= J* (1 + A)* AO) dx 
= {* [ 1+xA+- ? - | X 2~ 1) A 2 +-— X ~ 1 3 (x ~ 2 '-A 3 ]/(0)<fr 

-/:i i+*A+(4-f )a*+(4-t+ f) A *}^»* 
-[*+4a+(^ -4W4-t+t>']> 

=3/(0)+yA /(0)+(y - \ ) A 2 /(0) +~~ +|-)a 3 /(0) 

=3/(0)+1- [ /(l)-/(0)j + y|/(2) —2/(l)+/(0)j 

+^:[ /(3)_3/(2)+3/(1) " /(0) l 

C2)+-jA3) 

= ~[{(f(0)+*(3)>+3 (f(l) +f(2)}]. 

[8] Effect of Changing Origin and Scale Upon ilh Rale. 

We have [’/(*) dx=% [{/(0)+/(3)R3 {(l)+/(2)}]. 

Jo 

z—d 

Suppose —^— =x, so that dz—hdx 

I /(2) y[{f(a) +f(a+3h)}+3 {f(a+h)+f(a+2h)}J 

Ja ... (17) 

[9] Extension of Simpson’s §th rule. (When n is a multiple of 3.) 

t o+iiA fo+3* fo+6A fo+»A 

f{x) dx— I fix) dx+ 1 /(*) dx+ I f(x) dx+... 

a J a J o+3* J o+6* 

fo+n* 

+ I _ A x ) dx 

' fl+flr-3A 

=-y-[{ f(a)+f(a+nh )}+2 { f(a+3h)+f(a+6h)+... + (a+n—3h)} 
+3 {Aa+h)+f(a+2h) +/(a+4A)+/(a+5/»)+...)] . . . (18) 

——[(sum of the first and last term) 

+2 (sum of 4th, 7th, 10th etc. terms)+3 {sum of the remaining 

2nd, 3rd, 5th, 6th, 8th, 9th, etc. terms}] 
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[10] Weddle’s Rale. 

If f(x) is given for certain equidistant values of x say x 0 , x 0 +h, 
x 0 +2h,...and the range (a, b) is divided into n equal parts each of 
width h i.e. b—a—nh and if x 0 —a, x 1 —x 0 +h,...x n —a+nh=b, 
assuming that («+l) ordinates j> 0 , yi,...y n are equidistant then by a 


charge of scale, u~ ~ ° , dx—hdu , the general quadrature formula is 


I fc r*o+ 

y dx=\ 

a J xo 


xo+nfi 


y* dx = I y Xo + Xu - hd “-= h 

* o 


i:c- 


^o+«A^o- 


»(«-!) 


1A 


du 


h + -T Mt 

+ ... upto (n+1) terms J . . . (19) 
Putting n=6, and neglecting all differences above the sixth, we find 

*0 ydx=h j^6y 0 + 1 8 Ay 0 + 27 A*^o+24A Vo+ —j^-A*y 0 


Replacing the last term by 

*y 
\: 


-jq-A*^o and neglecting the error 

A*Po made, we have 

f ^ V = Yo [*+* +>’2 + 6 >’ 3 +^+ 5 ^ 6 +^*] 


J*0 


Similarly, l^^.+S^+^g+ey.+yjo+S^u+^nJ 


x (\+nh 

x 0+(n—B)h 


1 


3*r 


ydx— +5y„_ 6 +y„-t + 6y n - 9 +y n - t 

+ 5y n _ 1 +^nJ, n being multiple of 6. 
Adding altogether, ydx =+5,yi + ^*+6y 3 +y 4 + 5y t 

+2y 6 +5y 7 +y 8 +...J . .. (20) 

which is Weddle’s rule. 

Note. The trapezoidal rule, Simpson's \rd rule and Simpson's |th 
rule can successively be obtained by putting n=l, n=2 and n=*3 
respectvely in (19). 

Problem 44. Evaluate the following : 
f 1 x 2 

(i) J JYx* flm * hence find the value of log , 2. 
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1 10 dx 

- b y dividing tfte range into eight equal parts. 

(i) Wc have j 1 f(x)dx= J-J {/(0)+4/(*)+/(l)}. .. . (1) 

. r -ay + sl \ 

•• J* 1+* 3 **11+0^ l+(*) 3+ l + l 3 J 

-MO+I+JJ-A*.. ...(2) 

Now putting * 3 =/ in the given integral we get 

r. -iT? d *-' i ifj-» \-* 2 • ■ •<» 

/. from (2) and (3), log. 2=3x 1 y.=lr*=-6944. 

(ii) Dividing the range into eight parts by means of 9 points 
of the x-values as 2, 3, 4, 5, 6, 7, 8, 9, 10, the extended form of 
Simpson’s \rd rule gives. 

J“ /(*) l{/(2)+/(10)}+2 {/(4)+/(6)+/(8)} +4 {/(3)+/(5) 

+^7)+^9)}] ... (4) 

But 

/(#=.333,/(3)=.25, /(4)=.20, /(5)=.166, /(6)=.143, 

/(?)=. 125, /(8)==.ll 1,/(9)=.10,/(10)—.091. 

Substituting these values in (4) we get 
rio 

I f(x) dx=i [{.333 + .091}+2 {.20+.143 + .111} 

* +4 {.25+.166+.125+.10}] 

=i [.422+ .908 + 2.564]—1.298. 
f 10 dx 

Hence I ——=1.298. 

J 2 1 +•* 

Problem 45, If u x is a function whose fifth differences are constant , 
J u x dx can be expressed in the form pu~* +qu 0 +pu*. Find the 
values of p, q and a. 

Use this formula, after making necessary changes in the origin and 
scale , to find the value of log t 2 to four j places of decimals from the 


Hence 


equation 


f 1 JL 
Jo 2+J 


dx~log e 2. 


(i) As fifth differences of the function are constant, so u x must be 
of fifth degree such as 

w*= a +6a*+ ex*+dx*+ex 4 +fx b . 


.*• J u x dx~ J {a+bx+cx 2 -tdx z +ex A +fx*} dx 

=2[a+-j-+y]. 

Now />«_•+ quj+pu* =2 p {a-i-* a c+x*e}+qa. 


... ( 1 ) 
... ( 2 ) 
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But | u x dx—pu-* + qu 0 +pu*. 

Now equating the coefficients of a, c and e in (1) and (2), we get 
2=2p+*...(3), |=2pa*.. (4) and 4=2pa« ...( 5 ? 

• a 8— 2/>«* T | 

* — 2 pa* * T * 

Substituting this value of a* in ( 4 ), we get p**\. 

And then substituting this value of p in ( 3 ), we get 9 =*. 

Thus | u m dx=$ {5(m«+m_.)+8u 0 }, where a*=f. 

00 V | tt m dx=*i {5 (u*+w_*)+ 8 « 0 }. 

•\ [ u„ dx=i {5 («i+*+Ui-*)+ 8 hi} (shifting the origin to —1) 

J 0 

• • f u » (5 w (1+fc) / 1 +w (1 _ ft) / a +8ii 1 / a }. ... (6) 

j 0 

(Dividing the unit by 2 ) 

• • >1_!_ • M 1_L._4 

, .. -V 

9—» *T' 


1 + X 


1 


1 


12 


and , 1 4-« . 1 —« 9 —a 2 

1+ ~ 1+ — 

Substituting these values in ( 6 ), we get 

J! -rib [ 5x ->"- + I-tS — 6931 

f 1 1 

J, T+jT aA = Io ?« 2 > 1°8« 2=».6931. 


But 


Problem 46. Cel ulate 


r 


/ 3 


sin x dx by 

J 0 

(i) trapezoidal rule 
00 Simpson’s rule (using 11 ordinates) 

Dividing ^0, -~^into 10 equal parts so that we have from 

Trigonomelric tables. 


sin 0 = 0.0000 

3n 

^ 7 =sin--g-=0.8090 

sin ~ =0.1564 

7“tc 

J's’-sin 2q=0.8910 

sin =0.3090 

y,=sin y=0.9511 

sin —=0.4540 

Qjq 

^ 10 =sin jQ =0.9877 
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*«sin -j-0.5878 Fn=sin ^-=1.0000 

y,®*in-~=0.7071 

(0 Required value of the integral 

= (>'l+>’u)+(>’*+>’3+ -+^o)} 

°* 5+5R531 I * 0 " 81 ' 

(ii) Required Value of the integral 

«-3-tF 1 +>’u+20',+^ 6 +>' 7 +^)+4(>' f +j' 4 +>',+^+^,o] 


n 

*60 


[> 


1+5.3138+12.7848J=19.0986 X 0.0524=1.0006. 


f «-2 

Problem 47. Use Weddle's rule to find the value of I log, x dx 

Total interval=5.2—4= 1.2. 

Dividing 1.2 into six equal parts, h— 0.2. 

By Table we have 

x 4.0 4.2 4.4 4.6 4.8 5.0 5.2 

log,x 1.3863 1.4351 1.4816 1.5261 1.5686 1.6094 1.6487 

Required value of the integral 


=(0.2) Xj|£l.3863+5)(1.4351)+1.4816+6(1.5261) 
+1.5686 + 5(1.6094)+2( 1.6487)J 

= 1.8278 approx. 

[11] Picard’s Method 

Consider ~~=fix, y) . •. (21) 

Suppose it is required to find its solution under the condition y=y 0 
when x=x 0 . 

Integration of (1) gives _F= J fix, y) dx+ C 

When jc=x 0 , y =y 0 ’• C=y 0 - J f(x 0 , y) dx 

So that y—y 0 + j fix, y)dx—^ fix 0 , y) dx 

=^o+ f fix, y) dx ... (22) 

J xo 


Now (22) is integrated by successive approximation. 

The first approximation is found by putting y=y<> *be integrand 
of (22), whence we get 

yi-=*yo+\ fix,y 0 )dx 
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# 

The second approximation is obtained by replacing y by y t in 
R.H.S. of (22) 

f* 

i.e. >'t=>’o+1 f{x, y x ) dx 
Jx 0 

and so on. 

In general the nth approximation is 

y n =y 0 + f f(x,y n -i)dx. 

J*0 

dv 

Problem 48. Solve ~~ =x+y* where y=0 when x=0. 


Here x o =0, y 0 =0 and /(x, y)=x-f-y* 

f* f* X 2 

First approximation is>^ l »>' 0 + I f(x 9 y 0 ) dx~ 0+1 x dx* “ 

Jx 0 Jo 2 

V f(x, y 0 )=x40*=x 

Second approximation is 

y»=y 0 +j xo fix, y t ) dx, f{x, y,)=x+(-y ) =x+-~ 

=0+ l (*+^) rf *Hr + ir 

Third approximation is 

>’ 3 =^ 0 +J to f(x,y t )dx, /(x,y 8 )=x4(y4^j) 


-»C( 


= *+ A+"Tin + 


„io 


*4 


x 4 . x 7 


x 10 \ 

T + 20 + ~46(jJ 


20 “ r 400 


dx 


yi V*5 y 8 

2 + 20 + 160 


x 11 

4400 


Which gives fairly good approximation. 

[12] Extension of Picard’s Method. 

Consider simultaneous equations 

'(*» y> *). % “*(*. y, 2 ) ... (23) 

subject to the conditions y—y 0 , z=r 0 when x=x 0 
The first approximations of (23) are 

>’i=3 , o4 [ fix, y B , z 0 ) dx, z=z 0 + f g(x, y () , z 0 ) dx . . . (24) 
J x <> J Xo 

In general the nth approximations are 

3n 3,)4 f f{x,y n —ij z n _j) dx, z n —z 0 4 f &(x, y n ~ i, z n —i)dx 

J x 0 J Xq 

Problem 49. Solve •£■=*+*» ^ =x—>>* where y=2, z=l 
when x=0. 



(x+l)</x=2+*+ -r- 
lo 2 

* 

2 
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Here x 0 —0, y 0 =*2, z 0 —l,f(x, y, z)=x+z and g(x, y, z)=*x-y t 

First approximations are y 1 =2+ f 

Jo 

Zi=l + [ (x—4) dx=l— 4x+ : 

Jo 

Similarly second and third approximations can be evaluated. 

[13] Runge-Kutta Method. 
dy 

Consider T)» y=}'o when x=x # 

Assume that y=F(x). Then Taylor’s theorem yields 
F(x 9 +h)=F(x 0 )+h F'(x 0 )+j^F"(x 0 )+jyF"'(x 0 )+... 

Here F(*)=-^ =/(*, y) =/(say). 

Take d—~ a^-L r -Al s= ^l t jLL. 
k p dx ’ q dy ’ dy*’ S dxdy ’ dy- 

At y=y u when x=x 0 , let p=p 0 , q-q Q , r=r 0 , s=s 0 , t=t 0 . 

0 ■ 


.(25) 


Now F'\x)-- 


1 fx = ( dx + fx ~k ) f ~ P+fq 


F"\x) 


= *L*fjL\JA+j!yA 


#=¥x dx +p y 


dx* ~ dx \ dx 


h{^+-fxTy) (p+fq) 


= 0£_ +(7 iL + /ii x.Ji *p + JLfh 

dx +q dx dx n dx dy + Kx q dy + dx J dy 


—r+pq +fs +/(*+ q 2 +ft) 

Hence F(x,+h)-F(x 0 )=hf 0 + ~( Po +f 0 q a )+^-(r 0 +2f 0 s 0 

+fo%+Po<!o+fo<lo t )+- • • • ( 26 ) 

Here the first term represents the first approximation i.e., 

F(x 0 +h)-F(x u )=hf 0 i.e. y=y 0 +hf(x 0 , y t ) ... W) 

The second approximation may be taen as 

y-yo=hf(x 0 + y, >’o+ y*/o)=*. • • • ( 28) 

whence by Taylor’s expansion, we have 
^(jfo+y.J'o+ y~)=/o+ \ h P »+y A /o?o+-j^(-y hSr <> 

+ y* 1 /o f o+ yh*/o**o^ 

giving k^hfo+ih* (Po+/o?o)+P’ (' , o+ 2 /o i o+/o%) • • • ( 29 ) 
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From (26) it is observed that the difference in the two values of k, 
found from (28) and (29) is in the coefficient of A*. 

In order to find the extra terms in A*. Runge-Kutta replaces 
hf(xo+h, y 0 +hf 0 ) by k"'=hfix 0 +h, y 0 +k ") where k"=hf 

(x 0 +A, y 0 +hf Q ) 

The modified formula therefore becomes 4{A'+4Jfc l +Jfc"'} 
where A'=A/ 0 ==|A 1 -hJA 2 *=A,+J(A I -A 1 ) and £,=i (*'+*"'). 

Hence this method is applied in the sequence: 

k'hf 0 : k"=hf(x 0 +h, y 0 +k '); **"=A/(x 0 +A, y Q +k") 

k x =hf (* 0 +y, y.+ Y k> ) : <*'+*'"> and 

A»Aj+J(Aj ki). 

Problem 50. Apply Runge-Kutia method to find y when x=0.3 from 
-^='*+y i where y*=0 when *=0. 

Here * 0 =0, y 0 =0, h=0.3,f(x, y)=x+y* and f 0 *=fi(x 0 , y 0 )=0. 
k'=hf 0 =0 

k"=hf(x 0 +h, y o +*')=0.3 x/{0.3,0}=0.3 x 0.3=0.09 

k’"=hf(x 0 +h, y 0 +*")=0.3x/{0.3, 0.09}=0.3x {0.3+0.0081} 

=0.0924. 

k x =hf (x 0 +y> ^»+-y)=0.3 x/{0.15,0}=0.3x 0.15=0.045 

A,=i(A'+A'")=ix 0.0924=0.0462 
A=A 1 +i(A 1 —A l )=0.045+0.0004=0.0454. 

7.12. PERTURBATION METHOD 

[A] First Order Differential Equations. 

When dealing with plysical problems, we frequently encounter a 
differential equation of the type 

-J- +y*=0 with y (1)=1 (say) ... (1) 

which nas been disturbed by a small effect. We thus modify (1) as 

-$-+y t =Sx,y( 1)=1 -..(2) 

where € is arbitrarily small. 

We have now to determine by how much the solution of (1) has 
been changed on account of the presence of the disturbing factor €*. 
This change is known as a Perturbation. 

Suppose y 0 (x) is a solution of (1) satisfying y(l)=l and assume 
the solution of (2) as 

y(x)**y Q (x)+p(x), p(x) being perturbation ... (3) 
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Expanding y(x) in a series in powers of €, such that 

X*)“>’o(^)+€>- i(jc)+ (ry%{x) + ^y t {x) +... ... (4) 

and comparing (3) and (4) we find 

X*)“0'i(*)+€Vt(*)+€^»(*)+... ... (5) 

Here the first term €yi(x) is known as first order perturbation, 
second term €*.y* (*) as second order perturbation etc. 

With the, substitution of (4), (2) yields 

V+€> r i'+€ l >' J , +€ , >’, , +...+0>o+€>' 1 +€ s ^€*^+...) 2 «€* . (6) 

Equating like powers of € on either side, we get 

V+J\>*=0, yi'+2y 0 y 1 ‘=*x, y i ’+2y 0 y 2 +y 1 2 =0, etc. ... (8) 

Solving these equations in succession, we may find yi(x), y t (x),... 
y,(x)...in (4) and each of these functions satisfies the initial condition 
X1)=0. But y 0 is a solution of (1) and hence we have 

^i(l)=0, ^ 2 (1)=0 ..(9) 

Now in order to solve (1), substitute (4) in (2) to give 

0 , o'+> , o*)+0'i'+2^oyi)^+Cv*'+2yo>’a+^i*)6*+—• • • (10) 
Equating coefficients of €°, €, € 2 , on either side of (10), we get 
■>V+V=0, y 1 2 +2y 0 y 1 =x, y,’+2y n y t +y 1 t =0 . .. (II) 

of which first equation gives for j 0 (l)= 1, y 0 — — , and then second 

X 

2 

one gives >»»'+— y 2 —x which with j’ 1 (l)=0, yields. 



With these values the third equation of (11) gives 


which with y 8 (l )=0 yields y 2 =— 


»'+ T*— 


2x_ 1 \ 2 

“3 _ x^r 21** 


With these substitutions (4) yields 


21 32 

vi + ^2 


) ...( 12 ) 


This follows that the solution of (1) is but where the distur¬ 
bing function €* is present, the first and second order perturbation 
terms are respectively the second and third terms in ( 12 ). 

[B] Second Order Differential Equations. 

Consider an equation -$ 5 - +.V —0 .. • (13) 

With j>(0)=0, >'(0)-= I- ... (14) 

(13) is the differential equation of S.H.M. 
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Taking the disturbing function as -2€0') 2 , € being small, (13) 
can be modified as 


- 2 € 0') 2 


. . .<15) 


• (16) 


y"+* 

with y(0)=0, /(0)=1. 

If y 0 (x) is a solution of (13), then suppose that 
J'o+€7i+€^«+— 

giving y"=y 0 "+ty l "+?yi'+- 
So that (16) will satisfy.(14) under the assumptions 

y 0 (0)=0, yi(0)=0, y*(0)=0,...;.y 0 '(0)=l, ya'(0)=0, y 2 '(0)=0 

• • • \ * • ) 

Substituting (16) in (13) and using the terms upto €*, we find 
y 9 "+€yi"+?yt"+yo+syi+?y* == -2€[(y 0 ') 2 +e*(yi')* 

+€ 4 OV)+2€y 0 >i'+2€^oV+2€V.>’*'] • • • ( 18 > 

Collecting the coefficients of like powers of €, we have, 

0\/ , "hfo)+0 , i ,, +>’i) C+OV’+y*) € 2 = —2(y<> ) 4y 0 y! 

Equating the coefficients of € # , €, €* on either side, we find 

y 0 "+y 0 -o, > , i''+>’i =-2 (y 0 ') 2 . y t " +.Vt—~ fyo'yi • • • 

of which the first equation in view of y 0 (0) = 0> JV(0)=1 gives a 
solution y 0 =sin x, y 0 ' = cos x • • • (“** 

and then the second equation gives y x "+yi= — 2 cos 2 x ... (-2) 
So that a general solution of (22) is 

y x =A x sin x+A 2 cos .v—| sin 2 x— i cos 2 x; y x '=A x cos x—A t ,sin 
x—$ sin x cos x • • ■ \ li ’ 

A particular solution of (23) satisfying y,(0)=0, >V(0)=0, is 
y t =| cos x— sin 2 x —*• cos 2 *; y x '=~ t sin x— l^sin xcos x+ 

| sin a- cos x =—t sin x —| sin x cos x • • • v Z4 “ 

With these substitutions in the third equation of (20) [i.e., y 0 from 
(21) and y x from (24)], yields io 

y s ''+y 4 =-4 (-| sin x cos x-$ sin x cos 2 x)=3 sin x cos x+r 

.. . (26) 


sin x—*£- sin 3 x 

Its Complementary function is 

y e =A l sin x+A 2 cos x 
While a particular solution; 
of yt'+y x —4 sin x cos x is y»=—4 sin x cos x "j 
of >’*"+yj= J r-sin x »s y 3 =—f cos * f 

of y 2 ''+>8=-V- sin*x is y 2 =i sin 3x-2x cos x j 
Hence with the help of (26) and (27), a general solution of (25) is 


(27) 


y s =A x sin x+A s cos x—f sin x cos x-tX cos x— T 

sin 3^* 

y x ’=A 1 cos x-A t sin x+|(sin 2 x - cos 2 x)+* 

(xsinx—cosx) — |cos 3x 

Using the initial conditions of (17), (28) yields, 

A t ~ 0, A^i+l+l^il 


. (28) 


. (29) 
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Hence using (28) and (29), a particular solution of (25) satisfying 
y t (0)-0, y*'( 0)=0 is 

y 2 —rl sin x-f sin x cos x-\x cos x -! sin 3x ... (30) 

Making substitutions for y 0 , y x and y t from (21), (24) and (30) to 
(16) we find the solution as 

y=»sin x+€ (! 008 x ~r sin 2 *—! cos*x)+€* (!J sin x —! sin x cos 
| cos x— | sin 3x) ... (31) 

This follows that in the absence of disturbing function the solution 
of (15) is sin x, while in the presence of disturbing function — 2((y’) 2 , 
the first and second order perturbation terms are respectively the 
second and third terms in (31). 

ADDITIONAL MISCELLANEOUS PROBLEMS 

1 

Problem 51. Transform the equation to spherical polar coordi¬ 

nates. If ^ depends on r and t only , show that the equation can be written in the 
form 

02 l 02 

372 (rW=7ri)rW) 

Hence show that the general solution is of the form 
Hr,t)=y{f(r-ct)+g(r+ct)} 

Explain the physical meaning of this solution ( Bombay , 1965) 

Hint. Use the transformations x~r sin 0 cos y-r sin0 sin^, cos 0. 

Problem 52* Obtain Newton's formula for interpolation. Using this or some 
other formula find the value of the derivative at a point . 

The following table gives the corresponding values oj x and y 
x 3 4 5 6 7 8 

y 205 240 259 262 250 224 

Find the value of x for which y is maximum. 


( Bombay , 1970) 



CHAPTER 8 


HARMONICS 
(With Special Functions) 


i.I. INTRODUCTION 

In the previous chapter on Differential Equations we have already 

xiy py gs y 

mentioned that an equation of the type |p=0 °r in 

terms of ‘del* operator V, V 2 F=0 ... (1) 


is known as Laplace's equation. It frequently appears in applied 
Mathematics when discussions are made on mechanics, sound, electri¬ 
city, heat etc, wherever the theory of potential is involved e.g. if V be 
the Newtonian potential due to an attracting mass at a point (x, y, z) 
not forming a 'part of the mass itself then V satisfies (1). Similarly if V 
be the electric potential at (x, y, z ) where the electric density is zero, 
then V satisfies (1). Moreover if a body is in a state of equilibrium as 
to temperature, V being the temperature at (x, y, z), 


dV 


^-=0 and V satisfies (1). 


The equation (1) can be transformed to spherical polar form by 
using the transformation x—r sin 6 cos y—r sin 0 sin <f>, z—r cos 6 

so that r*=x 2 +y 2 +z 2 , ^=tan _1 — ,.0=tan _1 

x z 


and ^ =—-=sin 0 cos & ^-=-^=sin 0 sin & ^-=y=cos 0, 

£0 cos0 cos ^ 00 cos 0 sin 00 sin 0 
dx r ’ dy ~ r ; dz~~ r ’ 


cty _ sin ^ < cos <f> 

0x r sin 0 dy ~r sin 0 dz 


whence 


du du dr du 00 


0x 


"0r 0x "^00 


dx 


du df du . a 

8i=8r“" ,cos * 


du cos 0 cos ^ 0« / sin ^ ^ 
+ 00 r + df\r$ind) 


giving 


_0_ 

0x 


=sin 0 cos ^ 


0 cos 0 cos ^ 
0r' r 


_0 

00 


sin ^ d_ 
r sin 0 0$S 


r 
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0*F 

0x* 


’ 0 /0F\ / . a , 3 , cos 6 cos ^ j _ sin f _0_\ 

“0^ \0x )“ V 6 cos * ST + r 06 r sin 6 8*^ 
/ . , dV cos 6 cos ^ 0F sin ^ 3F\ 

(«n0cos^4- r 00 “r sin 6 d* ) 


=sin* 0 cos* £ -jp 


0*F , 2 sin 0 cos 0 cos^ 0*F 
r 0r06 


+ 


2 sin 0 cos 0 cos* <t> 0F 2 sin <j> cos <f> d*V 

-. ■ ■ ■ ^ 7 T ——~ AS 


si n ^ cos ^ 3F cos* 6 cos 2 <f> ci*F 


dr dj 


d<f> 


dr 


+ 


COS* 0 cos* 6 8*F 2 cos 0 sin <f> cos ^ 0*F 

.-— 1« *iJT o 5 s 


00 * 


r* sin i 


00 0 ^ 


cos*0 sin * cos 4 0F , sinV ®F ( cos 0 sin*^ dV 
+ ^*7iS*0 0^ r 0r + ^ sin 0 00 

sin* <f> 0*F sin <j> cos <f> 3F 
+ Hsrn*0 cW* + ^sin <f> 3^ 


with similar expression for by replacing <f> by -J +4> in this ex- 

15 ?*V d /dV\ l „ 3 sin 0 0 1 /l„ c A — s * n - 

d*V 2 sin 0 cos 0 W , 2 sin 0 cos 0 dV sjn«_6 3F 


=cos* 0 pr~ 


dr c 6 




00 


With these substitutions, the spherical polar form of (1) is 


dr 

sin* 0 JPV 
dr * 


0*F 2 dF 1 0 2 F , cot 0 dV ( 

dF + TdF + ~F 00 * + - 9 ^ + 

Which may be put as 


1 0*F 


•* 00 i "r* sin* 0 


=0 


uwu iuojr wv M . 

^)+liir^( sine ^ : ) + s'iH 5 l-0^'l ==O 

Also if tx=cos 0, it takes the form 


.( 2 ) 


.13) 


(4) 


A homogeneous rational integral algebraic function of (*, y» *) ° 

degree n in the form ,’A». *) ■» <?'“ KSjCSS “f 

a value of F satisfying (1) is said to be a solid sphtirteql „/,erical 

nth degree and the function A*, 4 )}® t & Sherical 

Harmonics of nth degree. Sjnce Laplace employed these spne 
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Harmonics in determining V, these are also known as Laplace's co¬ 
efficients. 


dV d*V 

In case V is independent of ^ i.e. ^-=0, and so =0, then (3) 


reduces to 


r 


d 2 (rV) 
dr* 4 


1 0 / . 
sin 0 00 \ Sln 



... (5) 


If we put V—r n P, P being a function of 0 only and then change the 
independent variable 0 by the transformaton n=cos 0, the equation 
(5) yields 


ir p ~° 


. . . ( 6 ) 


which is known as Legendre's equation and will be discussed a bit 
later. 

A function satisfying (5) or (6) is said to be a Surface Zonal 
Harmonics. A special class of zonal harmonics is sometimes known 
as Legendrean Coefficients. 

There are equations belonging to such a form which cannot be 
solved by any of the methods discussed in the previous chapter then 
we claim to find a convergent series arranged according to powers of 
the independent variable, which will approximately express the value 
of the dependent variable. For this purpose the series solution of 
linear differential equations will be discussed in the next section and 
then in the subsequent sections the series integration method will be 
used to discuss the solutions of very important equations that often 
occur in investigations in applied mathematics such as the equations 
of Riccati, Bessel, Legendre, Hermite, Laguerre and the Hypergeo¬ 
metric series. 

Note. Bessel's functions are known as Cylindrical Harmonics. 


8.2. METHODS OF INTEGRATION IN SERIES 
[A] Power Series Solutions of Linear Differential Equations. 

We know that a linear differential equation is one in which both 
the dependent variables and their derivatives are of the first degree 
and these do not occur as products of dependent variables and/or 
their derivatives. 

A series of the form 


<*o+ a i (*—* 0 )+ fl 2 (x— *o)*+«* (*-*o) s +.0) 

where a 0 , a„ a 2 ,..., x 0 are constants and a- is a variable, is said to be 
a power series , and it may converge 


(i) only for the single value a=a 0 
(if) absolutely for | x—x 0 |<€ ie, 
bourhood of x 0 and diverge 
Xo±€, it may either converge 
(iii) absolutely for all x i.e. 


for values of x in the neigh- 
x„ |<€ while at the end points 

wee,. 
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The set of values of x for which the power series converges is said 
to be the Interval of Convergence and denoted by /. 

In case a power series converges on an interval I : I x—x 0 | < R, 
R being a positive constant, then the power series defines a function 
/(x) which is continuous for each x in I. 

lf/(x) be a function defined by a power series i.e. 
f(x)=a 0 +a 2 (x—x 0 )+a 2 (x-x 0 ) 2 

+fl 3 (x—x 0 ) 8 ...for /: | x—x 0 1 <R ... (2) 
then the power series obtained by differentiating each term of (2) 
defines the derivative of/(x) on the same interval 7 i.e. 

f'(x)—a 1 +2a t (x—x 0 )+3a 3 (x—x 0 ) 2 +...for I: | x—x 0 |<J? 

... (3) 

We can thus define the successive derivatives /"(x), /'"(x)... and 
so on. 


f"(x 1 

It is clear that /(x 0 )=a 0 ,/'(x 0 )=a,, - ^ Si =a t ...ctc. 
As such (2) yields 

/(x)=/(x 0 )+/' (x 0 ) (x-x„)+ ~/*^ (x—x 0 ) 2 +. 


(x—x 0 )*+...; | x Xq \<R ... (4) 

which is Taylor's series expansion in powers of (x—x 0 ). 

If x o =0 this becomes 

/(x) =/(0) +/'(0) x+^ 2 ^ x 2 +...+~^ X«+..., 

If_ l_. 

| X I <R ... (5) 

which is Maclaurin's series expansion in power of x. 

Two functions /(x) and g(x) defined by power series such that 

/(x)=a 0 +a 1 (x—x 0 )+a 2 (x—x 0 ) 2 +. I x—x 0 | <R 

g(x)=b 0 j-b!(x—x 0 H-bj.(x—x 0 ) 2 +*.., | x-x 0 | <R 
will be equal if and only if a„=b 0 , a x —b x , a 2 =b 2 etc. 

A function j(x) is said to be analytic or regular at a point x=x 0 if 
it can be expanded as a Taylor’s series expansion in powers of 
(x—x 0 ) for every x in the neighbourhood of x 0 and it is analytic on 
the interval I if it is analytic at every point of the interval. 

Now consider a linear differential equation with variable coefficients, 
such that 

y {n) -/«-i(x) y tn ~ 1} + • • • +/i(x) y' +/ 0 (x) y = Q(x) ... (6) 


Where v (,,) =-^-^ etc.... then a sufficient condition for the existence 
7 dx n 


of a power series solution of (6) is that each function / 0 (x), /l(x),.. 

(x), Q{x) is analytic at .v=x 0 and the solution which is unique must 
satisfy the n initial conditions . 
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There are two methods for solving such equations by series integra¬ 
tions. 

(1) First Series Method in which the series solution is found by 
successive differentiation. 

(2) Second Series Method in which the series solution is obtained 
by undetermined coefficients. 

We explain these methods applying on the following Problem. 

Problem 1. Apply Power-series method to find the solution of the 
following linear equation : 


i.e. y"—(x+ 1) y'+x t y=x with the initial conditions y(0)=l, 

y\ o)=i 

We bAvey"-(x+\)y'+x t y*=x ... (1) 

Its comparison with (6) of §8.2 gives 

fo(x)=x 2 ,f 1 (x)=-x-l, Q(x)=x. 

All these functions being polynomials, the series solution of (1) is 
valid for all x, since a polynomial is a finite series and therefore the 
functions/ 0 (x), ./i(x), Q(x) each being polynomial, every solution of 
(1) has a Taylor series expansion valid for all x. 

First Method. Suppose we seek a solution in the form of Maclaurin 
series. Then replacing/(x) by y(x) in (5) of §8.2, we get 

T(*)=K0)4^X0)*+.(2) 


J2_ 1 |3_ _ 

Initially when x=0, y— 1, y'— 1, so that (1) gives y"(0)=l ... (3) 
We thus know the values y(0), y'(°)> /'('°) and in order to find the 
values of succeeding coefficients, let us take successive derivatives ofyf 
(1) and evaluate them at x—0, y=l. Differentiating (1) w.r.t x, we get 
(x+1)/'— /+xy+2xy=l ... (4) 

which yields y"'(0)=3 ... (5) 

when x=0, y=l, y'—l, y"—\- 
Again differentiating (4) w.r.t x, we find 

y (4) — (x+1)/"—2/ , +x ! /'+4x/+2>’=0. 

Which yields / 4 >(0)=3 ...(6) 

when x=0, y=/=/'=l, /" =3. 

Similarly / 6) (0),/(0),...etc. can be evaluated. 

Substituting these values in (2) we get the required series solution as 
x* . x 4 


T(*)=l+x+-x- 4 -- t +- s - + ....-oo<x<8 


... (7) 


Second Method. Suppose the series solution in powers of x has the 
form 

Xx)-fl 0 +fl l x+a,x*+a,x*+<j 4 x 4 +... ... (8) 
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Since y(x) is valid for all x, therefore its two successive derivatives 
will also be valid for all x. The two successive derivatives of (8) are 
y'(x)=a l +2a a x+3a a x i +4a i x !i +... ... (9) 

y"(x)=2a t +6a i x+ 12a 4 x 2 +... ... (10) 

Substituting the values of (8), (9) and (10> in (l) we get 
2o,+6a,x+12a 4 x 2 +...— (x+1) (a 4 4- 2a,x -1- 3a,x 3 +4a 4 x 3 +...) 

+X 2 (fl 0 +fliX+a,X 2 +a,X 3 +fl 4 X 4 -f...)=X 
i.e., (2a,—a,)+(6a,—2fl g —a,— 1) x+(12 a 4 —3a 3 — 2a,+a 0 )x 2 +...=0. 
This being an identity in x, the coefficients of powers of x vanish. 

separately i.e. 2a,— «!=0 r'.e. o*=^~ 

6a,~2a,—a t —1=0 i.e., a 3 = - —1 

6 ! ...(H) 

l2».-3o,-2a,+n,-0 i.e.,.a,- i 

Comparison of (8) with Taylor series /.*. (4) of §8.2 yields, f(x 0 ) 
=>(0)= a 0 «1, /' (x 0 )= / ' (0)= a x = 1. 

As such (11) give n 2 =y> ° 3 =y, y' 


Substituting these values in (8) we get the required series solution as 

X:c)=l + x + y- + y-+ y...,~°o<X<oo. 

Problem 2. Find by power series methods a particular solution of the 
linear differential equation : 

v'"4-—y'—~v= 0 , x^O and y(l)=l, > ,r (l)— 0 , y"( 1)=1 
x x 4 


Here/ 0 (x)= — / 1 (x)=~, 0(x)=Oetc. 

4 __ ,, (x-l) 2 , (x-1) 3 (x-l) 4 . (y-iy 

Ana. y(x)—1-j- o g "“i” 


IS 


,.0<x<2 


[B] Or dinar y Points and Singularities of a Linear Differential 
Equation. 

Consider a linear differential equation of the form 
y n) +/»-i(*) y { *~ l) + — + F i(x)/+*oCx)j==0(x) ... (7) 

A point x=x 0 is said to be an ordinary point of (7) if each function 
F 0 , F u .,.F n -i and Q is analytic at x=x 0 i.e. each function has a 
Taylor series expansion in powers of (x—x 0 ) valid in the neighbour- 
hood of x 0 . 

Whenever x=x e is an ordinary point then (7) has a solution which 
is also analytic at x=»x 0 i,e. f the solution has a Taylor series 
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representation in powers of (x—x 0 ) in the neighbourhood of x 0 . 

A point x=x 0 is said to be a singularity of (7) if one or more of the 
functions F 0 (x)..., F„_j(.v), Q(x) are not analytic at x=x 0 . 

If we now consider a second order linear equation 

y' + F,(x)y-FF*(x) >’=0 ... (8) 

F,, Fj being continuous functions of x, 
then if x—x 0 is a singularity of (8) and the product functions Ffx) 
(y— x„), and F t (x) (x—x 0 Y both are analytic at y=x 0 , then the point 
x=x 0 is said to be a regular singularity. In case one or both of the 
product functions are not analytic at x=x 0 then the point x=x 0 is 
said to be an irregular singularity. 

[C] Frobenius Method for Solving a Homogeneous Linear Differential 
Equation. 

Consider, 

y"+F 1 (x)y' +F 2 (x)y=0 ... (9) 

In case (9) has an irregular singularity at x=x 0 then it is too 
difficult to find the series solution of (9) here, but if it has a regular 
singularity at x=x 0 then the series solution of (9) can be found out 
in the neighbourhood of x 0 . For the purpose of finding the solution 
in later case, Frobenius introduced a series solution i.e., 

>’=(*—Xo)” [u 0 +fli(*—*o)+e-X*—x 0 ) 2 4-a 3 (x—x 0 )®+...], a o ^0 

... ( 10 ) 

which is known as a Frobenius Series. 

When m— 0, (10) reduces to the usual Taylor series and hence 
Taylor's series is a special case of Frobenius series. 

In case m is negative or has non-integral positive values then (10) 
is not a Taylor series. 

Assuming that x 0 is a regular singularity of (9) and F x or F t or both 
are not analytic at x=x 0 but (x— x 0 ) F 1 and (x—x 0 )* F 2 both are 
analytic at x—x 0 , it follows that Fx has (x— x 0 ) in its denominator 
and/or F a has (x - y 0 ) 2 in its denominator, thereby showing that either 
F,(v) =/, (x)/(x— x 0 ) or F 2 (x)= f 2 (x)l(x —x 0 ) 2 or both exists. In either 
case if (9) is multiplied by (x—x 0 ) s , it will transform to the form 

(x—x 0 ) z y"+(x-x 0 ) f,(x) y'+f t (x ) >>=0 ... (11) 

where f t (x) and f t (x) both now become analytic at x=x 0 . 

Existence of a Frobenius Series Solution. 

If x 0 is a regular singularity of (II), then it has at least one Frobenius 
series solution of the form (10) if it is valid in the common interval of 
convergence off(x) and f(x) of (11) except possibly for x=x 0 . 

Without loss of generality, taking x 0 =0, (11) reduces to 

xV+xfix) y'+ffx) y*= 0 . . . (12) 

where fix) and f(x) are analytic at x=0 and therefore each function 
has a Taylor series expansion in powers of x valid in the neighbour¬ 
hood of x*=0. Let us assume 

fi(x)—b 0 +b 1 x+b t x i +... 


. • • (13) 
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For x 0 
become 


ft ( x )—... _ _ _ 

—0, Frobenius series i.e., (10) and its next two derivatives 


y=* 0 x-+a 1 X~>+a,**»+ .+^.+ ...,^0, ...(15) 

y —a 0 mx m *+«, (m+1) x m -i-a t (m+2) x m+1 +... + a n (m+ n)x m+n ~ 1 

y"=a 0 m(m — l) x m -*+a 1 m (m+1) *■-*+«, (w+1) (m+2)** ^ 
+ ... + £/ n (m+«—l) (m-f n) x fn+n ~ > + ( 17 ) 

SSfym^^Tif 1100 0f (12) if (13) ’ (14) > (l5) > ( 16 >> (> 7 ) identically 

x^aMm-Dxr-'+aMm+l) ( w+n _i)( m+ n) 


+x[b <1 +b l x+b 1 x 2 +...) [a^+u, (ffi+l)x m +...+o» (m+n) 

^w+n-1^1 J 

-I (c 0 +c x x+C 2 x a +...) [u 0 x" , +a 1 x m+1 +... 4 - a n x n+n +...)=0 

... (18) 

If we expand (18) and collect the coefficient of like power of x, 
then we get 

a u [m(.m-\)+b 0 m+c 0 ]x m +[a 1 {(m+\)m+b <) (w+D+cJ 
+ a u(*i w +C,)]x m+1 +...[a n {(w+ n) (w+n—l)+b 0 ('w+n)4-c«}rfl»-i 
{b^m+n— l)+C]}+a n _ a {bj (w+n-2)fc 2 } + ...+fl 0 

. . (b n m 4-o n )]x m+ "=0 . . . (19) 

Inis relation being an identity, each of the coefficients of x k , k=m, 
m-f 1,..., m 4-n,...is zero. But since a o ^0, therefore the first term in 
(19) gives 

w(w—1)4 b„w+c o =r0 . . . (20) 

which is known as lndicial Equation. This is quadratic in m and hence 
has two roots say m l and m 2 . There arise three cases according as 
m^m-i and m x — m.—not an integer; m l ^m 2 but m x —m 2 =an integer; 
w l =m 2 . 

Case I. When m u m t are distinct and their difference is not an 
integer. 

Let us first put m=m 1 in all the coefficients of (19) except the first 
one and then equate each equal to zero. We are thus capable of 
finding a,, a,,...a„,...in terms of a 0 . Substituting these values of a u a t , 
...a„, in (15) we get the solution y{x). 

With similar procedure taking m=m t , we may get another 
solution. 


Problem 3. Solve 2x t y"-xy'+(I-x*)y=0. 

Let the series solution be ;!j 

y=fl 0 jc«+a 1 x m+, +fls^ ra+ *+..-+a»^" + ”+-”» fl o^° • • • (% 

so that y'—ma 0 x n ~ l +(m+l)a 1 x m +(m+2) a,x m + 1 +... 

+(m+n)c„x -{■.m 
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Substituting these values in the given equation, we get an identity 
(m—1) (2m- l) OoX m +rn (2m+l) (2m+3) a t —a 0 } 

x"* +£ +...+{(m+rt—1) (2/» + 2n—1 )a n —a«_,}^ m+ "=0 .. . (2) 

Since the coefficient of first term vanishes if x=*l, J i.e. y 

roots of die indicial equation are 1 and £ which are distinct and 
not differ by an integer. 

The coefficients of x m+n equated to zero gives the recursion formula ; 

*•“ („+,-!) (2m+2»-l) !aI " >2 •••<» 

since all terms except the first two in (2) vanish if a*, a„...satisfy (3) 
The second term of (2) gives a^O since m(2m+l)#0 for m=l, 

When m—l, (3) gives a "=- (2 n ' +l) 

Putting n=2, 4, 6, 8,...we get (since a 1 =a a =a 6 ...=0) 

1 1 _ _ 1 
a4 4 ■ 9 ° 2 2 ■ 5 * 4 • 9 fl ° 2 ■ 4 ■ 5 • 9 °° 


6-13 °* 2-4-6-5-913 a ° CtC- 


Hence from (1), sayy,= 




5 + 2-4-5-9 


Again when «:= ^ <3) gives a„= --j 


( " _ t) 2n 


2.4-6 5 9-13 
#»—2 


and 


Here also a 1 =G 3 =o 6 = - =0 
1 1 
2-3' 





1 

ff * 2-4-3.7 a " 

*•“ 2-4-6-3-7.U a ° etC ' 


So that from (1), say y*=a 0 V * [l +^75 4- j Tf&i 

x 6 

+ 2 - 4 - 6 - 3 . 7-11 +•••, 

The complete solution is 
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^*[ 1+ 2-5 + 2*59 + "]+ 5v/ + 

+ 2 - 4 - 3-7 + •] 

where a 0 has been incorporated into the arbitrary constants A and B. 
Problem 4. Solve x i y , '+x(x+l)y’—(x i +l)y=0 

+Br'«^A-x +±. x i —]|* 3 +... ] 
Problem 5. Solve 4xy"+2(l—x) y'~y=*0. 

*«■ y=*('+Y x + 2 -^ ,+ -) 


w ,[ 1 +r i_ +f |_ + __fl_ + ...] 

Case II. When m^m t and their difference is an integer. 

If m u m t differ by a non-zero integer, we can write them as m and 
m+N where N is a positive integer. Then the indicial equation (20) 
can be written as 

(m+N) ( m+ N-l)+b o (m+N)+c 0 =0 ... (21) 

since m+N is a root of (20). 

Comparison of L.H.S. of (21) with the coefficient of o n in (19) 
shows that both of them are exactly the same except that n is replaced 
by N. This follows that the use of smaller root m in (19) to find a' s, 
will make each coefficient of x k zero and so we shall be stopped at the 
term in which on appears and whose coefficient is zero. Consequently 
the equation for as can not be solved in terms of previous a’s unless 
accidently the remaining terms also add to zero. In such cases, the 
equation will be satisfied for all arbitrary values of on. We may then 
continue to find values of aw +1 , aw + ,,... in terms of a 0 and an- 

Now there arise two possibilities: 

Possibility (1). In (19), the coefficient of on is zero and the remaining 
terms in the coefficient of x m+A ' also add to zero Then the larger root 
m+N will determine a set of values of a's in terms of a 0 and the 
smaller root m will determine two sets of values of a’s; one in terms of 
« 0 and the other in terms of an, whose linear combination will yield 
the general solution. 

Problem 6. Solve x*y’ +xy'+^x 2 — y=0, (which is Bessel 
equation of index i). 

Clearly x=0 is a regular singularity of the equation 

x 2 y"+xy'+^x*—^ 2 ^ y=0 


0) 
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Let its Frobenius series solution be 

a,x m+1 +a,x" +s +... • • • (2) 

Derive y' and y" and put these values in (1). Proceeding first like 
in Problem 3, we shall find, the indicia! equation as 

m{m~ l)+m— y=0 i.e. m *—-~-=0 • • • (3) 

Giving m—±-~ wnich differ by an integer unity. 

The indicial equation may also be found by comparing Cl) with 
(17) of § 8.2 [C] whence we get/i(x)= 1, f 2 ( x )=— 

Sothat/ 1 (x)=l=6 0 -f6 1 which is (13) of §8.2 (C) 

and/ 2 (x)=—^+x*=c 0 +c ]l x+c !! x*+...which is (14) of §8.2(C) 

Comparison gives, 6 0 =1, c 0 = — , c, = 0, c*=l, remaining b's 

and c's being zero. 

Substituting these values in the indicial equation (20) we get lit 
giving m=—| so that /V=J—(—*)=1. B w 

Taking smaller root-i and setting the second coefficient of ( 19 ) 
to zero, we find a, [* (~i)+|-y+u 0 (0)=0 i.e. 0 ai +0 u o =0 ( 

_ S ' nce ‘ he coefficient of a, is zero and the other term in its 
coefficient is also zero, therefore we have the first possibility Thus 
o 0 and a, are arbitrary. y nus 

In case of m= the recursion formula by setting the coefficient 

ofx"+-as zeroise^- ' 

(0)+a«—* (1)=0 


+a—! 


i.e. 


a «— m ~» for «>2 


which yields. 


1 


«*= a 0 


and 


a ‘ = —— a 0 


etc. 


1 

12 

J_ 

30 ‘ 


1 

24 


720 


a i~ 

a 7*= 

etc. 


1 
l 


20 

1 

'42 “ 6= 


° 3 ~ 420 ° l 


'5040 


cu;... 

Substituting these values in (2), we get the solution for m=* _L 

2 * 

( ‘-T ■>•+ 57 ,4 *+... ) 

( _*!_ . \ 

\ 6 M20 5040 + "v 



harmonics 


679 


Possibility ( 2 ). In (19) the coefficient of ax is zero and the remain¬ 
ing terms in the coefficient ofx m+ * do not add to zero. Then the larger 
root m+N will determine a set of values of a’s in terms of a„. In this 
case there will be only one Frobenius series solution of (12) and a 
second independent solution will be of the form 

y t (x)=-u(x)—bu y x (x) log x, n> 0 ... (22) 

where N is the positive integral difference between m t and m,; 

(x) is a Frobenius series solution of (12) with the larger root m+N 
and u(x) is a Frobenius series of the form 

u x+6*x*+...) . . . (23) 

where m is the smaller root of (20). If we substitute (22) and (23) 
with their necessary derivatives in (12), we shall find that y 2 (x) is a 
solution of it provided. 

X* if-\-xfyu' + f^u-bn {2xyi+(i i-l) J,] ... (24) 

Substituting for u, u', u", y, and y x in it, we get the values of b's 
in (23). These solutions are known as Logarithmic solutions. 

Problem 7. Solve x t y’—x(2—x) y’~t(2-\-x 2 ) y=0. ... (1) 

If we divide (1) by X s , then we observe that x=0 is a regular 
singularity. 

Let the Frobenius series solution be 

y==x m (a 0 -fa l x-J-a 2 x s +...) ...(2) 

Comparing it with (12), f (x)= —2+x, f t (x)— 2+x 4 ... (3) 

So that (13) and (14) give on comparison 

b a —— 2, ^=1, c 0 =2, C!=0, c 2 =l ...(4) 

the remaining b's and c's being zero. 

Hence from (20), the indicial equation is 

m(m— 1)—2m+2=0 i.e. iw*—3m+2=0 ...(5) 

giving m— 1, 2 i.e. m x — 1, m t =2 which differ by N= 1. 

Taking m— 1 and setting the second coefficient of (19) as zero, we 
have 

a x (2-4+2)+a 0 (l+0) =0 i.e. 0.a 1 +a„=0 ... (6) 

So that Oq^O but the coefficient of au—a l is zero and hence m— 1 
cannot give a solution. 

Now taking m=2 and setting the second coefficient of (19) equal 
to zero, we find 

a x (3.2-2.3+2)+2a o =0 i.e. a, = -a 0 • (7) 

Again by setting the coefficient of x m+ " of (19) equal to zero when 
m=2, the recursion formula is 

a» l(2+n) (l+n)-2t2+n) + 2]+(l +>:) a, l _ 1 +a n _..=0 
i.e. (n 2 +n) a„=—(/»+1) an-x—Of,-.. for n>2 .(8) 

When n=2, (8) gives 6a 2 ==—3aj —a u =3a 0 —by (7) 
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When n=3, (8) gives 12<sr 3 =—4a 2 ——j-ai+a, by (7) and (9) 


i.e. 


cii=— ^~ and so on. 


Hence from (2), the solution is 

l-*+ ” J • • • OO) 

A second solution of (1) will have the form 

A(*)=“W-log x, x>0 as N— 1, .. . (11) 

where u(x)=x(b 0 +b 1 x+b i x*+ .). 

Case III. When m, =m g . 

In this case only one Frobenius series solution is possible. 

Problem 8. Solve x , y'+x/+x*y««0 (which is Bessel equation for 
index 0). 

Given equation is x 2 y''+xy'+x J y=0 . .. (1) 

Dividing it by x* we observe that x=±0 is a regular singularity of it. 
Let the series solution of it be 

>’=x m (a 0 ++a*x* + • • •) ... ( 2 ) 

Comparing it with (12) of §8 ‘2 (C), we find 
/ 1 (x)^-l,/ 2 (x)=x 2 

So that (13) and (14) of §8.2 (C) give on comparison 

i c =l,c o =0,c 1 =Ot 2 =l ...(3) 

other b’s and c’s being zero. 

The indicial equation (20) becomes here 

m(m-l)+m*0 i e. m*—0 giving m— 0, 0 ... (4) 

Taking m=0 and setting the second coefficient in (19) equal to 
zero, we have 

a, (l+0)+a o (0)=0 i.e. ^=0 ...(5) 

Again setting the coefficient of x m+n in (19) equal to zero, we find 
the recursion formula a„[n(n— l)-f(l) («)]+<*„_! (0) +a n - t (1)=0 

i . e . « n =—«>2 ...( 6 ) 

1 

#2— 2 

fl 3 SS= — =flf 5 = fl 7 =3fl 9 == ... 

1 1 

a *~ ^2— 22 . a ° 

1 1 4 

' gi' ^4 22 4* 


So that 
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Hence from (2), a solution is 

^=(say) y\=a 0 (\ — ■ * • ( 7 > 

A second solution may be found by (22) with N =*0 as 

yz=Cl y 1+ c^Yi~Y^ x *+ ^^7 x?+...+yi log^, x>0. 

Another Method. If the indicial equation has equal roots say m—tz, 
a, the two independent solutions are obtained by putting m —a in y 

fiy 

and Tjj^ both. The second solution will always consist of the product 

of the first solution or a numerical multiple of it and log, .r, added 
to another series. 

Problem 9 . Solve x(l—x 2 )y”+(l—3x 2 ) j i'—xy=0 ... (1) 

00 

Let the series solution be y=2a n x m+n ... (2) 

o 

Then substituting for y, y', y" from (2) to (1), and equating to zero 
the coefficient of jc™ we get the indicial equation as m a =0 i.e. m— 0, 
0 if a 0 9^0 

Also equating to zero the coefficient of x m + n , we shall find the 
recursion formula 

a n — vp - a n - 2 for n> 2 which yields when m=0, 

(m-t-n) 

On— — —s— ~ for n>2 ... (3) 


While the coefficient of .x: , " +1 equated to zero will give fli=0 

l 2 2 2 

a 0 and a 3 — o 1 =0—a b =a 7 =?... 


4^ “2 = 

Hence a solution is 


2 2 - 4 * a ° ant ^ 


1 2 . 3 2 . 5 2 _ _ 
2« 42 52 a o e ‘ c> 




But from a„= a„- 2 we find 

'-h; i+ (si) %!+ es)‘(s^) v+ --] • • • <5> 

If it is substituted in L.H.S. of (1), we get a single term a 0 m 2 x m ~ 1 

(m^O) 

Its partial differential coefficient w.r.t. m is 

2a 0 mx m ~ 1 +a 0 m t x m ~ 1 log x which is zero when m—0. 

It means x(l-x 2 ) -^i+(l-3x ! )^-x'^y=‘2a 0 mx m - 1 

• +a 0 ni i X m ~ l log x 
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f _ . 0 . 


+a 0 m*x m ~ 1 log a- 
(the differential operators being commutative) 


So is another solution and hence from (5) 
Cm 

dy 


When m 

and so f^-= 
dm 


(when m=0) 

... ( 6 ) 


^-ylog*+.^-[2(-=±l)- (mTj) ,*’+.] 

r i* i 2 3 2 1 

0,^=^i=a o [ l + -y^ 2 + * 4 +--- J 

-y t log *+o 0 **+••• ] 

When m —0 let in (5) a 0 —a l and in (6) a 0 —b, then 
y!=.a(l+^ x ! +^J-x 4 +... )=oa(say) 

and |~=6« log x+b x2 +^ x*+... ^=bv (say) 

Therefore the complete primitive is 
y=Au+Bv 

[ 12 12.32 "1 , , fx- 21x 4 I 

1+ 22‘ x2 +5^ x +••■ J+^Lt'*' 128 + 'J 

Problem 10. Solve xy"+y'+xy=0. 


r x z x‘ 
Ans. y=(a+b log x) 1 l-^T+^i 


T.-^-] 

^[™('+i)TO( 1+ i + T)-l 

Problem 11. Solve x 2 (x+1) y"+x (x+1) y'-y=0. 

Ans. y=ax ( 1— j +*— ft + ••• )+^ _, ( l ~ x )• 

Problem 12. Solve in series xy"+2y'+xy—0. 

*■»■>=»[ i-jf+£•••] +for ‘ [ '-y+E-l 


[O] Particular Integral (P I ). 

Consider x 4 /' +xy'+y*= ~- 


0 ) 


Complementary function is the solution of x x y''+xy'+y —0 and 
will be obtained as above to give 
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C.F._« 0 ('-|f - (*“)■ 

To find P.I. put y—C 0 x m in (1), so that m (m- 1) C„ x mJr2 =x^ 
which yields 

m+ 2=-l and m(m- 1) C 0 =l i.e. m=-3 and then C 0 =~ • 

With m= —3, find the recursion formula by the usual method, and 
this is here 


C " (2« + 3) (2n-f 4) Cn_1 glVmg C,_ 5^6 C °’ C>=x 5-6-7-8 C °’ 

^ 24-6 


5-6-7-8-9i0 


C„etc.. 


Hence 

( 1+ 5^ 

=2x~ a ( 

r 1 2 

— 4-— x“ 2 -4- 
> % |4_ + |6_ + 


2-4 


11 


x~*+ 


...) 


Thus the complete integral is y=C.F.+P.L 


8.3. LEGENDRE DIFFERENTIAL EQUATION, FUNCTIONS 
AND POLYNOMIALS WITH PROPERTIES 

[A] Legendre's Differential Equation. (Agra, 1961, 63) 

This equation is of the form 

v l—x 2 ) 2x (/t+l)>=0. . . . (1) 

The equation of such type can be solved in series of ascending or 
descending powers of x. Suppose, we have to integrate it in a series 
of descending powers of x. There is no singularity at x=0, so the 
solution of the equation can be obtained in the form of a series 
developed about x=0. 

Let us assume the solution of the given equation in the form of 
series: 

oo 

>’= 5) n r x*~ r . 

r=0 

dv ^ 

~= 2 (k—r) a r x k ~ r - 1 

dx r=0 

, d 2 v 00 

and 2 (k-r)(k-r- 1) 

. r=7=0 

Substituting these values in (1), we have 
00 

2 [(1 -x 1 ) (k—r) (k—r- 1) x^'^-lx (k-r) x*-'- 1 
r=0 

+n (n+1) **~ r ] fl r =0 
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or 2 [(A—r) (A—r—1) x h ~ r ~ 3 +{n (n+-l)—2(A—r). 

-( k-r ) (A—r-l)} at*-' 1 ] a t =0. 
oo 

or 2 [(A-r) (k-r- 1) x t “ r -- 2 +{/i (n+1) 
r=0 

—(k—r) (k— r-M)} x k ~ r )f a r =0. ~ ... (2) 

The relation (2) is an identity and therefore the coefficients of 
various powers of x can be equated to zero. 

Let us first equate the coefficient of x k the highest power of x (by 
putting r =0 in (2)} to zero; then we get 

o 0 {n (n+1 )—k (A+1)}=0, 

"where a 0 being the coefficient of the first term of the series cannot be 
zero, t.e. a 0 +0 and thus 

n (rt+l)-A (A+1)=0 
or n 2 +n—A*-A=0 

or n 2 —A 2 +(n—A)=0 

or (n—A) (n—A+1)=0 

which gives A=n or — n —1 . ... (3) 

Again equating the coefficient of jc* - 1 to zero, by putting r=l in 
(2), we have 

{n(»+l)-(A-l)A} fl 1= 0. ...(4) 

From (3), {n (n+l)-A (A-1)}*0 
and therefore ^=0. 

Let us now equate the coefficient of x k ~ T , the general term in (2), 
to zero, 

(A—r+2) (A—r+1) a r _„+{n (n+1)—(A— r) (A—r+1)} a T =0 

or a (A-r+2)(A-r+l) (5) ,| 

° T n (n+1)—(A—r)j(A—r+T) 

Putting Assn, the recurrence formula is 

. = _( n-r+2) (n-r+l) 

n 4 +n—(n —r) (n—r+1) flf " 

(n-r+2) (n-r+l) 
n 2 +n — ri i +nr—n+nr— r 2 +r r_ * 

( n-r+2) (n-r+l) , 

r (2n—r-i-1) ^ *** W 

Again putting A=—n—1 in (5), we have the recurrence formula 

as a _ (-n-r+l) (-n-r) 

r n 2 +n—(—n—r—1) (—n—r)* 

(n+r—1) (n+r) 

= n*+n—(n+r+1) (n+r) ° r-2 

(n+r—1) (n+r) ... 

: r(2n+r+l) ^ ' 10 
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a 0 etc. 


Case I. When k=n, we have by putting r=2, 3,. . .in (6), 

. n(w-l) . 

°* 2 (2n—1) fl# 

„ (n—1) («—2) . 

* 3(2n—2) 1 

=»0 since a l =0. 

Similarly a 6 , a 7 , a 9 . . . etc. all the a’s having odd suffixes are zero. 
_ («-2) (n-3) n (n—1) (n—2) (»—3) 

4 4 (2n—3) 8 2-4 (2n—l)^2n—3) 0 etC * 

(by putting value of a 2 ) 

In eeneral a =( _ll r - — — — IS 2r-j-l) 

In genera, a 2r ( *) 2 .4-2r (2n-1) (2»-3)...(2n-2r-|-l) a ° 

(by putting value of a* etc.) 

Hence the series solution when &=n, is 

y— a r x n " ("-!) x n-8 ■ n (n-1) (n - 2) (n- 3) « 1 f8 

y °L 2(2n-\) + 2-4 (2n-l) (2n-3; ”'J * * * W 

where a 0 is an arbitrary constant and is equal to 

l-35...<2«-l) ...(,) 


where n is a positive integer. 

This solution of Legendre’s equation is known as P n (x), i.e. 


P n (x)- 


1 •3*5...(2n—1) r^n »("-» 
in L 2 (2n—1) 


n («— 1) (n—2) (n — 3) « 


...] .. 


4.—:-—- ———xr *—... ... uu; 

+ 2-4*(2n— 1) (2n—3) J 

Case II. When k=-n- 1, we hav« by putting r=2, 3,... in (7), 

(n- 11) (n+2) „ 
a "“ 2 (//-+- 3 ) °* 

Now a, will contain a, and hence is zero. As such a # , a 7 , a# . .. all 
are zero. 

(n+3)(n+4)„ 
fl4 -4(2n+5) fla 

(n +\) (n+2) (n+3) (n+4) by pul ting value of a, etc. 

='-2-4(2n+3)(2n+5) 

, . (n+l)...(n+2r) 

In general, a ar = 2 4...2r (2n+3)...(2n+2r+l) 
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Hence the series solution is 

f^-n-l+ (w +. 1 ifo + 2) y— 

y a ° l x + 2(2n+3) 

(w+l)(n+2) (w+3) (w+4) 
+ 2-4(2n+3)(2«+S) 




l-3-5...(2n+l) 

this solution is known as Q„ (x). 


Qn(x)= 


, (w+l)(n+2) 


l-3-5-(2n+l) 


jr n_1 + 


2-f2n+3) 


(«+l)(«+2) (n+3) (w+4) 

* /Ik I X 


r 2-4-(2»+3>(2n+5) 

The most general solution of the Legendre’s equation is 
y=AP n {x)+BQ n {x). 


• • 02 ) 




• • (14) 


where A and B are arbitrary constants. 

Note 1. If the infinite series as the solution oj a given differential 
equation is reduced into a finite series, then the solution is called as 
polynomial. P n (x) gives Legendre’s polynomials or zonal harmonics 
or Legendre coefficients (n being a positive integer) of first kind and 
Qn(x) gives Legendre's polynomials of the second kind for positive 
integral n. 


Note 2. The importance of a solution lies in its convergence and the 
convergency may be seen by ratio test e.g., lim u n+i l 

»-0 u n x from (S) 

or (11). 

Thus the series (8) or (11) will be convergent if | x | > 1 i.e. the 
above solutions for Legendre equation are not convergent in the 
interval—1 <x< 1. In order to find the convergent solution of (1) 
we seek for solution in descending powers of x. 

Suppose a series solution of (1) is 
00 

y = 2 a r x k+T , o 0 #0 .. . (15) 

r=0 


So that y = 2 (k+r)a T x fc+r-1 
r-0 


y’ = 1 (k+r) (k+r- 1) a r x **"*. 
r—0 

Substituting these values of y, y’ and y" in <1) we get the identity 

2 t(*+r)(*+r-l) x*+ r -*-(k+r-n)(k+r+n+l) ***] a r |||0 
r-0 ... (16) 
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Equating to zero the coefficient of x*~ 2 (when r=0) the first term in 
(16) under the assumption d^O, yields k{k—\)—0 giving Jfc=0, 1. 

Now equating the coefficient of second term i.e. x t+1 to zero, we 
have fli (&+l)£=0 giving flj ^0 for k= — 1 while may or may 
not be zero for k— 0. 

Equating the coefficient of general term i.e. x l+r to zero, we find 
the recursion formula a r+3 = ^^7+2 ' f ' 0f < 17 ) 

Putting *=0, (17) gives a T ... (18) 

And putting k=\, (17) gives fl r+a = - a T ... (19) 

Case I. When k= 0, we have by putting r*=0, 1, 2, 3,4, 5, 

.,. in (18) 

n(n+l) j («~-l)(n+2) 

a 2 = ——-y- o 0 and a 3 *= - -pj- <t, 

n(n~2) (n-fl) (n-j-3)^ . (n-l)(n-3)(n+2)(n+4). 

a \ -j - ^- a o a 6 -j~5 " fl l 

. . , ,,, n(n-2) ... («—2r4 1 

and m general a 2r =( -l) r -- a » 

(—l)Mn-l)(n - 3) ...(n-2r+l)(n+2) ... (n+2r) 
flsr+ 1 -- ~~ -«i 


Hence the series solution for k— 0, is 

n{n-2) (n+1) (”+3)^ 
2 14 


,=a 0 [ 


{ w(«+l xt [ n(n-2) (n+1) (n+3) ^ [ J 


, T, (»—1) (n+2) . («—l)(n-3)(»+2)(»+4) . 

+a lX \ !--- * 2 + j-j 


•] 


. • • (19) 


Case II. When k— 1, we have from (19), 

and a 1 =a 3 =a 6 =a Jr+ i=...=0 




3 
I _? 

(w—1) (w—3) (n+2) (n+4) 
1 5 


(—l)*' («—I) («-3)... (H-2r+l)(» +2) ...(n+2r) M 
a„ -j2r+j ® 

Hence the series solution for k =1 is 

(»+» j , + (.-lH«-3)j»+2)fe+ . 4V + .„] 

...( 20 ) 
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The solution (20) is included in (19) in the coefficient of a, except 
that o x is to be replaced by a 0 . Hence setting a x =0 for fc=0 also, 
the solution (19) reduces to 

^ + j (Ji; 

It may be shown by ratio test that the solutions (20) and (21) 
are convergent in the interval — 1 <x<l. 

Calling the solution (21) as £"„(*) aQ d (20) as T n (x), the general 
solution of Legendre equation in ascending powers of x is 

y*=A S n (x)—B T n ( x ). . . (12) 

where A and B are arbitrary constants. 

[B] Legendre Polynomials. 

If we put n—2r (say) i.e. if n be taken as an even positive integer 
then (21) gives the Legendre polynomial as 


r "< 

;=a 0 [_ «— 


«(" +!) 


x 2 + ... 


+ { _ ir * gfez2) -4.2 OH:j 1 (n± 3)... ttj^l ) (25) 

While (8) gives 

r , n(n— 1). _ 2 . 

+( " 1) "" n(n-2)... 2(/i+lHn+3)... (2*-l) ' '' ,24) 

(23) and (24) will be identical if (24) is multiplied by 
. n(/t—2)...4-2 (w+1) («+3)...(2 h 1) 

(-«) |n 

and then the solution (8), (21) will become identical. 

Again if we take, n as an odd negative integer then (21) is identi¬ 
cal with (11). Also if n is an odd positive integer then (20) reduces to 

P (n— 1) (n+2) 3 j 

x— ~ - x *+■ 


+(- D ”- 1 ' 1 


(jt — 1) (n-3) ... 2 (w+2) ... (2n—l) 


and (8) reduces to 




4 (n _ x) (n _ 3) (2n—1) Jr " 


l J ...( 26 ) 
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which become identical when multiplied by the coefficient of last 
term in (26). 

Further if n is an even negative integer, (20) and (11) become 
identical. 

These discussions follow the conclusions : 

(!) For integral values for n, the solutions (8) and (11) have great 
utility of them. 

(ii) For positive integral n, (8) is a polynomial but (11) is an 
infinite series and the complete integral is a linear combination of 
them, 

(iii) For negative integral n, (8) is an infinite series and (11) is a 
polynomial. 

(<v) For positive integral n, in (9) or (10) we have chosen 
1.3.5...(2w+1) 


(v) For negative integral n, in (12) or (13) we have chosen 
1 n 

“ 0_ 1.3.5 ... (2«+l) 

(v/) For positive integral n, the polynomial P n (x) has the expan¬ 
sion given by (10) ending with term free from x i.e. 

Pn (*)= S (-l)r - L3 - 5 • • [ 2n -- Zll 


r=0 


n(n- 1) ... (yi —2r+l) 


nil 

- S (-1) 

r= 0 


2.4 ... 2r(2n—\) (2« — 3) ... (2w-2r+l) 
1.3.5 ... (2n—2r— 1) 


x 


n-2 r 


2 r [ r | n-2r 
| 2n- 2r 


x 


■«—2r 


. . . (27) 


x- 


. . . (28) 


or more concisely 

r " w ~rio ( ~' y U!=z ILs=2r 

Evaluation of the values of Pq(p), Pfv-), P t (\f), P 3 [f) t Pf,\f), Pfy-), 
P»(y-), and p 7 (n) etc. 

We have 


PnW- 


1.3.5 ... (2/i—D 
n ! 


0" 


W("~l) 2 

2(2n-1)‘ 

. /?(/i-i) (/>—2)(w-3) n _4_ “| 

*■ 2 . 4 . ( 2 / 1 — 1 ) ( 2 «— 3 ) ^ 'J 
«(«-!) 


(2«) 1_f „_ ”(L_. 7r 

lL •* 2(2/1-1) 1 

, n(n—\) (w — 2) (/? —3) 1 

+ 2.4. (2//-1) (2/J-3) 1 J 


(2.4.6... 2n)n 
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S&LLS *»- " (n ~ .a»-* 

2”.n ! n !1_ ^ 2(2n-l) ^ 

, n in — 1) (n—2) (»—3) 4 

+ 2.4.(2n-l) (2/i-3) ^ ' 

Putting n=0, 1, 2, 3, 4, 5, 6, 7 etc., we have 

W=l, 

j > 1 (( A )=27rriT othef terms vanishin 8 

==(*, 

P 2 ([i)=^-~other terms vanishing 

_ 4 3.2 ' 3jx®—1 3^—1 

“ 2*2*2-2 3 = 

5(a s -3(a 


] 


P*M- 


2 

a \ . r n_ 

•3 ! 3 ! L 3-5 * J- 


2 3 




3- 

Similarly P 4 ((a)=£ (35(a 4 —30(a*-|--3), 

P 6 (H)=-| (63(a 5 —70(a 3 +15(a), 

P»= T V (231(a s —315(a 4 +105(a 2 — 5) 

P 7 (t ji)= t V (429 (a 7 —693(a s +315(a*—35(a) etc. 

[B] Generating Functions for P„(x) 

P n (fA) is the coefficient of h” in (I — 2,u-h+h 2 ) -1 /2 . 

We have (1-2 |aA-A 2 )- 1 ' 2 
=[l-h (2\>.-h)]- 112 

= l+iA(2(A-A)+ A* (2 (a-A 2 )+-±^ A 8 (2(a—A)®+... 

*•«*-«*+- 

(by Binomial expansion) 
The coefficient of A n in the expansion 

1.3.5...(2w 1) _ 1.3.5...(2w 3) (2u) n ~^ n ~*Ci 

“ 2 4 6 2n "> a a. rt*, 


2.4.6...(2«-2) 


1.3.5...(2n 5) /•-». ( 'vn-4 tt-vs-i 

+ 2.4.6...(2/.-4) (2lA) • C * 

1.3.5...(2n—l) r _ i»(n-l) 8 

2.(2n—1)~ ^ 

n(n-l)(n-2) (w-3) 4 _ 1 

2.2.2 ! (2n—1) (2n—4) ^ "* J 


n ! 


1.3.5...(2w —1) 
n ! 


f Lt«- iLfc 

1/ 2(2n— 


1) 

1) 


,n-2 


w (n—1) (it—2) (n-3) 

' 2.4.(2n—1) (2n—3) F 


4 + 


-1 


.(29) 
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which is Pn(M-). 

Hence S h n P n .(n)-(l -2[ih+hr)~ l <\ ... (30) 

n= 0 

(Agra, 1967) 

corollary 1. P n ( 1) is the coefficient of h n in (1 —2/H-A 2 ) -1 ' 2 , i.e., 
in (1—A) -1 . 

As such P„(l)=coeff. of h n in {H-A+A 2 -t-...+A n +...}*=l, which 
is however a distinguishing property of Legendre’s Polynomials. 


corollary 2. Putting (x=cos 0, we have 

2 h n P „(cos 0)={1 —2 (cos 0) A+A-} -1 ' 2 

n=0 

={1 — (e < *+e“ <# )A+c‘*.e- i » A*}" 1 ' 2 
=(1 — (i—Ae-*®)- 1 /* 

=[ l+lhe*»+±j />¥*•+... 

1.3...(2«—1) /,v n# + — l 
+ 2.4...2n J 

x[ l+^»+-~| fi 2 e-*'° + ±~jh 3 e- 3i ° + ... 

1.3.5 ...(2n 1) Ur>g-me _l "1 
+ 2X7.2 n ne + 'J 

Equating coefficients of h n on either side, 

P«(cos 0)= (e «, +e - »ie) 

\ _L 1 /3.5...(2w — 3) r <„_2) **} 

+ 2 2.4.6...(2/1—2) {e + ^ 

1.2 1.3.5...(2« -5) f ( n _4) <•-]-... 

+ 2^‘2.4.6...(2/J-4) 

• 2 ! ' 3 i'4. (2 2 n ~ 1) [ cos " ,+ 777 r “* ( "- 2> e 


2 : 2.4. 2. [ c “ " #+ 2 -5=1 ( "~ 2> 6 

cos (n—4) 0+..."] 

+ 2 4 (2/i-D (2n-3) J 

2 - cos n0+ 2^1 cos (w_2) 6 
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corollary 3. We know that 
(1 - 2A cos 0+A 2 )- 1 '■ 

={(1-A) 2 +2A (l-cos 0)}- 1 ' 2 

==| (1-A) 2 +4A sin 2 yj" 1/2 

1 C (-l)4/i sin 2 0/2 7- 1 / 2 

~1 -hi (1-A) 2 5 

1 T , , 1 S 4A sin 2 0/2? 1.3 £ 4/i sin 2 0/2 ? 2 , 

aL 1+ Ti-Tl~V 1+574 {— WW~\ +• 

, 1.3.5...(2/--1M 4A sin 2 0/2 ? r , 
"'+ 2.4. ..2r ? (1 —A) 2 5 + 

1 , 1 PJ 4A sin 2 0/2? 1 

“t=a + 2 u Frh-i + " 

, 1.3.5.. -(2r-l) (-1) 4 r A r sin 2r 0/2 
*"" 1 " 2.4...2r '' (1—A) 2r+1 + 

1 , °° / lXf . 1.3.5...(2r-l) 2 r .2 r h T sin 2r 0/2 

“1~ A rJi U 2.4...27”' (1-A) 2r+1 ' 

Equating coefficients of A" on either side. 


P„(COS 0)=l+^2 (-1)' sin 2r _® , 

(2r+l) (2r+2)<-{2r+l+(w-r-l)} 

(S-l)! 


X 


[ 


since coeff. of A n_1 in (1—A)~ (2r+1) is 

(2r+l) (2r+2)...(2r+l+w-r-l) 
(n-r)! 

P„(cos 0) 

=H _ ? (-i)r 1.3.5...(2r-l ) (w+r ) 1. 2 ,j 

r 1 U 2.4...2r (2r) ! (»-r) ! Z ^ Sm S 


etc.J 


14 - C y i ( 2f ) * (”~ r ) ! («—>•+ 1 ) (»—r+2)...(w4-r) 
' 2 r .r ! .2 r r !.(2 r )! (n—r) ! 


■ 14 - 2 (--!)»• (”— 1r +D (»—r+2)...(n+r) sin2r 

r-1 rlrl 


I n («+l) .,_ 2 ® . (»—1) n (n+lXn+2) 

i “xnr sm y+ 2T21 


sin* 


x2 r -2 r sin 2r - 

0_ 

2 

e 


(»—2) (w— 1) n (n-n) (n+2) (n+3) 


3 ! 3 ! 


sin 


2 + 
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( Vikram , 1962) 


(—n) (w+1) . 2 0 .(-«)(-«+!) («+l)(«+2)/. , 0 V 
=1 + U Sm ~2 + 1.2.1 (1 + 1) V Sm ~2) 

. (-n) (-n+1) (-n+2) (n+1) (n+2) (n+3)/ _ : _ 2 0 V , 

+ 1.2.3.1(1 + 1) (1+2) V Sin 2 J + " 

— n, «+l, 1, sin 2 -^ • • • ( 32 ^ 

Replacing 0 by 0+^. 

Pn (—cos 0)=(—l) n F n (cos 0)=F^— n, rt+1, 1, cos 2 y j . . . (33) 

i.e. P n (cos 0)=(—1)"• F(-n, n+1, 1, cos 2 0/2). 

(C] Integral for P,(ii). 

I* P„((x)=— f" {(x+Vtl 12 — 1) cos d<j>. (Vikram, 1962) 

72 Jo 

It is easy to show that 

f " “T ir—1 — TT z m~\ » when a 2 > b 2 . 

Jo a±b cos<f> V(a 2 -M)’ 

Let us put a=l — yh, b=hy/(y 2 —\), so that 

a 2 -b 2 =\-2yh-\-h 2 . 

n _ f " __ 

Cn (1—2nA+A 2 ) -1 ' 2 ~Jo 1— by^th\/(y 2 —1) cos ^ 

or (1—2ix h+h 2 )- ll2 =— f* [1 -h {(i.+-v/ (n 2 -l) cos 0}]" 1 d+ 

71 Jo 

=- r r s /t n {(x+v(^-d cos # 

72 J o Ln —0 *J 

where h is sufficiently small 

==— 2 h n [ W [(x+ +(^-1) cos <f] n d<f>. 

22 n—0 Jo 

Equating the coefficients of A* on either side, we have 

P„(fO - J* {y-T V (I**-1) COS *}» <#. ... (34) 

which is known as first of the Laplace’s Integrals. 

COROLLARY 4. If we put |i=COS 0. 

P n (cos 0) = — [ (cos 0 + i sin 0 cos <f>) n df. . •. (35) 
72 Jo 

OOKOLLAWS. f. fr±v(^-l)cosi>r^ ' 

We have as above 




f*- ^ - y =-77-5—rjv, where a 2 >b 2 . 

Jo a— bcos$ V(o ~ b 2 ) 

Putting a=pA—1, D» we get 


7C f * _ (fy __ 

l— 2 f*A+A 2 ) j 0 A (f**— 1 ) cos^}—1 
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or 


n/ 0- v+i) 


d<f> 


h {T-V (t* 2 —D cos <f>} £l 


1 


OO 1 x 1 1 

or 2 n F+ 1 P " (tA)== ^ 

n=0 


1 


h {(a±V (|**—I) cos <f>) 
1 


3 


h {Uzb-y/Qx 2 -!) cos 
h {p±VG* a —1) cos 
oo 1 




M 


w" lo [„- 0 A “ +1 {H'iV (^--D cos # B+1 J 

r 


00 

2 

n—0 


,fc w+1 {^zizV — 1) COS ^} n+1 

Equating coefficients of —y on either side, we get 




d<f> 


| {|X±V(|A 2 -l)COS^} n+1 

which is known as Second of the Laplace’s Integrals. 


. (36) 


corollary 6. It is obvious from the above two Laplace’s integrals 
that P n (p).p 

— (n-f-1) (|X). . . . (37) 

[D] Recurrence Formulae for P n (jx). 

I. nP n ((i)=(2n-1) 1) P »-*([*). 

(Agra, 1953, 61, 74\ Vikram, 1963 ) 

_ oo 

Suppose F=(l ~2{di+lr)~ l l 2 = 2 h n P n ([i) 

n—0 

or r > (l-i‘A+#)»i. 

Differentiating w.r.t. h. 

dV 


2V~ (1-2 [xh+h-)+V~ (2h—2y-)—0 


or 


dV 

dh 


(l-2'x/i +&)+V (h-ii)=0 


or (1-2 iih+h 2 ) 2° ah*- 1 P„ (p)+(A-p) f A B P„(p)-0 


n~ 0 


n~0 


[••• 


e_s «* 

dh n=0 


"- 1 P.O*)] 


The coefficient of h n 1 equated to zero gives 
«P*O a )- 2(* (n-1) P»-i(n)+(n—2)P w . t (n)+/V* (n)-{t P.-jtuHO 
or nP*((i)=(2n-l) (aP«-i(h)-(h-1) P h _,(|x). ... (38) 
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Note. If n—l—m, then this result reduces to 
v (Agra, 65; Vikram, 63) 

H. (jjt2—1) 

= -(n+l) {\ , -PnU l )-Pnn(f)}’ 

We have ixP«(|x)-Pn+i(Ex) 

__iL[ T {(x-f-^(n*—l) c° s </>}” d<f >—f {fx+ V((x 2— 0 cos 4 > ) n 

n J 0 Jo 

j* {(X+ V(fx*-1) COS ft"- 1 [[X {tx+V(^ 2 - 1) cos ^} —1] d+ 

f.*— 1 d f* f (jx+vV-1) C OS ft" „ 

TC <fft Jo 3 « 

f 'W- 


. (m 2—1) - =n {(xP„((x)- P»(fx)}- • ' * ^ 

d * (Agra, 1965) 

Replacing n by (-n-1), as P n (fx)~P-<„ + u(ft and as such ?-(„+*> tx 
«=P«+», we get 

(»+l) {(xP,0x)-?« +1 (t^)} • • • (41) 

III. By Legendre’s equation, we have 

(,--i) <”+» FM -°- 

This may be written as 

f^n^l-Kn+nrM 

or T [« {ixP fl (!x)-Pn-l(^)}]= W (” + 1 1 > fr0m (40) 

dp 

dP n (p) _ dPn-\(p) ___ p^( # • • • (41) 

(^gra, /954; Fftram, 62) 

IV. Replacing » by -(«+» and applying 
P-._fr)=P.„Mctc., in (41) we gel 

dPniP) . ^ PJll). • • ' 


„ = „p n ((x). 

</|x rf;x 


</P,(tx) dPn+ff) =( 11 + 1 ) P„((x). 
<*x + d\h 
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Addition of (41) and (42) yields 

(2n+ 1) P«(V-)=£ JWf*)-Jr Pn-lM. . . • (43) 

(Agra, 1952; 55, 61, 74; Vikram, 62, 63) 
Now (43) may be written as 

£ iWixM2n+l) Pn(P)+£ Pn-i(ti- 
Replacing rt by (n— 1), we get 
^P»(^)=(2/l-l) P n -lM + £ P n~*(V-) 

=(2n-l) P ft -»+(2«-5) *»-*(&+£ ... (44) 

£ since by putting n— 2 for n, 

%^=( 2n - 5) p "-*m ] 

The repeated application of this replacement will give 

£ Pn( t*)=(2n-l) i > B -,(!x)+(2n-5) P„- s (t*)+(2n-9) P„- 5 ((x)+... 

ending with 3/ > i(n) or P 0 (^) according as n is even or odd. ... (48) 
This is known as Christoffel’s Expansion. 

Again multiplying (40) by (w+1), (41) by n and adding, we have 

(2n+1) ([i 2 ~ 1) d -^ tL =* (« +1) {Pn + i(V-)-Pn-i(ri) . .. (49) 


[E] Some Important Results. 

[«j]. Pn (~(*)=*( —lj* PniV-)- 

We know that 


... (50) 
(Agra, 1967) 



•] 

] 
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, ejr,. -1 

-<-»*• riiL 1 * 2 (2n—o ^ j 

=(-l)"P». 

Not t.lf n*=2m, this gives P tm (—U-)=Ptm(v)- {Agra, 5) 

If »=2m+l, we have # (51 ) 

Ptm* i(—H-)—-■ P 2» n +i(f A )- (Agra, 65) 

M Rodrigue’s formula 

p ruw-L. ( i (tx*—1)». • • • < 52 ) 

1 — (Rodrigue's formula) 

(Agra, 1656, 60,63 ; Vikram 63, 64) 

u, y-v-iy. ^ 

»-■ • 2i*--prr’ 


i.e. 


((.*-!) ^=2W. 


or 


14 j* 

Differentiating this (n+l) times by Leibnitz s theorem, g 

-p +-C, (M~p+’ t,c - ®■VF 

-2»[P + -C.(»P 

<h’-*>p+^-" ( " +1) £“ 0 

Putting we have 

^ 2 - 1) '&+ 2ti "0' n( " +1)2=0, 
which i. Legendre’s equation, on. of whose solution is r art hence 

1, is satisfed b, C* or C%, whe« C is an arbitral conshtnt. 

Hence ,,W-Cpc(^)V-‘»- 

=cf 4-Y (V-D" (( a + 1) " 

=C l !nV+D B + tcrms containin8 (tt_1) aSODe foctorsl 


on differentiating n times by Leibnitz s theorem. ^ 

. P n (l)=C.2" \n_, where P«(l)=l; C= *2" \ n_ 

Hence ?»(!*)= ^Tni, d/) ^* -1 ^' 
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[e a ] Series solution of Hypergeometric equation, i.e., to integrate 

x(/ ~ x) 'S + {Y “ (a+P+7) x} 'dx -*^=0 • • .(53) 

in series of ascending power of x, and to show that its complete 
primitive is AF( a, (3, v, x)+Sx 1-y F(«+/—y> P+7—y 2—y» x ) where 
A and B are arbitrary constants and F{ a, |3, y> ®t) stands for the series 

1+J&-X 4 . « («+/) ( 6 +/) . , a(«+J)(«+2)|3(fi+/) (p+ 2 ) 
l'Y l-2-y{y+I) 1-2-3-y {f+1) {y+2) 

x*+ .(54) 

00 

Suppose y= 2 a f x fc+r . 

r=o 


<fv 00 

-^=2 a r (k+r)x**~\ 
ax r=0 

00 

^4= 2 o r (Ar-f-r) (fc-fr-1) x**'"*. 
r =^0 


Substituting these values in the given hypergeometric equation, 
we get 

S [x (1—x) (£+r) (k+r— 1) x* +r - 2 +{Y—(*+P+l) *} 

r-0 

X{k+r) —<x(3 • x k+r ] fl r =0 

or 2 [{k+r) (fc+r-l)+ r {k+r)} x^-ftAr+r) (fc+r-1) 

r=0 

+(a+|3+l) (k+ l)+ap} x^] a r =0 . . . (55) 

Being an identity, let us equate the coefficients of various powers of 
x to zero. 


Firstly equating to zero the coeff. of x k ~ l by putting r— 0, we get 
{k {k— D+y*} a 0 = 0. 

k {k—\)+yk=0, since a 0 +0 being the coeff. of first term, 
or k 1 —k— Yfc=0 or k {k— 1+y)=0, 


which gives k= 0, 1—y. .. . (56) 

Now equating to zero the coeff. of general term, i.e., x fc+r in identity 
(55) we have 

{{k+r) (fc+r+l)+Y {k+r+ 1)} a r+1 —{{k+r) {k+r— 1) 

+(«+P+1) (A+r)+«P) Or—0. 

_ {k+rY+{k+r) («+(3)+*3 
Tic+r+ 1) (k+ry+ T (A+r+1) a * 

__ (k+ rY+a. {k+r )-fP {k+r)+a$ 

{k+r+l){k+r + Y ) ° t 

(Jc±r+ P) (Ar+r-f «) 

“ l*+r+l) (Ar+r+Y) ° r ' 


&T +1 = 


( 57 ) 
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Case I. When k=0. 

(*+r) (ft+r) 

a T+l~ 


(r-H)(r+T) 

Putting r— 0, 1, 2, 3... successively. 

. _ «-P . 

ai—j—ao, 

(q+l)(ft + l) «(«+!) ft (ft+1) . 

2 “ 2.(r+l) 1 1.2 y(y+1)(y+2) °’ 

(«+2)(ft42) _ a (a+1) (a+2) ft (ft+1) (ft+2) „ 
°3- 1.2.3.Y (Y+l) (y+2) 0 

. etc. 


(58) 


3.(y+2) 2 

Hence the series solution is 

y 


- a »[ 


1 , a -P , « (a+1) ft (ft+1) . 
1 + T7 X+ 1.2. Y (Y+l) 


a (a + 1) (a+2) ft (ft+1) (ft+2) ^3 , "j 

+ 1.2.3-y (y + 1) (y+2) J 

=«o F(a, ft, y, x) • • • ( 59 > 

Case II. When k—l—y. 

(«+r + /-Y)(ft+r+/-Y) 

*' +1 -(2—Y+r) (r+7j ' 

Putting r=0, l, 2, 3, ...successively. 


a.=r 


(a—l —y) (ft+1 —y) 
( 2 — y )-1 


_ (a+1 -y+ 1) (ft+1-Y+l) „ 

(2-Y+D-2 

__ (a+1 —y) («+l—Y+l) (ft + 1—Y) (ft+1—Y+l) 

(2—y) (2—y+D-1-2 


a o 


etc. 


Hence the series solution is 

r i-y , (a + l-Y) (ft+1—Y) 




x i-r+i 


(2-Y).l 

(a+1 —y) (a+1— V+l) (ft -1-1 — y) (ft+1—Y+l) vi-r+s+ | 
(2—y) (2-Y+D.12 J 

! =a 0 x 1 ~ r +(a+l— y» ft + 1—Y. 2 —y, *)• 

Hence the complete primitive is 
y=AF( a, ft, y, x)+5A’ 1 - y F(a+1 —y, ft+1— Y> 2—Y, x) 
where A and B are arbitrary constants. 

Problem 13. Show that 

1.3.5 ...(2w-l) 


..(61) 
.(62) 


P* m+ i(0)=0 and P im (0)=(-1)” 


2.4.6...2*" 



700 


MATHEMATICAL PHYSIQ 


We know that 




‘ tm+i 


j-3.5...{2 (2m +l )—1} 
I (2m+l) 


,j L(«-l)("-2)(>.-3) -j 

‘ 2.4.(2/j—1) (2«—3) * + '} 


Mlhat JWi(0)=-iyif^±12[oj=o. 
Again, we have 


yf^.-Pg+J)( 2»"+l-l) ^ -I 

L * 2f2(2m+l)-l} * +-J 


00 


l-2f ih+h 2 )- 1 > 2 = 2 h T P,(\i) 

r=0 

' „ n -Po^l+hP^+h^P^ + .-h^ PM+... 

Fatting (x=0, we get 

J > o(0)+hP i (0)+h*P t (0)+... -f A 2m P, m (0) 

=(1 -f-A*) -1/2 
={l-(-A 2 )}-*/ 2 

-*+i + ... + ±££),_*, + ... 

expanding by Binomial Theorem. 
Equating the coefficients of x 2m on either side. 

2’„(0)-(-l)-^%<^Z±) U.5 ;; (2-»-l). 

2 • \m_ K l > 2.4.6...2 m 

Problem 14. Show that the Legendre's equation 
changes into the hypergeometic form 

* +(? -T-)f +"^y-0. 

Hence show by comparison that its complete primitive is 
AF(-$,2±L,i, „• 

Given x; .*. 2 (x 


rfjc 


-/ n+2 

2 


3 

. 


0 
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d { 

rffi 2 = 

= V 




=2 

2 dx +4y - dx 2 


cPy dx 
dx 2 du. 


Substituting these values in the given Legendre's equation, we 


get 

* 

H 

1 

s—( 

'w' 

dx- + 2 * ) 4 * 37+"(" ' 1 )>—o 

or 

X(l X) d * 

+ '--***- £ +" ,n :'- ) -y-o 

or 

* (l 

YJL. 3£W , «(*+l) o 

V 2 2 Jdx + 4 y U ' 


Agaip, we have already proved in E(c 3 ) of § 8.3 that the complete 
primitive of the hypergeometric series 


* (1 -*>-§-+tr-(“+P+1 )]~ 


=0 


is AF(a, p, y, jr)+Bx 1_T /’(oc + 1 —y, P + 1—Y, 2—y, x). 
In the existing case, by comparison, we have 


i.e. 




y=- 


1 


«+P+l-y, *P= 


a+P=i, ap=- 


n (w+1) , 

4 

n(n+ 1) 


Now 


4 

(a-p) 2 ==(a+p) 2 -4«p 

==4-+«(«+i) 


=~T.+ n 2 +n-- 

4 • 


<-!)' 


Solving 


a—p=n + ~ and a+p=-2 
n+1 q n 

“ = T > ?=*-«- 


Hence by comparison the complete primitive of the transformed 
hypergeometric series is 



Problem 15. Show that 

P n (cos 0)=cor 2n -^- /Y —n, — 1, — ta« 2 y j 
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We know from the first Laplace’s Integral that 


w-4r {t*±v(^-i)cos 

71 Jo 


P n (cos 6) 


B \ (cos 6+i sin 6 cos <f>) n d<f> (taking positive sign) 

71 Jo 

1 fitr , d . , 0 . .. . 0 0 Se^+e-** NT ,, 

“i)o L cos 1 sin T +2,sin T cos TK 2 /J * 

_JLJ* £ COS 2 y +/ sin y COSy^+J 2 Sin 2 yC^.«“^ 

+/ siny cosye^^J d<f> 

i r* r 0 f 0 , . . e 0 M c 0 

= yj J^COSy ^COSy+/siny e’^ + I Sin y <?“** £COS y 

+i sin-^ j J” rty 

=±S* [( cos y+«' siny (cosy+r siny d 4> 

= yCos* n y j ^1+itan y e ‘^ ^1+/ tany-e _< *^ <fy 
= 1 cos 2 »f};[[ l+ni tan \e*~ ^y^W 2 \ e2< * + ~] 


= — COS 2 " 4 
7C Z 


l+ni tan \e i *— " - ^ --- ^ tan 2 4r« 2< * + --- 


x{ l+ni tan ye - **- - y 2 - tan 2 y<r‘*-|-... jj<#. 

Here the diagonal product will give cosines of multiples of <f> and 
when they will be taken in groups, they vanish in limits of integra¬ 
tion. We have only to consider the column products, i.e. 


P »(COS 0J = — COS 2n y 


1 , 0 

= « cos y 


1— t an4+—' 

2 + 12 12 


-to 2 tan 2 -r-+7i. 




‘‘4-- > 

~ tan 4 —... ] 


—*4[ i+< "i.i ^ 

, (—»)(—«+ 0 (—«) (—»+ 1 )/ . .( 


«+i) (—w) (—«+!) / .ay -i 

1.2.1.(I + 1) \ a 2 j - J 

=cos 2n y 4“”» “* n * *» —tan* y j* 
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Another form of Problem 15. 

Show that 

P n (cos 6)=cos n 0 , y-y —, I, —tart 2 0^ 

The first of Laplace’s integrals gives 

P n (cos 0)=— i (cos 0+/ sin 0 cos <fi) n d<f> 
n Jo 


=—cos” 0 

TC 

=— cos” 0 

TZ 


(1 +i tan 0 cos <f>) n d<f> 
^l+ni tan 8 cos <f>— n 


tan" 0 cos 2 —— tan 2 0 cos 8 j d$. 

In limits from 0 to tc/ 2 all the cosine terms having odd powers 
vanish. 

P„ (cos 0)=-^-cos n £ 1 — —~ tan 2 0 cos 2 ^+...Jd£ 

2 „ ,r 2 n (n—1) _ 2 « 1 n 

cos”^—- 

+ nt«-J)( M -2)(«-3) tan40 ^ + ] 


14 


(-*”> (-jn+i) , . 2 


1 . 1 


(—tan 2 0) 


=cos” 0 

,(—£«)(—i«4-l)(—i» + i)(—i«4-4 ), . 2 i *] 

+- TzuJ+T) ( tan e)+ -J 

=cos” 0 F[—\n, \—\n, 1, —tan 2 0]. 

[F] Orthogonal Properties of Legendre's Polynomials of the First 
Kind 

To show that 

j P m (v) Pn(y-)dy-—0 unless m=n 
2 


or 


~ 2n + l 

2 

~'2n4-l 
being positive integers. 
Rodrigue’s formula is 

l /dy 


(Agra, 1963 ) 

if m—n 

8,„, n in Kronecker delta symbol m, n 


(Agra, 1963; Kurukshetra, 1965 ) 
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With its application, we have 

J 1 P»(H) PM dy 

-WnUi)' 


2 m+n 


) m (, x 2_l)m. j 

c d - 

{ dy. 

v n-l 71 

) C***—1>"J 1 

vm+1 


\«-i „ 1 

) (fx°—in 

[~dy, 

j (y 2 —l) n </fxj 


2»n+n 


(integrating by parts 

iW[r.(i)“’ <i ‘ , “' r - (-ir 


([x 2 —l) n </[/j 

(the first term vanishing for both the limits). 
Continuing the process of integration by parts m times on R.H.S., 
we get 

£ PM PM dy 


(-D* 


2 w+n \m | 


^r,( 


J \2m f d \ n ~ m 

La i 


J|X J 


(* )V-tr- 

Pmfa) -P«(f*) 


([i. 2 -i) m 

dy 2m 


1(2 m) 


(|X 2 - 


Jr 1 ^ j 1 (iLY'V-n* 


2 m+n I m 




((X 2 -l)» <f|A 


(-1)“ 12? r (d T 

= 2 m+n | m I^LW ) ( ' J-i 

(-l) m 12m 


2 m+n |m ,_n 


[0]=0 when m#n and «>m. 


(63) 


(64) 


Again when m—n, from (63), we have 

iy~ v * 


or 


r i (—l) n |2« 

| Pn*{y) dy= —^—rrr-( —1 > 


•J* Cl —I**)* 


dy 


2" | _n 

put p*“COS 6, dy =*— sin dO $ 


1.3.5 ... (2n—Jlf 1 
2 
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1.3.5 ... (2n-n 
2 n I n 


sin 2n+1 0 dd 


_ 2 X 1.3.5... (2n—1) p" 2 _ fl Jfl 

“-iqr— Jo s,n 0de 

„ 1.3.5... (2n-l) 2n (2n~2) ... 2 

2" In X (2n+J)(2n-1) ... 3.1 


2" I n (2n+l) ~2n+l 


Problem 16. 


Show that | d\j.—n (n+1). 


We have proved that 

^^=(2n-l)P„- 1 (^)+(2n-5)P B - l ([x)+ ... ending with 3P a (n> 
or P 0 ({i) according as n is even or odd* 

••■rm* 

=j (2n-l) P»-,(|*)+(2n-5) P„_,(t*)+ ... ending with 

3Pj((jl) or P 0 ({J.) according as n is even or odd] 2 dp. 

Here on the R.H.S. the product terms vanish in limits and only the 
square terms are left. 

••• j:,m* 

ending with 3*.-; ^ + or 1*’2 X 0+I accor< *’ D ® as n 

is even or odd 

=2[(2n-l)+(2n-5)+(2n-9)+ ... +3] when n is even 

=2 [(2n-l)+(2n-5)+ ... +l] when n is cdd. ... (2) 

Now we know that in an arithmetical progression having a as its 
first term, / the last term, d the common difference and N tne 
total number of terms, 

l=a+(N-Dd, i.e. N=*~f+1. 


In (1), 


2#i—1—3 


-2.y [a+/]=-| L -[3+2n-l]=*n (n+1). 


sum 
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In (2). 


N= 


2n-l-1 
4 


1 = 


H+1 

2 


sura=2*(-^-i-) {14-2n—1}=« (tj+I). 


We see that the sum in two cases is the same whether n is even 
or odd. 

Hence ^ dP $~ \ ^=«(»+ D- 

Problem 17. Show that j (1—x 2 ) dx= 

From recurrence formulae (45) and (44), we have 


(i-* 2 ) d -^r- -^r {Pn~i(x)-p n+1 (x)}, ... (i) 

and -^^=(2n-1) P n . 1 (x)+(2n-5) P B _ 3 (x) 

+(2«—9) P„_ 5 (a)... ending within 3 Pj(jc) 
or P 0 (x) according as n is even or odd. ... (2) 

Multiplying (1) and (2) together and integrating within the limits 

— land 1, we get 

-Pn^(x)} {(2n— 1) P n -i(x) +(2/i—3) P n -a(x )• ••}] dx~ 

- L 

other terms vanishing 
n (n+1) (2n— 1) 2 

“ 2n+l 2 (n—1)+1 


2// (/»+1) 

2/i-j-l 

Problem 18. 7/ («, z) an</ (r, g, be the cylindrical and polar co¬ 
ordinates of the same point and if \>.=cos 0, show that 




Ttum 


Here r= VO^+^+z^OP+z 2 ). 

=(«*+r z )- 1,2 =^(«, z) say, 


so that, by Taylor’s theorem, we have 

flu, z-fc)={« s +(z-Jk) 2 }-*/* 
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•••+<-«' »T(i)" «*>»+-• 


( 1 ) 


_fc 2 T 1/2 
r + r* J 


• ( 2 ) 


Also, #«, z-fc)={« 2 +(z-A:) z }- 1/ * 

={w 2 +z 2 -2z*+/c 2 }- 1 / 2 
={r 2 —2r cos 6>k+k s )~ 1 l* 

== ( r 2)-i/£l_2cos " k 

=~ ? (—y p»(co«0). 

r n~0\ r / 

Equating the coefficients of k n in (1) and (2), we get 

rv p " (<:0! e) ' ( »l'" (&)' *“• z) 

P.(cos (4) —• 

Note. Relations between polar and cartesian co-ordinates. 

x—r sin 6 cos <f>, y=r sin 0 sin & z=r cos 0. 

Relations between cylindrical and cartesian co-ordinates: 
x=u cos <f>, y=u sin z—z. 

£G] The Associated Legendre Polynomials 

Laplace's equation in spherical co-ordinates may be expressed as 


or 


3 2 (rV) 

dr 1 


1 


sin 0 50 


( ■ *d v \, 1 
( S1 ” e arl+sTi? 


d*v 

84>‘ 


= 0 . 


( 66 ) 


Assuming that V is a product of single-valued function, let 

K=R-0-©; 

where R is the function of r only, © is the function of 0 only and © 
is the function of ^ only. 


Then 


dV n A dR 

s0 ® IF • 


dr 


a 2 V d 2 R 

0r 2 rfr 2 ’ 


and ^-=R-0 


5k 

50 

</© 


=R© 

a 2 K 


50 




^© 


Substituting these values in (66), we get 

re.® ^-(r»+ 7i ; , MJK* * 

r eP(rK\ 1 </ / . „ . 1__A Vfi7 


d\rR) 
R dr* 


(on dividing throughout by 2i.®.©.) 
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r sin 2 0 cP(rR) sin 8 


“( sine -f-)_ i .p® 

“ dd <t> dp’ 


. ( 68 ) 


Consider the equation (67) whose R.H.S. contains <f>, but the 

1 % <J» 

L.H.S. does not. It follows that — ^^-—constant (say) n 2 , so that 

. .. (69) 

The roots of this equation being ± in, its solution is 

<b=A cos sin nf. ... (70) 

Now the equation (67) by the substitution — n * becomes 


r d\rR) 1 J ( SID 8 40 ) » 2 


■L- ” , V.-'V ■_:_ v L _0 (71) 

R dr 1 + 0sin6 40 sin 2 6 .-•Ui) 

It is obvious that the first term of the equation (71) does not 
contain 0 and the second and third terms do not contain r. It follows 

that the first term i.e. — — must be constant. 


r cP(rR) 


’ R dr * 
-m (m+ 1). 


[Its solution may easily be shown to be R=Cr m +Dr~ m ~ 1 .] 

Putting this value in (71), we get 

- d I sin 9 jr \ _ „ 

“■ -ai ' +L " J ®“°- • • • < 7 » 

Taking 0 (cos 0)=z(x), i.e. replacing 0 by z and cos 6 by x, (73) 
becomes 

(!“**) &~ 2x ^-+[ m (w+1)- J-z=0. . . . (74) 

If we now put z=(l —x i ) n i 2 y 

i.e. ~Jx~~ nx (1 — Jc2 ) (n/2, “ 1 ^+(1—^®) n/2 

and ^=—2 nx (l-* 2 )'"/ 2 *- 1 ^~ny [(1—x 2 V»/*>-* 

—(n—2) x* (1 -x 2 )<»/ 2 >- 2 ]+(1-jc*)»/*-^, 
then the equation (74) transforms to 
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0—X 2 ) —2 (n+1) x~ +[m ( m+l)-n (n+l)]y=0. . .. (75) 

In order to find the series solution of this differential equation, let 
us suppose that its series solution is 

y=2a k x k , 

d 2 y 


dx —'2ka k x k ~ i and ^=2A: (k—1) a k x k ~*. 


, dy 

so that -r- —■ 

With these substitutions, (10) gives 
2[(1 — x z ) k (fc—1) x»-*-2 (n+1) xkx k ~ l 

+ {m (m+1)—n (n+1)} x k ) a k —0 

or l[k (A:—1) jc*~ 2 

+ {m (m+1 )—n (n+1)—2A: (n + 1)—A: (k— 1)} **] a k — 0. 

This is an identical equation. We therefore, on equating the 
coefficients of x k on either side, get 

{(A+2) (£+2—1) a k+2 

+{m (m+1)—n (n+1)—2A: (n+1)—A: (A:—1)} a k —0 
or (A:+l) (k+2) a k+2 +(m t —n 2 +m—n—2nk—k—k) a k —0 

or (A:+1) (k+2)a k+i +(m—n—k) (m+n+1+A:)a*=0 

„ = . _ (A:+l) (k± 2) 

* (m—n—£)(m+n+l+A;) k+2 ' 

If a k =0, then it is obvious that a k _ 4 =fl k _ 4 =a*- 0 r r 0. 

But a k =0 if k- — 1 or k~— 2. 

Now a, gives the sequence of 

coefficients 

_ (m—n) (m+n+1) 


or 


. . . (76) 


a 4 == — 


2! 

(m—n—2) (m+n+3) 

3.4 

(m—n) (m—n—2) (m+n + 1) (m+n+3)„ 
-_ a 0 

etc. 


and o,= _(m-n-l) (n.+n+2) ^ 

_(m—n—3) (m+n+4) „ 

“8 -- “0 

(m—n—1) (m—n—3) (m+n+2) (m+n+4) 

“ 5! 0 

Taking a 0 and as unity, since they are arbitrary, we have the 
two series solutions of (74) as 
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(m — n).(m'—n—2) (w+w+1) m+w+3) , ~] 

+---|4 * + " J 

and e: 

(m—n— 1) (m—n —3) (w-t-w+2) (m+w4-4) 


where P^(x) and g" (x) are called as associated function of the 
nth order and mth degree. 

In case when ( m—n ) is a positive integer, P£(x) or Q” (x) will 
terminate involving x m ~ n and in that case 

r-(-x-\«l» T v"*-"- (W_W) *—►-* 

:-( X)I |^x 2*(2m—1) 

, (m-n) (m—n—1) (m—n—2) (m-n—3) vfn _„_ 4 ~\ 

+ 2.4.(2m-l) (2m—3) 7“ * "J . * * ‘ (/0 

where the bracketed expression ends with a term involving x° if 
(m—n) is even and x if (m—n) is odd. 

If m and n both are integers, then 

2 m \m\ m-n 
2 (2m) ?m( )- 

With the substitution of this value of z along with x=cos 6 (77) 
becomes 

P n (x] . (2m) sin” 0 r (m-n) (m-n-1) 

* 2 m i /n I m—n) [_" 2-(2m— 1) 

(m—n) (m — n —}) (m—n— 2) (m—n—3) „ CT _ n _ 4 *1 / 7 o\ 

+ 2*4- (2m— 1) (2m—3) "'J ;*' 1 / 

where the bracketed expression ends with a term involving x° if 
(m—n) is even aad x if (m—n) is odd. 

Further if we differentiate (75) w.r.t. x, then we get 

//3 y y 

^- X2) ^" l2Y+2( " +1)jCl S’ 

+(-2(n + l)+w (m+l)-n(n+l)]-^=0 

i.e. (l-x-)-g--2 (n+2) **£ +[m (m+l)-(n+l)(n+2)]-^ =0. 

... (79) 


Clearly if y satisfies (75) for n, then ■^•satisfies (79) for «+!• Thus 
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for /i=0, y becomes identical with P n (x) and so —• P, H (x) satisfies 
(75) for n=n and the solution of (74) is 

0*)=(1 -*•)"'* ~ • ... (80) 

These functions are called the associated Legendre Polynomials or 
associated harmonics. 

Note. The associated Legendre functions of the second kind are 

<£(*M ... (81) 

Now (80) yields on putting n—0, 

P° m (x)=P m {x) . . . (82) 


From (80) the values of associated Legendre polynomials can be 
found with the help of (79) as 
J P 1 1 =(1—x‘-) 1/2 =sin 0 when x=cos 0 ^ 

Pj, 1 =s3jc(1 — x-) lr ‘=3 cos 0 sin 0 when ,r=cos 0 [ 

o ^ V etc. . . . (83) 

P 2 *=-2"(5a‘*— 1) (1 — x 2 ) 1/2 = 2 ~ (5 cos s 0 — 1) sin 0 I 


A generating function for associated Legendre polynomials may be 
derived from that of Pn(x), in the form 

OO „ I 2n (1 — (A 2 )"' 2 


2 P 


k=0 


n+k 


(1*)**= 


2 n n (1 —2A.v+A-) n+1 


.(84) 


Now there being two indices in Associated Legendre polynomials, 
several recurrence formulae can be derived, but we summarize 
here below a few of them. We have from (43) 

(2«+d 


Its differentiation, m times w.r.t. y yields 
(2n+l) dx „ /*.((*)- 

Multiplying throughout by (l-n 2 ) 1 " 1 - 1 ’' 2 , it becomes with the help 
of(80) 


dn + i ) (i — h - 2 ) i/2 p; w=p; + y • • • ( 85 > 


=(n+m)(n+m — l) P^(u)~-(n—m+\){n—m f2) P"‘_i (t*) 

... ( 86 ) 


and with similar few results 

(2«-hl)jx P^(|x)=( w+ m) />“, (y)+(n-m+l)P': +1 ((*) • • • (87) 
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C +1 PW+[n(n+l)-m(m-l)]P:-' (n)«G 

... ( 88 ) 

(1 -W*(p:)'=\ PT (ti-j («+m) (i n -m+ 1) 

7 * ... (89) 

Further using Rodrigue’s formula, orthogonality of Legendre 
associated functions may be shown as 

(yr«f>»=o •••<*» 

according as q^p or q—p- 

If it is transformed by the transformation (.—cos 0, it becomes 


| P™ (cos 0) P™ (cos 0) sin 0 d6=0 when ./#/> 1 
? I Q+m f 


.. • (91) 


2q+l 1 q-m 
2 I 4+w 


-when q—p 


r = «— —~ 8 0 , _ in Kronecker delta symbol. 

2g+l | g—m 

If wc now define a function 


P”(cos 6) 


-(V 


2/+1 I l-m 


)p: (COS 0), 




then \[ PT MP): (|x) dy.—S l r 
So that P" is orthogonal w.r.t. 0. 


. . (92) 
. . (93) 


Also we introduce a function G> m — j-=e tm * 

V2« 

then J* KM) Ktf) 

...(94) 

Showing that d> m (<f>) is an orthonormal function w.r.t. azimuthal 
angle. 

As such the spherical harmonics 

J7<*. «->,*(“> «> ®- w-V (cos 6) «« • 

... (95) 

are orthonormal functions* 
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The spherical harmonics T” (0, <f>) are a complete orthonormal set 
of functions i.e. 

( m' m\ 

r r , y J=v, s mm ' 

| i _ w 

We can also show that Pp" (fi)=(—l) m | =~-^ pp ((*) 
QP=constantxr l 7!" (0, 

rp"=(-i) m yp* 

Also few of the spherical Harmonics are, 


.(96) 

.(97) 

.(98) 

(99) 


*•: —V 


47C 


COS 0, 


sin 0 




K 


-e<* sin0 cos0 
-e u * sin 2 0 etc. 


... ( 100 ) 

_ I 

’:~Vf 

=Vw 

Addition theorem of spherical Harmonics is 

y,(o, (F ‘ (C0!9) - r,) ■ ■ ■ <10l) 

[H] Legendre’s function of f second kind i.e. Neumann’s Integral for 
Q»(x) where x> 1. 

We have from (13) 


Qn(x)=. 


In. 


1.3.5...(2n+l) 


t* 


-n-j. 


(n+1) (n+2) 


2(2n+3) 


x~"~ 3 


(n+1) (h+ 2) (n+3) (n+4) 
r 2.4.(2n+3) (2n+5) 
|_n+2r • Jt -(B+ir+1) 


-»+ 


] 


.. . ( 102 ) 


2n+]_ r=0 2 T | _^(2n+3) (2n+5)...(2n+2r-l ) 

Neumann’s formula for Legendre’s function is defined as 

trjrr--* 2-w 

where | y | > 1 and n is a positive integer. 

The recurrence formulae for Q n (x) can be summarised without 
proof as they have no utility in physics: 


.. . (103) 
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I. (n+1) e«(x)-(2 ii- 1)* 2n-iW+(«-l) &,-*(*)“<> . . . (104) 


II. Q ' n+1 — Q'n-i—(2tt +1) Qn ... (105) 

III. (* 2 ~1) Qn (x) = IQnM - Qn-l(x)] . . . (106) 

IV. P ( .(x)fi n '(x)-fi B (x)P n '(x)=^ r ] 

1*00 Jr y • • • 007 ) 


V. Pn Qn- 1 QnPn-1- „ ... (108) 

VI. P n Q n - t -QnPn^~ -Z~l- )x • ‘ • (109) 

Relations between P n (x) and Q„(x) are 

(1 -X*) {Q„(x) P n ’(x)-Pn(x) Q n '(x)} =const. ... (110) 

where n is a positive integer, 

.Dd e-w- f .w r ^-D?f.wF 


8.4. BESSEL’S EQUATION, FUNCTIONS AND POLYNOMIALS 
[A] Bessel’s Differential Equation. Mgra, 1961, 66, 74) 

This equation is of the form 
<Py 1 dy 
dx 1 "l" x dx 


- + 


(-£) 


y= o. 


• 0 ) 


There is singularity at x=0, and this is non-essential or removable 
singularity and hence the given equation may be solved by the method 
of series integration as allowed by Fusch-theorem. 

In order to integrate it in a series Of ascending powers of x, let us 
assume that its series solution is 
00 

y*= 2 a f x* +r . 

r=0 


dy 

dx 


oo 

= 2 
r=0 


a r (k+r) x k ^'\ 


<f*v 00 

Or (k+r) (k+r-1) x**-\ 

Substituting these values it) (1), we get 
? I” (k+r) (k+r-1) x *+^*+ — (k+r) x^ 1 

x k+1 ~\ a r=0 
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or 2 [(k+r)(k+r—\)-> r {Jc+r)-n l }x 1 * r - t +x l * , ]a r =0 

r=0 


or 2 [{(*+»•)*—«*} x*+*-*+x*-h-] o r =0. . (2) 

r=0 

The relation (2) being an identity, let us equate the coefficients of 
various powers of x to zero. 

Equating to zero the coefficient of lowest power of x, i.e., x k ~* by 
putting r—0 in (2), we have 

(&*—H 2 ) a»=0. 

Being the coefficient of first term, a 0 +O. 

k 2 —n*—0, i.e, k—±n. • . • (3> 

Now equating to zero the coefficient of x'- 1 by putting r —1 in (2). 
we get 

{k+iy-n 2 } ai =* 0. 

But from (3), (*+1) 2 -/jV 0 ; a t =0. . . . (4) 

Equating to zero the coefficient of general term, i.e., x k+r in (2), 
we find {(Ar+r+2) 2 -// 2 } a r+t +a r =0 


or a r +.= -:- a ^-— — _ 

4 (k+r+2-n) (£+r+2+//) * 

Case I. When fc=+n. By putting r— 0, 1, 2, ... in (5), we get 
a.= - ^ _ 

2 2 (2n+2) 

and a 1 «=a 3 *=»a 5 ...=0, 

a.= -- a ± _ 

4 4 (2n+4) 2.4(2n+2)(2n+4) ’ 

a 4 

a<== ~ 6 (2n+6) “ “ 2.4.6 (2n+2) (2n+4) (2n+6) 


a _ _ (-lYa n _ 

4r 2.4.6...2r-(2n+2) (2n+4)...(2n+2r) 
Hence the series solution is 


t v n +- 

X ”~ 2~(2n+2)~"^ 


v-fl+1 


2.4 (2/1+2) (2//+4) 

j«T i . __^_ 

0 L 2 (2n+ 2) + 2.4 (2«+2) (2«+4) 

-(— \Yx !r 


"] 


oo 

■a 0 * n 2 


"• 2.4...2r (2n+2)...(2/i+2r) 


r=o 2 r (r) !’2 r (n+1) ... (n+r) 




716 


MATHEMATICAL PHYSICS 


If g o 3 * 2"r(n+ 1) ’ th ’ s s °I ut * on * s called as J n (x). 


Thus /„(x)= 


_ x?_ __ (—l) f x tr _ 

2 n r(n+J) r=0 2* r (r) ! (n+1) (»+2)...(/i+r) 


=1 


r ! r(»+r+l) 


Case II. When k— —n. 


The series solution is obtained by replacing n by —n in the value 
of J n (x), whence, we get 


7 -" (x) „! 0 ( h '\2j r ! IX—n+r+ir * * * "" 

The complete primitive of Bessel's equation is 

d /_„(*), (Agra, 1961) 

where n is not an integer, A , B being two arbitrary constants. 
corollary. Bessel's equation for n=0 is 


’(r) 


... ( 8 ) 


*L + Ji *L +y=0 

dx* + x dx +y "■ 


( Nagpur , 1965) 


Its series solution by the same substitution y— 2 a r x k+r (as above) 

r —0 

is obtained to be 


__(, X 2 t X 4 X* , \ 

y- a o 2 a + 2 *- 4 2 ~ 2 2 - 4 2 - 6 2 + "’/* 

If «*= 1, this solution is denoted by / 0 (x), i.e. 

•loW —1 2*+ 23.42 — 2s.4T.5s +••• ••• ( 9 ) 

where J 0 (x) is called Bessel function of zeroeth order. 

In fact J 0 (x) is that solution of Bessel’s equation for »»0, which 
is equal to unity for x=0 

Note. J»(x) is called Bessel's function of the first kind of order n. 
IB] Generating Function for J„(x), i.e. to show that 


*<■/*> <«-!/«>, 


= 2 t"J*(x). 

n =—00 


We know that 


- S 

r *»0 r i 
<30 y rer 

S JlL- 

ftmQ 2 r! 


.. ( 10 ) 
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Similarly, e~*l u =* ^ ( 2 » r» S'* ‘ ' * • < n > 

Multiplying (10) and (11), we get 

00 X r f r 00 ( —IV X* 

la order to find the (f”)th term, we should replace r by n+s and 
then coefficient of t n is 

*" +s -d)v g , lY ( * y +2> i 

-x T . , - . ( l) \ 2 ) (n+s) t S ! 


00 

2 


q 2 B+S (n+s) 1 2’s i j=o 

=./„(*) • - • (12) 

Again the coefficient of r B is obtained by putting s—n+r and 

00 x r £_J^n+r ^-n4r 

then coefficient of rn== r ^ 0 _ 2 T -r ! X 2 B+r (n r r )! ’ 

oo f x \ n+2r 1 

=( ~ 1)n r 4 (_1) AT j r ! (n + r) ! ' 

=(-i)"-i.W 

=/-„(*) ... (13) 

since /_„(x)=(-l) B /„(*), where n is a positive integer. 

It may be shown as below: 

00 / x \-n+ 2 r 1 

/_„(*)—_2^ (“l) r (jr ) ■ FTI\—n+r+T) ’ 

which tends to zero if —n+r+1=0, i.e. r—n 1 ( . r0=oo). 

Hence all the terms upto nth, vanish and therefore the limit r=0 
may be changed to r-n- 

oo / x \~ n+:!r 1_ 

^)= r !o (_1)r V27 * r ! T( -n+r+1) ’ 

Now putting r=n+s, where s is a positive integer, we have 
oo / x \ n+8 ‘ 1 

^ w=b 4o ( " i:b+ at) 

00 


= 2 (-l)" 4 '* 

5=»0 


( 1 ) 


(n+s) ! I\—n+s+n+1) 

»+2« 1 


00 


or /_»(*)=( _1 )"4 0 ( - 1)* ("I") 
=(-l)%(x). 

Hence from (12) and (13), we have 
e*/* (*-»/«>= z t n J n (x). 

It* -00 


(n+s )! IV+1) 

n+2 s | 


s ! rvi+s+i) 


. . . (14) 
(Agra, 1961) 

... ( 15 ) 
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corollary. Putting t=e** and-p=e -< <, we get 


t je**-r**) 
e - It - 


3 2 e ni *J n {x) 

«== —00 


or 

, ...... . .. +m<«+^)r»')+.. 

or cos (jc sin f)+i sm (x sin <f>) 

=J 0 (x) +J i (x){e<*-<r'*}+J i (x) { e «*+e-«*}+... 

[since J n (x)=J„ n (x) when n is even] 
, =/ 0 (x)+2 I sin <f> J i(x) -|-2 cos 2d ... 

Equating real and imaginary pans, we get 

cos (x sin fl=/ 0 (x)+2 cos 2<f> J 2 (x)+2 cos 4<j> 7 4 (x)+ . .. (16) 

and sin (x sin f)=2J 1 (x) sin i>+?J 3 (x) sin 3d+2/ s (x) sin 5^+... 

. .. (17) 

TZ 

Replacing <f> by -=—d, we have, from (16) and (17) 

cos (x cos ^) = 7j(x) 2 cos 2d J^x)~\~2 cos 4<j> J j(x).,. ,,. (18) 

and sin (x cos d)=2 cos <f> Ji(x )—2 cos 3d 7 a (x)+2 cos 5d / 5 (x)„. 

... (19) 

[C] Integrals for J 0 (x) and J„(\). 

I. J 0 (x)= 4-1 cos (x sin d) df. 

~ J 0 

We have by (16), 

cos (xsin f)=J 0 (x)+2 cos 2<j> 7 2 (x)+2 cos 4d 7 4 (x)+... 

If we integrate both the sides of this relation with respect to d 
from the limits 0 to d. then we see that all the integrals except 
first of the R.H.S. vanish, thereby giving 


f" cos (x sin d) d(f>—J 0 {x) [ dtf>=nJ 0 (x). 

Jo 1 fit J ° 

II. 7„(x)=—J" cos (n</>-x sin d) d<f>. 


... ( 20 ) 


We have already proved that 

cos (x sin <f)—J 0 (x)+ 2 cos 2d J 2 (x)+2 cos 4d / 4 (x)+.(21) 

and sin (x sind)=27 x (x) sin d+2 sin 3d J 2 (x) 

+2 sin 5+J 6 (x)+... ...(22) 

If we multiply (21) by cos nd» (22) by sin n<f> and integrate between 
thelimits 0 to x, we have 

. • • (23) 
... (24) 


| cos (x sin d) cos «d d $=0 or w Jn(x) 

J 0 


according as n is odd or even 


and J™ sin (x sin d) sin nj> dj>—^ /»(x) or 0 


according as n is odd or even. 
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Adding (23) and (24), we find 

I* [cos (x sin^) cos n^+sin (x sin <f>) sin nfl d$=iz J n ( x ) 

Jo 

whether n is odd or even 

or I cos (rufr—x sin <f>) df—n J„<x), 

J 0 

e. J , «(*)«*-^-J cos (tuf>—x sin <£) d<j>. . . .(25) 

in. W=-7^r(n+i) (T )T cos ( * sin cosJn ^ 

. . . (26) 

If we expand cos (x sin <f>) in the powers of x sin & the general 


term is 




General term of R.H.S. of (26) 

=V*r(Ui) (t)" (— ^ r j; W! sin ’ r * cos2n **•••• (27) 

where I sin 1 ’’ ^ COS 2 * 1 d<j> 

Jo 

~ , 2n , ji fPut sin 2 ^=/, 

Jo 1 ^ cos ^ ^ ^ 2 sin ^ cos ^ <fy=f 

-I. |_ or (l-D) 

<= j l' 1 '- 1 ' (1 dt 


r(^l) r(-±i) 

2r-l 2r—3 1 


V p(/n, n)= 


rmrw 

r(m+i») 


-T v '” r ( -+t) 


r(n+r +1) 

Substituting this value in R.H.S. of (27) we have 

* c “- * “* 

2r—1 2r—3 1 , , 1 \ 

-» f«Y( - 

V^fy+iA 2 / 1 ; (2r)l X r(«+r+l) 
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■(f) 


x* r 


(- 1 V 


T(n+r+l) 

1 


(2r—1) (2r-3) ... 1 
2 r . 2r (2r—J) (2r—2) ...1 


r ! I\n+r+l) 

( x \«+2r J 

“2 ) r ! (n+r) general term in 7„(x). 

Hence /„(*)= v +r( ~ n +% )(~f~) j* cos (* sin ^ cos * B * d $- 

[D] Recurrence Formulae for J„(x). 

L We know that 


(28 




,(f) ■ 


where n is a positive integer. 
Differentiating it w.r.t x, we get 


(»+2 0 


\ 2 / ‘2 


Multiplying both sides by x, we have 
xJn'(x) 

1 f v \ «+2r 


00 

= S (~l) r 

r=0 


(fj 


r ! (n+r) ! 


or x.J n '(x)=nJ n (x) + x^ (-If . - (f _; (n+r) 


r ! (n+r) ! 


(f) 

r(f) 


n+Jtr-1 


**-l+2r 


[since on R.H.S. the second term vanishes for r= 1 and 
hence limit*of r=0 may be replaced by r== 1 
Putting r—l=s, we have 

00 1 / v \n+*f-l 

x/.'W=«4W+^ o (_ i).+i_ - ———— 


t(t)’ 


=n/„(x)— jc7„ +1 (a:). 

00 (n+2r) 

n. A,.in rtW- <-D'. 7 4++ ) , 

written as 


(29) 


(f) 


n+tr—1 


may be 


x/' (x)« ? < ir ~»+2(n + r) 

nW r _V ' r ! (n+r) ! V 2 j 
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-"lo^^r-uiWr^r 

■(!)' 


.. (30) 


—— nJ n (x)+xJ„- 1 (x). (Agra, 1962, 64) 

Sum and difference of (29) and (30) give 
DDL 2J n '(x)-J n -i(x)-Jn+i(x) 

IV. 2nJ n (x)—x {J n +i(x)+J n -i(x)}. (Agra, 1964) 

V. 4r {x B /*(x)}=x"/ n _ 1 (x). 


Here | -{x*J n (x)~nx*- l J n (x)+x*J n '(x) 

= X n ~ 1 {«/«(x) + *V(*)} 

=x»- 1 {nJ n (x)-nJ n (x)+xJ„- , (x)} by (30) 

VI. Similarly it is easy to show that 

jL.{x~«J n (x)}= -x-*/ n+1 (x). ... (34) 

ax 

Problem 19. Show that cos (x cos <f>) df satisfies the 

differential equation -^-+4 ^T +y=0 and that yUn ° <tf * r ^ 


... ( 1 ) 


Given \ cos (x cos if) df • • • (*> 

W Jo 

If we differentiate it w.r.t. x under the sign of integration, we find 

d y- — [* —cos <f sin (x cos <f) d<f ... (2) 

dx «Jo 

,,1 -L f * —cos* 4> cos (x COS if) &f‘ • • * W 

ax* * Jo 

Now from (2), we have 

i&L 8 sin (x cos (6. sin <f> / 
dx TC [_£ JO 

_ j* —X sin <f cos (x cos sin <f d<j> J (integrating by parts) 

= ——V sin 2 <f cos (x cos <j>) d<f> 

" Jo 

__— [* (I —cos* <f) cos (x cos <f) dtf> 

n Jo 
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=—r 

71 Jo 


cos (x cos <£) d<f> + - 
d 2 y e ... , 


cos 2 cos (x cos $)dj> 


= —xy—x from (1) and (3) 


Hence cos (x cos <f>) d<J> satisfies ^r+~ ^ +3>—0, 

which is the Bessel’s equation for ;z=0. 

Since ^=1 when x=0, tnerefore^ is no other than /„(*), as J 0 (x) 
being the solution of Bessel's equation is unity for x=0. 

Problem 20. Prove that J Vk (x)— V(i) sin X- 

(Agra, 1962, 66; Kanpur, 68) 

We know that 


* Jo 


£y +± d i +v= o 

dx- + A dx u - 


Vi. , _L d JL 4-v=0 

A* 2 i ~ 


x n r 

7 » w= 2«i>+r)L 


+ _*_ 

2.2 (n+1)'2.4.2- (n+l)(n+2) 


-} 


/ x \l/2 J p r 2 ^4 “I 

*’• J «^ x)se \ 2 ) T\ 4 )l_ 1 “T 2 ‘X +2.4:2.474 “ " J 

V(T>Tk['-&+^r--] 

-yjiky™ *■ 

Problem 21. Show that 


(J) J Q '(x)=- - J,(x) and (it) 2J 0 "(x)=J i (x)-J 0 (x\ 

From recurrence formula (29) we have 
xJ n '(x)=nJ n (x) — xJ n+ i(x). 

Putting /7—0, we get J 0 '(x)=— J x (x), 
which proves the first result. 

Now differentiating it and multiplying throughout by 2, we get 

2J 0 "(x)—~ 2J l '(x) 

or 27 0 w (x)=-[/ 0 (x)-/o(x)] 

by recurrence formula III. 
=J s (x)-J 0 (x). 

2 

Problem 22. Prove that J n +j+J n+S =~ (n-\-4) J„ +i . 

From recurrence formula IV. we nave 

£ltJ n — X{J n </ n 4-j). 

Replacing n by n+1, we get 
2 

” (n+4) y n+ 4=>y n +.i+y„ +5 . 
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Problem 23. Prove that 

cos x=J 0 (x)—2J t {x)+2J t (x)... 
sin x—2J 1 [x)—2J 3 (x)+2J t (x)... 

We know that 

cos (x cos <f>)=J 0 (x)—2 cos 2<f> 7 t (x)+2 cos 4 <f> /«(*)... 
and sin (x sin tf>)=2 cos <f> Ji(x)-2 cos 3^ 7 3 (x)+2 cos 5^ 7*(x)... 

Putting ^=0, we get 

cos x=7 0 (x)—27 2 (x)+27 4 (x)... 
sin x—lJ^x)— 27 3 (x)-f 27 s (x)... 


Problem 24. Establish the relation 

7»(x) 7_„'(x)-7 n '(x) 7_„(x)=— 


We know that 7„(x) and 7_ n (x) are the two solutions of Bessel’s 
7 2 v 1 t/v / n 2 \ 


J’O. 


... ( 1 ) 


Hence, if y—J n (x), -^=7 n '(x) and j^=J n ’(x), we have from (1) 


7„'(x)+~ 7„'(x)+(l ~ —) 7„(.v)=0. ... (2) 

Similarly putting y—J- n (x), we get from (1) 

7_,,"<*)+-Jr /-'(*)+(i -"! ) J—n(x)~0. ... (3) 

Multiplying (2) by 7_„(x), (3) by 7„(x), and then subtracting (3) 
from (2), we have 

J n \x) 7_„(.v) -7_„"(.v) 7 n (.v)+— - {7„'(a) 7_„(x) -7-„'(.v) 7„(x)}=0. 


Put z=J n ’{x) 7_ n (.v)—7_„'(x) 7„(x). 

cW n "(x) 7_„(x)4-7»'(x)7_ n '(x)—7_ n '(x) J B '(x)-7_ B ''(x) 7 fl (x) 
=7»"(*) 7-«(.Y)A) 7„(x). 

Thus z'+-—=0 or — = ——• 

x zx- 

Integrating, log r=—log x-flog C,. where C is some arbitrary 

constant 




or J n '(x) J_ n ( x )~J_ n '(x) J n (x)=^ • 

Equating the coefficients of — on either side, we get 
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1 


1 


or 


C= 


2"r(n+l) 2-»r(-n+l) 

In 2 


{n—[—n)}=C 


r(n+i) r(-n+i) - r«r(i-n) 


2 sin w r 


*7t/sin 7I7C TC 


Hence /»'(*) /_„(*)—/_„'(*) ■/„(*) 


; V r«r(i— n)- 

2 sin nn 


sm mt 
(Gamma functions). 


[E] Orthogonal Properties of Bessel's Polynomials. 


To prove that I J„((xr) J„([x'r) r dr=0 where (x and (x' are 

JO 

different roots of J„ (fx a)=0. 

Since J n (x) is a solution of Bessel's equation. 


*y + ± d i + ( v=o 
dx* + x dx + \ 1 x*; y u 

therefore putting x=[xr and calling y=u in (35) we get 

1 dfa 1 1 du ( . n\ 

(i 2 dr 2 ^"[xr (X Jr + ( (x 2 r 2 ) U ’ 

t .. dy du__di±dr _1 du 

dx^'dx ~dr dx — [x dr 
,d 2 y 1 d (1 du\ 
an dx 2 ~ (x dr \ (x dr )~ 


(35) 


Multiplying throughout by y?r 2 , 

r \~+r^+(u 2 r 2 -n 2 ) «= 0 . 

Similarly putting x=y.’r and calling y—v in (36), we have 
r * ^2+ r ^-+(ix' 2 r 2 -n 2 ) v=0. 

If we multiply (36) by y > (37) by -y and subtract 


[X 2 Jr 2 ! 

. . . (36) 


.(37) 


(r.vtd—ruv")+(vu' — «v')+([x 2 — fx' 2 ) ruv=0. 


or 


dr 


where u'= 


{r (i vu'- «v')}+(ix 2 —jx' 2 )} r«v=0. 


du 

dr 


dv 


and v'=t— etc. 
dr 

. .. (38) 


where u—J n far) and v=J n fa'r). 
Integrating (38) w.r.t. r between the limits 0 and a, we get 

£r {/»(fxr)./„' (jx'r) {x'-y n ((x'r) y„'(fxr) (x) 


+ 


f“ (;x 2 — (x' s ) J n i 

Jo 


.far) J n fa’r) r dr=0. 
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The first term vanishes for both the limits since 

J«(pa)= 0, J n (y.'a)=* 0. 
r» 


Hence j (fx 2 —(a' 2 ) J„([xr) J n {y.'r) r dr=0. 


i.e., 


as(x 2 -fx'V0. ...(39) 


f“ Uv-r) Wr) r dr =0 

J o 

[F] Bessel’s Functions of the Second Kind (Neumann functions). 
Bessel’s equation of zero order is 


(Py 


dx 2 x dx 


i.i+Hi 


(40) 


One of its solution is J 0 (x) so that J 0 " + — 


Let the other solution of (40) be 
y=u J 0 (x)+v 
u, v being functions of x. 

Then y'—uJ^'+u'J^+v' 

y"=uJ 0 '+2u'J 0 '+J 0 u'+v" 

Substituting these values in (40) and using / 0 "+— J 0 '+J 0 =0, 

we get v'4-v^+^o u'^j+2u'J o '=0 

1 m" 1 

Choosing u such that u"+— u'=0 i.e. — r= ——• 

X W a 

Integration gives log u' = — log x, i.e. u'=y 


giving u —log x 

then the above transformed equation becomes 

v"+-“ v'+v+-jJ o '= 0 

or v'-r — v' + v=— J, V by problem 21. 

XX 

But the recurrence formula 2 n J n =“X (/n-i+A+i) gives on re¬ 
placing n by n+1 

2(«+l) J n+I =jc(7„4-J„+,) 

' 2 *^n = “( , * - i'1) A+i 2 * ^ n+ *' 

Replacing n by n+2, this gives 
—(w+3) 2 •'*+* 

»-.e. -J y n = («+1) 7 -+1 —(n+3) /»«+ y /.« 
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Repealing the process we find 

/ n =(« + l) /ti+i~“( , H"3)/n+3+( M "l'5) Jn+ 3"* 

So that if rr- 1. Ji~ 2/ s — 4 /*+ 6 /«... 

ihusv'+l v' + v=^- [2/ 2 -4 /i+6/ 6 ... 

= As(-l)»/ 2—1 „/ n _ 1 n being even integer 

„s£. iLzigl 1 /,^) 

But 1 /„(*) is the particular solution of 

+ ± y’+y=*kzlll - /„(*)•—- 

Thus v=2 ———-/*i(x) (by comparison). 

n 

Hence the solution of (40) is 

y=/ 0 (x)logJc+S l(-l)»/2-l /„=y 0 (say) 

But Neumann gave the solution of (40) as 

(jlY 1 

00 V 2 / 

A^Woto log • M-I)* jfpy 


[ 


1+ T + i + 




. . . (41. 

where N 0 *x) is said to be Neumann functions of the second kind ot 

order zero. 

Weber gave the solution of (40) as 

r T 2 00 , 

log \ +v J y ny 

^ 14--1 y+ ... — — where 7 is Euler's constant defined as 

P ... (42 

y=Lim [1- i + i + ... + 1/w—log m]. . . . (42 

m-*co 


v^)=|-1+ 
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From (2) and (3) it is easy to show that 

W,(*)-(iog 2-r) / 0 (.y)}. 

The complete primitive of (40) is 

y=^/ 0 (.v)+By o (x). 

In case of Bessel’s equation of nth order, i.e. 
<Py , 1 dy 


d? + ' x d £ + [ l iO 

the complete primitive is 

y=A'J n (x)+B’Y n (x), 


y*= 0 , 


(44) 

.(45) 

(46) 

(47) 


H-l + l+j +/-+ 


1 00 (A k)»+p 

— v (_iy> ’ 

0 j/^r(n+/»-*-l) 


y _’t 

I n —“ 


4- 

when n is integral. 

But if n is not an integer, then 

JJx) COS ll~ — 
sin n- 

(G] Bessel’s Functions of the third kind (Henkel functions). 
These are defined as H" ] (*)== .'„(*)+»%.(*)• 


Thus addition and subtraction of (50) and (51) give 
Jn(x)=\ [ H*Xx)+H i s, (*)| 

Y n (x)=-li [ H ( ;'(x)-K% v)] 


P 

(48) 


(49) 

(50) 

(51) 


and 


[H] The Modified Bessel’s Functions. 

Bessel’s differential equation of nth order is 


jy , 1 dy 
dx 2 ' x dx + 


(‘O - 5 


dx . . dz 1 
Put x=iz , so that —J‘ 

dy dz_ = ±AE 
*** rf.r “ <fc ‘ rf.v i 


( 52 ) 
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With these substitutions, (52) becomes 

&+r£-(>+S-H- 


.. .(53) 


Since the complete primitive of (52) is y =^4 J„(x)+5>»«(x), therefore 
the solution of (53) is obtained by putting x=iz and that is 

y=AJ n (iz)+BY n (iz). . . . (54) 

Now we know that 

Putting x**iz, this becomes 

00 (/z)"+ 2r 

•7n(*z)=^(—l) r 2 «+ 2 r | ( n +r) 

00 z"+ 2r 

=f "r ? 0 2 " +2f I r I (n +0 

(f »)»•=(/ 2 ) r =(—1 ) r and therefore 
(—l) r -/* r *=(—l)* r =l 

00 2 n+2r 

or i~ n J„(lz)= ^ 2 n 4 »r j 71 (w+r) • • • (55) 

Here i~"J n (iz) is denoted by J„(z), which is known as the modified 
function of the first kind of order n. Thus replacing z by x, we get 

00 x n+2r 

1%2 ^ 2 n+2r | r r (n+r+l • * • 

V | (n-fr) =r(w-fr+l). 
If we put n=0, its particular case is found as 


• S (*/ 2 ) 2f 

r=o (| r)* 

1 I ( X\* (x/2)« (x/2)* 

2 / i 1 ’ '*" t ‘• it v* _r "* 


* V2;^(|^)^i|3)* ■- 
when n is integral, modified function of the second kind, 
i.e. K„(x) is related with the modified function as 

M-1 0 \n-ir 


...(57) 


where 


+<K«+r+l)}] ... (58) 


(Kr+lMl+i+i+.-.+l/O-y 


... (59) 
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and 


tK«+r+l)=(l+y + y + ... + -^^—Y- . . .(60) 


But if n is not an integer, then 

V / v 1_ % 

KnW 2 sin n~ 


.(61) 


In particular when n is an integer, we have 

Hence the complete primitive of the equation of the type 

*y , ±& ^1—y=0 


(62) 


dx i x dx 
is y=AI„(x)-\- BK„(x). 

(1] The Ber, Bei, Ker, Kei Functions. 
Suppose we have an equation of the form 


.(63) 


(64) 


This may be written as 

d'y , 1 dy 


-pVi)~ y= 0. 


dx 2 ' x dx 

Obviously this is a modified Bessel equation of the order zero and 
therefore its solution is 


y=AI 0 (xps/i)+BK a (xpVi). .. . (65) 

In order to express this solution into real and imaginary parts, we 
introduce four new functions, namely, Ber ( i.e. Bessel real); Bei (i.e. 
Bessel imaginary); Ker and Kei are their analogues. 


These are defined as 

/ 0 (*V'!)=Ber (x)+i Bei (x), (66) 

^o( JC V / 0=Ker (x)+i Kei (x), . (67) 


where 

Ber W= (|T? 

, (i*) 8 
+ (|4_*) 

(68) 

and 

Bei(x)=(|) 2 

~(l2> 2+ <iL)* - 

.(69) 


Problem 25. Derive Bessel's equation from that of Legendre. 

We know that Legendre’s equation is 

(l-x*)-0-2x-^ +« («+l) T=0 . 0) 


Differenting it N times, we have by Leibnitz's theorem. 
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«-<^+ »<-*>^ + 




-2*S^+^(-2)-0- +» (»+D-g-0, 


'•*. (I-* 8 ) S-S-2 (2V+X) 


+ {»(«+ 1 )-AT(^+ 1 )} 
d N y 


d N y 


dx N 


= 0 . 


(2J 


If we put z —~j~ n > the equation ( 2 ) becomes 

(l-* 2 ) -gr -2 (AT+l)x-^+{« ( w+ l)-AT(iV+l)} 2=0. . .(3) 


Now put 
i.e., 

so that 


r=(i-x=) i ‘ v 2 
z=r (i-x 2 r i/v 
—Cl _ x "\—hN d'X- 

dx “'■ I * ' dx 




+r (- - j-) (1 (—2x) 

2Vx (l-x 2 )-^-! Y 


and 


d 2 z 


(1 - x-)~ iN i-%+ 2Nx (1 - x*) ~ A --1 JL 

»rfv uA“ 4.X 

+iv£(l~* 2 )~ i ^~ 1 +x(l-x 2 )-^-2 (_-^-l)(-2x)j 


or 


d*z 

dx* 


(I-*r W ^ +2iVx (l-x 2 )-^” 1 -~ 

+A r {l+(Ar+I)x 2 }(l-x*)-i ;v - 2 . F. 
Substituting these values in (3), the transformed equation is 

H-x^—r+ilNx-l (N- 1-1) («+l) -N(N+\) 

2Nx°- (N+ 1) , N {1 +(N^ 1) x s } 1 v A 
1-x 2 “ 1-x 2 " J 

[on dividing throughout by ( 1 —x 2 ) - 


„d 2 Y „ 

or (l—x-)-j^r—2x 


zr+b y =°- 


dx 3 ~ dx _r r‘ *' 0 

Now in -order to change the independent variable, put 

Y 2 


( 4 ) 


**=«*( 1 -x 2 ), /.e. 1 -x 2 


»2 
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and X=n^(\~x i ) gives 


—nx 


so that 


dY_ 

dx 


dx 
dY dX 


Vd-x 2 )* 

-nx dY 


and 


dX dx ~ V(1 

d-Y d(dY\ d( -nx 
dx- dx\dx J dx' 


x-)dX 

_ JT\ 

V(l-x-) dx) 


or 


d l Y 


dx 2 


i 


V(i-* 2 )- 


v(l— x l ) 


~—n. 


1 _ 

: x y>- 


1-x 

dY 


I 


dY 

dX + 


nx- d-Yl 
1— x- dX- J 


x d*YdX 
V(1 -x )dX- dx_j 


(i -x-y- dx 

With these substitutions (4) becomes 


(«--£)£ 


or 


( 


\dj_Y_ 


+0 


X dX 

" jr-wO-x*) 

oo, we have 


n- J dX 1 

Proceeding to the limit when n- 

£H + .lir + A_J^V=0 

dx- + xdx + v x<) 

which is clearly the Bessel’s differential equation. 

Problem 26. Integrate in series the Bessel's equation of zeroeth 
order. (Nagpur, 1965) 

Bessel’s equation is 

dx‘ i+ x dx + 

If n=0, this equation reduces to 

d 2 y t J dy 
x 




+^==0, 


(1) 


dx 2 r x dx 

which is known as Bessel’s differential equation of zeroeth order. 

In order to find the series solution of (1), let us assume that its 
series solution is of the form 


so that 
and 


oo 

y~ 2 a r x k+r , 

r=0 

dv 00 

2 a r (k+r)x*«-' 
ax r=0 

f a r (k+r) {k+r-\) x*«-\ 
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Putting these values in (1), we get 

2 a r (Jfc+r) (Jfc+r-1) x k ^+ 2 a, (Jfc+r) ***-•+ 2 a f x^=0 
r—0 r—0 r=0 

or 2 [{(Jfc+r) (Jfc+r-1) +Jfc+r}x*+'- 2 +x*+'] 0 ... (2) 

r=0 

The equation (2) being an identity, we can equate the coefficients 
of various powers of x to zero. 

Equating to zero the coefficient of lowest power of x, i.e., jc* - 2 by 
putting r=0 in (2), we have 

{k (k—\)+k) a 0 =0, i.e., k 2 a 0 =0 . 

Being the coefficient of first term a o #0 and therefore 

Jfc=0. ... (3) 

Now equating to zero the coefficient of x* -1 by putting r=l 
In (2), we get 

{(*+1) *+*+1} fll =0, i.e., (*+l) 2 fll =0, 
which gives since (&+l) 2 ^0 by virtue of (3). 

Equating to zero the coefficient of general term, i.e., x* +r in (2), 
we get 

{(*+r+2) (*+r+l)+Jfc+r+2} flr+2 +fl r =0, 
ie., (&+r+2) 2 a r+2 +a r =0 

or — (r+ 2) 2 ' * * • (4) 

since by (3) k— 0. 

Now a t — 0 and putting r = l, 3, 5, ... in (4), we have 

fl3=-T+= i 0. 

Similarly, a 6 =0, a 7 =>0, 
i.e. a 1 =a 3 «=a 5 «»a 7 = ...=0. 

Again putting r=0,2, 4, ... in (4), we get 
a 0 I. 1 

***“ 2~’ a * = 4*~ a 2 2 .4 2 a °’ 

— Z * — °0 

“* 6\4 2 .2 2 * 8 8-.6 2 .4 2 .2 2 IC ‘‘ 


00 . . 

Substituting these values in >»— 2 a r x* +r , we get the required senes 

r=0 


solution as 

( i ** x 4 x 8 ,. “| 

1 2 2 + 2 2 .4 2 ~2 i .4 2 .6* + "' J 

Note. This solution is denoted by J 0 (x) when 0^=1. 
Problem 27. Solve the equation 


** Jx? +( xZ -4') :yss0 ( A 8 ra > 1964) 
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The given equation may be written as 

*L+-1 $L+(i-i-\y-0 

dx* ^ x dx^\ x z J 

(on dividing throughout by x 2 ). 

This is the same differential equation as discussed in § 11.4, [A] 
under the head Bessel’s differential equation. Here n =* T . 

Problem 28. Solve the differential equation 

it!t _}_ (is—X 2 ) ^=0 such that as I x |->co. 
dx ~ (Agra, 1962) 

The given differential equation is 

< P*L+(E-x 2 ) 4'—0 .••(!) 

dx- 

p u t <\ l = ve-x i l2 


. hat JL =e - x *l 2< r--vxe- xt l 2 

so that 

d'<\> ,- x tii£L-2 xe -^-/2A _ ve -^/2+vx 2 e- x */ 2 - 

and dx- c/* 2 rfjc 

Substituting these values in (1) and dividing throughout y 
e-x 2 l2, we get 

^_ 2 * £.+(*-l)v-0. ”( 2) 

dx 2 dv 

Let its series solution be 

oo ... (3) 

v= E a r x k ' T , 

r=0 

then £~? *(*-.)**■— 

ax r-0 

d 2 V ,, \ /r . 1> v* -r-2 

and rfx 2 * ^ flr & 

ax r =0 

Substituting these values in (3), we get 
*2 a r (k—r) (k—r-l) **" r " 2 

-2 S flr (*“') x^+(£-l)J o ^ fc ' r==0 ' 

or 1 [((*— r > ( ‘- r>1 ^ 

r=0 ... (4) 

. . -j-ntitv the coefficients of various 

The relation (4) being an identity, 
powers of x can be equated to zero. 
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Let us first equate the coefficient of x* the highest power of 
x [by putting r=»0 in (2)J, to zero; then we get 
(£— 1 —2k) a 0 =0. 

_.. ... , E -1 


This gives 


... (5) 


since a 0 ^0, being the coefficient of first term of the series. 

Now equating the coefficient of x* -1 to zero, by putting r=l 
in (4), we get 

{£-1-2 (fc—1) a x }=0. 

Here £—1—2 (k— 1)^0 by virtue of (5) and therefore, we have 

<*!= 0. 

Further equating to zero the coefficient of x i ~ r , the general term, 
in (4), we have 

(k-r+2) (*-r+l) a r - s + {(£—1)—2 (*-r)} a r =0 
2) (k—r+l)~ 

or a r E—\-l (k-r) ° r ~ 2 


(V~'+0 

(£+3-2r) <E -\-\— 2r) 


n r -2 from (5) 


Putting r— 2, 3, 4, 5, 6 we get 
(£— 1) (E —3) 

Clo ' ^ ^ « 0 . 

(£-3) (£-5) A 
a 3 — --Ui=0 as flj = 0. 

Similarly a & =a 7 —a t = ... =0 
(£—5) (£—7) 

Qd -- a 2 

(£— 1) (£—3) (£—5) (£-7) 

™ $-.2.4 a °’ 

(£- 9 ) (£-10 
1 ° 6== -— a ' 

JE_ -0(£-3)'£- 5)(£--3)(£-9)(£-ll) 
8 j .2.4.6 

Substituting the values of these coefficients in (3), we get 


a 0 etc. 




‘ x (£—1)/2_ (£-.0 (P -3) £_ 5 /2 

8 2 

_(£-1)(£-3H£ 5) (£-7) (£ _ 9)/2 _ “I 

^ 8 2.4 X "• J 
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Putting this value of v in * 2 /2, the series solution of the 

given differential equation (1) is 

+=« 0 e-* a / 2 [ X (E-5)/2 

(£-l)(^3)(r-5)(£-7) ,e-9)I2_ 1 

+ g 2 24 * ... J 

Problem 29. When calculating the dependence of the current density 
upon the distance pfrom the axis, we come across a scalar equation of 
the following form in cylindrical co-ordinates: 

3*« _1_ 3«_ 47to(i du 
9pi ~ dp — c- dt 

Find a solution for u which is a periodic function of the time. 

Suppose that n=#» e iut is a solution; then 



?>±. d ± e <»i 


?p ‘ dp 

and 

^ u iwt 

3p “" dp 1 

also 

§"-=*« ^(p) e iwl . 
Ol 


Substituting these values in the given equation, we get 

(V± 

d<?- 


1 


or 


9 d? 


(i) 


where k 


_ 4 TCp/<i) 


Now in order to change the independent variable, let us put 


r , dx 

.v=/tp, so that -j- ■ 


d<j> 

d$ 

dx ^k 

d<f> 

dp 

~~ dx 

d? 

dx 

d<f>\ 

_dj 

\it v 

- k -it 

dp J 

dp V 


~ dx- 


With these substitutions (1) reduces to 
d.x~ ' x dx ^ 

which is the Bessel’s differential equation of zeroeth order, as we have 
already discussed in Problem 26. Its solution is 




'</o(*)=«o 


A* 

T 


-i-T 


X 

2~4 


Hence u=a 0 J 0 (x).e tv>t , where a 0 is the amplitude factor 
=aoJ 0 {kp) e iwt 
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~ a o^o ^V(-0V(4^«)Aj 

=a,£ ber ^ +i bei | y/(4itoy.tx>) e iKt 

which is the required solution. 

Note. Ber and Bei functions. 

The real and imaginary parts of the function J 0 ( X V —/); are known 
as ‘ber (x)’ and *bei (x)\ i.e., 

R[J 0 xy/-i]=ber x > 

I[Jo x V— i]==bei x. 

Problem 30. Find the integral of the differential equation of cylindri¬ 
cal wave 

d 2 u 1 du 1 3 2 u 
dr 2 + T Sr ~ c- St 2 * 


Suppose that 
• • 

Also 

and 


u=v(r) e twt . 


du dv 


3 2 u d 2 v 


Sr 
du 
St 
d 2 u 
dt 2 


uv 4 a u 

=~r-e iwt and — 


dr 

=io)v(r) e iwt 
— —co 2 v(r) e iwt 


a iWt 


dr 2 ~ dr 2 


Substituting these values in the given wave equation, we get 
d*v . 1 dv 


dr 2 ^ r dr 


+ 7r-v=0. 


(1> 


•KT * cx x . . dx to 

Now put r— - so that -j— = — 

to dr c 

. dv _ dv^ dx to dv 

dr ~ dx dr ~ c dx 


and 


d 2 v 
dr 2 


d / to dv \ 
dr \ c dx) 


to- 




c 2 dx 2 

With these substitutions the equation (1) transforms to 
d 2 v 1 dv _ 
dx 2 ^ x dx ^~ V ’ 

which is the Bessel’s differential equation of zeroeth order and 
therefore its solution is 

v=<7(/ 0 (x) (as in the previous problem). 
Hence the required solution is 


Problem 31. Prove that 


y'(f-) am *)- 

(Agra, 1966 ) 
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We have 
o 

•/»(*) 


(-1)5 


5=0 i ?. 1 <" + *) 




2 n |j« 2’ H_ - |_1_ l (it+l) + 2" 14 |_2 |( »+2) 


r n+4 


— ...since ;0 = 


_ p |. 

— 2 n I n L 


x- 


2 *.1.(»+1 ) t 2 4 .1.2 (m+1 ) (n+2) 


2" T(n+1) 


[>• 


JC Z 


2.(2n+2) + 2.4.(2n+2)(2n+2) 


...] 


Putting n=4 on either side, we get 

Ji u( x J = 


k 3 ' 2 r _x^ 

12 r* L 2.f 

x 3 r~ r 

L 


2.5 + 2.4.5.7 


•• roi+iHj 

_21_ + 1 

2.4 6.S.7.9 + '"J 


x- 


+ 


2.5 r 2.4.S.7 2.4.6.5.7.9 






x° 


X 

3 ~ 
2 x- 

IT 


2.4.5.7 2.4.6.5.7.9 

x 6 x 8 


2.3.5 ^ 2.3.4.5.7 23.4.5.6.7.9 

4x 4 6x 6 8.v® 

+ I <7 I Q + ••• 


+... 

+.. 


12 12 !2 

(3-1) x- (5-1) x s (7-1) x 6 (9— l)x s 

12 ~ 12 + !1 \1 

X 2 X 2 _ X 4 X 4 

= 12 “13 ~|4 + | 5 + 


x 
i 7 


X 2 X 4 X® X s X 4 

li + 12” l2 + ''' + H~ I2 + T2~' 


i r x 3 x 8 x 7 "l 

_ *L* ia + ii _ ii + 'J 


X X 
I A — i /T + ■ 


sin x—cos x 


x/2 (x/2) 2 (x/2)» 


Problem 32. Prove f/raf 

7»+iW _ 

/,(x) — (»+/)— (n+2)— (n+3)- 

We have the recurrence, relation, 

/«_. (x) 4- /. « (x) ~Jn (*) 
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r —— J n yx)-J n+1 (x). 

* 

Replacing n by (/i+l), this becomes 

T / x 2 (rt+1) r f v , / v 




HllW */n+2 (^)* 


Now yjx) - mx) - 2(h+d ' * ( ) from(i) 

■Ai+i(x) 

1 1 

" jjw+1) 7 n+g (x) ~ ~2fr+l) f 

x J n +i(x) x J n+l (x) 

J tt+2^ 

= 2 (n+1) 1 by (1) 

x 2 ( n±2 lj^ (x) _j n+3(x) 

•Ai+*(x) 


2 (n + 1) 


2 (n+2) 


*At+a(x) 

•^n+afx) 


2 (n+1) _1 

x 2 (n+2) 1 

x 2 (n+3) 


(»+!)- 


xj2 _ 

x/2 

2 (n+2) 1 

x 2 (n+3) 


x/2 

(«+D- 


(n+2)— 


by repeated application of (1) 
(x/2)* 

x/2 

2 (n+3)/* 


x/2 

(n+1) (x/2) 8 


(n+2) (x/2) 3 

~ (n+3) 
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8.5. HYPERGEO METRIC OR GAUSS EQUATION AND FUNC- 
TIONS 

[A] Hypergeometrlc or Gauss’ Differential Equation. 

This equation is of the form 

x( 1 -x ) ^J 7 +{ Y ~ ( a-fp+ 1 ).v} d £-*ly =0 ... (1) 

where a, p, y are parameteric constants. 

Here x=0, x= 1 and *a - oo are the singularities, since on dividing 

(1) by x(x— 1) we observe that coefficients of ~ and y become in- 

ax 

finite when x=0, 1 or oo. Thus we can integrate (1) in series about 
x=0 or x=y 1 or x=co. We therefore discuss the series integration in 
three cases. 

Case [a,]. When x—0, then taking the series solution of (1) as 
oo 

y= 2 a T x k+r ... (2) 

r=0 

We have already discussed the solution in §8.3 £[e,] and obtained 
the solution as 

y=AF («, p, y, x)+Rx 1 ~>' F(« + l-y, p+l-y, 2-y, x) ... (3) 
where A and B are arbitrary constants, 

r„ « v t | v , «(«+!) (P + D 

and F( a, p, y, x) 1+ j ^ x t j j.y. (y-f 1) A 

q(»+i/(« + 2)p(p + l) (P + 2) 3 
+ 1.2.3.y(y+l)(y+2) 

Case [a,]. When x=l, is the singularity, then the series solution is 
obtained by developing the series about x— 1, by making a substitution 
A^I—x in (1) ... (4) 

_Ar. since by fi) — = —1 
dx ~~ dXdx ~ dX ’ y 1U dx 


J dry d ( dy\dX d'-y 

and dx-- dX\ dX) dx ~dX* 

Substituting these values in (1) and arranging we get 

... (5) 

which is similar to (1) except that y is replaced by 1+a-f-p—y and 
x by 1—x and hence by (3) the solution in this case becomes, 

y=AF{ a, p, 1+a+p-y, l-x)+J?(l-x)*-“* 

F{ y—a, y—P, y—a—P+1. *) ... (6) 

Case [a 3 ]. When x= oo gives a singularity, then the series solution 
of (1) is obtained by developing the series about x=oo, by making a 
substitution 
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*= -L in (1) 


(7) 


X ’dx etc ' 


So that 4= ■%—: 

dx dx dx x- dX 

.*. (1) becomes 

r(l-X)~^+[2X(l-X)-{l+*+W+xX' z ]^+ 7 Py=° ••■(») 

Let its series solution be 

y= 2 o, A’* +r , Oq^O • • (3) 

r=0 . 

So that -^-=2 o r (A+r)****- 1 
r=0 

5=“ fl, (A+r) (A+r—1) * k+r -‘ 
r== Q 

Substituting these values in (8) we get the identity 

“ l{(A+r)(A+r-l)+(2-l-a-p)(A+r)+«p} X k « 

0 

-{(A+r) (A+r—1)+(2 —y) (*+0} X fc+r+1 ] flr=0 • • • (10) 
Equating to zero the coefficient of X k (the first term) in (10), we get 
[A (A—1)+(1—a—p) A+ap] a 0 =0 
V a 0 ^0, A(A-l)+(l-a-p) A+ap=0 

or A 2 —(a+p) A+ap=0 

or (A—a) (A—P)=0 giving A=a, p ... (11) 

Again equating to zero the coefficient of x k+r in (10), we find the 
recurrence relation as 

{(A+r) (A+r—1)+(1—a—p) (A+r)+ap}a f —{(A+r—1) (A+r-2) 

+(2—Y)(*+r-l)} flr-i =0 

i.e. (A+r—a) (A+r-p) cr f —(A+r-l)(A+r— y) «r-i=0 
(A+r—1) (A+r— y) 


0f ° r ~ (A+r—a) (A+r-p) 0r ~' 

, , , trtX . (a+r— l)(a+r- 

when A=a, (10) gives o,=- - ( g4 . r v _^ — 

.u-o _ *(a+l-Y)_ 

So that a, 

a («+!).(«+1 —y) («+2—y) 


•. . ( 12 ) 


-+-1 




1.2. (a+1—p) (a+2—P) 0 

« (a+1) f«+2).(a+l—Y) («+2—y) (a+3—y) 
1.2.3 (a+l-p) (a+2—p) (a+3 —y) 


a 0 etc. 
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Solution is y~a,X*F(x, a+t-y, a+l-p, X) 

—fl 0 X~*F ^a.a+l-y, * + l-p, ( 13 ) 

and similarly when &=(3, the solution is 

y=ab-v~^j^P.P+l-Y, 3+1-a.^J ,(14) 

Hence the complete integral is 

y=Ax~»F( oc, a+l-y.a+l-p, -i +5.v-»/ , j^p, (i+l-y, p-f-l-a, J 

• • • 05) 

where A and O are arbitrary constants. 

We thus have found all the three possible solutions of Hypergeo¬ 
metric or Gauss equation, i.e., 

(i) for x=0, exponents are 0, 1 —y by (3) 

(ii) for *=oo, exponents are — a, — p by (13) 

(Hi) for x=l, exponents are 0, y—a—(3 by (6) 

These results may be shown by a scheme as follows: 


0 co l 

y=P 0 « 0 * 

. 1--Y ii y-*-P . 


. (16) 


L * i r I “ J 

where the R.H.S. is said to be the Riemann-P function of the 
equation. 

...07) 

...(18) 


In symbolic form, F (a, [i, y; x) F £ *’xj 

which is known as Hypergeometric function. 

We also denote F (x, p, y, x) by S 

L 0 (V)* |_£_ 

[B] Particular Cases of Hypergecmetric Series. 

(i) we have (11 + nx 4 — x-- i• —— } — —x z + • • • 

F( n, 1, 1, -x) 

1 ") l0g(l+.v) = X-~X'-|- y- •—+... 

-i v ■!-..] 

=* xF(U 1 , 2 ,— a) 


(Hi) mh^.y 


i 1 

i_ 


3 2 .* 5 3'.5-‘ 


-v 7 +- 
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“'^[2 *2 ’2’**] 


Y® y* 

(fv) tan -1 x=x—V+~- — + 


3 5 7 

x^_ + x^_ 


r, x* x 4 x« -1 

^L 1 3 + T f + ”J 


( V ) ^ — 1 + * + -y2 + 73 “ +• 


=== Lim 

/f->00 


, "1 * 

n (n+l> 1.2 

+ 1.1 n -1 

1.2.1.2 


= Lim F 

u->00 




[C] Simple Properties of Hypergeometric Function. 

(1) Symmetry property. The value of a hypergeometric function 
does not change by the interchange of parameters a and (3. 

00 . 

V F(«, P>Y ,x)=^ ol?rf ^^ 

“ (P)* («)* > 

= *! 0 W» IA 

= *, Y, *) 

••• f [V>MV«] 

(2) Differentiation of Hypergeometric Functions. We have 

00 (*)* (P)* h 

F(a ’ p * Y ’X ) =f 0 TmE x 

Its differentiation w.r.t. x , yields. 


(19) 


\ k—\ (y)> 


00 

x* _1 = 2 


fa) t (|3)» 


V-/C -1 


A = 1 IAzl(T)* 

it vanishes for k —0 


= 2 


(«)h-i (PU» 
I P (Y)jh-i 


P—0 


on putting k—i=p. 


= 2 g - (a + 1 !r^ ( f^ 1)a v (*) m =«(«+D («+2)...(«+£). 


p=0 


P Y-(Y+1) 


#[(a+l) («+2),...(*+l+P — l)l 
a (a+1), etc. 



HARMONICS 


743 


ap ®? («+!)»(P+l) p 

^TpLo 

=^F(«+1,P+1.T+1,*) 


. . . ( 20 ) 


* 2 *K P, Y, ^=-£[ i 7 F ( a + 1 - P+J, Y+l, *)] 


_jLA.Fi «+l,P+l,Y+l,*) 

~ y dx 

-ft. . (a+ 1 ^t !if( a +1 + 1, P+l + l, Y+l + 1, x) 

~~ y Y+l 

by applying (20) 

= a(a+l) P(P+l I F(a+2 , jj +2i y+2> x) . . . (21) 

Y (Y+l) 

Repeating the process m times, we may have 


r F(oc, p, y, *)= 


a(q+l)...(«+w-l).p (P+l)-..(P+ffl-l) 


(*) m (P)„ 


Y (Y+l)—(Y+«— 1) 

F (a+w, p+m, y+w, jc) 

■F(a.+m, p+m, Y+ w . •*) • • • (22) 


V 1 /T» 

In symbolic form (22) can be written as 


[‘M- 


(«)m (P)ffl r “ + m * P + W , 


* 2 +...] 


<g (oc)*(p)jfe fc 

corollary 1. When *=0, 3, -y, 0)~Lim 2 . ^ / y \ * 

a ->0 £=0 '— 

r a.p a(a+l)P(p+l) . . “I 

= S l 1 + T + 1-2.Y (Y+i) X+ -J 

= 1, since all the terms except the first vanish. 
Similarly F( a+1, P+1, Y+l. 0)=l 
Hence from (18), it follows that 


.rill (lO/) IV 1UHV na »»***» 

[^F(«,P,-r,.v)]. t=0 =- 


... (23) 


corollary 2. Had the parameter « been a negative integer say 
— N, then we should have 


-5 igfcgk* -' (24) 

since it vanishes for k—N, iV+1, iV+2,...etc. 
Similarly if p were a negative integer say —M, then 


• •. ( 25 ) 
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Incase a=— JVand y= — (N+M), N, M being positive integers, 
we have 

1 ( ~ N ’ P.-*--*'. - Y)== ^ 0 (- N-M) k |_£ ' " (26) 

where (~N) k =(-N)(-N+l)...(-N+k-l)=(-l) k 

I J\f\ M — 

Similarly (—A^—-A/),=(—1 )* t J===^- 

<~">« Lg I *+M-k |JV 
( —N-M), | N-k X | N+M = I N+M 

' [(. N+M-k ) (AT+M-fc-l)...(Af-fc-H)] 

-rO-T&OO- N+M-1 ) ■('- Z+l )] 


So that 


(-A^k 

(-N-M) k 


.rA__A_ 

L\ Af+Af 

Hence (26) yields 


F(-^, fi.-W-M, D-IJl-ig-) 

Here it is noteable that on the R.H.S. the terras do not vanish for 
£=0,1,2 , ...N and they vanish for £=JV-f-l, N+2,..., N+M; but 
the terms do not vanish for k—N+M}- 1, N+M+2,..., since the 
term corresponding to k—N+M +1 is 


N+M-l ) "0 

_ *-.) 

N+M ) 


••• (27) 


(i W+A/+1 \ / N+M +1 \ (?)w+a*+i N + M +i 

\ N+M ) -\ l N +1 " / | N+M +1 ' 

Conclusively the series which stopped for a= — N or [3= -- M at Ath 
and jV/th terms respectively, starts again when x = N and y = 
(N+M) or likewise when (3= —M and y ——(N+M). 

(3) Integral Formula for the Hypergeometric Functions. 


N+M 


> 


(P)w+A>+| v Af + M+l 

N+M +1 ' 


We have F(x, (3, y, ,y)= 2 

A=0 


°° («k (Pk yt 


£ (y)* 


where (*)*=a (*+l)(a+2)...(*+£—!)=■ 


a+£- 1 I\*+£) 


Similarly (fi)*= 


r(3+fe) 


r(y+£) 

Ty 


H t W%% I 

Also we have B (m, n)= (® eta function) 

. (Pk r(p+£) ,, .ry_Ty r(p-,-£>.. nr-P) 

•• (yk ” rp x f(Y+£) ~ rp' r(y+£) x i\y--p) 

Ty r(P+£) r(y-p) 
“rpr(y-p) ,_ T(y+£) 
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_ r(fi+/c) r(Y-ft) r Y B( p p+ifc) 

= rpr(Y-T) r(p+fc)+(Y-P)} rpr( Y -p) 

r T — P dt 

=rpr( Y -P) Jo 1 ' 

V £(P, 0=1 (1 —x^x 0 - 1 dx 
Jo 

_i _ P M_AV-B-1 /*+*-» rf/ 

“5(p,Y-P)Jo 

With these substitutions, we therefore, have 


F(«, p, y. *)=- 


2 (*)* 


f(i-o y - 

J o 


B-i r S+*-i d( 


B( P, Y~ w*t 0 I*. 

_I— P ? Tr-( A/ ) fc l * 

~ bo, y-wJo u-oli_ 3 

(on interchanging the order of integration and summation) 

_*-P xl'f*dt 

~ B( p,Y“P)Jo l ' 

t=o \JL !_L i— 


We thus get the integral formula for hypergeometric series as 

J 0 


P, Y> *)= 


5(P,y-P) 

which is valid for i x I <1 and Y^P^'O. 

corollary 3. Gauss Theorem or Gauss Formula. 

If we put *=1 in (25), we have 

Ha 3 y 1 )=_ _ _-f 1 ( 1 -/) y -B- 1 /B- I (l- 0 '“^ 

/(a ’ Y ’ l) B(p, y-P)J« 

. . _ . . B( 3, v-a-P) 

n - t y 


.(28) 


1_f l 

BO, v-P) Jo 


Using B (B, <27) yields 


F(*, p, y, 0= 


r Y riy *--£) 


.(29) 


.( 30 ) 


iJ ’ *• *^r(Y-*)r(Y--P) 

which is known as Gauss’s theorem 

corollary 4. Vandermond’s theorem. 

In (28) if we put a— — n, we get 

ir, n is iyrtr-P+^L 

F ( 1) r(Y+n) r(Y"P) 
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1.2...(y—1). 1.2....(y—P+ n-1) 

” 1.2...(y+«- 1). 1.2. ..(y—p— 1) 

(y— ft) (y—P+1)...(y— P+«~ l) (y— P)» 

y(y+1)-(y+h-i) (y)» 

This is known as Vandermond’s theorem 

corollary 5. Kummer’s theorem. 

In (27) if we put x= —1 and y=p—a+1, we get 

F (a, p,0-«+ !,-!)=- 1 


(3 ) 


*(P> Y-P) 

—r(p— a+i) f 1 / _ fjy. 

- rpr(Y-p)Jo U y) y 2VJ 

—f 1 (i_ v)-*vB /2 -vy 

- 2 rpr( Y -p) Jo u y) y ay 

_± r(p-a+l) \ 

- 2' rpr( T -p) "V2 ’ 1 J 


j 1 (1—r 2 )“*r® _, A 

Put t*=y so that 2t dt—dy 


l r(p-«+i) r 2 r * 1 
i rprn-«)) r (i +1 _. ( 

Y y=P — a +l gives, y—P = l— a 


r(p-a+l) 


<4+0 


r(p+i) 


< i -“+ 4 ) 


. • (32; 


(op dividing and multiplying by 0 
Which is known as Kummer’s theorem. 

[D] Linear Relationships of Hypergeometric Functions. 

If we put 1 ~t=p in (29) we get 

*■(«, P. y, *)=-57 >: -—IT, f 1 - v(l 

Jo 


m y-p) 

(l-x)-« 


or F(<t, p, y, *)“ 


m, Y-P) 


j(B>, T-W B <“■ T_? ' Tl <=t) 

by using (28) 

s (l-*)-“F(a,Y-p,Y,~^) • * • < 33) 

V by symmetry property 

B( p, y-P)=P(y-P> P>- 
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Similarly it may be shown that 

F(a, p, Y. 5r) === ( T —P> T* 3c—1 ) 

With , (3D yields 

F(«,p,Y,y)== 2 “F(a,Y-p,Y, _,) 

If p**l —«, this gives 

Y ,-l)=2»F(a,T+«-l.Y,- 

/ y-f-q-l | t'l 
2 * rY r V 2 _ )_. us i De (30) i.e. Kummer’s theorem 

= / Y + a —1 \ 

r(Y+a) r^l-*+ 2 ~ J 

2T Y r(-|+4 + |) 

" rtv+airf4—4+4) 


r(Y+«)r(y-i+i) 

^(i)i(i +1 )a +2 )«-" r (^ + ,^f + ^ 

•ll-2 + 2j 

- 

2-r(i)'5rJrT (f+ 2 > • < 2Y_2 >-2 : 3 rr ('2 + 2") . 

^ 2>/2 _ (y+1) fv4-3)..-(Y l+ a >_ 

■=^ r< x +i ), Y+ , h+ . + 2, - ( , + - ) 

r(T-i+i) 




.. • (36) 


\ 2 > ' (on simplifying) 

Further, we have shown the solution of the hypergeometric series 

for x=0 as , ,, o_l.i_v 2— y. x) by (3> 

y-AF(*. P, Y. x)+*x^ F(«+l-Y, P+1"Y, 2 Y. 
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Which is convergent for | x ! <1 i ,c.,in the interval (—1, 
and the solution for .r=l by (6) is 


1 ), 


*# y=AF (*, 3, I+a+p-y, l-.v)ffi(l-AT) y -«-P F(y-«, Y -|j, 

y—a—3+1, 1 —.t) 

which is convergent for | 1—.v 1 <1 i,e., in the interval (0, 2) 

Clearly the solution (3) and (6) are convergent in the common 
interval (0, 1) in which there exist a linear relationship between 
different hypergeometric functions. 

Let the relation be F( a, (3, y ,x)=AF(a, (3, 1+a+p—y, 1—x) 
+5(l-x)’'-«-I»F(y- a , y—3, y-a-p+1, l-x) ... (37) 


If we put x=0 in (37) we get by Cor. 1 of § 8.5 (C), 

F(a, p, y, 0)=U ^F(a, 3, 1+a+p—y, 1)+BF (y—a, y—P, 

y —a—P + 1, 1) 

T(1 +a- L 3—.') T(l-y) , n r(y—a—p+1) Td—y) 


r(2+p-y)r(l+a-y) + -° r(i-p)r(i-«) 


.(38) 

by Gauss theorem (29) 
Putting again, .r=l in (37) we get with the help of Gauss theorem, 

ryr(y-a-p) 


^(“, P. Y, l)=^F(a, fs, 1+a+p-y, 0)= 


r(y-a) r(y-p) 


i.e. since by Co r. 1 of § 8.5(C) it may be 

shown that F(a, |3, I+a+p—y, 0)=1. 

Substituting this value of A in (38), we find 

r r r(y—«—13 ) r(l+a+p- y) r(l- a) 

T(y-a) r(y-f3)'r(2+p-y) T(l+a-y) 

, „ T(y—a—(3+1) T(l—y) 
+ r(i-P)r(i-a) 

_ sin Tt(y— g) sin Tt(y—p) . p HI—y) F(l+y— «—3) 

“ sin tty sin r (y—a—3) + f(l—a) T(l—3) 


bv using Vp HI ~p )=—~— 
sin px 

T(l-a) T(l-3) 


or 


B= 


r(i-y) r(i+y-*-3) 

t sin tty sin Tt(y—«—p)—sin Tt(y—a ) sin - r (T 

sin Tty sin “(y—a—pj J 

r(l— a)F(l-p) T(«+3-y) -sin Tt a sin «3 

« ’ sin Tty sin w(y—«—3) 


T(l-y). 


sin Tt(«+p—y) 


r(i-a) r(i-p) r(a +p-y) r« F ( i-a) rp rq-3) 

* r(l-y)Tt ' " Tt 

fy T(l—yj 
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by using Tp T(l—/>)=— 11 

sm my 

ry r(«+p-y) 

~ rarp 

Now (37) yields with the substitutions for A and B 
F(«, p, r, F( “’ 1+K+P ~ Y > 1- *> 

+ - Y y ~ xr ~ fc ~ P F(y ~“' T~P» Y-a-p+1, l-x) ... (39) 

which is the required relationship. 

If we now replace x by — in (39), we get 

F (*■ i 5, T ' t) _ fW-«)Tr(»“ f F ) r (*■ 1 +«+P—t. i- -) 

-i) 

But from (33) we have 

F P, Y, 1— ~ ) = T-B, 1—x) 

=.v“ /‘(.a, y— p, T, 1— x), 

a+p-,+ 1. 

F=( y-*, 1 —a, Y-a-p-t-1, l-x) . . . (40) 
where l<x<2and 1 >y>*+P- 

[E] Various Representations in Terms of Hypergeometric Functions. 

[ej If we put x—(r 2 —r 1 )u+r 1 i.e. «=*—y ... (41) 


dx r t —r 1 

dy dy du 1 dy _ J d 2 y d ( 1_ dy_\ 
So that j x = du dx = rz _ rj du and dx 2 - dx \r 2 -n du ) 

- ( ^ in the equation (x-r,) (x-r a ) ^ +- 

(x-r 3 ) ?? + -‘ y=0. •••(42) 

Then we find the Gauss equation or hypergeometric equation, 

„ (1_ U ) r ' r -— * M 1 C y=0 ... (43) 

' du :* + |_ ® r i~ r a a J </m fl 

Its series solution by usual method or comparison with § 8.3 £(«*). 
is y-»^F(«, p,Y, ...(44) 
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where Y “^=^-** +p+1 “'T andap “5' 


/. y=AF («.P,Y F(«- Y + 1, {S- Y +! 

2-Y^) -(4, 


corollary. Tschebycheff’s equation is 


(-D 


n 2 v=C 


• • • (47) 


Comparing it with (42), we get 

r x =l, r z — — 1, r 3 = 0, fit—1, 6=1, e=—n 2 , x= — 2«+l, a=n, 
p=— n, y— i and hence by (46), the solution is 

y=AF^n,-ir, 1, 'y—) + £ (y—) ' 

F(»+4-.—+Y.yi- L r L ) •••<«) 

with the help of (48) and § 8.3 E(e 3 ), the Tschebycheff's Polynomial} 
may be found as 

T 0 (x)=l, T 1 (x)=x, r 2 (x)=2x*-l, 7 

T, (x)=4x 8 —3x, r 4 (x)=8x 4 -8xM-l 5 * " v ' 

[e 2 ] Legendre’s Polynomials have already been discussed in problems 
on Legendres Polynomials. 

[e 3 ] Elliptical integrals of the first and second kind are 

too- r% . , ... ( 5»i 

Jo (l-* 8 sinV) 1 /- 

and £(x)= [* '*(1 -x 2 sin 2 *) 1 ' 2 d<f> ... (51) 

Jo 

respectively. 

We have fc(x)= [ (1 —x 2 sin 2 *) -1 ' 2 d<f> 

Jo 

= | [1+£••** sin 2 *+ x4 sin * *+.1 <** 

_r* f 

Jo A=o I— 

00’ fit, V2* f*/ 2 

= 2 —nr”l sin2 *^ 

Ar=n I* Jo 


. .. (51) 


= 2 —fV~- sin 2 **i* 

k—0 I— Jo 

°? (i)* x 2 * r(2k±i) V* 


- 2 
*=0 
00 


r(Jk+l) 2 


by Gamma integrals 


5 (1),*“ (i)i_ «_ 

t-o l± ' IA ' 2 
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_ * 9? (i)t (i)fc 
= 2 (Da |T 


(x' l ) k since |fc_=1-2.(/fc-l)=(l) 4 . 


= T F(i, i l; x-) 

We can similarly show that 

E(x)=^{-\, l 1 ;**) 

Problem 33. Solve in series 

x(l—x)y" J t 4(l—x)y'—2y=0. 
Comparing it with the hypergeometric series we get 
a+p+l=4, y=4, a§=2 
i.e. a«*l, p=2, y—4 or a= 2, (3=1, y=4 

For the first choice the solution is >> 1 =F(1, 2, 4, x) 
=F(2, 1,4, x) by symmetry property 
, , x 3x 2 x 3 x 4 , 

-1+ 2 + 10 + T + T + . 


(52) 

(53) 


For the second choice the solution is y t —x- a F(~ 2, —1, —2, x) 

=x~ 3 (l—x) since the third term vanishes as one 
of a—y+2 or (3—y-f-2 is zero. Moreover fouiih 
term has zero for its denominator as y=4 
Hence the complete solution is 

y=AF( 1,2, 4,*)+2?-~ 


Problem 34. Solve in Series 

<*-*■> S+(4-*)!-4 

Comparing with Gauss equation, we have 

13 13 

«+P+l=2, ap=—, giving 

So the solution is 

y=AF( a, p, y, x)+Bx 1 ~ 7 F( a—y+1, p—Y+ 1, 2—y, x) 

=^(r t f *)+**'* 

—-j' 2 * v ) ■ ^ s,ncc f ("2 ’ ~2‘ "2 ’ *) 

- 1+ f+^+^ + ' 

Problem 35. Transform y’+rfy^O to hypergeometric form by the 
substitution u^sirPx and prove that 1 
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(/) cosnx—F —, sin 2 xj 

(if) sin nx—n sin x F — ~ n, -j + -j n, ■— sin 2 x ) 


«__ * 

>r - T <*< T - 

Given equation is 
Also given that 


y"+n 2 y =0 


tfaesur* 


which gives =*2 sin x cos *=sin 2x 

„ . dy dy du . ~ dy . d*y - . dy , . . 

So that -j x b=— j- =sm 2*^ and-^j =2 cos 2x — +sin 2 

Substituting there values in (1), 

4 sin 2 * cos 2 * +2 (1—2 sin’*) “ +n-y=0 
du 2 du 

or «(!“«) -&+(!- “ )^+T ' =0 


•••(I) 

• • • ( 2 ) 


2*^ 

du~ 


£+T y==0 


... (3) 


which is hypergeometric form, with y =*2 . *+£-(-1 = 1, *P= 

i.e. a=—, p=~ r=— and hence the solution is 

ATT ( n n 1 \ , _ 1/k , « /1 + n 1— n 3 

(- f . -y. T , »)+*-■/- F • — ■ j 


=j 4F —-yi , sin 2 *^+5sin * 

i^,i-,sin 2 *) ...(4) 

where lsin * |<| i.e. — ~<*<^ 

But sin n* and cos n* are the solutions of (1) and so of (3). We 
can therefore take from (4). 

Sin n*=»/4F^-^-, — -j-, sin 2 *^+B sin * 

When x=0, ,4=0 and so S - P — *=BF ( > ^-x—> -i", sin 2 *) " 

sin X \ 2 2 4 / 

(by 5) 
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Which follows that when x—0, B=n and hence 

— 2 ~> — 2 ~> ~ 2 > s * n2 * ) ... ( 6 ) 
Also, cos nx=AF — y> -y> u^+By/ u 
_ / 1+n 1— n 3 \ 

F ( —^j—’ -y, «J where u^sin^x ... (7) 


Also, cos nx- 


when x=0, A —1 

and differentiating (7) w.r.t. x, we find 

•. --■>■> r> ( w~l - 2 2 n 3 


-n sm nx 


=A(-n 2 ) F ( 


■>\ t? f ”+ 2 2 ~« 3 \du , n ,— 1— n* 

?)f (—• y-“J S +flv “ — 

\du r, r n +n 1 —n 3 \ 1 

—■ T-")5vrs 

by §8.5 [C](2). 


'3+n 3-n 5 


Where M=sin 2 x and -y- =sin 2x 
dx 

When x=0, 5=0 

So that cos n.v=F^-y, —y« -y, sin 2 x j 


... ( 8 ) 


8 6. CONFLUENT HV PERGEOMETRIC EQUATIONS AND 
FUNCTIONS 

[A] Confluent Hypergeometric Differential Equation. 

We have A‘(l —x) ^+{y—(a + P+1) Jc} *Py=0. ...(1] 

X 

Replacing x by — we have 

Its solution as compared with the hypergeometric series, is 

e (*■<*- r ’ f) 

Hence if we let [3-*oo; then (2) reduces to 

*^+(y~x) d £~.y-0 ...( 3 ) 


Whose solution is Lim F («, p, y, 4) • * • (4) 

. p-*-oo V P / 

We call the equation (3) as the confluent hyper-geomctric differential 
in. 

t since (P)*=3((S-j-1) (p+2)...(p+A-l), therefore 

Tim (P)» Tim f 1 _L_LW I J- -- ^ 1 


Um 


£s( ,+ I)(‘ + t)( 1+ V) 
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As such (4) may be represented as 

Lim p, v, ' )= v ~~=F(a, y, x ) (say) ... (5) 

&->D0 V P / r _Q \ .)k \ K 

Here F( a, v) or sometimes, (a, y, x) showing that there is one 
parameter of the type x'and one of the type y, is the solution of (3) 
and is said to be the confluent hypergeometric function. 

Note. Since equation (.?) has a removable (non-essential) singularity 
at x=0 so its solution may he developed directly by series method 

00 

about x—0, choosing the series as y— 2 a, jc* +r . 

r=0 

Substituing for y, in (3) and equating the coefficient of first 

and the general term (i.e. x k+r ) to zero, it is easy to find that indicial 


equation k(k+y— 1) =0 gives k= 0, 1—y when o 0 ^0 

. . . &-fr+* 

and the recurrence relation is a r+1 = , , _ , , w t , , . r-A a r 


which for k —0 gives 

y^o u 


[ 


(fc+r+1) (fc+r+r) 
a(a+l) x 2 


.( 6 ) 

(7) 


1+ T X+ 1.2.v. (y+1) 


x 2 +. 


•] 


(*)* 


r Y, *) 

k=0 Il_ u)* 


( 8 ) 


and for A:== 1 —f gives 


where 


y=a„ x k ~ Y £ H~ 


<xV+D 


x 2 +... J 


1.2 T '(Y' + 1) 
a—Y+1 and y'=2 — y 

xl ~ y 1 TJtWvT xk==a ° xl ~ r F(V ’ Y> ’ 
k =0 ll_ > k 

-;a 0 x'-*F(*x-l,2-y,x) . (9) 

where 1, 2 ~y # x) is said to be the confluent hypergeometric 

function of the second kind. 


The general solution is therefore, 

y=AF (-/, y, x)+Bx'- x F(x-y+l, 2-y, x) (10) 

It is valid for y>0. 

By ratio test 

«n+i J ( g )^-^i !«_ (y). I I «±* 

»n ! (*)„ \ n r 1 (y)«+i I i (Y+n)(n+l) 

which -*0 as n->oo i.e. —— <1 for all x, it is obvious that the 
! u„ 

series is convergent. 



harmonics 


755 


[B] Simple Properties of Coufluent Hypergeometric Functions. 

[1] Differentiation of Confluent Hypergeometric Functions i.e. 

J x F(«, y,x)-y *T«+1, Y+l, *) ... (.11) 

which may be similarly shown as in case of hypergeometric 
functions. 

£. n*. Y, *)=y (~} H*+2. y+2, x ) ... (12) 

and in genera] 

Am („\ 

F( a, Y, *)=yy- F(«+m, y+m, x) ... (13) 

When x=0, F(a, y, *)=1 ... (14) 

is ^ *>]w -7 

“ d [£■ *> I-o-It; ' • • < l6 > 

In case « is a negative integer, the series stops after a certain num- 
her of terms but when y is also negative then the series restarts after 
a certain number of terms, as shown in case of hypergeometric 
functions. 

[2] Integral Formulae for the Confluent Hypergeometric Function. 

We have w —-r V (l-t) y ~*~ 1 f + * _1 * • • • (17) 

(Y )k 5(«, Y-a)J 0 

Just as in §8.5 [C-3] 

n \ 00 (*)* X k 

*“• T ’(r). 

GO 1 fl 

= 2 -i-- (i_r)r-«-i /o.+k-i rf, 

*=0 |£_ Y—*) Jo v 

i ri oo (x/)* 

= _I_ 1 s tt 

£(*, y-a) J„ *=0 li 

= _—!-- P«^ft- , (l-0 r '*" 1 * 

B(r, y-a) J 0 

2° W‘ 

'•' t !oi:' 1 + IL + !L + - 

^ r/Tm 

wAfcA i> Me M/egra/ formulae for the confluent hypergeometric 
n ction. 
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corollary 1. In (18) if we put t=l—p, then 

i- ^-fT f ^ b ) £ e ‘ a '" a-rt-V”— 1 <4> 

~r .xr(Y-«) *■ £ 

Ty e r(Y-«) Ta 

“r* r(y—*) Ty 

Hr—*, Y, —*) using (18) 
=e* F(y— a, y,-*) •••(19) 


corollary 2. In (18) if we put x=0, then we find 

**• T- °>=rnw^) £ <* 

“r« r(T-») T ~“* 

Y Ta r(Y~«) , 

Ta r(v-a)' T Y 

i.e. F{ a, y, 0)<=1 ...(20) 

IQ Various Representations in terms of Confluent Hypergeometric 
Functions. 

[cj] Elementary Functions. 

We have F (a, Y , x)= ? 

*=o IA.(y)» 


°? x* 


Putting y*=«. we have F (a, «, *)= 2 —— = 1 -f— 

*=0 A 1 


X X 


Similarly, 

F(a+l,«,x)=(l + -f)t* 


00 m, x* oo 

F 0,2.x)- 2 2 —7^— 

A=0 t 2 )* | «_ A:—0 i «+l 

1 T . x 2 , X s “1 

~xl X+ \ 2 l +~\ 2 _ + -j 

e* —1 


F (—2,1, x) =1—2x+-^- 
F(n, »+l, —x)=nj t"- 1 


. . (24) 
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[cj] Error Function. 

We have erf (x)= f= [ e~ ni dn (see Ch. VI) 
V n Jo 


o f® 00 y 2 

V * Jo A=0 I ' 

2 00 f—n* r* 

=-== 2 -TT 1 - « 2 

v 7t a=o |J»_ Jo 

___2x I 5 _(-* 2 )* 

V n k—0 1 k (2fc+l) 


(-^TF* 


*=o V* (2*+l) 


f (-1)* 

'**=0 I* (2A+D 


2* ® 
V' «*= 


• u*n 


V 2fc+l = 


(2A:+l)(2fc-l)(2/fc-3)...l 
(2Jt—1) (2k-i)...\ 

1 3 ... 2Jt—1 2A:+1 

2 2 2 ‘ 2 

7 1 3 2/t-l 2k—3 \ 1 

\ 2 * 2 2 2 /: 


Kb')- 

2k+l 
" 2 

( 4 ). 

~Kb')- 

2k-\ 
" 2 

“(i). 



• • • (25) 

[cj] Fresnel’s integrals. The first and second kinds are respectively, 


CW= 2V2[ e ’ ,, ‘<7f^"' , ) + ^" V ( : 


. . . (26) 


“ d * x) ~2ib[‘ wm +J(.l /i**"*] • ■ ■ <27) 

where f(x)=^=j“ e~ nZ dx 

i xe ~' m \=^hV/ l2 ' xe e ~ nZ dK 
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V 2 xe""* 1 * 2 
k =4 


(i)ji 

_v' 2 (y.-|, —^J-) 

Similarly ^ ■y = y/2xe n, l l y , ~5~ ) 
Hence C W =^[ f(f f,-=fi)] 


fa] Bessel (Cylindrical) Functions. 


-■nix 2 


.. . (28) 
)] ...(29) 


We have 


Put 


r~T 

/.(*)“• L2 k -ml (1—<*)"“* e“* * 

rAr[„ + l]J- 


2n 

“ x ‘ 
_ 2 . 

1 « 

e -<n 

' — r 

2 

_" + y] 


T-T 

Since by putting a — n +"j > Y=2n+1 and x for 2/x i 


(30) 


we get 


f [”+4, 2 "+'- 2iJ: ]=-—r^TTT—n 

L J r[„ + j]r[n +T ] 

f 1 e uwt /«-! (!—/)"-! dif 

J 0 


X X s ^ 

flue at h/perg eometric functions 


H 

| fF (x)=0 and represent its functions interms of con - 


d 2 lF 

Problem 36. Sb/ve m rerr'er /Ae Whittakar Equation ~^~r 4 
1 

, k 1~ m ' 
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Taking W (x)=x yi2 e-"Fy(x), k=~— a, «i= 
tion reduces to 


~ 2 +~ 2 < tbe et tua- 


*y 


dx l 


(Y-x) 


dv 

dx 


-ay=-0 


Which is confluent hypergeometric equation and hence its 
functions by putting oc=|— k+m and y=1+2w in F (x, y, x) and 
x v_1 F(l+a—2—y, x) are F(+-k+m, l+2m, x) and x~ tm 
F (\—k—m, 1—2 m, x) respectively. 

Thus the solution of given equation is 

y—AF^p^—k+m, 1+2 m, xj+il x -2, ".f£-j — k — m, 1 -2m, xj 

where A and B are arbitrary constants. 

Also Whittakar’s functions are 

W k , m (*)-*r*+'»r*/ 9 / i (-j - k+m, 1 + 2 m, x) 
and W k , (x)=x & - m e~* / \f£ j - k-m, 1 -2m, jcJ- 


8.7. HERM1TE EQUATION, FUNCTIONS AND POLYNOMIALS 
[A] Her mite’s Differential Equation. 

This equation is of the form 

£-*£+*,-0 ... o ) 


where v is a parameter. 

Suppose its series solution is 
oo 

y— 2 a T x* +r . a o +0 

r=0 


... ( 2 ) 


So that 


dy_ 

dx 


00 

= 2 

r=0 


a r (A:+r) x* +f_1 


oo 

and 2 a r (k+r) (&+r—l)x* +r-2 

ax r=0 

Substituting the values ofy, and in (1), we get the identity 
2 [(A+O^+r-Qx^-Z^+r-vJx^lCrSO • • • (3) 

r=0 

Equating the coefficient of the first term (i.e. * fc ~ 2 ) (by putting 
r£ =0), to zero, we get 

a 0 k(k—l)=0 giving 0, 1 as a Q ^0 ...(<) 

Now-equating to zero the coefficient of second term (i.e. a* -1 ) io 
(3) we get 
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«i k (A;+1)=0 i.e. a^O when Jfc= — 1 and a x may or may not be 
zero when k—0. 

Also equating the coefficient of x k+T to zero, we find 
flf+j (k+r+2) (k+r+\)-2a r (*+r-v)=0 
giving the recurrence relation 

„ 2 (fc+r—v) ... 


tff+2 — 


(A:+r+2) (*+r+l) 


when k= 0, (5) becomes a f+3 = - ^, 2 ^ (r+ T )' af 

and when *=1, (5) becomes a r+l ^-~~j^~a T 
Case I. Whfen k=0, putting r=0, 1, 2, 3,...in (6) we have 

2 2 (v — 1) 

^=-j2 va ® : fl#== -jT - ^ 1 

_2*v (v—2) 2 J (v—1) (v—3) 

t7 « a 0> fl 5— Tj a l 


„ (—2) r v (v—2)...(v—2r+2) 
a * r -i~2r- 


(—2) r (v —1) (v —3)...(v—2r+l) _ 
«2r + l=-f27+l 


Now if aj=0, then o 3 ==a 5 =a 7 =fl 2r+1 =...=0. 

00 

But if UiT^O, then (2) gives for A:=0, y— 2 a T x r 

r—0 

i.e. y=a 0 -\-a 1 x+a i x*+a t x i +... 

~ a o~t~ 02 X*-{-a t x* flj x + a 3 x 3 + o & x 6 +... 

(v—2) 4 

°L 12 X+ 14 * - 


+(- 1 )r ~jir v(v_2) - (v_2r+2) * !r + - ] 

+fll , [j _ ... 

+(-l)'~5n _( v- 1 ) ( v-3)... ( v- 2 r + 1) x*'+...J ... (8) 

=a 0 [l + ^ ^J^v(v-2)...(v-2r+2) x*'] 

+ ajx + ? L ~ 1 ) t2 '. (m-1) (v-3)...(v-2r+l) x 2 ' +1 ...(9) 

L r»l 2'*+! 
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Case II. When k—\, then ^—0 and so by putting r= 0,1, 2, 3, 
...in (7) we find 

2 (v—T) 

/V 2_'_/V 


„ 2 1 (v—1) (v—3) _ 


„ iy 2'(2v-l)(v-3)...(v-2r+l) 

fl 2 r—t 1) | 2r-f-l " °° 


Hence the solution is 
~ a ° x [ 


2(v—1) , , 2’ (v— 1) (v—3) 

1 *-"i re--— x • 


(~1 yr_ (v-1) (v-3)...(v-2r+l) 
|2r+l 


-v 2r +. 


] 


( 1 ) 


clearly the solution (10) is included in the second part of (8) except 
that a 0 is replaced by a x and hence in order that the Hermite equation 
may have two independent solutions, a L must be zero, even if k =0 
and then (8) reduces to 




2v 


2 J v (v —2) 


+(-l) r 


2r 


V (v-2)...(v-2r+2)x 2r + 


-] 


. ..(ID 


The complete integral of (1) is then given by 
y=A r, 2v , 2' v (v- 2) 


[- 


2v 2 

ry x ' 

I 2 


2(v—1) 


•] 


2* (v-1) (v-3)„ 

+-jT-* 

where A and B are arbitrary constants. 

[B] Hermite Polynomials. 

The Hermite polynomial H n (x) is defined as 

y-_/2 ® t n 

f(x, t)=e 3tx 1 = 2 H„ (x) 

n=0 I — 

for all integral values of n and all real values of x . 
(13) can be written as 


..( 1 ) 


.(13) 


I L 

+...+ V* 1 **+... 
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So that f ~1 — Hn I" = //„<' 

-L of” Jr=o \n 


If we put x—t=p i.e. t=x —p—Q for /=0 gives x=p 

ld | — I s0 ,ha ' w \ c ~' 


. rjr 
" La/" 




: (_n»^L e -^ 
1 l) dx n6 


V*--- 


From (14) and (15), we therefore have 

H«(x)=ex 2 (-1)" ^\ e ~ Xi ) ' • • U6) 

From (16) we can calculate Hermite polynomials of various 
degrees such as 

,H 0 (x)=l H t (x)= 16x 4 —48x 2 +12 1 

H t (x)=2x H s {x)-—32x i — 160x 3 + 120.V | 

H t (x)= 4x*-2 i/ g (x)=64x 6 -480x 4 +720x 2 -120 >• ...(17) 

H 3 (x)=&x 3 - I2x H 7 (x)= 128x 7 — 1344x 5 +3360x 3 | 

1680x J 

[C] Hermite Polynomial in Terms of Confluent Hypergcometric 
Functions. 


00 t n 

We have 2 H n {x)~r-=e 

n—0 i— 


2 tx~t- 2lx 


=[ l+2/x+^ /*+...+ *"+-] x 

r i * 2 >)* i (-D n ' 2m , i 

L |L + |2_ - + |n_ 

/ n 

Equating the coefiicients of — on either side we get 
H n (x)=( 2x)»— (2x)"~»+ ^ - ~ 1) } (2x) n ~ 4 +... 




Aliter, we have 2 7/„(x) ir— = e 

n—O I _ 


2ix-t 2 


1 lx -t 2 
e e 


oo (2x) n r n oo i*» 

= S 2 (-i)"-jir 

/ i «=0 l _ »=0 l — 


oo h/ 2 In (2 x)"- s * 

i/„(x)= S 2 (-1)* V-7—vv- 
Jfc«0 A=0 1^ l w ^ 


. . . (19) 
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Even Hermite polynomials are, therefore 

H in (x)= Ik [2« 2fc * 


\2n 

oo 

v 

(-n)* (x 2 

| n 

Jk—0 

(*)* ii 

12 n 

/ 

i . 

In 


n, 2 ’ x 


Similarly odd Hermite polynomials are 

(2n+l)/2 ( —1)* |2n-f-l (2*) 2n+1 - 2 * j2n+l 

//.,„+'•>= 2 - - V J “T^f 1 ——-=(-1)” ==^ 2x 

A=o i*_ [ 2«+l— 2fc |«_ 

” (—n)n- x 5fc 

-( 1 ). 


>2w + 1 

(-1)" 'IT" 2x F 


(-"■!• *') 


•. • (21) 


[D] Recurrence formulae for H n (x) and to show that H n (x) is a 
solution of Hermite Equation. 

Hermite equation is y" — 2xy'+2ny—0 for integral values taking 
v=n. 


» 1 ¥ Ifn (r) r 

Also, e — 2 i« 

it—0 1 — 

I. Differentiating partially w.r.t. x, we have 

00 t" 

2t e 2 r = 2 H’ n (x)-r^ 

n—O I—- 

oo HJx)t n 00 /" 

i.e. it 2 - 2 H n '(x )yy 

n—0 l_ I— 


• • • ( 22 ) 


which yields on equating the coefficients of -rj— on either side, 


'fl 

2 -j^y- H n - 1 (x)=H n ' (x) 

i.e. In HZAx)=H n ' (x) ... (23) 

II. Differentiating partially w.r.t. Y, both sides of (22) we get 

2 (x—t) e 2,x ~ tZ = f i/ B (x) r n=0 corresponds to the 

n—1 I-—— 

vanishing of R.H.S. 
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oo /» oo /"+ 1 oo r 1-1 

or 2x 2 H n (x) ~^~-2 *2 H n (x) -2 H n (x) 

h=0 I— n= 0 I— n=»l 12 L 

Equating the coefficients of t n on either side we find 

Or * ^n-l U) _ #„ + i (x). 

J«_ |«^1 |n_ 

t.e. 2x Hn (x)=2nH n - 1 (x)+H n+1 (x) . , (24) 

III. Eliminating H n _ x (x) from (23) and (24) we get 

2x H n (x)=H n ' (x)+H n+1 (x) 

or H n ' (x)=2.v H n (x)-H n+1 (x) ... (25) 

IV. Differentiating (25) w.r.t. x we find 

H n " (x)=2x ff n ' (x)+2tf„ (x) -tf' n+1 (x) 

Putting //' n+1 (x)=2(n+l) //„ («) obtained from (23) on replacing 
n by n+l; we have 

H n \x)~2xH n '(x)+2H n (x)-2‘n+\)H n (x) 

or H\ (x)-2x H n ' (x)+2n H n (x)=0 . . . (26) 

which clearly follows that y—H n (x) is a solution of Hermite 
equation. 

Note, e 2 ** - * 2 is known as Generating function of Hermite Poly¬ 
nomial. 


Problem 37. Prove that 


(0 H s m (0)=(-/)"2*"> 



m 


(//) H' 2m+1 (0)=(-I) n 22mrl (j) m 
m H tn+1 (0)=0 

(iv) H\ n (0)^0 

d m C * 7 2 m In 

(v) (x)j= — H n - m (x), for m<n 


(0 Even Hermite polynomials are 
(-1)* |2m (2x) 2 ™- 2 * 


H 2m (x)= 


m 

2 

A=0 


|fc_ |2ni—2A 


/. tf 2m (0)= 


(-1)“ |2m , 2m (2m—1)...3.2.1 

|m — ” m (m—1)...3.2.1 


(it) From recurrence relation I, we have on replacing n by 2m+1, 
H'im+l (x)=2 (2m+l) H im (x) 

H\ n+1 (0)= 2(2m+1 )H in (0)=2(2m+1)•(-!)« 2*"( \ 
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by part (0 

=(2/n+l) (—l)” 2* m+1 (2 w- 3)...5.1 j 

-=(-*)" (2»+i)[| ' (T +1 ) -(i +m “ 1 )] 

=<-»' 2W (1 )„. 

(iii) Odd Hermitc Polynomials are 

2m+l/2 (- 1)*= | 2m+l (2x)* m+1 ~ n 
H tm+1 (x)= ^ ' \k_ (2m+l-2Jfc) 

H im+l (0)=0, since all terms containing y become zero. 

(/v) From recurrence relation I, we have 
H'tm (y)=2(2 m) (x) 

H\ m (0)=4mH 2m -i ( 0 ) 

=0 by (iii) 

(v) From recurrence relation I, we have 

H'„(x)—2n H n . x (y) ... (0 

i.e. H n (x) j=2n (x) 

H n (x) j=2« (y)| =2«. 2(«—1) H n _ 2 (Y) 

by using (1) 

=2*n(n—1) H n - 2 (y). 

Similarly //„ (y) |=2 3 n (n-1) (n-2) //„_ s (y) 

Proceeding similarly m times we find 

(y) |=2 m n(n-l)...(n-m+l) (y) where m<n 

2 m In 

. H n . m (y) 

| n—m 

[E] Hermite Functions. 

An equation closely related to Hermite equation is 

-g-+(A-*‘> 4,-0 • ■ • < 27 > 

If we change the dependent variable <J> to y by the substitution 

e - n * l2 y • • • < 2 ®> 

So that -- —e~ x2 l 2 -^-—y e~ x * 12 - x 
dx ax 
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and — e x ' l2 j^i — 2x e X ~ l2 -J^r ~ ( e ** l2 —x-e 
We get ficm (1) 

y"—2xy’+(h—l)y=Q .. . (29) 

If we put X—l=2v, then (29) reduces to Hermite equation i.e. 
y“-2xy'+2vy=0 

It therefore follows that the general solution of (27) is given by 

= C~X 2 12 y 

where y is given by (12) of § 8.7. 

Thus if the parameter X be of the form 1+2n, n being a positive 
integer, then the solution of (27) will be a constant multiple of the 
function <{/„ defined by 

( W*)=e~ Jc2/2 fin (x) ... (30) 

where H n (x) is the Hermite polynomial of degree n. 

Here the function Wx) is said to be the Hermite function of 
order n. 

Recurrence Relations for ^„(x): 

Differentiating (30) w.r.t. x, we have 

¥n(x)=e- xS l 2 H' n (x)~e~ xi l 2 x H n (x) 

=2 ne- x2 l 2 H n ^ (x)-x e~ x2 l 2 H n (x) 

V H'„(x)=2n H n -i{x) by (23) 
—2«4'n-i (x)— Ar^„(jf) using (30) 

2 n (j/,_ t (x)=xr(j; B (x-)+tJ/'„ (x) ... (31) 

Also from (25), 2.x H n {x)=2n H„-i(x)—H n+1 (x) 
which may be expressed by using (30), as 

2xe~ x2 l2 tf n (jc)=2m?-* 2 /2 ( x ) +e -xV2 H n+l (x) 
i.e. 2x(}/ n (x)=2mJ/ n _x(x)+<Ki+i(*) ... (32) 

Eliminating 2 n 'K,-i(*) from (31) and (32) we find 

*^»(*)+i'»(*)== 2 x 4>„(x)-<l'»+i(*) 

i.e. fnW=4(^)-i+A) • • • ( 33 ) 

[F] Orthogonal Properties of Hermite Polynomials. 

Now since H n (x) is a solution of Hermite equation, we have 
H" n (x)-2x H' n (x)+2n H' n (x)= 0 by (26) 

If we put y=e~ x2 l 2 H n (x) i.e. H n (x)=ye x2 l 2 
So that H' n (x)=y'e * 2 / 2 +xy e* 2 / 2 
and H" n (x)=y”e x 'f 2 +2xy' e xi l 2 + y(l+x 2 ) e x2 l 2 

then we get y"+(l—x 2 +2n) y=0 ...(34) 

Since y=e~ x *l 2 H n (x)—ty n (x) by (30), it therefore follows that 
^„(«) satisfies (34) and hence 

r.+(2»+l-*“) +»=0 


... (35) 
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for a function this relation is 

X") ’pm — 0 . . . (36) 

Multiplying (35) by <j; m ; (36) by <]/„ and subtracting we get 

2(m—n) . . . (37) 

Integrating over (— co, oo), we have 

1 00 f 00 

_ oo <pm y» dx= J (<J/ m ty" n — <\) n ¥' m ) dx 

n 4'n'i' m J_ 0Q — | —00^ *"^ n_ ^X 

(on integrating by parts) 
—0 V <|»«(x)-M) as | x | -* oo for all positive integral 

values of n. 

1 00 

'I'm'J'n dx=d if m=£n 

-co 

Symbolically I m , n — f°° dx= [°° e ~ x * 11 m (x) H n (x) dx=0 

J —00 J—00 

1 / . 


In particular /„_x, „ +1 


when m^n 


=0 


(38) 

(39) 


Now from (32) we have 2x^ n (x)==2/4n-i(*)+'{'»+i(*) 

f°° 2x<J/„lx) dx—2n f°° (^(x) ta-i (x) dx 

J —oo J —oo 

V f°° <K.-i 'I'n+i </x=Oby (39) 

J -oo 

= 2 n ... (40) 

Also <J >„(x)—e~ x 2 l 2 II n (x) 

=( — l) n e x ~/ 2 by (16) 

Thus (40) gives 


=[ 


J VA-r 1 \ / v \ / 


d n 

dx n 


&(■ 


,-x>\± 

)dx n 


»H”Ai+l» n—l 


(on integrating by parts) 


by (39) 

f»» #®2fl f»-i» n—l 


.. • ( 41 ) 
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Applying (41), repeatedly by we have 

In, n—lfl In— it n—i = 2?J 2(n 1) / n _j, n- 1 

=2 2 n(n-l).2(n-2)/^ 3 ,»-3 

=2*/» (n—1) («-2) /„_ 3 , „_s 


•(43) 


—2" n(n—l) (n—2) .3.2.1. 0 

100 9 , 

e - *" dx = V * (See Beta and Gamma functions) 
-oo 

/. /„, „=2» liV"* ’...(42) 

Combining the two results (38) and (42); we have in terms of 
Kronecker delta symbol 

/„, n— f°° e~ xi H m (x) H n (x) dx= 2" IjL 5„, „ 

J —oo 

where S ra , „=0 when m^n 
— 1 when m=n. 

(43) may also be written as 

f oo foo 

_ oo 'I'm (*) 4'n (*) dx= J 

=2" |.» V w S m , „ 

Again 2xiJ/ n (.*-)=2» 4'n-i (*)+'ki+i ( x ) gives 


H m {x) H n {x) dx 


. .. (44) 


I X'J'mM W*) dx—nf m , n-! + i ^ro> n+l 
J-00 


=0 for 


foo 

and xty n ^(x) dx=n Ai+l) n-1 +i fn+li n+l 

J-°o 

—-J 2 n+1 l w +1 \/ 7r as above 
=2” | («±1) -y/ ic for m=n 

Hence f°° x<\>Jx)'b n (x)dx=2 n \ n +1 y' tT 8 m , „ ... (45) 

J—oo 

Further 2 n (*)=* W*)+'{''«(*) gives 

f 00 'i>m(x)^n(x)dx=2n f°° iW 4? n -l{x)dX 

J —oo J —oo 

foo 

■ ~ 4«W W*) dx 

J-co 

=0 if m^n— 1 

and *2n I n - lt „-i —2 n ~ 1 \ V ir if m=n=l 

ss2” | n_ y/ rc — 2 n-1 l_^_ V it =2 n_1 V it 

Hence f°° + m (x) <J/„(x) dx-=2 n ~ 1 1JL V* 6 m , B ... (46) 

J -oo 
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In the last if we take m=n+1, then 


dx*=2n 


00 

—00 

00 


4'»+l(*) 'i'n-l(^) dx 


. ~ ^n+lW M*) dx 
j —00 

=—2” j w+1 Vis. 

Problem 38. Prove that H n (—x)=(— 1)" HJx). 

We have 2 tx-t* = ® Al>l n 

f (-1) r 2 ' 

X 2 1 -- 

n=0 

= f (-D* (2xr^ t 

n=o k =-o H | n_~2k 

(71 

Equating coefficient of ?— on either side, we get 


n 




H n (x) 


^ n g (-1)* l^,(2x)"- 2fc 


k=0 


| k \n—2k 


-2k 


Replacing x by —* we get 

^_% 2 ( -1)* \± (-2*)-** 

Hn{ - X) - k *0 I* \n^k 

n B (—•!)*(— I)”" 2 * \RA2x) n - 

“*-o 1.1 \ n ~ 2k 

, ,v "v [1 (2x) n ~ 2k 

“ (_1) ftto I* f. ? - ? l 
=«(-l) n #„(*) 

Problem 39. Prove f xe~ x H n (x) H n {x) dx 
J —00 

= \Zlt [ 2 n_1 IZL 8 m , n-i + 2 n |^±L 8 n+l» m] 

Integrating by parts we have 

f® xe~ x2 H n (x) H m (x) dx= f- #»(*) #»(*> 


W^h\ H ^ H ^\ dx 


0+ (°°_e“* 2 {//'„(*) HJx)+Hn{x) H' n {x)} dx 


4-f 00 .- 42 " //„(*) dx I <6t 

2j - CO L by (24) 
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= n \^~ x2 Hn-i(x) H m (x) dx+m^^e-** H n (x) 

_ H n -i(x) dx 

-»/* 2* -1 |”nl 5 ra , B _ 1 +mV'w2 n |«_ 6«, m-i 

(by orthogonal properties) 

— V~n [2" -1 | «_ 6 m, «-i+2 n | w+l 6 n+ i, m ] 

V S„, m _i=S B+1 , 

Problem 40. Verify, P n (x) =* ■ ■ f 00 t n e~ ft H n ( xt) dt. 

V 71 l_Jo 

[ 00 2 

x m e~ x H n (x) dx—0. 


8.8. LAGUERRE EQUATION AND POLYNOMIAL WITH PRO¬ 
PERTIES 

[A] Laguerre’s Differential Equation. 

This equation is of the form 

xy"+ (1— x)y'+yy=0 • • • (1) 

Dividing by x, it is observed that jc= 0 is a regular singularity of 
(1) and hence it has a series solution. Let its series solution be 
oo 

y= 2 o r . . . (2) 

r-0 


y'= 


00 

2 

r=0 


a T (i k+r ) 


and y’— 2 a,(&+r) (&-fr—1) jr* 44 "* 

r=0 

Substituting these values in (1), we get the identity 

f f (k+r) 2 x k+T - 1 —(k+r—v)x* +r 1 a r =0 . . (3) 

r«0 L J 


Equating to zero the coefficient 
term); we get 


of x* -1 (the first and the lowest 


Ar*=0 i.e. k=0 as a 0 =£ 0 

Again equating to zero the coefficient of x! c+, ‘ in (3) we get 
(*+r+l)* fl r+1 -(A:+r-v) a,=0 
which gives the recurrence relation 

_ _ k+r—v 

r+1_ (fc+r+1)* r 


... (4) 

.. . ( 5 ) 


r—v 

( r +1)* ° r 


For k—0, this yields, a rtt 

—1) Vfl # 
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«*= 


/ IX* v (v— 1) 

'(- 1 ) ~7r^~ a o 


(IL>* 


Similarly fl 3 =(-l) 3 v(v 2) a 0 


a r =(-\) 
Hence the solution is 

y— a o [ i- 


_ n , v(v-l)...(v—r+1) 


(IJL> a 


V*+ 




IX, v(v-l)..-(v-r+l) 


+(-l) 


ao (—1)* | V 
=a 0 S 


(ID 2 


* f + 




( 6 ) 


A=0 (I* )*>-* 


• • • (7) 


In case v is a positive integer put v=/», so that Laguerre equation 
becomes 

xy"+(l — .v) y'+ny—O for positive integral n. ... (8) 

When v=n (a positive integer) and a 0 -=|n_ then solution for (8) 
is said to be the Laguerre polynomial of degree n and denoted by 
L n {x) i.e. 

£»(*)=(-!)"[ *-*+...+(-1)" | n_ ] 

... (9) 

Then the solution of Laguerre equation for v to be a posi tive 
integer is 

y=ALn (x) ... (10) 

From (9), it is easy to show that 
L„ (0)=|«_, L* (x)=x s — 4x+2 

L 0 (x)= 1, L a (x)——x > +9x i —36x+6 

L l (x)=\-x, L t (x)=x 4 -16x*+72x a -96x+48 j 

Also Ln (x) being the solution of (6), we should have 

xL'„(x)+(l — x) L n ' (x)+nL n (x)=Q . .. (12) 

fB] Laguerre Polynomials with their Representation in Terms of 
Confluent Hypergeometric Series. 

The Laguerre Polynomials L n (x) are given by the relation 

(1-r) 2 r~e~‘ 

n=0 ll 

where n is a positive integer and x is a positive real number. 

(13) can be written as 


\ ... 


(ID 


. . • ( 13 ) 
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00 

2 

#i=0 


U (*) t n 


1 


—xt 

1 -r 




1 —r 

xt 


x*t 2 


00 

2 


1 -f 
(- 1 )* x*/* 


| 2 _ ( 1 — 0 a 


(— 1 )***/* 


] 


Jt==o \k_(l-t)^ 

2 - > u * ? (l-/)-'*+ 3 > 

*-0 I* 


= 2 -Mf— '‘T l+(Ar+l) f+ i£±iH£±^ ) f 2 +- 
l*L *- l±_ 


(fc+ 1 ) (fc+ 2 )...(fc+/ ) /I+ J 

f ,* ,*« wh.re <*+ 

Equating the coefficients of t n on either side (coefficient of t n on 
R.H.S. being obtained by putting 1—n—k), we get 

L n {x) 00 


oo 
2 

fc=0 /=0 


2 (~l) fc (^+1 )n-t- 

In. " *=o In. i "-* 


.(n: 


IXfc+l+n-*) T(n+1) 

r(Ar-h 1) T(A:+1) 

(-1)* _ (-l)*n(n-l)...(n-*+l) 
In— jc) In 


Here (fc+l)„_* 

and 


II 


(—n)(—w+ 1 )(—n+ 2 )...(— n+k— 1 ) 


(-”)* 

In 


(14) yields 

!»(*)= |«_ S - 1 =^- • 
fc=o m. 

(-n) 


! ?=• ■■ u r*= « 


00 


(ID 2 


2 - - ”)-» x k 

kt o (ID* 


t[ 


i+ 


ii ii 


■ (—n)(—n+l) , 

o: 

. (-—n)( —/i+l)(— n+2) 3 , 

1 I "» Tn " * 


In F(—rt, 1; x) 


IL 


] 

(15) 


From which it follows that L„ (x) is a polynomial of degree n in 
x and that the coefficient of x" is (— 1 )". 

[C] Recurrence formulae for Laguerre Polynomials. The generating 
function for Laguerre Polynomial is 

—xt 

e l ~‘ *=(1-0 2 1 » by (i 3 ) 


n-0 


. . . (16) 
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I. Differentiating w.r.t. l t' it gives 

__ X —p —737 =(! — /) L n (x) f”- ] °° L n (x) t n 

(\- t f 1 ' u 0 „z 0 ^EL — ~~— 

Using (16), we have 


n=0 


00 




d-/y 


L n (x) t” 


00 


«=o vL 


=(i—r) s L, f x) f" 

n =0 I "- 1 


f Jini x )jl. 

n =0 I'L 

00 


or x 


s AMil + (j _,)2 2 —(i-/) 2 r =o 

n —-0 |2_ n =0 I ” £ «—0 l w 

Equating to zero the coefficient of we find 
Y | 7->n+i(Q 2 7>n(^) | T^n -1 (^) _ (^) j Ln-\ (x) _ q 


In—1 


In—2 


!>L^L 
...(17) 


*.<?. Ln+ i(x)+(x—2n—1) L n (x)+n' L„-i (x)= 

II. Again differentiating (16) w.r.t. x we get 

' ) e S- =(1 _,) f'J&UL 

\l—tj n=0 | n_ 

( t \ CO L n (x) oo £/„ (a:) 


or t 


n =0 — n —0 


Ln' (X) t n 


=0 


Equating to zero the, coefficient of f n , we get 

Ln'(0 L»'.,W Ln- X (x) 

iiL |Hzi l "-i 

i.e. L n \x)—n Z.'„_ 1 (x)+n £«-i (0=0 • • • ( lg ) 

III. Now differentiating (17) w.r.t. x, we find 

L'n+i (x)—(x—2n—1) L„' (x)+L„ (x)+n*L'„_, (x)=0. 

Differentiating it again w.r.t. x, we have 

IVi (x)+(x—2n—1) L/(x)+2L'n (x)+n i I" n - 1 (x)=0 

Replacing n by n+1, this yields 

L’n+t (x)+(x—2n—3) r„ +1 (x)+(n+l) a Ln’(x)+2L'n +1 (0=0 (a) 
Whence from (18), 

Ln'(x)=n (L’n-ifr) - I*-i(r)} 

or Z.ViW=(n+l) {£/„ (x)-I n (x)} (on replacing « by n+1) (b) 

L' n+1 (x)=[n+1 ) {Ln (x)-Ln’ (x)} (on differentiating) (e) 
or L' n+i! (x)=(n+2) {L’, +1 (x)-L'^ (x)} on replacing n by n+1) 
Thus we have from (a) 
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(n+2) {LVi (*)-£/„ 4 i (x)}+(x-2n—3) Z.Vn(*)+(n+l) a L»* (*) 

+2L'« +l (x)=0 

or (x—n— 1) L’n+i (x) —nL' n +i (x) +(/i+l) 2 L„"(x )=0 
Eliminating L"» +1 (x) and L' n+1 by ( b ) and (c), we get 
x L\ (x)+(l-x) L’n (x) +n Ln(x)—0 . . . (19) 

which clearly shows that y=A Ln (x) is a solution of Laguerre 
equation. 

[D] Differentiation formula for Laguerre Polynomial (Analog of 
Rodrigues formula) 

We have. 


( I -/)- 1 e 1 


1 = -i) X = 


Ln (X) t” 


by (13) 


Differentiating it w.r.t. ‘t’n times by Leibnitz theorem for sucessive 
differentiation, we have 


e* (l-/)" 1 * i=r]=L B (x)+L„ +1 (x) t+ .(20) 

since all terms upto the term containing 
/ n_1 vanish when differentiated n times. 


No. 4[ «TT 

So that 

Similarly 

i“-£[ (1 -' r ' * ]" £ ix ' € ’ > 

And in general 

Hence proceeding to the limit as t-+0, (20) yields 

-£*{ * ne ~‘ )= t * (3t) ••• (21) 

[E] Integral Property of Laguerre Polynomials. 

Laguerre equation is xy*+(l—x)'+ny=0 
for positive integral n. ... (22) 

UmUke>, ’-2irf-T^r d ‘ 

souiat i=r * V 

- ] 
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Then Laguerre Polynomials being the solution of (22), its L.H.S. 
becomes with the substitutions of (23), 

_L JT xt * Q-*)< | ,~lr "- 1 . 

2«f^L(l-0 !! l-» + Jl-i " dt 


1 d f r* | l— /I, 

2«/ y-jrt i—t I J* 


which should be zero for the contour being closed and hence L.H.S. 
of (22) vanishes for 

xt 

1 x t~ n ~ 1 ~1 —t 

y= *r$-i=r e c ■■■ < 24 > 

It means, for this value y is a solution of (22) and therefore we 
may express L* (x) which is an already established solution of (22), as 
L n ( x)=Ay n (x) A being an arbitrary constant (25) 

Now for x=0, we get from (9) and (23), L n (0)=|« (26) 

and r.(0)~ 4 u$T=T‘" 

— jjjj- X 2 ni by contour integration 

= 1 (27) 

So (25) gives for x=0, with the help of (26) and (27) 

L n (0)=^„ (0) i.e., \n=A. 

Hence from (25), 

L n (x)=| n y n ( x ) 




Now by contour integration, y„=coefficient of t* in (1—r) -1 e 


Hence (l-/)" 1 e 1 ~ / = ? y n t n = ? L n (x)~ ... (29) 

n=0 /i=0 l-L 

which is the generating function of Laguerre Polynomials. 

[F] Orthogonal Properties of Laguerre Polynomials. 

The Laguerre polynomials themselves do not form an ortno- 
normal set since the Laguerre equation is not self-adjoint. We, there¬ 
fore, introduce a function 

*.(*)= L n (x) • • • (3°) 

I S_ 

and then will show that ^'s form an orthonormal set i.e. 


tm ( X ) 4n (x) </x. 


[°° fi ~* L m (x) L n (x) J X —R 


...(31) 
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Over the interval 0<x<oo, when 6 m , „=0 for m^n 

— 1 for m=n. 
d n 

Since L n (x)=e- r -^- (x n e - *) by (21), therefore, we have 

I CO f 00 d n 

e~* x m L n (x) dx=* I x* e*—- (x n e~ x ) dx 

f oo d n 

. <*” e " ) * 

Integrating the R.H.S. by parts, we get 

foo , r j*- 1 "loo 

j o e~* x m L„ (x) </x=|^x m -x" e~*J 

foo /f n ~ x 

~J, ”*~ -XFX> 

1 00 

0 xm_1 c 

=(-l) 2 m (m- l)£° x™" 2 J^-(x fl e"*) 


Similarly, f °°< 


foo d n ~ m 

=(—l) m |m pCx" e-») <fx 

=0 if n>m. 


Jo 


e“ x x n Lm (x) </x=0 for m>n. 


Now L m (x ) being a polynomial of degree m in x and Z* (x) that of 
degree n in x, we have 

100 

e~® L m (x) L n (x) <fx=0if m#n. 

i.e. [°° e~ x — </x=0 if m^n ... (32) 

Jo |m |_n v 

In case m=u, then the term of degree n in L„ (x) is (—1)" x", 

J°° e~ x {L„ (x)} 2 dx={— 1)" |°° e~ a x" L n (x) dx 


=(— 1 )" 
=(-!)» 


00 

0 

foo 


r® vfl 


x"e» 


d* 

dx* 


(x* e~ w ) dx 


d* 


xn ~ebF^ xn e ^*) dx 


=(-l) ! 


k 2 « 


4” 


x" er m dx (on integrating by parts n times) 


or J°° e-' 2 Ln L [ X - e~*'* ^j^-dx= 1 
Combining (32) and (33) we have 


. .. ( 33 ) 
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tn (X) <*x=< “ e ' 2 L ^ (JC) • e-‘* Lfi x ±dx=h m , 

Note. f n ( x ) satisfies the equation 

x f'nC*)+&,'(*)+(«+—J) & (x)-0 

[G] The associated Laguerre Polynomials and Functions. 

For positive integral n, Laguerre differential equation is 

xy a +(l—*) >’i+JO'=0 where yi=^ and 

Differentiating it m times by Leibnitz theorem, we get 

Xyn»t+ m Ci >Wl + (l-*)>'m+l+ ,B Ci y m (—1)+K>’m=0 
or xy n+2 +(m— 1— x) y m+1 +(n—m) ,v m =0 
Writing y m =D m y=D m L n (x), for n>m, this can be expressed as 

x D z (y m )+(m+1 -x) D (y m )+{n—m) . . . (34) 

From (34) it follows that 

y n =D m L n (x)= L n (x)~L: (x) (say) .. . (35) 
is the solution of 

xy"+(m+l— x)y'+(«— m)y—0 . .. (36) 

where m is an integer such that m> 0 . 

The polynomial L™ (x) introduced here is said to be the Associated 


Laguerre Polynomials of degree n—m. 

It may be shown that in terms of confluent hypergeometric 
functions. 

(—1)"» (I nY* . s 

jL™ (jc)==- -i-—F(-n+m, m+ 1 , x), n>m 


m n—m 


or 


=(m+lt* F(—n, m+1, —x) 

From Ln (x)—e x D n (xn e~“), D= *f x 
we may infer that 

pX y —v/fl (p-K 

K ix)=D” {e* D n (. x » e-»)}= — ■ 


(37) 

.(38) 

(39) 


Frome 1 —/ =( 1 —/) 2 — — — , we may conclude that the 

H --0 ' ” 

generating function for Associated Laguerre polynomials is 

Xt QQ n 

(_l)m t m ~\ -t = (l_,)«+l 2 L™ (X)~p— ... (40) 

n—m \UL 

Note 1 . The generalized Laguerre Polynomials are defined by 

L™ (jc)=J==^F(— n, m+7, x) ...(41) 

where n is a positive integer or zero. 
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This is a solution of xy"+(m+ 1 —x) y'+ny= 0 ... (42) 

Note 2. The associated Laguerre equation (36) is not self-adjoint and 
hence does not form orthonormal system, but it can be made so by 
multiplying the weighing function e~* x m . We thus define the integral 

I„ «== | °° y«, m y„ n x« dx ... (43) 

Jo 

For q=l, where y„, m =e<"* xW* L” (x) ... (44) 

known as associated Laguerre function is the solution of 

which is obtained by putting 

jc(«-D /2 v />, v=y e eli in ... (45) 

xv"+(q+\—x) v'-f(n— q) v—0 (analogus to (36), v=L™ (x) 

. .. (46) 

we have 

y n , x (n ~ lut L m n (x) and y„ n =e~ xlt x**- 1 '/ 1 L” (x) 


So that I„ »=J°° er x x™- 1 L” (x) L™ (x). x« </x ... (47) 

Problem 42. Show that L* (2x)= I n 2 -p—r-^—— L*-i (x), n>m 

— m-0 1 m I "~ w 

where I* (x)=-p- e* Z)» (x" e - ®). 

We have L* (x)=l 

Lx (x)=-~-(l-x)=l-x 

Replacing x by 2x, L t (2x)= 1—2x 

=2(l-x)-l«=2L 1 x -2°|=Lo (x) 
l 2 1_m (—l) m 

= 11 2 I ml 1 —m Ll ~ m ^ 
m*=0 I — 1- 

Also, Lt (2x)=-jy(2-8x+4x*)= 1 -4x+2x*=4 ^ 1 -2x+~-^ 

—4 (1—x)+l 

=2* L,(x)-2 I x M+^y-Lo (*) 



2«-®» (-i)«* 

I ?L1 2—m 


Li- m (x) 
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m 


,d M3x)=-|y{6-36 at+36x 2 -8x 3 )=|-6x+6x 2 —jx s 

=2 s (l-3x+|-x*-~)-12(l-2^+y)4-2.3(l-x)-l 
2* 13 13 |3 

=2 3 u W-yriy^ W+ 2 prjf Ll W~ 2 ° jy-A, <*) 

3 2 3-m (—l) m 

= IJL S I m I 3—m ^ 3 " TO M 
m=0 1 —> - 

4 2 4 “ w (--ly 

Similarly U (2*)- |4_ 2 T ^v 4 _~ t (*) 

’e can thus generalize the result as 

n 2 n_m ( —1)™ r ,, 

m=0 I—I- 

Problem 43. Prove the following: 

<o w-c w 

M K (x)-n CiW+nCi 1 W-°* 

(i) We have Z," (x)=D m L n (x) 

*> [c (x)]=/) m+1 in W=C‘ (*> 

(</) L.H.S.=Z) m {e* /)" (x" e-*)-n D- {e* Z)- 1 (x n ~ l e"*)} 

+n Z)"- 1 {e* D*~ 1 (x n ~ l f*)} 
=D m ~ 1 {e» D* (x" e-*)+e* Z) 1 * 1 (x" e~*)}-» D"* -1 {e* Z^ 1 (x"" l r*) 
+e* Z>" (x*- 1 e-*)}+n ZT" 1 {e- (x"' 1 r")} 

=D m ~ l {«* /)» (x» e-*)+e" D" (—x* e-'+nx’*- 1 e - *)} 

-n Z)"- 1 {e« Z)"- 1 (x*- 1 <r*)+«* D” (x"' 1 C -*)}+n Z)*" 1 

{c* D"' 1 (x"- 1 r*)} 

=n Z)"-i {«• Z)» (jc "- 1 e~‘)}-n D m ~ l {e* ZP (x" _1 r*)} 

= 0 . 

Problem 44. Prove the following-. 

(0Zj(x)=-/«+Z5x-Jx a 

(«) £» (x)»= I44—96x+ I2x* 

(«0 £j (x)=24. 

n 2 »—ft {■"“ 1 )^ r m / v 

Problem 45. Show that i* (2x)=[m+«^ | (m+n _ fc) "(T 
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This is a solution of xy"+(jn+\— x) y'+ny—O .. . (42) 

Note 2. The associated Laguerre equation (36) is not self-adjoint and 
hence does not form orthonormal system, but it can be made so by 
multiplying the weighing function e~* x m . We thus define the integral 

1 00 

y»> mi yp> m ** dx •.. (43) 

A 

For ?=1, wherein, m =e®' ! x <#-1) ' 2 L™ (x) ... (44) 

known as associated Laguerre function is the solution of 

which is obtained by putting 

y — g-Xli x (t-l)l2 y j g' yx~y gXl* jjj , . , (45) 

■**’"+(<7+1— x) \'+{n—q) v=0 (analogus to (36), v=L” (x) 

. .. (46) 

we have 

y n , »=«-"* L” (x) and y„ m =e-'* x^l* L™ (x) 


So that I„ »= J °° tr* x m ~ 1 L” (x) L™ (x). x* dx ... (47) 

Problem 42. Show that JL» (2x)=| n 2 ———— L n ~, (x), n>m 

m^O I "~ m 

where I* (x)=--~ «* (x n e~*). 

We have L 0 (x)= I 

Li (x)-jL(i_ x)== i_ x 

Replacing x by 2x, L x (2x)= 1—2x 

=2(1-x)-1=2^ x-2° j=Lo (x) 

i 2 1_m (—1)"* _ 

= IJL 2 . I m I 1—m A-m t*) 

m*=0 l — I- 

Also, Lt (2x)= -jy(2—8x+4x*)= 1 -4x+2x*=4 ^ 1 —2x+-y^ 

~ —4 (1—x)+I 

12 12 

=2* L t (x)-2 Lt (x)+ [ (*) 



2 *~" (-l) m 
I !ZL I 2—m 


(x) 
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and M3 x)=jj <6—36 x+36x 2 -8x 3 )=l—6x+6x*— j x 3 

=2* (1 — 3x+yX*-~)-12 (l- 2 x+y )+2.3(1 -*)-l 
2 * 13 13 13 

= 2 * l 3 M-r-fTj^ w + 2 TiTr Li (*)- 2 °fr L » w 


3 2 3_m (—1)”’ 

= 12. S A I m I 3-m L *" m M 

m=0 I—J- 

4 2 4_m (—l) m r 

Similarly L x (2x)= |4_ 2 j ~ j 4 _ WJ L i-« 

m=0 ‘— '- 


w 


We can thus generalize the result as 

n 2 n ~ m ( — 1)™ 

P»(2x)=j_n 2) \m\n~m 

Problem 43. Prove the following : 

(o ^:w=cw 

(«) C (*)~« L™ ^xj+n z:;- 1 (jc)=0. 


(0 We have L* (x)=D m U (x) 

D [l; (*)]=Z >" +1 L. (x)=L : +1 (x) 

(//) L.H.S.=Z) m {e* D" (x* e~*)-n D n [e* D* 1 (x - 1 e~*)} 

+n i ) m_1 {e* Z )" -1 (x" 1 <“*)} 
=£)"-> {«• D n (x" e~»)+e* Z )^ 1 (x" e“*)}-n Z )" 1 ^ 1 {e* Z )* -1 (x"" 1 * - '’) 
+tf D” (x n_1 e-)}+n JO * -1 {e* ZP - 1 (x B_1 *"•)) 
^ ^ ( x n D*(-x n e-'+nX*- 1 e - *)} 

-n D*- 1 {e* D "- 1 (x *- 1 e~*)+e* Z) B (jc " -1 e_ *))+" 

{e« (x "" 1 e-*)} 

==n £>”-» {e« Z) n (x "- 1 e-*)}-n D n ~ l {e“ ZP (x "" 1 e - *)} 

= 0 . 

Problem 44. Prove the following: 

(f) LJ (x)=-/*+7Sx-3x s 

(«) Lj (x)«=/<M-95x+/2x 2 

(M) Lj (x)=24. 

_ _ 2" -i (-—1)* fi» 

Problem 45. 5/iow that L™ ( 2 x)=\ m-\-n ^^^ m + v _ lr j pr *-*'• > 
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Problem 46. Prove the following’. 

(0 l;cx)-C- 4 (x)-l;- 1 <*) 

(«) i CW=-C + iW. 

(/«) nL“(x$«=(2n+m-l) L^)-(n+m-l) L“,(x) 

Problem 47 . ' Establish the completeness of Laguerre functions. 

We have considered the sequence of functions <f> iy (x), 4> iy (x),.,. 
4> n (x) such that 

| 4m(x) dx=0 for m^n 

Then we call the functions $ k (x), k—l, 2, 3,...to form an ortho¬ 
gonal sequence for the interval (a, b). 

In addition if j {4>n(x)}~ t/x= 1 for all values of n, then we call 

the functions as to form an orthonormal set. 

In case there is no integrable function t]>(x) (#0) such that 

| <Kx) fa (x) dx=0 for all values of n, 

then we say that the sequence is a complete orthogonal sequence. 
Problem 48. Find a series solution of 
(*) xy’+(l+x) y'+y^O, Ans. y-e~* L 0 (x)=e~“ 

( ii ) xy"+(l+x) y'+2y=0, Ans. y=e~* L,(x)=e - “(1 — x) 

(iii) xy’+(l+x) y'+~ y=0, Ans. y=e~ x L\ (x) 

<*o y '+( j &+ T x — j ) y =°> Aas : y = e ~* 12 * 1/2 (*)=<~" 2 * 1;i 

Problem 49. If a function f(x) defined in (0, oo) is expressed as 
f(x)=C 0 Lfx)+C t Ux)+... 

(°° <?"■ L k {x) f(x) dx 

then show that C k —~—=-=-- for k—0,1, 2,... 

J <r»[l*(x)J dx 

Hint. Integrating over 0 to oo after multiplying (1) by e~ K L k (x) and 
using orthogonal properties i.e. |°° er x L m (x ) L n (x) dx— 0, mf^n the 
result is obtained. 

Problem 50. Show that the Laguerre and Hermite Polynomials are 
related by 

H, m {x)={-\r 2" m \m L~J\x*) 
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H sro+ iU)=(-l) ,B ■ 22fl,+1 1*5 * L m* (x2) • 


18.9. RICCATI’s DIFFERENTIAL EQUATION 
I in general form it is * f x ~ay+by-=cx n 


... 0 ) 


But the particular form ^r+6y 2 — cx m • • • (2) 

is commonly known as Riccati’s equation. 

Considering first (1) and changing the independent variable x to : 
by the transformation z=x a and dependent variable .v to u by the 
transformation y=uz, it becomes 


U «/f o 

dz +T U = 
which is of the form (2). 


... (3) 


Now considering (2) and making a substitution y— x , it becomes 

x —u-ybu'—cx” where m*=n—2 • ■ • (4) 

dx 

zhich is of the form (1). 

There arise two cases: 

I. If n=2a, ( 1 ) can be integrated infinite series 
Put y=ux a in (1) which reduces to 

.V+ 1 ~+bx ta m*=cx" 

dx 

>r x 1 - 0 ~-\-bu t =cx n -' la =c for n«=2a 
dx 

x l ~ a 

3r =x B_1 dx 

c—bir 

which is integrable as variables are separated. 

XL If is a positive integer, (7) is integrable in finite terms. 

Put in (1) which reduces to 

x n x in x n+1 dyi__ n 
~aA+bA z +(n—a+2bA) - \-b —j— JT ~ c 

Choosing , such .ha. - A^l” « « •»' s " b "*- 

tion becomes y=|+|- and the reduced cquaoon is 

-(«+»> y,+cy,‘=b*° ••' (5) 
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which retains the form (1) except that a has been 
a+rt; b by c and c by b. 

Q-L.fi 

Making a second substitution -1—, the last 

c yi 

replaced by 

equation re- 

duces to * d j^—(a+2n) y 2 +by i *=cx n 

... (6) 

Hence, making such k transformations we find, 


x ^ 7 - k —(a+kn ) y k +cy~k == bx n when k is odd 
dx 

• • • (7) 

and x (a+kn) y k +cy 2 k =bx n when k is even 

... (8) 

In either case the equation is integrable in finite terms by I when 
n—2(a+kn) i.e. if ”~ 2a is a positive integer. 

Jt n 

Now with the choice >4=0; the first substitution y= — 

- reduces (]) 

to x -( n—a ) y 1 +cy x z =bx n 

••• (9) 

which is the same as (5) except that the sign of a is reversed. 

The second substitution y—~~+~ yields 

c y 2 

* j*-(2n-a) y t +byS=cx n 

.. .(10) 

Making such k transformations, we have 


x ~~ — (kn~a) y k +cy k 2 —bx n when A: is odd 

... (ID, 

and x —( kn-a ) y k +by k 2 =cx n when k is even 

ax 

. • • (12Vj 


In either case the equation is integrable in finite terms if 


n—2(kn—a) i.e. if is a positive integer. 

But since m—n—2 is the condition for integrability of (I), we have 
m+2±2=2fc(m+2) 

Ak 

Taking negative sign, m= — 

4 (fc— i) 4 ft 

and taking positive sign, m —^ =2/^+1 when k'=k—\. 

4k 

Hence Riccati's equation is integrable infinite terms *f m ~~~2k±l 
where k is zero or a positive integer. The integration is carried by the 

substitution i y*=y 1 +^', where y x is supposed to be a known particular 
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integral of the equation, whence the transformed equation becomes 
linear. 

In fact Riccati's equation and its general form are particular cases 
of the equation ^j^P+Qy+Ry 1 
where P, Q, R are functions of x, since the substitution 
y= — -i- —j- ^ reduces it to the form 

) £ +r « a -° 

which is integrable. 


corrolary. Relation between Riccati's and Bessel’s Equations. 


dy 

Riccati’s equation is ~\-by 2 —cx m 
which is non-linear first order equation. 
Put by- * - 1 d * v 


• 03) 


1 dv . , dy 

-T- so that b -f- 

v dx dx 


v dx 2 


H 


dv _\* 
dx) 


then (13) becomes 
d 2 v 
dx 2 

Taking be—a 2 , this yields 


— bcvx m =0 


— a*x m v-=0 
dx : 2 


• (14) 


.(15) 


when b and c have same sign (in case exponential functions occur 
in y) 

and j^+a 2 x m v=-0 ... (16) 

when b and c have opposite sign (in case circular functions occur inly) 

Changing x to z by qz—x* when q=~ m+l—— (say) 

The reduced equation is 
d 2 v n— 1 dv 
z dz 


ax * 


-bcv =0 


. • . (17) 


which is integrable in finite form if 

Ik 


±1 


n = 2 m +l — 1 2k±r2k±l 


i.e. if 7i is an odd integer (17) can be written as by putting w —1—2/?, 

- f- -V -0 ...(18) 

dz * z dz 

which is integrable in a finite* form when p is an integer. 
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Reducing it to normal form by the substitution vz~**=w, we have 
(Pw , p(p+l) 

-bcw=^~i —- *r ... (19) 


dz* - - z* 

If we further reduce it by the substitution w=t s/z , we find 


dh 
dz* 




or 


dH , 1 dt 
dz * * z dz 


+ 


(-W- (' , +l) 

** l ~* 


... ( 20 ) 


which is clearly Bessel’s equation with solution 

t=A J, +l/l {z{-bc) 1,2 }-\- B J-MitM-bc) 1 '*} 

. dy 

Problem 51. Solve ~_=cos x—y sin x+y 2 

Since y=sin x is a particular solution of the given equation, we 
therefore, have ^ x =sin x. 

1 . dy 1 dv 


Put y=sin x+ — i.e. -j- ==cos x- 
The reduced equation is 


v 2 dx 


dv 

~r -f-v sin x= —1 
dx 

which is linear in v and hence its integrating factor 
==( f sin x dXg-g— cos x 

Thus the solution is 

v. e~ co * x =A-j e ~ cosx dx 

or v=A e QOSX -e cos e _cos x dx 

i.e. y=sin x-f £ A e° os * — x J e —cos X dx J 


or • 


1 


y —sin x 


-A e cos x 


_gCOS xj 


e -C°SX dx . 


8.10. THE DIRAC-DELTA FUNCTION WITH ITS FORMAL 
PROPERTIES 

Consider a function 8(x) which is zero everywhere except at x=0 

f 00 

and tends to oo in such a mannerthatl 5(x) dx= 1 ... (1) 

with 8(0=0 if r^O'l . 

= oo if /=0J •••{*) 

This is known as Dtrac-delta function and used in ma them at ical 
physics wherever exist functions with non-zero values in very short 
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interval e g. an impulsive force acting for a short while is defined as 
8(x-5)by 


f°0 

where the constant C(a) is chosen such that J _ Qo 8(x~5)rfx=l 

and hence using the mean value theorem of integral calculus, we 
have 


[°° A x ) 8(x-S) dx=M). 

J-CO 

Let us again consider a function 

8a(*)= -a<x<a 1 

=0 , | x | >a J 


.(3) 


Then, dx = j _^ x ) dx+ J _ 0 5 ° W dx+ \ a *°W dx 

“°+ \\h dx +' > -~T° [a ~ { ~ a)i 

' •••«> 


In case/(x) is integrable in the interva 

value theorem, j _ <X) A X ) 8»( x ) dx ~ ~2a 

Let us now define 8(x)=Lim 8 a (jc) 

/2->0 


(—a, a), then from mean 
f(x) dx=f(0a); | 6 | < l 


As such (3) and (4) yield 

8(jt)=0, when x^O 

and J“oo 6(x ^ x=1 

which define Dirac-delta function. 

Further, since we have 

J*/W S'-® Ax) iX ~ m ’ 

J(x) dx dx c=/l0) 

which by change of variable, reduces to 

1 ®^ Ax) Hx-a) dx=Ad) 

or symbolically,/(*) 8(x o.)=f{o.) S(x a) 

In case/(x)=x, (9) yields, 

In a similar manner we can show 

5(—x)-=Sx 

8(ox)- -J-8(x), «>0 



\ 8 \<\ 
... (7) 

...(*) 

... (9) 
.. • ( 10 ) 

...(H) 

...( 12 ) 
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6(a*-x*)= {8(*—o)+6(x+a)}, a>0 


03) 


Npw assuming that S'(x) i.e., differential of 8(x) exists and 
regarding 8'(x) and 8'(x) both as ordinary functions in the rule for 
integrating by parts, we have 

f( x ) V(x)dx=* £/(*) 8(x) - J® oo /'(x) 6(x) dx 

—0—/'(0) by (7) 

—AO) ...04) 

If 8<"> (x) be the nth derivative of 6(x), then similarly we find on 
repeating this process n times, 

f(x) ^ {X) ^=(-DV‘->(0) .. . (15) 

Problem 52. Show that the function 8(x)= Lim JL ? 0”^*) . . g g 

€-►0 KX 

Dirac-delta function. 

We have 8(x)= Lim &1P (2tc€x) 

7 *->o nx 

.'. 6(x)=0, when x^O. ... (1) 

,n<i ^ ,he f “ nctio " «**»« 
even. 


2 

n 



( 2 ) 


It follows from (1) and (2) that the given function is Dirac-delta 
function. 


8.11. RIEMANN-ZETA FUNCTION 

If s=a+t t where a and t are real and if €>0, then the 


Z(s) 



series 


• 0 ) 


is a uniformly converger.: series of analytic functions in a domain in 
which a> 1+€ and hence the series is an analytic function of a in 
that domain. This function S(s) is called as Riemann-zeta-function. 

The generalizedzeta junction for <j> 1 + € is defined as 


K(s, a)= 


co , 

2_1—- 

n-o (°+ n )* 


... ( 2 ) 


where a is a constant. 

If 0<a< I and arg (a+n)=0, then l(s, l)=>C(j). ... ( 3 ) 

The expression of C(j, a) as an infinite integral, when a> 14 -c a nd 
arg x«»0, is 
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1 Too X' -1 e~ at , 
l-e- * 

The expression of S(s, a) as a contour integral is 

m/e _\ 1 ~-~az 


Us,a)=- 


r(l-i) f(0+) ( — z)*~* e-° 8 

J oo ! 


... ( 4 ) 


... (5) 


Riemann's relation between Us) and S(l-s) is 
2 1 T(j) Us) cos (isTc)=n«t;(l-j) 

Hermite’s formula for £(s, a) is 


... ( 6 ) 


jticruinv » 1 ^*““"* - 

Us, a)-hr *+£j +2 j" (« 2 +/)~ i ^ »m (* arctan-J ) J 

JL. ... (7) 

e 2 *"- i 

S(o, a)-*-« • • • (8) 

|a-W^)|„ 0 -io8r(.)-Jio 8 (2,) ...w 

£'(«)=-* log (2*) • • • (10) 

additional miscellaneous problems 

. 4 -!x"—n 2 ) y=0> n= constant, in the 

Problem S3. Solve the equation x ? ffU iJ / a j nls of the equation! 

neighbourhood of the point x=0. What are the singular points oj m$) 

Problem 54. Prove that if the functions PM are defined by the equation 

V7=«y- io PMtl 

then PM is a polynomial of I th degree, satisfying the following relations : 

(a) \' PM Pi (*> /n . I0(m 

S*. M [ /j w]’+[ M*>] t-= 

Problem 56. IPAaf are Legendre Polynomials ? SAw that 

(i)(m+l) P„ + i W = (2m+;)*Pm(*)-^m-iW 

(//) (X 2 -/) P' m {x)^mxPm{x)-rnPm-M> wherePmix) dx m 

(iii) (.4gro,i9«) 

«*— 0/ 

/'S 1™SZ MU * mttUa „„ 

(i| A/iW, («) ( ,h) ^ J (Agra, 1966, Vikram 67) 

Problem 58. The generating function^ Legendre Polynomial is 

T(w,*)-{l-2»s+s!r'*-^ 0 ' l r*W 
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Using this prove the foliowing properties of Legendre polynomials 

10 y_j P m M P n (w) tv-ji+r * W " 

(«■/) P n (-w) = (-l) m PmW) 

(Hi) f (21+1) /*,(*) »0 for w^±l (Agra, 1967) 

1-0 

Problem 59. Show that 4x 2 —2 is a polynomial solution of the differential equa¬ 
tion 

where mis a positive integer , ( Vikram, 1967) 

Hint. Given equation is Hermite differential equation and show that 
H 2 (x) -4x2-2. 

I oo 1 

(cos xy) (cos xy f ) dx— ~~ u 8(y—y') 

with y>0 t y’>0 and8(y~y') being the Dirac-delt as function. (Agra, 1968, 

Problem 61. The generating function for Bessel functions of integral orders is 

G(*,A)-«*/ 2(A_A ~ 1) = f h*J n <x) 
rt——oo 

(a) Show by direct substitution that G(x, h) satisfies the equation 
V 8 2 G 


dx ^ 




use this result to show that J n (x) satisfies Bessel's differential equation, 


d*y 


x2 ^- + x ^r+^-^ y=° 

(b) In the generating function, putting h*=c^» show that 
00 

cos (x sin 6) ~J 0 (x)+2 1 J 2n (x) cos 2nd 

n—1 
oo 

Sin (x sin 6) *2 2 J 2n+l (x) sin (2n+l) 6. 

n—0 

Problem 62. Solve by series integration, the equation 


(Agra, 1968) 


(1-**) 3 


d z y 


dy 


<&-*£+*+*) r-o 

where X is an integer. Discuss the nature of the solution for X=l, 2. ( Vikram, 1969) 
Problem 63. Write short note on Bessel's functions. ( Vikram, 1969) 

Problem 64. Solve the equation 

(l-x*) %~ 2x -%+"(n+l) y—0 

whire n is a positive integer If P n (x) is the Polynomial solution, prove that these 
functions form an orthogonal system . (Agra, 1969) 

Problem 65. (a) Solve the equation in series 


(b) Show that PmW P% (*) dx^O unless 


m**n 


m, n being positive integers . 


~2n+l 


if m—n 


(A gra , 1970 > 
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Problem 66, Obtain the solution of the Bessel's differential equation 

+ x sir +(* 2 -» s ) y=o 

in the form of a power series . Discuss this solution in the neighbourhood of x*=0. 

Show that /»(*)]~* n Jn-i{x) (*=/, 2, 3, -) (Bombay, J970) 

xJ2(t—l/t N 

Problem 67. (a) Show that Bessel functions defined by e 1 


OO 

=r j jjx ) t n have the integral representation 
-00 

(6) //« P nr*? the roots of the equation fo(x)**0, show that 


(Agra, 1973) 


xJo (ax) J 0 (Px) dx=l S a p/*x («) (Agra, 1971) 

Problem 68. Explain the significance of spherical harmonics and discuss some 
general properties of harmonic functions . (Agra, 1971) 

Problem 69. Prove that the polynomial solution R n ( x ) °f th € Legendre equation 

(J-* 2 ) -SJr~ 2x 4r+n(n+l) y=0 


f x 2 

P n (x) P m ( x ) dx~ 

Show that this property allows for the expansion of an arbitrary f unctio *{}*\ 
into a series of Legendre po'yaomiah provided that f(x) is sectionally contin 

in — !<*</ and is sectionally continuous in —I<x<l. (Agra, 1972) 

dx • 

Problem 70. Prove that [/ 0 WP+ViWl l +^«W]*+. {Agra ' I9?3) 

Problem 71. Prove that the function y— '~j^(x 2 —D n 


satisfies Legendre*s differential equation 

{I ~ x2) Sr~ 2x t + n{n+I)y ^ 

Hence obtain Rodrigue's formula for LegenJre-polynomials /*«(*)• 

Using this formula prove that 

n . - (Agra, 1973) 


n 


x m P n {x) dx—O for m<n. 


J i 2n 

xP n (x) Pn-i(x) dx~ jjrjj 

Problem 73. Express the electrostatic potential at a point P « imM com- 

equal but opposite point charges such that the distance between t r j~ ra 1975) 

pared to their distance from P, in terms o/Legendre-polynomwls. (Agra,, t 

We know that the potential at a point P (x, y . z J ^‘ 5tant _ ^ 'j™ charged at 
and p from z-axis such that OP makes an angle 6 with r-axis, due to a c g 

is given by 

4 {r 6)*=--?——, e being inductive capacity. 

47te p 

Here p is given by 

p«(r*+C 2 -2r Cco* 6)»« 

- w-wtr-’f-r 


(Agra, 1974) 





790 


MATHEMATICAL PHYSICS 


= y£l+y cos e+^y^ycos 2 0—r)' 1 ’"’] * on cx P andiQ 8 by Bino¬ 
mial theorem under assumption (y ^ — 2 ycos 6 j < 1 
i OO / r \n 

^T n l 0 Pn{cos ^\T) ’ r<c 

where coefficients of being polynomials in cos 0 are termed as Legendre poly¬ 
nomials, such that 

Po (cos 0 )=* 1 , Pi (cos 8 ) —cos 0 , 

Pi (cos 8 )=»y (3 COS 2 8 — 1) — " (3 cos 20+1) 

Ps (cos 8)=y(5 cos 3 8—3 cos 8)=y(5 cos 36+3 cos 0) etc... 

In case r>£, we have on interchanging r and 




1/2 


= 7 * r« (cose) (±) n 
r n=0 \'/ 

Let us now consider the potential at P due to a dipole consisting of a poin 
charge +q at a point z=d on the x-axis and an equal but opposite charge 
at O, the origin, such that the distance of P is very large as compared to d. 

In view of the last relation, the potential at a distant point P is given by 

“^•H ( ,f 0 y ’» (cose) (f) n " 1 ] 

c ° s e+ (f y (f c ° s2 9 ~t) + • _ i ] 


nc 8 lccting higher order' terms as d«.r. 

Problem 74. For Bessel function J n (x), find out a and b, where 

J n (x )=o /»_i (x) +b J n +i (x) (Agra, 1971 

Hint. Compare with the recurrence relation 

Jn-l (*)-/„+! W"=2^/„ (X). 

Am. a-y,6--y 


Problem 75. Solve the differential equation 
(i ~ jcZ) ■0~ 2x ■£ +/ (/+i) y ~° 

where l is a positive integer . Discuss the orthogonal properties of the functio 
obtained as solution . (Agra, 1975 , 197\ 

Problem 7b. (a) For Bessel function J n (x) prove that 

Jn (x)-* — f* cos (n 0— x sin 0) </0 
* Jo 

2 fi cos xt 

and' henceshowthatJo(x)^~j 9 ^rj—£dt 



harmonics 


791 


(b) Show that the recurrence relation 

Jn (*)=y [/«-1 (*K»+1 (*)] 

follows directly from differentiation of 

j n (*)«-!- \ K cos (n 0—* s/n 0) dO 
n Jo 


(Rohilkhand, 1976) 


f w 

Hint. For (a): In a section it has been proved that 

Jn (*)=-- f K cos (h 0 —.x sin 0 ) </0 
7T J o 

Put O *0, Jo (*) 5=8 — | cos (x sin 0) ^0 
n J o 

cos [x sin 8 ) d(t (being even function of 0 ) 

n Jo 

dt dt 

Now put sin 0=f so that ^=^^0 “ VfT jf 

. . . 2 f 1 cos xt 

Hence J 0 (*)=“J 0 

Problem 77. (a) Derive the Rodrigue’s formula fir the Legendre polynomial. 

(b) Using Rodrigue's formula prove that 

j 1 x m P n (x) dx~ 0 if m<n. ( Rohilkhand, 1976) 

Hint. For (A): Using Rodrigue’s formula, we have 

\\ Pn (X) dX- {fxY ^- ,)n dX 

On integrating R.H.S. by parts repeatedly, the first term always vanishes and 
we are left with M , , 

J’, —2-.-4—L, (*“) ( *’-»■* 

Problem 7S. Show that the coefficient of t n in the expansion of 

e i (t-r')*i* cquaIs JL J* cos t~x sin *) d* ^ gra> I976) 

Hint: The coefficient If t" in e<‘ U~ rl )* /2 i, P n (x) which is also equal to 

-]" cos (nt-x sin i) d* and hence the proposition. 

Problem 79°. Show that two independent solutions of Bessel’s deferential equation 
r2 d 2 y +X-P +(x*—« 2 ) y=0; cannot be obtained by series Integration met o . 
*• B 0 *“*“"" *> V1 > W “ 
of zero order and z>0 9 show that 

f 00 ,-.X j. rex') -J==. (Rohilkhand, 1977) 


/. (PX)^=^= 


Problem SO. Z)e/we associated Legendre’ polynomials and prove their Orthogona¬ 
lity condition. 

If p m (x) are the Associated Legendre’ polynomials, show that 

f» 


-am I n—m m 

* (xM-7)" 1 —p/*). 


(Rohilkhand, 1977) 
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FOURIER’S SERIES, INTEGRALS 
AND TRANSFORMS 


P.l. DEFINITION AND EXPANSION OF A FUNCTION OF x. 

A Fourier series is a representation employed to express a periodic 
function /(x) defined in an interval say (— 7t , n !) a linear relation 
between the sines and cosines of the same period, viz. 

/(x)=a # +fli cos x-fa 2 cos 2.x+« 3 cos 3x4-.. .+a» cos nx+. .. 

•f sia x +^2 sin 2x+b z sin 3x+...+&» sin «x+... 
00 00 

=a 0 + 2 fl„ cos nx+ 2 b n sin nx. ... (D 

n=l n=l 

In order to determine the values of the coefficients a 0 , and 
b n , let us first integrate both the sides of (1) between the limits 
—it and whence we get 

f(x) dx=a 0 [* dx other integrals vanishing, 

, —7t J— * 

rS-. Ax)dx= ht, Mi '' 

replacing x by v to distinguish from fix). 

Again multiplying both sides of (1) by cos nx and integrating 
between thp limits —it and we get £/ 

J* f{x) cos nx dx-a n cos 2 nx dx 

other integrals vanishing 

fjL* (1+cos 2 nx ) dx= f *• 2k 

[* fix) cos nx dx " /(v) cos nv dv. 

7TJ—7T 7VJ-7T 

Further multiplying both sides of (1) by sin nx and integrating 
between the limits —it and n, we get as above 


1* /(v) sin nv dv. 

T* J —n 

Hence 

f(v)dv+l- 2 cos bx f n /(v) cos nv dv 
2*)-i « 71 i J-* 


Hence 


1 00 

2 sinnx 

* 22 B“1 


j^/OOsi 


sin nv dv 
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The expansion on R.H.S. of (2) is known as Fourier's series for f(x) 
and fl flt cu. b n etc, are known as Fourierconstant for f(x). 

Now (2) may also'be written as — 

/(4==2rc|l re j cos n (.v-v) civ • ... (3) 

which is valid for — 

Deductions from (2) 

(/) If f(x) be an odd function of x, i.e. if f{~x) = —/(x), then 

/(v) <fv=0. 


f 


7T 

—r ' 


Also 

and 


cos nv /(v)Jv=0 

j" sin nv /(f) <iv=2 j* sin nv f(v) dv. 


•(4) 


oo 


As such /(x)=— ^ sin nx 
w n*=l 


I % 

sin nv /(v) 


</v. 


(<0 If /(a;) be an even function of x,i.e.,f(—x)=f(x), 

/(:*)=—f * /(v) t/v+ — “ cos nx f cos nv f(v) dv. ... (5) 

w J 0 w »—l Jo 

corollary 1. To find a cosine series for f{x) when 0<.v<7r, let us 
assume that 


00 


f(x)=a 0 + 2 a n cos nx. 

n =0 

Integrating both sides from 0 to ", we have 


.( 6 ) 


j" /( x) dx=^ a,, dx other integrals vanishing 


=<V t - 


j: 


COS /IX 


--ill M 

>oth sides 
f(x)dx=a n 


Again multiplying both sides of (6) by cos nx and integrating 
from 0 to rc, we get 


cos 2 nx dx 

other integrals vanishing 
f* (l + cos 2nx ) dx 

2 J o 


_—2- *7E. 


— [* cos nv f{y) dv. 
« Jo 
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Hence 


1 fit 2 00 f JC 

f(x)=-— I /(v) dv+~— S cos nx I cos nvf(v) dv ... ( 7 ) 
n Jo n n=1 Jo 

corollary 2. To find a sine series for /(x)*wben Os$x<«. 

(Agra, 1961) 

Let us assume that 

00 

/(*)= 2 b n sin nx. 

n—l 

Multiplying both sides by sin nx and integrating from D to rc, 
we have j* f(x) sin nx <fx=J 6 n dx, other integrals vanishing 


JL A 
2 ° n ' 


i.e. 


Hence 


2 f 

b n —— I sin nv f(v) dv. 
71 Jo 

L" /(v) 


9 °0 

f(x)— •— 2 sin nx 

n n=1 


«v dv. 


• ( 8 ) 


Important Remark 

We generally take the Fourier series expansion in the interval 
(— 7 t, tt) with period 2 *, as 


/(*> 


where 


-y- +(«! cos x+ 6 * sin x)+. 

+(a„ cos nx+£ n sin nx)+...., 
a 00 

~ 2 (a„ cos nx+b„ sin nx) 

2 n=l 

f(x)dx 

C 

f(x) cos nx dx 


1 

a °~)? 

7C 


.(9) 


( 10 ) 


and ^n == ~~ f(x) sin nx dx 

In case the interval is (—1,1) with period 21, we have 

M s flo . x? / hwjc . , . nirx \ 

f(x)=j + (*f»cos — +*„sm—pj 

, If/ - . rmx, . , • 1 f/ 

when ]_,./(*) cos —</x and h n =yl 


mtx 


/(x) sin '^rfx 


(ID 


( 12 ) 


[These are obtained by replacing x by y- in (9) and (10)] 
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9.2. DIRICHLET’S CONDITIONS 

A function f(x) is said to satisfy the Dirichlet’s condition io any 
interval (a, b) in which the function is defined, if it is subjected to 
either of the conditions. 

(i) fix) is bounded in (a, b) there exists an upper bound M 
such that | fix) KAf for all the values of x in (a, b) and the interval 
(a, b) can be divided into a finite number of open sub-intervals in 
each of which the function f(x) is monotonic. 

(//) fix) has a finite number of points of infinite discontinuity in the 
interval (a, b), but when the arbitrary small neighbourhoods of these 
points are excluded then/(x) remains bounded in the deleted interval 
and the interval can be divided into a finite number of open sub¬ 
intervals in each of which fix) is monotonic. Also the infinite integral 

| fix) dx is to be absolutely convergent. 

Here below we clarify some terms used in these conditions: 
Monotonic Functions. A function fix) defined in (a, b) is said to be 
monotonically increasing if jc,, x 2 €L(a, b), x .,>x t ^/(x 2 ) >/( x t ) 
strictly monotonically increasing if x lt x t £ia,b), x 2 >x t */0 ? )>/(*,) 
monotonically decreasing if x u jc 2 £(o, b), x 2 <.v l -^/(x.)</(x 1 ) and 
strictly monotonically decreasing if x t E.ia,b), x 2 <x x =>/(x 2 )</(■*,)• 
If fix) be monotonically increasing in [a, b], then for any point c 
such that a<.c<b, fic—O) and/(c+ 0 ) both exist. 

Similarly, if fix) be monotonically decreasing in [a, b] then for 
a<c<b,fic~ 0 ) and/(c+ 0 ) both exist. 

A function fix) tends to the limit / as x-+c i.e ., him fix)—i, if for 

X-+-C 

every €> 0 , there exists S>0 such that | fix)—l l<€. In case x is 
any point of (a, b), then it satisfies the condition 0 <| x—c |<°. 

Right handed and left handed limits. 

i.e. Lim fix) and Lim fix) 

When a function f(x) tends to / as x tends to c through values 
greater than c if for every €>0 there exists 6>0 such that 
| fix)—l |<€ and jc is any point of (a, b) satisfying the condition 
c<*<£+&, then we say that the right handed limit exists and write 

f(c+ 0)= Lim /(*)=/. 
x-Kc+0) 

Similarly, when fix) tends to / as x tends to c through values 
smaller than c if to each €>0 there corresponds 8>0 such that 
*€(<*, *)n(c—5, c) =*/(*)£(/—€, /+€) 
then we say that the left handed limit exists and write 

/(c—0)= Lim /(*)=/. 

•*->(<?— 0 ) 
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If/(c+0)=/(c—0)=/ i.e., Lim /(*)= Lim/(*)«/, 

x-*c4-0 x->c —0 

then we say that Lim/(;v) exists at x—c. 

x-+c 

If c is a limit point of ( a , b) then fix) is said to be continuous at c 
if and only if Lim /(.v) exists and equals /(c) i.e., if 

X 

Lim /(*)= Lim /(*)=/(c). 
jc-^c +0 x-*c —0 

A function f(x) is said to be continuous in an interval (a, b) if it is 
continuous at every point of the interval. 

Discontinuities. A function f(x) is said to be discontinuous at a 
point x=c of its domain if f(x) is not continuous at c. The dis¬ 
continuity of f(x) at c arises in either of the ways: 

(r) Lim f(x) exists but Lim f(x)^f(c) 

x-rc x-*-c 

(ii) Lim f(x) does not exist. 

x-*-c 

' In first case the discontinuity is said to be of the first kind or a 
simple discontinuity while in the second case it is of the second kind. 

Actually we classify the discontinuities of five types as follows: 

(1) Removable discontinuity. When /(c+ 0 ) and /(c—0) both exist 
and are equal but differ from /(c) i.e.,f(c+0)=f(c—0)fif(c). 

(2) Discontinuity of first kind or ordinary discontinuity. When 
/(c+ 0 ) and /(c— 0 ) both exist and are finite but have different values 
while /(c) may or may not be equal to either of them. 

(3) Disconntinuity of the second kind. When either/(c+0) or /(c—0) 
or both do not exist. 

(4) Mixed discontinuity. When only, one of /(c+0) and /(c—0) 
exists and the other does not exist. 

(5) Infinite discontinuity. When either of/(c+0) and/(c—0) or/(c) 
or both are infinite e g. if/(jr)=-~- 

/(0+0) — Lim /(0+/t)=Lim -j- — co 

h-*0 h-*-0 n 

/(0—0)=Lim /(0—b)=Lim (— 

ft-rO A-*>oV-«/ 

and /(0)=-^-=9° 

Hence f(x) has an infinite discontinuity at x=0. 

Note. We denote by [a, b ] closed interval, [a, b\ open interval, [a, h] 
semi-closed i.e., closed on the left and open on the right and similarly 
[a, b] open on the left and closed on the right. 
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9.3. ASSUMPTIONS FOR THE VALIDITY OF FOURIER’*! 

SERIES EXPANSION, WITH ALLIED THEOREMS 

The Fourier’s series expansion and the determination of Fourier’-: 
constants is valid under the following assumptions: 

(t) The expansion of f(x) in a series of sines and cosines of inteeral 
multiplies of x is possible in the given interval. 

(it) The given function f(x ) is single-valued, continuous and in- 
tegrable in the given range. 

00 

(iii) The series a 0 +2 ( a n cos nx+b n sin nx) is term by term inte- 

grable i.e., the series is uniformly convergent in the interval 

(-«, w). 

(jv) The given function/(x) given in the interval (-*, *) satisfies 
Dirichlet’s conditions so that the sum on the R.H.S. of (2) of §9 1 
has a limit as n-^-oo and is equal to f(x) at any point x (—u<x<n)’ 
/(x) being continuous and it is equal to } [/(x+0)+/(x-0)] when 
there is an ordinary discontinuity at the point; also it is equal to 
il/(—'*+0 )+/(tc- 0)J at x=±n when the limits f(n~0) and 
/(—ic+O) exist. 

THEOREM 1. If a function f(x) is bounded and integrate in [0, a), 
a>0 and is monotonic in some interval [0, c], c being positive and lei ’s 
than a i.e., 0<c<a, then 

Lim [ /(x) SW ? X dx=f(-\-0) f°° S -^ dx where f(+0)=f(0+0). 

Suppose that /(+0)=0 or without affecting the result, /(0)=0 and 
take a positive number h<c. 

We have by second mean value theorem that if/(x) is continuous 
in [a, a-\-h\, derivable in (a, a+h) then there exists at least one 
number 0 between 0 and 1 such that 

f(a+h)-f(a)=hf'(a+6h), o<e<l i.e., 0G(O, 1) 

Thus there exists A'€[0, A], such that 


j* m -JlH *_/(0 £ *USL *+A» j;, M * 

=f(h) \ h ,^^dx since /( 0)=0 
J h X 

sin v 

=/(A) I , - dv on putting nx=v 

J nh F 

—f(h) [ , 515^ dx (changing the variable v tox) 
3nh * ...(I) 

Now f °° dx being convergent, there exists some A>0 such 

J* x 

that j j* dx 1 <A, for every l> 8 . 


—— dx since /( 0)=0 
sin v 

—dv on putting nx=v 

dx (changing the variable v to x) 

...(I) 
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|f"* sin x | f"* sinx , f"*' sin x , | ^ . 

!)„' ~* -J. —— dx H 2k ■■■ ® 


Also we have f(h)-*-o as A-HO+O) • •. (3) 

from (1), (2) and (3) we conclude that given an €>0, there exists a 
8>0 such that 

» / (x) rfx<2* | f{h) |<± for 0<A<8. 

o X Z 

m . f a , sin nx , f 8 ,, . sin nx , . f* . sin nx , 

But J o /(x) - — ^=J o /(*) — ^+J s f{x) —— <*x 

where the second integral on the right tends to 0 as n-+ oc and 
there exists a positive integer m such that for every n>m, we have 


u; 


,, . sin nx , . ^ € , € 
fix) - — dx |<—+—=€ 


Hence Lim 

«-*• 00 


2 2 
sin nx 


f° > sin nx , .. . m foo sin x , 

lm yfx) —— dx=fi+0 ) —— </x 

►00 Jo J 0 * 

In a general case replacing /(x) by (/(x)—/(0)) we have 

Lim [ [/(xWf+O)] </x=0 

n -*oo Jo •* 

f a sin nx , f" # sin y , foo sin y , _ 

Jo x Jo y J 0 y 


But 


Hence Lim 
n-*- oo 


y 

J * ,, x sin nx . r . , M f oo sin x , 
fix) - rfx=/(+0) —— </x. 

0 * Jo A 


Note. The theorem is also true when o<a<n. 

THEOREM 2. If fix) is bounded and integrable in (— it, «) anet 
monotonic in [— c, 0) and (0, c) where c is some positive number less 
than 7t, then 

l _ , ? . f(+0)+fi-0) 

- o«+ * o„=-^- 

"“ ! wAere /(+0)=/(0+0) andfi-0)~f(0-0). 


2 

We have 


1 m | fv I ft m 

-sfI. /( ' ) f 1 +J .f 1 C0S "]* 


-£j:. >» 


( m +y) 


dx (by summation) 


sin 
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sin 


sm 

^ . , 

z J n sin ~y 


dx+ 


in 


f(x) 


sin 


'-O' 

799 


- dx 


sm 


Replacing x by —x in the first integral on the right we have 


t “•+.!, '■-iD , -* ) 


sm 


(” + t) 


• dx+ 


sin 


2tc 


[ W /(*) 

J o 


sin (m+-^ 


dx 


sin 




(2^+lU 4+ K 

sin x 2 « 


\ 


W 12 

0 


f(2x) S '° ^ ^ on re P lacin 8 x b y 2 *) 

_ J. [/(_0)4-/(+0)] f°° dx as in-*-oo by theorem 1. 

71 Jo X 

If we take /(x)=l for every value of x, then we find 


i-f’ 

271 J. 


1 f* 

1 . dx —1 and a» = — J _ 

Hence we get 

l = l±i[°° ™* X -dx i.e. f°° — 
W J —00 X Jo 


cos nx dx= 0 . 


si — dx=~ 
x 2 


B . 1 , f „ /< + 0 )+/(- 0 ) 

So that -j-Uo-l- 2 2 

THEOREM 3. Jff(x) is bounded and ^f^y^^'^-intfrZls 
is possible to divide [-*, «] into finite number of open sub intervals, 

in each of which fix) is monotonic, then 

i a 0 + ? (a, cos nl+b n sin nl)=\[f(£-0)+fif.+0)\ 

B=l1 for—i t<5<« 

=»J[/(7t—0)+/ (— 71 +0) for 5=±«. 

In order to prove it, let us first prove a lemma. 

Lemma. If fix) is bounded and integrate in every interval and is 
periodic with 2n as Us period, then J_ b /( v ) dx= j /(a+x) dx, 
a being any number whatsoever. 

Putting a+x—y, we have 
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J a+it 
* 

f(y)dy 
... (l) 


^_ n Aa+x)dx= j^Voo *> 

= ["" n Ay) dy+ \ K -« f(y) * + \* + * m dy 
Again putting y=z- 2*. we have 

jl 7l /(fl+X) lln /0,) ^ 

Now wc come to the main theorem. We have 

i r* ^ 

i«o+ 2 (a. cos n!;+a„ Sin n$)= _„/(*) n 5, 

n=l 

_L f* f(x) {cos nx cos n!;+sin tix sin ni} dx 

7C J —7T 

^-Lf* /(x) r 1+2 2 cosn(x-5) "lrfjc 

2 tcj— 7 T L n=l J 

= _L [" /(x+?) fl +2 2 cos nx *1 dx by Lemma 

= X[ !t y( x ^_ 5) HU dx (by summation) 

~ 2n * siu -j 

■r 

2”J-" ,ra-i Jo s ‘"2 
4 [* * 

Z7CJ ° sin~=- #m 5 


2 2 
(on replacing x by -x in the first integral) 


i[’ ,2 «-2*+5) “Si!!±^*+ M”^+5) 
w J" sin-y 


sin (m-f-j)x ( on replacing x by 2x) 


sin- 


i a,4- * (a„ cos nl+bn sin n0=~ {/(5—0)+A5+°) 
n—1 

J°o sin x dx (| m _ ¥CO ^ theorem 1. 
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as in theorem 2. 

— ^" [ +0) +/(5—0)] when m-+oo. 

we can thus restate this results as follows: 

If fix) is bounded and integrate in [-it, *] and if it is possible to 
divide [—«, n) into a finite number of open subintervals in each of 
which fix) is monotonic, then the Fourier series corresponding to f[x) 
converges for every x and if S be the sumfimction of the series, then 
<S(x)==H/(*+0)+/fa—0)] tot every x in (—*, it) 
S(*) ! =M/(*-0)+J l T-*’ t +0)] for every x=±* 
and S(x+2*)®S(x). 

Note 1. Here the relation S(x+2it)~S(x) is very useful in determi¬ 
ning the value of the sum function at a point which does not lie In the 
interval [—it, n] 

Note. 2. If x=*i be a point of continuity of fix), then 

i «o+ S (a. ros n5+i» sin »*)«4Mli 

* 




Conclusively if fix) satisfies the conditions of the theorem 3 in thCi 
interval [— it, it], then the sum of the Fourier series corresponding to 
fix) is actually fix) at all such points x of [—«, it], fix) being cooti* 
nuous and at points x, the points of discontinuity, the sum of the 
Fourier series is i[.fa : +0)+ /(*—0)]. 


Note 3. Half range series. 

If fix) satisfies the conditions of theorem 3 in[0 ,«], then the sum 

of the sine series 2 h„ sin nx where J fix ) sin nx dx is equal 

to } [ fix+0)+fix-0)] at every point x s.t. 0<x<n and is zefd 
when x=0 or it. 

Define an odd function F{x) in [— it, w] which is identical with fix). 
in [0,«]. 

Thus, F(x)=*fix) in [0, *] and F{x)= -F[-x)--fi-x) in [-*.0] 
so that F(x) satisfies the condition of theorem 3 in {- «,*] provioea 
fix) does so in [0, «]. Hence the sum of the series 2 b„ sin nx with 


&„=— f* F(x) sin nx dx is 1 ®)J 

75 Jo 

^Wfix+ty+fix-Q )] at cvery P° int * * B *' -» 

and this sum is-*[/R0)+/(-0)]-0 for F odd at x«0 or *. 
Similarly if fix) satisfies the conditions of theorem 3 in [0, *], then 

the *im *f the series l a,+2 a, cosuxvkere fi*)“ IHX 
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dx is i [flx+0)+f[x—0)] at every point x in (0, «) and is equal to 
fl+0) for x=*0 and f(it—0) for x=n. 

Note. 4. Interval [0,2«J. 

If f(x) satisfies the conditions of the theorem 3 in [0, 2n ] then the 
sum of the series J a # + 2 (a» cos nx+b n sin x) where an 

m*-L | 2 rt /(x) cos nx dx, j 2 " /(x) sin nx dx, 

* b i [/(x+ 0 )+/(x— 0 )] at every point x in ( 0 , 2 rc) 

andts | [/( 2 it— 0 )+/(+ 0 )] at x=0 or 2n. 

Also it is periodic with period 2n. 

Writing x*»y+* so that y varies in [—*] as x varies in [0, 2«], 
let us assume that f(x)=*f(y+n)=F{y), whence F satisfies conditions 
of theorem 3 in [—«, «]. As such the sum of the series 
$ a 0 +2 fa cos ny+$n sin ny) where 

«„=--[* Fly) cos ny dy and p»= [* F(y) sin ny dy, 

* J “*J ~ 71 
is 1 lF0>+0)+F0'-0)] for — n<y<n and * 
is } [F(it—0)+F(—w-fO)] at y=±n, being periodic with period 2«. 
Changing the variable by the substitution x**y+n, we have 

a*=~ f 2 * Fix— w) cos n. (x—w) dx=^P—\ 2n f(x)co$nxdx 
«Jo Jo 

p„= -^J 2 * F(x— it) sin n (x-«) j** fix) sin x dx 

and cos ny«»(—1)" cos nx and sin ny=(—l) n sin nx 
So that i [F(y+o)+FO’-0;]-*[/0'+«+0)+/(y+«-0)] 

=«^)+ 0 )+/(x- 0 )] 

and * [F(ic-0)+F(-7r+0)]-«/(2n-0)+/(+0)] 

Note 5. Interval [—1,1], / being a real number. 

If fix) satisfies the conditions of theorem 3 in [—/, /], then the sum 

function of the series | <*>+S(o„ cos +b n sin ***- where an—-j 

I I . mtx . ,. I f l ,, ,sin rmx . 

_ t fix) cos — dx and 6 »==-y-j fix) — j—dx 

ts | [ flx+0)+flx-0)] for —!<x<l 

tmdtsi[f(l—0)+fl—l+(f)]forx**±l, being periodic with period 21. 
Butting y-m and considering the function F(x) such that 

/(*)-/ 

so that y varies in [—«, «] as x varies in {—/, /], we era prone die 
proposition. 
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Not* 6. interval la, b] in general. 

If fix) satisfies the condition qf theorem 3 in [a, b], then the sum 
of the series 

$ flo +2 ^ a n cos ~ j~~ -\~b n sbt'j P^ ^ where a„= J 

f{x) cos 2 — dx bn=~ fix) sin ~dx 

fo|[/(*+ 0 )+ fix—0)] for a<x<b and is l[fia+0)+f(b-0)] 
for x*=a or b, being periodic with period b—a. 

The result is obvious by putting y = 4 - - f— - w so that v varies 

d-^u * o—a 

in.[—w, it] as x varies in [a, b\, (the transformation is obtained from 
y*=Lx+Af such that y=*—i t when x=a andy=it when x—b, by 
determining the constants L, M). 


9.4. COMPLEX REPRESENTATION OF A FOURIER’S SERIES 


We have fix)= ? a n e'™ 

71 — —O0 


( 1 ) 


where e ' n ‘ dx and a - n ~~^k\- n 

• • • ( 2 ) 

Here a n and a_„ are said to be conjugate imaginaries. 

In case we consider a function fit) which is periodic with a period 
2 n 

T — -then we can write 

<x> 

fit)* : S On e tnmt , fit) being defined in (- 00 , 00 ) ...(3) 
««—00 


Where o>=~ and /(/+ T)=fit) 


... (4) 


Now R H.S. of (3) being real, the coefficient of the senes on the 
R.H.S. of (S) must be such that no imaginary terms occur. 
Integrating (3) over 0 to T we have 






0 

Zre/m 

0 


«*-• dt. 


(5) 


(under the assumption that term by term integration is per¬ 
missible). 
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-o.ta.,,/0 v j*'“ r -•=■ 

(e‘ a »*-l)»0 

— T when «=*0 V 1 d/“ —— =F 

( r If** 

fit) dt=a 0 T giving a 0 =*-jr fit) dt 

=/W (say) ... (6> 

where y(0~ denotes the mean value of /(f). 


£ 


Now multiplying (3) by e~*" mt and integrating over 0 to T, we have 
r t 

fit) e~ inut dt—an T, other terms being equal to zero, 
i o 

This gives a B =*^ j fit) tr* nm * dt... (7) 

Replacing n by —it in (7) we get a_ B = -|rj fit) e inmi dt ... (8) 

From (7) and (8) we conclude that a_ n — fin- * • • (9> 

In order to find the usual real form of the Fourier series, (3) can 
be expressed as 

-1 oo 

/(/)= 2 a n tf nm *+a 9 + 2 an e tnmt 

n=—oo n—7 

/ oo 

= 2 o_» «-<»-*+a # + 2 a n e inmt 

n» oo n —1 


oo 


or /(r)—c J 4- 2 (o n e‘"**+aL, «"*••*) d/ 


(on replacing n by — n in the first term) 

...( 10 > 


00 oo 

=a 3 4- 2 («*+<»_») cos mat +2 i (o»—«_*) sin nwf 
«‘“i a—1 

V e*"“*=cos mat+i sin mat ande r ' <B *‘=cos ruat—i tin nut 
If we put o»+a_*— t («,—a*)—ft, and «o=»2t p 
then we find 

/(<)=■ tt+ 2 #» cos ««f+ 2 sin nut ...(11) 

*• a—1 u—1 

which is the same form as (1) of $9.1 and we can thus determine the 
coefficients a* and ft, as 
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1 rr 

Xn^OH+a-n^YJ o f(0 {c-*"-*+«*»•<} dt 

2 t T 

= T Jo f[t) cos nut dt 

and Im-Hat-a-J —y £/(/) / {,.-<«.»* 
=y | o /(<) — {*<»•<-*-<«•*} rff 


• • ( 12 ) 


I> 


sm n«f 


. • -(13) 


The introduction of the term -y term in ( 11 ) enables ( 12 ) to give 

general term *„ applicable for a 0 as well. In either of the forms real 
or complex the constant term of Fourier series is always equal to the 
mean value of the function. 

Important Note. The students are advised to commit to memory 
the following two integrals: 

I ^gg 

e°* sin bx dx= (a sin bx—b cos bx} 

■= — sin (bx— a), where r= V a 4 +l > 2 and tan <*= — • 

f 

(//) Je«" cos bx dx= {a cos bx+b sin bx} 

■Mg __ jy 

= y— cos(bx— a), where r= Va a +**. tan “= ~ • 

Problem 1. Obtain Fourier's series for the expansion of f(x)=x sin x 
in the Interval —k<x<~. Hence deduce that 

K 11 11 (Vikram, 1969) 


4 ~ 2 + 1.3 ~ 3-5 + 5.7 


Here x sin x is an even function of x and we have already shown 
that when and fix) is an even function of x 9 the Fourier s 

series is 

./(*)=i- J' /(v) dv+~ 2^ cos nx J' f(v) cos nv dv, 

where f(x)—x sin x ; .'. f(v)—v sin v. 

Thus, 

if* o oo r* . 

• 1 1 ----- J - • v - 1 - sin v cos nv dv. 


v sin v dv -|— 2 cos nx 


If* 2 00 f* 

x sin x =— I vsinv</v-i -2 cos nx I vsinv 

* Jo * «-l Jo 

Now J v sin v <fv= j: — v cos v j +1 sin v *=* 
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and J v sin v cos nv dv—$ j v {sin (n+1) v—sin (i*—1) v} dv 
, rr „ cos (n-H) v i* . S sin(«+l))v?» 

~*L r v z+i io + r («+d* l 

S' cos (n— 1) v S sin («—1) v ? w 1 

i V «-1 Jo { («—1)* 5oJ 

—_—+*——J 

_i[i22“ „being„integer. 


, I w cos nn it cos ml . . 

— * L -s=r-i" ta “«* : 

TT . 2 °° cos nn cos nx 

Hence x sin x— 1 2 5 — ; . 

* „=I »*-1 

Corresponding to n=l, we have 


I/ !i 


sin v cos v dv=i| v sin 2v dv 


Hence 


xsin x. 


IT n , 5 co»«s cos nx "J 

« L- 4-“ S x+ „l~ V-l— J 


, _ r cos x . cos 2x cos 3x cos 4x “1 

-l- 2 [- 4 O-ST- + -ST-—-1 

Putting x=*/ 2 , we get 

T=“1- 2 [-T3 + 1j-T7+ •] 

* 11 11 . 

0r T =B T + 1.3 “ 3.5 + 5.7 + ~ 

Problem 2. Find a series of sines and cosines of multiples of x, which 
will represent x+x* in the interval —n<x<n. (Agra, 1969) 

Deduce that • ^ a 2 ™1+-^- +••• (Agra, 1962) 

We have 

*+**»* (v+v‘)dv+ — 2 cos nx (* <v+v*) cos nv dv 

2 it J —n 71 it*»l J—* 

+— *2 sin nx[* (v+v‘) sin nv dv. 
n n-l J-* 

I v r v* v* T r 2 «* 

_„ (*+**) ^-[t+TJ-v— T’ 
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—Q-^wvrj 


4« cos wtc 


- i> + ” )sin - *-f- zj ¥ s r.+^L 

C v* cos nv I* . _ f* . 

— <-— > +2 j v cos nv dv 


2« cos 


Hence the series is 


x+x®= 


I 2«® , . ?? cos nx cos we 
35=-— T-+4 2 - -r. - 


sin nx cos we 


2ie 3 


|L + 4 [_-i + 


> u^v vi/u 2 2 HA Mue 

~ «=1 " "* 
cos 2x cos 3x "| 

2* “ 3® + -J 

» T sin x . sin 2x sin 3x 


4- 4 (‘ 


[-4 


Jj-cos 2x +-^r cos 3x-f... ^ 

+2 (sin x—J sin 2x+i sin 3x...). 


Second part. We have 

ie* r 1 J 1 

c+x®**-^-4 I cos x—-^-cos 2 X+-J 5 -COS 3x+...J 

+2 [sin x-* sin 2x+i sin 3x+...]. 
At extremum ?c and — 7t > the sum of series 
«/(")=* t/(-"= 0 )+/(+«- 0 ] 

—i l— TC + 7C *+ 7C +«*]=«*. 

Putting x=« in the above series, we have 

/(*)=**«-£+4 [l + ^+-1-+...] 

>r —l+ 2 T+ 3 »+... 


6 a- 1 «* 
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Problem 3. Find the Merits of sines mi cosines of multiples of x 
which represents f(x) in the interval —n<x<n, where 
f(x)»0, when — rc<x< 0 , 

, when 0 <x<* 


and hence deduce 


■/+7T+- 


Let /(*)«=«„+ 2 («, cos nx+b n sin nx). 


n 

u 


M 

KJC* "I* ** 

1 “ J, " 16 • 

±n 

f{x) dx cos nx 

it 

v[l 

f(x) cos nx dn+ 
0 


cos for n even 

1 ,_ 


for n odd. 


Similarly b n =—-—• 

-2 oo r r _ ii ('__!)« 7c 

s °*»-ur\*,[H i r 1 <** “-Hr- ” ‘ 

••• 

(-■jy cos 3x+ 43- 

So 7l”)= j-^g5 + y(l + -r+“F + -) 


(—l)»TC . 
nx ~~ 4n 8,n 


p- cos 3 x + 4 - 3 “ sin 3 *- 


754 1 _i_ _Ll4 * . 

r 8 =1+ 5 ‘ + ”’ 

Problem 4. Jwr/er’s serieS f or in the interval ("* n » n ) 
where A4 f£W x wAf,n —re<x< 0 , 
f(&?&x when 0<x<n. 
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HiRt. Here a 0 -y* fl » ==0 for " eveD 

■» —-r- for n odd, 

&*-0. 

So ^x)-y + y(cos*+-p cos 3*+ cos 5x+... ) 

problem 5. Obtain the Fourier series for a function fix), where 
f(x)=cos xfor 0<x<« 

/(*)==_ cos xfor — *<x<0. 

Le t /(je)=« 0 + £ 008 n *+* n * in "*)• 

‘ b -°- 

a w=e — f r —/(x) cos nx dx=0, 

It J—n 

6 n =i- j* n fW sin nx dx™ [l+(-l)"l 

=0 for n odd 

=— 7 <v for n even, 

w (n z —1) 

/>*>-|-[ o- si " ^xr !i ° 4x -•} 

Problem 6. Find the value of S -t- usin S Fourier series. 

n=l 

11*00 , \ 

Let x 2 = 2 (a™ cos nx+frn sin nx), 

and a n =^r f* x* cos ”* <&=(—l) n 

CO, 2*+-3.co,3*+.-] 
0——4^1—y- +y+”*^ 

= ”l_4Q-i-+i+^r+-•] 

vf . 5 1 2 \rJ_J?-2 E-t- 

“T _4 4,^ +4 ^X»* _ 3 
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Hence 


oo i _t 

2 2 4„!L 
*-i «* 3 


r f -J* 

i»=l W <5 

oo j 

Problem 7. Prove that 2 _ /vr =“F» ***&»£ the Fourier's sent 

7J=»1 V*** **/ O 


L.H.S.* 


_1, JL , 1+ 

1 *+ 3 *+ 5»f — 

111 11 1°°1 
"F +_ 3 i+ l 5+ - + - 2*+-4i+ •••“" 2 *£ { 7 * 

? _L__L J^JL 2 


[ OO 1 75* 

since 2 —i= -y- by Problem 6 . 
1 «' 6 


Problem 8 . t/s/ng Fourier's series prove that 
® / w* 

„«1 « 4 “ PO* 

Hint. Take the function f(x)=x*—2n*x 2 and proceed similarly! 
In Problem 6. 

Problem 9. Find a function of x which is equal to kx, when x lit 
between 0 and lj2 and is k (l—x) when x lies between l/c and l. 
Given that f(x)^—kx when 0<x<//2, 
f(x)*=k (l—x) when //2<x</. 

We know that, when 

1 f* 2 00 f y 

fiy)— — \ f(u) du+ - 2 cos ny I cos nuf[u) du . 

75 J° 75 n~l Jo 

Putting y— when 0 <x</, and u—i.e., du^~dv, 

we get 

'(tMj: /(t>+ 4,.!, c ° , 'T i s: /(t>» ~ * 

This may be expressed as 

#*)■■ y f ^(v) dv+2 2 cos f 7t(v) cos ^-dv. 

1 Jo n-1 ‘Jo « 

Now P #r) rfv.P'V) *+■[* #y)rfv 

Jo Jo Jl /1 
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r 

k 


kv dv+ 
l 1 


-+k 


kl * 

J T +kP ~ 2 


k{l— v) dv 

I. 


v* t» 

“ 2 

kl * kl 2 kP kP 


2' + 8 4 


and j #v) cos ^j-dv 

( l,Z MtV . f 1 ... x 

= l kv cos -y— dv + I k(l—v) < 

Jo * J i/a 

t . wcv ?*'* kl 2 t otv 7 1 ' 2 / C «irv J 1 

T“ T-J. l +w s{”"T-}„ 


I COS—j-Ar 


“rrrc , 


it / 2 . ot 


■!m 1 *T + 


kl 

nit 

cos 


Sv .; n mtv 7* ft/ 8 S nisv V 

1 l L nw \ C0S 7 L 

«*_ I */* 

2 J~«7C 


kP . nit kP . nrt 
sin— 


2 nn " 


kP r 

“n 2 w*L 


2 cos 


mt 


-cos nit 


-]-S 


Hence if nis of the form 4m +2. 


2 

fcPf 

n^L 

4kP 

7Z' 

for other values of n 


nn"| 

2 J 


cos mt—cos 


2 2 for n—4m+2 and 0 


1 

kP 

2 

00 


tcjc / 

4kP \ 


= / ■ 

T + 7 

• 2 
/j=1 

cos 

7\ 



kl 

8 */ 

00 

1 


nnx 



‘ 4 

Tt* 

2 

«** 

—;COS 
I”* 

1 



kl 

gwr 

1 


2itx 1 

6itx 

, 1 


v L 

, 2* 

COS 

/ 

-+ 6 i 

COS— J- 

F 10 » 


cos- 


lQrtJC , 
/ 1 

[when ne=4m+2, where m=0,1, 2, ...; n«= 2 , 6 , 10...]. 

Problem 10. If f(x)—x for 0 <x<~. 


...] 


f[x)=*n—x for 


express this function by a sine series and also by a cosine series . 
(/) To Express as a Sin® Series. We know that 
2 00 f* 

/(*)=— E sin rcxl /(v) sin nv dv 
18 »=*! J# 

Here 

| /(v) sin nv dv 
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I *»s f* 

v sin nv dv+1 («—v) sin nv dv 


I — -*—COS 


2 . Tin 

—rr «n 


TPt . 1 


nit , 1 . me 


+ rri»m -5-+o=-cos^ + - r sm 


„ ... 4 oo i nit . 

Hence f(x)=— 2 — 5 sin -=— sin nx 

75 ffal W A 

=-^-£ sin x —|jsin 3x+-^ sin 5x— ...J. 
(//) To Express as a Cosine Series. We know that 


cos nv dv. 


if* 2 00 r* 

/tx)=*= — I /(v) dv-\ -2 cos nx I /(v) cos nv d\ 

n Jo «=1 Jo 

Now f f[v) </v=f v dv+ [ (it—v)dv 
Jo Jo J k /2 

nd f cos nv /(v) dv=x J v cos nv rfv-f (*—v) 


7C 2 f 7U 2 37t 2 7U 2 

8" + "2 IP* 4 


v) cos nv dv 


and 1 cos nv /(v) dv=* J v cos nv rfv-f j^ 2 (*—v) cos nv rfv 

-p-^r +i^r + vM:„ 

t v tin nv cos nv l* 
n + n* >/: 

7 c . nit 1 / n« , \ n . nn n . nn cos me 

-sf u °t + Ht-' )-T“T+5r”"T- 


1 me 

+ST«« — 


'1+cos «n—2 cos 


--s-, ifn is of the form 4m+2 and is zero for othei 

n* 

values of n. 

Hence the cosine series when n is of the form 4m+2 is 
,, v n 8 *? cos nx 

f(x)- T ~~ n Z- r 


=S ‘J ~ cos 2x+^-cos 6x+...j 

by putting n=»2, 6, 10, e 
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Problem If. Find a series*/ sines of multiples ofx which 
[ in the interval (0, «). Hence deduce that 


t 


** 

8 


= 1 + 




Draw graph of the function. 


represents 


GO 

Let x=£r«+ 2 a n cos nx. 
n =l 


<*0 

a*-— 


it 

2 

•n 


x dx- 


it 

~2 


x cos nx dx—0 for n even 


for cosine series- 


«=—4/(«« 2 )/or odd.J 
Hence the coefficients of cosines of even multiples are zero. 


Now 

Putting x=0, we have 

0 


cosx+^cos 3x+ 


...} 


JL iT 

2 ~«L 


1 


l+fr+5T +•••] 


7t 2 111 

or T =l+3-r+5r+7T+- 

Graph. In the interval (0, it), the line y=x gives the curves 
represented by the series. Hence f(x) represented by the above 
series contains cosine terms only. So this is an even function and 
therefore the curve is symmetrical about the axis of y along which 
f(x) is plotted. 2it is the period of the series, hence the portion 
between it to —it, repeats indefinitely on both the sides and the 
sum is continuous for all values of x. 



Infact the graph of the sum of n terms of Fourier series foi 
f{x) approximates to the graph of fix) the greater the value of n 
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is, the closer is the approximation. Retaining upto three terms of the 
Fourier series i.e. 



Fig. 9.2. 

Problem 12. Find the series of sines of multiples of x which repre- 
entsx in the interval n>x>0. Show by a graph the nature of the series. 

oo 

Here x= 2 b n sin nx, 

«=* 1 


where 


f f{x) sin nx dx [for sine series] 

JO 

2 f* 

*=“—■ x sin nx dx 

n Jo 

2 T cos nx , sin nx “|* 

-- ^-L -*—5— + -S 5 — i 

2 1 2 

=* —■'— *1C COS I)" 

n n n v ' 


:=2 £sii 


sin 2x 


+i sin 3x+... J 


The sum is discontinuous at x—rc. 

Graph. The curve is symmetrical about the origin. For unrestricted 





Fig. 9.3. 
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values of x, the series represented between (-*,«) repeats indefinitely 
in both the directions. The points ±«, ±3*...are ppints of disconti- 

' Duity. 

\ Problem 13. Find the Fourier series for the periodic function f(x\ 
\tjfinedby /lx )—-n ij-n<x<0 JK ' 

/(x)—x if 0<x< jc. 

Hence prove that + y- +... 

Plot the graph for the series. 
oo 

Let /(x)-a# 2 (a* cos nx-f-a* sin nx) 

11*1 

1 /lx) dx 


Here 




i 

2n 


—n 
0 


M 


And 


—n dx+ 
n 

1 f° 

27cJ_« 

■^7 [cos m— 1]—0 if n is even 


cos nx 


dx+ |* x cos nx</xj 


nn 


and 


-2 . 


7tn J 


if n is odd. 


~' 11 sin nx I* x s * n nx ^ x J 


=*-—[1—2 cos me] — —— for n even 
u n 

3 

and — — for n odd. 
n * 

„ . n 2 2 cos 3x 2 cos 5x 

A*)- 7 COS -p- -- 5* 


n 

+3 sin x- 


n 

sin 2x 


3 sin 3x sin 4x 


~2 3-4 

One discontinuity occurs at x=»0. 

Hence /(0)— - £l®-L a ——since/tO+J—O and/10 - )*" - *• 
Putting x—0 in the series, we have 

AO)- -7-i[l-+T-+i + ' ] 


n 

~2 


Henee X"P +‘|i+“p+* 
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Graph. Discontinuities occur at *—±« as follows : 


A 

■> /-«i 

k 

-2« 1 
« 

« 

6 * 2* 

«/2| 

• * 



* 


r 

Fig. 9.4. 

Find a series of sines and cosines of multiples of x 
which will represent 'JJfnfa *" * n ^ interval —k<x<«. Find the 

sum of the series for jc=+jr, 

n ao 


We have f(x)» 


2 sin/pt " a ° + 2 (°» cos nx + b « sin "*) 
11*1 


.. • ( 1 ) 


Here ao*-Lf" ft x ) f* —-— g* dx 

2tc J w a * 2 irJ -* 2 sin hn ax 

_l * 

“2rc ' 2 sinA* L J-jt 


4 sin/tn 


[e»-e-»]= 


1 


4 sin kn 


2 sin h ««= i 


..( 2 ) 


1 f* 

— I f(x) cos n x dx, n> 1 
75 J— * 

. 1 f” 

2sinhn*J_ 


e" cos nx dx «=— r-r— 
■it 2 sinn n 


[ 


ex 


1+n* 


(cos nx+n sin 


io "*> ]I, 


(e*— tr*) cos rm 2 sinA w cos nx cos nx (—1)* 


... • (3) 


(l+»*)*2sinATs = (l+n*)-2 sinAn** 1+n* “ 1+n* 

Similariy b .-\«*“" «* 

J-.-TiBnF TS?r 

(~n)(~l)*(e«-rw) 

... (4) 


2 sinA i 
-(-!)• 


n 


Sabstitutiag the value. of •», «•, b n from (2), (3), (4) ia (1) we get 
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7nr“ i+ ~Thf^ (cos nx ~ n sin nx) 


-*+ 

=i+ 

+ 


00 


v (—l) n cosnx , 

l+«* ' ~ + l+n 2 smnx 


1 


( ~jq+ sin x— 


^ n(—I) n+1 

Jm* 

n-i 

2 cosx+ 1+2 *cos2x-— 3 , 
2 __ 3 


1+2* Sm2 * + 1+3* 


cos 3x+ 
sin 3x 


...) 

...) 


1 + 1 * 

when — rc<x<rc 

Now when the sum of the series =+ [ /(—w+0)+/(w—0)] 

7t 


i r * 

** L2 sin/t n 


e-* + 


«*• 


7T 


2 sinA 7t 

TC 


2 sinA 7t 


] 


A . , *2 cosA «=— cotA 7c 

2 sinA « 2 

Problem 15. F/rrf a Fourier's series of f (x) in the interval [—1, /] 

where 

/(•*)= 7 f° T —J 

JC* / / 

-+>*”■-T <x< r 

for -y*%x</ 

and draw the graph of the function represented by the series. 

Since the function f(x) has the same value for positive and negative 
values of x in [—/, /], it therefore follows that the function f(x) is 
even and so the Fourier’s series for / (x) will be purely a cosine 
series i.e. 


00 


/(x)=fl 0 + S a n cos 

/f=l 


rtnx 


l 


1 f* 1 f*/* x 2 . If 1 /, P l 

where Oo=-j- J # f(x) </x= -f J # — **+-/+„ 1"24/ + 8 


and a*= 


h ** 

L4- 


mx , 
cos —— dx 


cos 

00 


/ 

«7tX 

/ 


"tJ. 


*'* AT* /prx J , 2 

. r“ s —*+ — 


COS 


~ , / , 21 « 1 / 


/27T 2 

008 ~2~~nn Sm 


2 

nw 

2 


2 m 

•sr sm 1 


3 


COS' 


mx 
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Clearly the shape of the curve between and ^y, / ^ 

is given by y= — which represents a straight line parallel to the axis 

of x at a distance 7 - from x axis. 

4 


Also the shape of the curve between y , y^ is given byy= 


77K. 




-4 


1 


-1/2 O U2 
Fig. 95. 

—I to l will be repeated indefinitely in both directions. 


X s 
/ 

or x*=ly which represents a 
parabola whose latus rectum 
is l and the axis of the 
parabola is y-axis. Hence the 
shape of curve is as shown in 
Fig. 9.5. 

x Note. If the values of x are 
not restricted between (—■/, /) 
then the part of the curve from 


Problem 16. If the function defined by y—x z from 0 to y- and by 


y—0 from ~ to it be represented by a series of sines of multiples 
of x, show that the coefficient of sin nx is 


( 


4 

it n 8 


i) ecs 


nn 2 


sin 


nn 4 

2 K7J® 


To what value does the series converge at the point x=y ? 

Sketch the graph of the function represented by the series for 
values of x not restricted to lie between 0 and « ; and also indicate the 
graph of the cosine series which represents the same function in the 
interval 0 ton. 


We have fix)—x 2 for 0<x<y 
=0 for y <*<*. 

For a purely sine series in (0, it), the function must be odd in 
(—it, it) so that f{x) in (—it, 0 ) is defined such that /(—x)= —fix) in 
the form 


y=—x 2 for — y<x <0 
=0 for —*<x <—" 
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and then /(x)= S b n sin nx, where 
«=1 


f(x) sin nx dx= 

71 Jo W Jo 

2 fY cos n* 

= ^IA-«- 

_ 2JT _TL. nne WK . ( 2 * S ' n 
TC |_ 4n s 2 n* 

2 r X7t 7t sin n tci 

"in.-4r c<>s 2 +—s*- 1 


x* sin nx dx 


cos n* \»/ 2 . f*/* cos nx . . 

~ ). +]„ 21 * 

/ 2*sin \ w '* 2 f* ,! . . 1 

V—^—). ~T‘ )o SI "'“*J 

c sin ni t/2 . 2 z' cos 

+ * r l~S _ ). J 


xn n sin n nl2 

cos-x +-x J -+ 


2 r TC 2 «7t 7t . OTC 2 WC 
_ r ^___ C 0S T+ _ smT+ _. c ° s _ 


( 4 

V TC« 3 2n y 


H7C 2 

cos —a - 4- —j~ sin —- 

2 ^ n* 2 to° 


_-T] 

W S J 


V«n» In)™* 2 -r n* 2 “iW 
which is the required coefficient of sin nx. 

Had we supposed y—x 2 in^ — 0^ and y=0 in n, -^ , 

the form of the Fourier's series would haveb een purely a cosine series. 

7C J 

Now, the sum of the series at x=-=- is =-r[/(x+0)+/(x—0)] 

+* jL 





V 

Fig. 9.6 


The shape of the curve between ^ ——j ) an< * (t ’ ”) * S 8 ‘ ven 
by y =0 i.e., x— axis. 

The shape of the curve between ( 0 .3 ) is 8 iven b y which 
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is a parabola whose latus rectum is unity and axis is the y>axis. Also 
the shape of the curve between , 0 ^ is given by y=>— x 2 which 

is a similar parabola as in ^ 0 , except that it has its concavity 

towards negative y-axis. The shape is as shown in Fig. 9.6. 

The period of Fourier’s series for f{x) being 2it, the part of the 
curve lying between (— it, n) is repeated indefinitely in both the 
directions. 

Again for a purely cosine series in (— it, 0 ) the function /(*' must 
be such that/(—x)=/(x) t.e., f(x) in (—it, 0 ) is defined such that, 

y«=x* for — ^ <x <0 
= 0 for — it<x<— 



concaviiy towards the positive end of y-axis. The shape is as shown 
in Fig. 9.7. 

9.5 PARSEVAL’S IDENTITY FOR FOURIER SERIES 
// the Fourier series for f(x) converges uniformly in (—/, /)»then 

dx-?f+S(a n 2 +b n 2 ) 

where a„ a*, b n are Fourier's constants. 

WehaveA*)~^+ ff ? («.cos ^+i„sin-^) ... (1) 

Multiplying both sides of ( 1 ) by/(x) and integrating term by term 
from —/ to /, we get 
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\[ t {/(*)*} dx=\ £ m dx+2^ [fl n £ /(X) cos ^-dx 

+b n J ^ /(x) sin dx j 

a * 00 J 

rs-^—I+l 2 |(a»*+ 6 n *), by using Fourier coefficient so that 
n*»l 

| ^ f(x) dx=*l o 0 , J ^ fix) cos dx=l a n and 
| ^ fix) cos dx=t b n . 

•*. -j}*., < /W>* dx=lf+2 iaS+bS) ... (2) 


corollary. Riemann's theorem. An important consequence of 
Parseval’s identity is Riemann’s theorem i.e., 

msx 


Lim f ‘ fix) sin ^-dx= 0, Lim f‘ fix) 

n-*-oo i-i 1 n-*- ooJ - 1 


cos -j -dx —0 ... (3) 


9.6. FOURIER’S INTEGRAL 

If fix) satisfies the Dirichlet’s conditions in — and 

^°° j(x) dx converges i.e., is integrable in — co<x<oo, then we 


1-00 


have the Fourier series expansion for fix) as 
00 00 
f(x)—a 0 + 2 a„ cos nx+ 2 b n sin nx, 
n^l 


n=1 


1 f lr 

where a 0 = ^-1 _^f(x) dx. 


a»— 


1 f* 


and 




i r- 


fix) cos nx dx, }► 

c 

fix) sin nx dx. 


... ( 1 ) 


... ( 2 ) 


This function of x may be developed into a trigonometric series 
for all values of * between and x=c by putting 

—x, where z=—n when x=—c 
c 

and when x—c, 

i.e., 

Then the series ( 1 ) may be developed in terms of z as 

zj=*a 9 +dx cos z+a t cos 2 z+a s cos 3 z+... 

+bi sin z-\-b t sin 2 z+b 3 sin 3z+... • • (3) 
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whcrc a *='h\”-.j{^ z ) dz > 

lj(ir z ) cosnzdz ’ f- 

and b *=}r\ K _j(^-z) *™nzdz. j 

7C 

Now if we replace z by —x, then (3) becomes 

f(x)=a 0 +a 1 cos ~-+a 2 cos-^^—{-a 3 cos-^^--f... 

c c c 

ii. • nx , l • 2tcx . , . 3toc 

4A sm —— \-b t sin —— +i s sm -+ ... (5) 

c c c 

Its coefficients being the same as those of (3) is therefore valid 
from x—c to x—c, where 

“•"in. /i *>- T d *--h r , m dx 

when z=—x,dz=*—dx 
c c 

— jj-j_ f(t)dt (say) 

-fl>)c“-T £ ‘* i ...( 6 ) 

- fc-v> I 

Now if we substitute the values of the coefficients a 0 , a lt a t , a t 
••A, b t , A,...given by (6) in (5), then we get 

^)=4c £/ (,) cos -?-* 

+ -~|^ /W cos ~~cos InL dx+... 

+ tL A#) sin ^ sin 

. 1 f® • 2trf . 2«x . , 

sin — sm -j~dt+... 

“M-. /w [t +C0 * v cos ~t +cos -t £ «• +•■• 

+«n -2- «« S. +. to 22. ^ *« + .1* 
c c c c J 
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1 f® yy A T 1 i S Ut «X . . Kt . ICXI 

T ]_/ (r) Lr+i cos V cos -y+s.n 7 ~ sin ~] 

] + “> 


, S 2nt 2nx . . 2?C/ . 2«x 

+ < cos-cos-hsm- sm- 

l C c c c 

>=y| ^/(0^y+COS y (x-f)+COS-y (*-/)+... J rff 

=yrj_ /(x)£ 1+2 cos y(x-t)+2 cos -y(x—!)+... J <// 

”2^11 /w [t “ s 4 !L(jt -' )+ 7 c °* 7 < *"> 


7C 

+— cos 


(“T - ) 7cos^-(x-0 


+ - cos ~ j (X— /)+...] dt 
since 2 cos ^=cos ^+cos (— <p) 

+ y COS (--y) (X-O+y COS (-y ) (x-0 

+ ~ cos °* W (X—t)+~- COS — (X-0+— COS — (*“*) 
c c 

+ ... + yCOS y (X-/)+•■•]* 

-3rI>L L JsX^ cos ^ (x ”°^- 

If c becomes indefinitely large i.e. as c-*oo, ~-*co, we have 


1 


c->oo r= 


r foo 

-T- (X— 0=1 ' 

cn J -oo 


cos u ( x—t)du 


00 

Lim 2 —r— cos - 7 , 

-OO t ’/' rc C/T 

(by the definition of integral as the limit of a sum). 

Hence /(x)= df cos « (x- i) du. ... (7) 

This double integral is known as Fourier's Integral and holds if x is 
a point of continuity of f[x). 

AHter. We have /(x)« 


■^+ f (■ 

2 »-i v 


nitx . t ^ 

<2n COS - — +0* sm — J ~ J 


-..(8) 
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where a H 
so that 


y j J(u) cos -~-du and b n *= -y j f(u) sin du 

... (9) 


an cos +b n sin *»y-J f(u) cos-— (u—x) dx 

and Tr-'arjl,^ * 

( 8 ) gives 


/(«) </M+y j ^/(u) cos -^y- (u—x) du ... (10) 
Assuming that f°° | /(u) | du converges, the first term on R.H.S. 

J —00 

of ( 10 ) approaches zero as /-»■ oo and hence ( 10 ) yields 

f(x)= Lim ~ S f°° f(u) cos n ™-(u—x) dx ...(11) 

/->oo ‘ n=i J -oo / 

Putting -y = A*, (11) can be written as 

00 


/(*)= Lim 2 A t F(n AO • • • (12) 

A*-*o 

where F (0=~- J^^/tx) cos t (u—x) du ... (13) 

Thus (12) gives 

f(x)= [°° F (t) dt—~ f°° dt f°° f(u) cos / («—x) du 
Jo 71 Jo J-oo 

L . ... 04) 

which is Fourier’s Integral formula. 

Note. The complex form of Fourier's integral is 


9.7. DIFFERENT FORMS OF FOURIER'S INTEGRALS 
Fourier’s Integral is 

/(*)= /(<) cos u (x-r) du ... (1) 

5 00 f® 

cos u (x—t) du= j cos u (x—/) dr 

4 -j w cos u (x—r) d!t 
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Say I=*Ii+I t 
Replacing u by — u in 7 lt we get 

h~~^ a0 cos u (*—0 j°° cos u {x—t) du—Ii, 

1 00 f 00 

cos u (*— t) du=2 j cos u (x — t) du. 

Therefore (1) becomes 

/(•*)= ^"|^ Q0 /( / ) cos «(*—0 du. ... (2) 

Now as the limits of integration in (2) do not involve the variables 
u or f, the order of integration may be changed, i.e. 

f(x)=^~ f °° f °° /(f) cos u {x—t ) dt. ... (3) 

“Jo J—oo 

{Agra, 1964) 

If f{x) be an odd function of x, i.e. /(—*)=—/(.x), then 

(°° /(f) cos u {x—t) dt= f /(f) cos u {x—t) dt 

J—00 J —00 

+1 AO cos u {x—t) dt. 

Replacing t by — t, we have 

I /(f) cos u {x—t) dt = — \ /(—f) cos u (x+f) dt 

—oo J oo 


= — f°°/(f) cos u (x-t-f) dt 

° V /(-f)=-/(')* 


I oo 

/(f) cos u {x—t) dt 

j CO /(f) cos u (x+f) dt+ {“/(f) cos u {x-t) dt 

= [°°/(0 tcos u {x—t)—cos u (*+/)] dt 
J o 

I oo 

f{t) sin ux sin ut. dt 

Substituting it in (3), we*get 

/( x)= — [°° du f °°/(f) sin ut sin ux dt. 
n Jo Jo 

Changing the order of integration this may be written as 

f( x \ = 2L f 00 /(f) dt f 00 sin ut sin ux du. 

^ Jo Jo 

Again if f(x) be an even function of (*), /W» we 

have 


(4) 


(5) 
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J OO fO 

fit) cos u (x -t) dt= | f(t) cos u (x—f) dt 
— 00 J —00 

f oo 

■f1 f{t) cos u(x—t) dt. 
Repeating t by —t in the second integral, we get 

I °° f{t) cos u ix—t) dt= — f /(— t) cos u (x+t) dt+ 

J—00 J 00 

foo 

J /( t) cos u (x—0 dt 

*=J°° /(/) cos u (x+f) dt+ J°°/(0 cos u (x—/) dt 

v /(-o~ m 

foo v 

= 1 fO) [cos u (x-H)-fcos w(x—/)] dt 

Jo 

1 00 

f(t) cos ut cos u x dt 

Its substitution in (3) yields, 

2 foo foo 

/(*)=*— j du 1 fit) cos ut cos ux dt ... (6] 

™ Jo Jo 


••( 6 ) 


: f(t) dt j 0 " cos ut cos ux du (On changing the order 

of integration) 

f Problem 17. Show that the sum function of the Integral formula is 
t fix +0)4- fix — 0)] corresponding to the function fix) in the interval 
<*</. 

foo 

By Weierstrass test, since | /(h) cos t ix—u) du 

J -CO 

foo * foo 

< I \fiu) | du (which converges), the integral I fiu) cos tix—u) 
J —00 J —00 

du converges absolutely and uniformly for all values of t. Thus by 
reversing the order of integration, we have, 

1 T i-o dt I”-oo /(U) 008 ' (X ~ U) AU) dU 

^cos t{x—u) dt 

If 00 fiu) * inl (u ~ x) du 
« J«—oo n—x 

*-oo /(x+/>) when u—x+p 

■i [yt*+0)+/tx-0)] when l-*-oo by theorem 3 of § 9.3. 



Fourier’s series, integrals and transforms 


827 


Problem 18. Show that J* e^ x , x>0. 

Putting f(x)=(T x in the Fourier’s Integral form (6) of § 9.7, 
we have 


(x) =e~ a =~ j du | e * cos ut cos ux dt— -- j 

), 


cos ux du 


e~* cos ut dt 


I 


00 


cos ux du 


°o cos ux 

o T+h 2 ~ 


^(~ cos tit+u sin «oJ°° 




°° COS UX J 7T 


Note. Ifx=0, this result reduces to f 


do du 
o 


7C 

T 


9.8. A REMARK ON CONVERGENCE OF FOURIER’S SERIES 
The Fourier constants in real form by (12) and (13) of § 9.4 are 

2 rr 2 ff 

a n =^ r J f{t) cos nut dt and % = -y J fit) sin nut dt ... (1) 

It is plausible from (1) that a n and f3„ must diminish indefinitely as 
n increases since the more rapid is the fluctuation in sign of cos put 
and sin nut, the more complete is the canceling of the various 
elements of integrals (1) which are known as Riemann-LebesgBe 
theorem. Stokes has formulated rather definite results, according to 
which if fit) satisfies Dirichlet’s conditions under the careful vigilence 
whether in particular cases discontinuities of fit) or its derivatives 
are introduced at the terminal points of the various segments, then 
(/) if fit) has a finite number of isolated discontinuities in a period 


( 2 ) 


the coefficient converge to zero ultimately, like the sequence 

1 \_ 

.... „ _ 3 » *- 

(if) if f(t) is everywhere continuous while its first derivative / (t) 
possesses a finite number of isolated discontinuities then the coefficients 
converge like the sequence 


{k} -«• b 




I X J_ l 


(3) 


V* Jr 

(iit) if /(/) and f'(t) arc continuous but the second derivative/"(O 
is discontinuous at isolated points, the coefficient converge like the 
sequence 

m -'- 1 1 ± .( 4 ) 
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(<v) if in general, fit) and its derivatives upto (n— 1 ) order are 
continuous but nth derivative in a period has a finite number of 
isolated discontinuities, the coefficients converge like the sequence, 

_J_L 1 

S ffjn+i f~** 2 n+1 ’ 3 n+1 *.’ n n+i ’ ' * 

The above statements can be demonstrated as follows: 

Integrating by parts, we have from ( 1 ), 

o 2 [T ,, , . , 1 r /(/) cos mat ~\T 

P»= T J f /«> sm M | 

f\l) cos nol dl V T =~ •■•(6) 

The first term on R.H.S. of ( 6 ) vanishes in either case ( i ) there are no 
points of discontinuity of /(f) in the range from f—0 to t=T, (ii) there 
is no discontinuity of /(/) at /=0 or T. In case there is a discontinuity, 

there exist an upper limit A/(say) to the coefficient of — for all n. 


The second term on R.H.S. of (6) vanishes as h-mx> due to fluctua¬ 
tions of cos nv>t. Hence (3„ in comparable with M/n. 

When there is no discontinuity in /(f), we have 

p„=~- f T f'{t) cos nost dt ... (7) 

nn Jo 


Integrating again by parts, we find, 

Pn— 


[" /'(/) sin 770 / ~ 

T 1 f 

L 

0 tc/tco J 


/ (f) sin nut dt 


.( 8 ) 


* If f'{ti has discontinuities, take M as the upper limit of the coeffi¬ 
cient of —,j as discussed above, then p„ is comparable with Af/n 1 , 
since second term on ( 8 ) vanishes due to fluctuations of sin nu>t. 


As regards the convergence of ar Fourier series, the above state¬ 
ments are very useful and so one should see initially how well or 
how poorly the series will converge. 

Differentiation of a Fourier series makes the convergence poorer 
while Integration increases its rate of convergence. Conclusively if a 

Fourier series has been differentiated until it converges as —, it is 

no further differentiable. 


9.9. PHYSICAL APPLICATIONS OF FOURIER’S SERIES 
[/] Fourier Series involving Phase Angles 
By (11) of § 9.4 we have 
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2 fT* 2 rr 

where «„= ~f J 0 /W cos dt > Pn= y j /(/) sin mol rff and 

^—(period) ...(2) 

O) 

Let * B cos mof+(3„sin nat=y n cos (nut— &,), being the phase 
angles. 

—Y» cos not cos ^ n +Y« sin «u/ sin <f> n ... ( 3 ) 
Equating coefficients of cos not and sin not on either side of (3), 
we get 

®»—Y» cos <f> n and |3 „=y» sin <f> n ... (4> 


which give y»= v'«»*+£»* and ^»=tan... ( 5 ) 

a n 

Hence the series (1) takes the form 

/(0*=-y + 1 2 Y« cos (not-j n ) ... ( 6 ) 

* f»== 1 

or /(f)=y + 2 t sin (not+y — <f> n j ... (7) 

[2] Effective Values and the Average of a Product. 

When dealing with the problems in electrical-circuit theory and in 
the theory of mechanical vibrations, we require to find the root mean 
square or effective value of a periodic function. In terms of complex 
Fourier-series expansion, a periodic function /(/) is given by] 

/(f) = 2 where T-^ (period) . . . ( 8 fc 

n——oo w 

The root-mean square or effective value of the function say f, over 
a period T is given by 

Pe=s Wo ft(t) dt 

—IfT X ? a m e- ]d, 

T J$ Lh=— oo m—— oo J 


00 

S 

—00 


oo 

2 a n a m e* 
m =—oo 


1 00 00 

2 2 a n a i 

1 /I——oo —oo 




. • W 


(on carrying term by term integration) 


x--* w » — 

But e <»-< bss £ for integral m^O 1 

—— «=r for m—0 I*'* 
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which follows that all the integrals in (9) vanish except those for 

m=—n. 

.*. (9) reduces to f 2 E—-L- 2 a n a~n T— 2 o« a_„ ... (11) 

■* n=— oo n=—oo 

Regarding a_» as the conjugate of a n , the quantity in summation of 
R.H.S. of (11) is the square of the magnitude of a n . Also the summa¬ 
tion over negative values of n yields the same result as summation 
over positive values of n. Thus (11) reduces to 
oo 

/®e=2 2 | where a 0 corresponds n=0 . . . (12) 

n —1 

Again, to find the average value over a product of two periodic 
functions with the same period T (say), let us assume two functions 

/,(*)= “ «» 

I =—00 

and / s (f)= 2 b m e <m *‘ with T=--\ ...(13) 

w=—oo “ J 

Then average of the product 

-yJ/iCO/sW dt 


rrp 00 

OO -l 

2 

2 b m e im *' 

JO Lrtam— 00 

/?!*=— 00 -J 


1 oo oo rr 

—~~Y 2 2 o B 6,„ I e iin+TO) ■' (on interchanging 

'« »=—oom=—oo Jo 

the order of integration, and summation) 
oo 

= 2 a„ [evaluated just as in (11)] ...(14) 

n—-oo 

[3] Thermal State. Let us first consider the Fourier's problem of the 
permanent state of temperatures in a thin rectangular plate of 
breadth « and of infinite length, whose faces are impervious to heat. 
Suppose we have to find the temperature at any point of the plate 
assuming that the two long edges of the plate are kept at the constant 
temperature zero, that one of the short edges say the base of the plate 
is kept at the temperature unity and that the temperatures of the points 
in the plate decrease indefinitely as we recede from the base. 

We know*from the Analytical Theory of heat that the change of 
temperature at different points of a solid when heat flows within the 
solid, is given by 

j!“ (d'-u 8*« g*«\ 

dt \dx* / 

where t represents the time, «the temperature at any point (x, y, z) 
of the solid and a is a constant. 
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In case of permanent state of temperatures in a thin rectangular 
plate this reduces to 

•-*(£+$) 

i.e. taking the base of the plate as x-axis and one end of the base 
as origin, the temperature u of any point is given b’ 

8 3 u d 2 u 

8x a + dy 3 — ... (15) 
provided, u=0 when x=0, ...(16) u= 0 when x—n, ... (17) 

«=0 when y=co, ...(18) m=I when y—0 ...(19) 

Let us suppose that u=A <xv+ &* is a solution of (15); then we have 


0 a K 


and ~=Aa\e**'t*. 


0x a •* — dy * 

Substituting these values in (15), we get 
«2+|32=0 or P = ±ia. 

Thus we get u—Ae where A and a are two constants, 
i.e. «=J4e ai 'c <s, ® and u—Ae a » 

Adding, 2 ti=Ae** (€*•»+e" 4 “*) 

*=Ae* v .2 cos ax. 

u=Ae* v cos ax. ... (20) 

This solution may also be adjusted in the form 

u=Be* v sin ax. ... (21) 


The solution (21) satisfies the conditions 

«=0 when x<=0, u=0 when x=«, a being an integer. 

Also m— 0, when y=oo, a being negative. 

Hence u may be expressed as a sum of terms of the form Ce~ nv sin 
nx, n being a positive integer, which satisfies the conditions (16), 
(17) and (18). 

.*. u—C x e~ y sin x+C t e~* v sin 2x+C 3 « _8v sin 3x+ •.. (22) 

Again to satisfy the condition (19), if we put y=0 in (15), we get 
w=Cj sin x+C 2 sin 2x+C 3 sin 3x+.-- • • • (23) 

If the series on R.H.S. of (23) be developed to represent unity the 
condition (19) is satisfied. For this we have to find the suitable values 
for the coefficients C lt C 2 , C 3 ...etc. 

Consider the Fourier’s series defined by /(x)=l for all values of x 
lying between 0 and n. 

Here/^xJsCj sin x+C 2 sin 2x+C 3 sin 3x+..., 
where C„~-| j* sin nx dx, v /(x)=l; also/(x) is an odd function 
of x as /(—x) s=°—/ [X). 

Now sin nx [1—( 1)"] 
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and 

Hence 


*=0 if n is even 
2 

>=— if n is odd. 

7U 


00 

fix)— 2 C„ sin nx 


n~l 


2 oo 7 

«= — 2 — sin nx, when n is odd and zero when n is even 
tc 1 n 

, 4 Tsin x , sin 3x , sin Sx . "1 ,. ., .. , 

1 = — I——H— 2 ~ +— 5 —J* n being odd which 

gives the values of the constants C u C t , C a , ... in order that the 
condition (19) is satisfied. 

4 

Substituting values of constants given by C„= — (n being odd) in 

( 22 ), the required solution to give the temperature at any point is 

u [e” v sin x+ie - **' sin 3x+ie~ Sv sin 5*+...]. . . . (24) 

Note. Similarly we can find the potential function at any point of a 
long, thin rectangular conducting sheet of breadth n through which an 
electric current flows, supposing that the two long edges are kept at 
potential zero and one short edge at potential unity. 

Deductions. 

(i) If the temperature of the base of the plate be a given function 
of x, while the other conditions remain unaltered. 

We have already shown that 

oo 

/(*)= 2 Cn Sin nx, 
a-1 

2 r* 

where C n ~~— 1 /(v) sin nv dv. 
n Jo 


Thus we have form ( 22 ) 

— 2 jV - "* sin nx | /(v) sin nv dvj- . . . (25) 

(H) Assuming the temperature of the base as unity and the breadth 
of the plate as n, we have prove that 

4 

«■=— [« -v sin x+\e~* v sin 3x-hie~ tv sin 5p+...]. .. . (26) 

In order to sum the series on R.H.S., let us consider 
log(!+*)“ z— Iz’+Jz*—Jr 4 +...when |z|< 1 
and log(l—z)==—-z— fr*—Jz*—Jr 4 — ...when |z| < 1 . 

i Dog ( 1 +z)—log ( 1 —z)]=z+~+-j~f...when | z | < 1 . 

... (27) 
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Now z being a complex quantity, may be expressed as 
z=r (cos 0+i sin 0). 

Then, 

log (l+2)=log [l+r (cos 0+/ Sin 8)] 

«=-j- log ((1 +r cos 0)*+r* sin* 0]+/ tan -1 rsin 


l+r cos G 


[v lo 8 (*+<T)=y lpg (r+y^+itan- 1 XJ 


= y log [1 +2r cos 0+r 2 ]+/ tan -1 —— 

, * l+r cos0 

Similarly, 


log (1—2)= -i- log [l-2r cos 0+r*]-/ tan" 1 — 8in 0 . 

z 1 —r cos 0 

i [log (l+z)—log (1—z)] 

j—fi— 1± & cos 8+r* . f _ r sin 0 _ r sin 0 

- 2 L IOg I^2rcos0+r* +/ [ Un 1+7^0+ tan J 

irilng l+2r cos 0+r* 2r sin 0T 

" 2 L 2 ,0g ~2r cos 0+r 2 +I tan ~T^rJ 

[’.* tan -1 a+tan -1 6=tan -1 


Hence from (27), we have 
1 T 1 . 1 +2r cos 


(~ 1 « l+2rcos0+r* , 2rsin0"| 

LT log 1^27cos 0+^+' tan ~T^r r J 


—r (cos 0+/ sin 0) + r i co i 0 +” in 0 i , + ... 

—r (cos 0+» sin 0)+^^ s i n -A 0) +... 

Equating real and imaginary parts, we get 

1 ,_l+2r cos 0+r* n , r* cos 30 , r* cos 50 , 

T 108 r ^2r cos tf-rr* ~ r “ S ,+ —— + 

and } tan- sin 

(28) and (29) are valid for all values of 0 provided r < 1. 
Also er* is less than one if y is positive. 

Hence replacing r by e~ v , (29) gives 


r sin *+— 


. . e~ bv • r , 1 # 2e~* sin x 

sin 3x+-y- sin 5*+...-y tan 1 

1 . i 2 sin x 
“2 ta ° -*=?? 

1 * _» sinx 

-j“* sarr 
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Substituting the value of this series in (18), we get 


2 

u =— tan -1 

7T 

For Isothermal lines, u— constant 


sin x 
sinAy ’ 


.. . (30) 


i.e. 


2^ 

7t 


tan - 


sin x 
sin A y 


-a (say) 


or 


SIP X 

sinA y 


—tan 


an 

~2 


. .. (31) 


Again 

i_ I 14-2rcos 0+r 2 1 l+2e~ y cos 

4 1—2r cos 0+r 2 — 4 1— 2e~ v cos x+e -2 » 

replacing r by and 0 by x 

_1 2 ~r COS * _^ cosAy+cos X 

~ 4 °® c'+e"" “4 °® cosA y—cos x 

—=-cos X 


For the lines of flow. 


_1_ cosAy+cos x 

n cosAy—cos x 


f=A (a constant) 


or 


cosA y-f cos x 
cosA y—cos x 


. . . (32) 


I since w,=-i log ~ os ^ ^^~ co - S — is the solution for the problem if 
[_ 1 4 s cosA y—cos * K 

the isothermal lines are the lines of flow of the existing problem and 
conversely the lines of flow are the isothermal lines of the present 


problem. 


[4] Transverse Vibrations of a String 

We now consider the problem of the transverse vibrations of stretched 
string fastened at the ends. Suppose that the string is initially distorted 
into some given curve and then allowed to swing. Let the length of the 
string be l and the equation of the curve to which the string is distorted 
initially be y=f(x) with reference to the position of equilibrium of the 
string as x-axis and one of the ends of the origin. 

In acoustics, such vibrations are given by 


9 2 y 

"dt J 




»*y 

dx * 


. . . (33) 


We have to get an expression for y, which is the solution of the 
equation (33) subject to the conditions 

y*»0 when x=0. . .. (34) 

y==0 when x**l, ... (35) 

y—f{x) when t—Q, ... (36) 
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and 



when 


t- 0. 


. .. (37) 


Let y=Ae* x+p ‘ be the solution of (33), 

-jpr=A i Pe**+» t and -0- =,4aV*H»*. 

Substituting these values in (33), we get 

p 2 —rt 3 * 8 , 

giving 3=±o* 

y=Ae* x ± aat ... (38) 

is a solution of (33). 

Here if we replace a by -fa/ and —a/ in succession 
y=zAe < ' x ± ta '> 
y=Ae~ (x d= at ^ ai . 

Adding and then dividing by 2, we have 

y=A cos a (x±at). .. . (39) 

This may further be expressed as 

y—B sin a (x±a/). . . . (40) 

From (38), 

y—A cos a (x+at)=A (cos ax cot aa:— sin ax sin aa/} 
and y=A cos a (x— at)—A {cos ax cos aa/-f sin ax sin a at}. 

Writing y successively equal to half the sum and difference of these 
values, we can write 

y—A cos ax cos an/, 
y=A sin ax sin a at. 

Similarly from (40), 

y—B sin ax cos a at, 
y—B cos ax sin aat. 

Out of these four values of y, if we take 
y=B sin ax cos a at, 

it is obvious that this satisfies the conditions (34) and (37) and this 
may be made to satisfy (35) by putting a =-j when n is any integer. 


Hence we can express 


oo 


y= 2 6* sin 


nnx 


cos 


nrcat 


«=» 1 
rtX 


jrjr TCCtt > • 2nx 2 TCdt 

Le- 9 y^b x sin -y— cos —ysin ^ cos j 

37tjc 3wr , 


+b z sm 


/ 


cos 


/ 


. . . (41) 
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The relation (41) satisfies the conditions (34), (35) and (37). In 
order that this may satisfy the condition (11) also, let us put r=0 in 
(41), whence we get 

, . nx . , . 2nx , , . 3«x . .... 

y=bi sin —j~+b t sin ——f-o 3 sin — -j—+ .(42) 

If we can however develop f(x ) into a series of the form (42), 
then a comparison will give the values of the coefficients b u b t , b t 
etc., which when substituted in (41), will give a solution of the partial 
differential equation (33) under the conditions mentioned above. 

Now consider the Fourier’s series defined by 


,, . . . isx . . . 2 tcx 

f(x)—bi sm —j—|-b, sin 


^ r j 

tot aU values of x lying between 0 and /. 

nnx 


-b t sin 


3wje 

/ 


Then b. 


f!> 


/ 

OTV 

/ 


dx 


dv 


(replacing x by v in order to discriminate). 
Substituting this value of b n in 


2 ? . . Jinx newt 

y= b n sin —j — cos —)— 
n~\ 1 1 


the complete solution of the differential equation (8) may be given as 


2 00 
2 sin 

1 «=i 


nnx 


meat \’ r/ \ • 'n™ j /iit 

/ cos ——] o /( v ) sm —— dv. • • • ( 43 ) 
Deduction If the shape of the curve into which the string is 

fjTZX 

distorted be given by y*=f{x)—b sin——, then 


/ 


f(v)=-b sin 


mv 


Thus 


[ /(v)sin 
Jo 


/ 


mv 


=bj sin 

-K( 


dv 


b_ 

2 


> w7tv 
/ 

1—cos 
/ . 


2mv 

l 


) dv 


2mv~y ^ b l_ 

'o 




Hence the solution (43) reduces to 

, . mx rmat 
y—b sm -j cos —j— * 

Note. For more applications see the next chapter. 


... (44) 


9.10. THE FOURIER TRANSFORMS 

[A] Fourier Sine Transforms. They can be subdivided in two namely 
the infinite Fourier sine and transform the Finite Fourier 6ine trans¬ 
forms. 
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fail The Infinite Fourier sine Transform of a function F(x) of x 
such that 0<x< oc is denoted by f s (n), n being a positive integer and 
is defined as 


1 00 

F(pc) sin nx dx 


Here Fix) is called as the Inverse Fourier sine transform of f,(n) and 
defined as 


2 fo° - 

*-J. f - 


f,(n) sin nx dx 


Thus if /.(«)=/ [F(x)], then F (x)=f,~' [/,(«)] ... (3) 

where/is the symbol for Fourier transform and f~ l for its inverse. 

Problem 19. Find the sine transform of e~*. 

We have 


I ce 
. 


e~* sin nx dx- 


{w ( ~ si 


sm nx—n cos nx) 


l 00 - n 

Jo *+' r 


Problem 20. Find the inverse sine transform of e Xn . 


We have / 




e~ Xn sin nx dn 


-it 


*-7C L K+X* 

(—A sin nx—x cos nx)J 


2 x 

= 7 It A 2 + X* 

[a 2 ] The Finite Fourier sine transform of a function F(x) of x such 
that 0<x<I is denote by /,(«), n being a positive integer and is 
defined as 


fs 00=j* F (■*) sin dx 

r, this becomes 
/»(«)=j" F(x) sin nx dx 


... (4) 


In case /=u, this becomes 


and the inversion formula is 
_ 2 ® 


F(x)=-~ 2 f s (n) sin nx ...(6) 

77 71=1 

whence a n is the coefficient of sin nx in the expansion of F(x) in a 
sine series and is given by 


a n ~— | F(x) sin nx dx 

75 Jo 


-!■/.<»> by (» •• ,(7) 

Problem 21. Find the Fourier sine transform of F (x)—x such that 
0<x<2. 
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We have /,fe)= J F(x) sin dx V /=-2 in the existing case. 


■r 


. . xnx . 

= I X Sin ——ifa 
lo Z 


nnx 

— COS n —12 


- 2x mtx , 4 

——— cos —=—f- ,y~.- sin —=- 
mi 2 n-n- 2 


MIX " 1 ® 


COS Ml. 


T 2 T , f 2 2 Mix,, , . . . 

=1 x. ——-+ J o — cos -yrfx (on integrating by parts) 

~2 

=[ 

(B] Fourier Cosine Transforms. They can also be subdivided into 
two namely Infinite and finite cosine transforms. 

[6J The Infinite Fourier Cosine Transform of F (x) for 0<x<oo, is 
defined as 

/.(»)- f°° 

Jo 


F (x) cos nx dx, n being a positive integer. 


• ( 8 ) 


Here the function F (x) is called as the Inverse cosine transform of 
f c (n) and is defined as 

2 f oo 

F(x;=— I f e (n) cos nx dx 

Jo 

Thus iff (n)=f e [F (x)], then F {x)—f~ l [f («)] 

Problem 22. Find the cosine transform of x" 


... (9) 

.. . ( 10 ) 


we have 


J. 


oo _ a 

e~ ax cos nx dx =*—?-.—»- 

o 


I oo 

x* e~°* cos nx 
dx 


Differentiating the first relation n times w.r.t. ‘a’ we find 
J 0 °° X- *-» cos nx <**=(-^r) 

cos ^(«+l) tan -1 
“ fa i +n-y n+1> ** 


by usual method. 


Hence f e («)= 


I H cos ^(n-H) tan -1 -^-j 


(a*+/j*) ( " +1,/ * 

Problem 23. Find f {e - * n } 

We have/” 1 {e~ Xn }—~- 1°° e -Xn cos »x dx— 


(—A cosux+x sin 


in *x)J°°i 


X*+x 2 

2 

* A 2 +x* 
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[fcj The Finite Fourier cosine transform of F(x) for Ocxc/is 
defined as 


fe («)— J o F(x) cos dx 

when /=«, this becomes 

fe («)— [ F(x) cos nx dx 

Jo 

and the inversion formula is 

1 1 00 

T( x )~~ fc (0) + — 2 ^ / c (;/) cos nx 


(11) 

( 12 ) 

(13) 

(14) 


when f e (0)— f F(x) dx 

J 0 

Also b n the coefficient of cos nx in the expansion of F(x) in a cosine 
series is given by 

[ F(x) cos nx dx—-~fc (n) by (12) . . . (15) 

Problem 24. Find the finite Fourier cosine transform of x. 
fe («)= j x cos nx dx 

_r **!5_5* "1 — — f sin nx dx (on integrating by parts) 

L n Jo n Jo 
._l_r c os nx ~1~ 

“ « L —» Jo 

=-Jr ((-I)”-1). ”=1.2, 3,. 


We have 


But if n*=0, f c (°)=J o x rfjc== £'lj~] 0 e= 'T‘ 

Note. On the next page are tabulated some useful Fourier sine and 
cosine transforms in a concise form. 

[C] The Complex Fourier Transforms. 

The Complex Fourier Transform of a function F(x) for — oo 
<x<oo, is defined as 

/(«)= [°° F(x) e tnm dx ... (16) 

J 00 

where e inm is said to be<he Kernel of the transform. 

The inversion formula is ^ r ( JC ) = *^|^ 00 /W ^n ... (17) 

Problem 25. Find the Fourier Complex Transform of 
1-x 9 , | x | <1 
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We have /(«)* J^ (1—**) e in * dx= £ (1— x*) -^jp+ jjj~ 

| x e in * dx J (on integrating by parts) 

=0+ ir^T -^Vt 1 

i»L *« J-x ("»)' J-i 

—~ile in +^ n ]+ ^ --|-(^ B +«-‘ n ) 

. + -?_ (*!._«-*) 

4 4 4 

--r cos n-f-—r sin «=-, (n cos n —sin n). 

n® n 3 n 8 v 

Problem 26. Find /Ae Complex Fourier transform of e - !* 1 and then 
invert it. 


We have 




e inm dx = 


f (l+<n)« ^ 


■r- 




; <£x which may be 


= _J_ ,_1_ 

1+m^l-m 1+u 2 

So that the inversion formula gives, 

1 foo 7 1 Too 

F(n)=* r f- 5 ~ e* 1 * </* « — I —? 2 dx which may be 

7 2n J —ool +« 2 77 J -oo 1 +n z 

integrated by contour Integration. 

Note. Several other Complex Fourier Transforms have been tabulated 
on page 843 . 

[D] ParsevaTs Identity for Fourier Integrals. 

It is stated as f °° I F(x) | 2 dx=^~ f°° | An) | 2 dn ... (18) 

J -oo 2n J -oo 

where An) is the Fourier transform of F(x). 

Problem 27. Find the Fourier transform of 

F(x) I x I <a 

W 10, \x\ >a 

XJ * aL _j , . f oo sin 2 nx , 


Hence or otherwise evaluate 


f oo sin 2 

Jo — «* 


We have /(«)=* J 00 
r e - *"* “I* e* 

L -in J-.~ 


F(x) e~ in * dx 


e +ina — g~ ina 2 sin na 


l'e-*~dx 

a 

for n# 0 



/(*)*"<"• dx f(n) 



coi\x* /f cos /.£ *) 0 . |*I>1J. / v V2 WW 
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For «“»0, /(«)■= 2 Lim —-~ 
n-+0 n 


-2 Lim — 
n->0 n 


£ na— «*a?+.J“2« 

Now using Parseval’s identity, we find, 

[ fl 1 •-dx=* J- f°° 4 sx S l ” - ? .rf« when 

J-» 2tc J-oo n 2 

. 1 _ foo4sin 2 «fl , 1“ "T* ~ 

sr* J„ —#— in =L* L,- 2 * 

* . fo o sin 2 __ kx ' 

Jo n z ~ 2 

]E] Relation between the Fourier Transform of the Derivatives of a 
Function. 

If fin) be the Fourier transform of F(x ), then we have to express 

d m F . c n \ 

the Fourier transform of the function -r~sr 111 terms °* J' n >' 


We have by the definition of Fourier-transform, 

/ einK dx =f n W (say) • • • < 19 > 

I oo d m F r d 1 *" 1 F "I 00 

_ ^ ^ _U 

— f °° (in) e‘»* dx (on integrating by parts) 

J —oo dx 

I OO Jm-lf . d m ~ 2 F n 

“^ m - r d inx dx, under the assumption ^s=r _>u 

00 as I x | -*- 00 

—in /“-Vn) by (19) ...(20) 

d r F A 

Repeating the same process under the assumption —►O 

as | x | ->oo, r-1, 2, 3,...(«*-»> 
we get after (m— 1) operations, f m (n)=(—in) m /(«) • • • ( Z1 ‘ 

/|Jw /T • * I* 

which follows that the Fourier transform of * s ( —,w ) m tirnes r e 

d T F 

Fourier transform of F(x) subject to the condition that -jg ►O when 

| * | ->oo, for r=l, 2, 3,...(m—l). 

By similar procedure we can find a relation between the sine and 
•cosine Fourier transforms of the derivatives of a function, such as 


... (19) 


/c m (») 


fco d m F 


cos nx 


— —*„_! + « /, m-1 («) 


r Jtn-l f -loo 

cos nx dx *=[_ dx”'- 1 ' COS nX Jo 

+n [°°4Sr sin nX dn ' » nte 8 ratiD * b y P arts 
. Jo axr /<o\ 


.. . ( 22 ) 




FOURIER'S SERIES, INTEGRALS AND TRANSFORMS 


845 


Under the assumptions, 

jfm-ljp Jm-l f 

j-->0 as x->co and -►«»_, as x-+0. 

I oo d m F 

-r~r sin nx dx 

= —n f™~ x (n) ...(23) 

(22) and (23) yield, 

/."(») = n 2 fr ~ 2 (») ... (24) 

Repeating the procedure f e m (n) may be expressed as the sum of 
«'* and either /«(«) or //(«) or /«'(«)• /«(n) will occur when * is 
odd and in that case we can write « 0 +” /«(”) in place of /*'(«). We 
thus have 

m—1 

-2 (-1)' r—i « 2r +(-l) ra f'(n) . . . (25) 

r=0 

m 

and / e *«+ 1 (n)=-S (-1 ) r * in - ir n 2r +(-l) m n im+1 f/n) ...(26) 
r«0 

Similar procedure with the help of (22) and (23), will yield 

f, m («)=«#»-*— n 2 • • • (27) 

//">(„)= _ 2 (— l)* 1 n ir ~ 1 * 2 «- 2 r + (- l) w+1 n 2m /.(«) • • • (28) 

r=l 
m 

and /» -2w+1 (n)= — 2 (- 
r=l 


(0 

J 0 


00 d 2 F 

n dx 2 


cos nx dx- 


dx* 
oo d 2 F . 


n 2f_1 0C 2 n- 

, +1 + (— l)*" 41 n 2m+1 f c {n) 




... (29) 

s are easily deducible 



n 2 / e («) 

, when x=0, 

dF 

d i F n 

1 

dx ~~ 

d*=° 

n 4 /.t«) 

• 



... (30) 


dx 2 


■sin nx dx—n 2 / s (n) 


d~F 

). when x—0, F== ~faf =0 


m 

jo ~~ ^ wnenx—v* * ~ 

(/v) J C °~^: 5 ln nx dx==n * /• (") J ... (31) 

« hf**’“ dx= ^ir■ f * nx * -^ ■■ • m 

Note 2. In case the transforms are finite, then consider 

[” it * ™*-f m sin nxj -n [’ «*> »» 

Jo 3* grating by ports 

— —n f e (n) " ,(33) 

under the assumption that F{o) and F(n) both are 
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Similarly, J* ~ cos nx dx =|V(x) cos nxj" +n J* F(x) 

** # sin nx dx 

=(-!)" m-m+* ... (34) 

Assuming that F(x)-*-0 at x=u and at x=0, (34) reduces to 

I K *Ap 

0 ~dx~ C0S nX dx=h ^ n) • • • ( 35 ) 

and (33) reduces to 


r 


d-F 
dx 2 


sin nx dx- 


— r 

Jo 


0F 

Sx 


cos nx dx 


=n[(-l)«+ 1 F(7r)+F(0)]-n 2 /,(«) by (34)... (36) 
If F(0)=F(w)=0, then (36) yields, 
f* c 2 F 


dx 


;r sin nx dx=—n 3 f s ( n) 


. . (37) 


Similarly (34) yields 

|" COS nx rfx==( ~ 1 >" F '(*)-F'(0)-n 2 / c (n) . . . (38) 

d'-F 

In case -jp- vanishes at x=0 and at x=7t, it is easy to see that 

(31) gives 

C* 8*F 


sin nx 


dx= — n 2 j-~ sin nx dx=n 4 f s (n) . . . (39) 


Jo 

dF d a F 

and when -gj-, g-^- vanish at x=0 and at x—-n, (38) gives 


I n d-F 

cos nx dx= -n°-f e (n) 

I K P4J7 

cos nx dx=n 4 /„ (n) 


• • (40) 
. • (41) 


=0, 0 < x < n , 


Problem 28. Determine the function F such that 
d“-F d*F 
9x 2 "*■ dy- 

with the boundary condition F=0 when x=0 and x=it 

— 0 when y=0 
=F„ (const.) when 

F being given to be zero when x=0 and x=«, we have to use the 


finite sine transform i. 


■e. /(»)=}" 


F(x) sin nx dx 


Applying it to the given differential equation we have 


j: 


* &F_ 
dx- 


sin nx dx+ 


i: 


d*F 

dy* 


sin nx dx=*0 
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with the condition, /=0 when y=0 and /=■ | 


By (37) we have, 4 

d 2 f 



d 2 F 

-g— sin nx dx= —n 1 / 


F 0 sin nx dx 

when yarn 


or 


-” 2 / + l^r' ==0 whcre TF=j" 5in 

a V 


0>- a 


-n 2 f=0. 


Its general solution is /=/4 sin A ny 

But f—F 0 | sin nx dx when 

_ r cos nx “I™ n . . 

=F 0 I - - »—J =0 when n t 


is even 


=—2 F 0 /n When n is odd. 

So that considering the two solutions for / we conclude /=0 
when n is even 
2F 0 


and / 


n 


cosecA nn sinA ny when n is odd. 


Hence the inversion formula will give on replacing n by 2/n+l, 

s’ (2W+1)- 1 cosecA (2*»4-l) * sinA (2m + l) y 
71 m- 0 

* sin(2tfi+l)x 

tF] Multiple Fourier Transforms. 

If F(x, y) be a function of two variables x and y , then assuming it 
to be the function of x only, its fourier transform ^ (n, y) is given by 

<f>(n, F(x, y) e in * dx ... (42) 

Now if/(«, l) be the Fourier complex transform of ${n, y) which is 
regarded as function of y only then 

. . . (43) 
• • • (44) 


f{n, /)= [°° <f>(n,y) e il " dy 

These two results when combined, give 
/(fl, /)= j^/(X, y) e‘ , "* ww dx dy 

and the inversion formula is 

!-» /<b ’ 0 a " 

Note 1. The result may be generalized for any nwnbw 
Note 2. In case the Fourier transforms are finite such that F(x,y)U 
a function of two independent variables x,J where and 

0<y^7c, then the sine transform af F(x, y ) is given by 


45) 
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/*(«. 0“ J* J F (x> y ) sin nx sin ly dx dy ... (46) 

and the inversion formula is 

F{x, y)=~p 2 S /,(«, 0 4/w nx sin ly v ... (47) 5j 

[G] Convolution or Faltung Theorem for Fourier Transforms. 

If F{x) and G(x) are two functions such that — co<x<co then their 
Faltung or Convolution F*G is defined as 


H(x)—F*G= f°° F(n) G(x—n) 
J-oo 


It is worth noting that the Fourier Transform of the Convolution 
of F(x) and G(x) is the product of their Fourier transforms t.e. 

f[F*G)=f[F]f[G) ...(49) 

Since f[F*G]= f°° H{x) e rin * dx by definition 
J —oo 

= f °° F(x) e~ in * dx f °° G(x) er in * dx 
J-oo J-oo 

=f\F].f[G\. 

[H] Evaluation of Integrals with the help of Fourier Inversion 
Theorem. 

I oo foo 

e~ a * cos nx dx and / 2 «= I e~ M sin nx dx. 

Integrating by parts, we have 

j 1= [_JL cos nx]^- ~ J # °° e— sin nx dx]=±-^ /,. 
Similarly /*=—• /, 

These give on solving Aand 

Thus taking F(x)—e~ am , its sine and cosine Fourier transforms are 
^■qL an( j respectively, so that the inversion formula gives 

e- ag =— [°°-rr—cos nx dn ... (50) 

* Jo a +" 

and e“®***— l 00 -- ” sin nxdn ... (51) 

* Jo «Hn* 

. foo cos nx, tc foo/isinnx , rc 

J. Z+Z in ~H and ). *+* *"!- ^ 


; sin nx dn 


.. • (50) 
... (51) 


9.11. APPLICATIONS OF FOURIER TRANSFORMS TO BOUN¬ 
DARY VALUE PROBLEMS 

Problem 29. Find the finite Fowler sine and cosine transform of 



849 


POUWBR’S SERIES, INTEGRALS AND TRANSFORMS 
d*U 

dx^ where Uis a faction of x and t for 0< X <1 t>0 


cos^dx. 


■0integrating by pam 

Mto/ - m<g «• o coa^j (I> 

+” £ v <*' o =r * 

= U(I, t) cos nn~U(0, l)+y/.{£/} .. . (2) 

Replacing U by in (1), tve get 

-7 p' 1 ') cos <)+?/,( 0)1 by (2) 

mr _ . ■* 


~ r ^ r) cos n7r +y ^(0,0-«* -jrMU) 
dU. 1 


Again replacing C/byg'in (2) we find 

'* 8£}-{£] 


8C/ (A /) 

dx 


dU (0, /) n*7t* 

a* 


COS «*- by (1) 


Problem 30. Solve ™=~, x>0, t>0 subject to the conditions 
U(0, t)m*o, U(x, 0)=^* and U(x, t) is bounded . 

equation* transform of both sides of given 


f 


00 du_ 

dt 


sin nx dx 


H 


’co d*u 

~dx* 


sin nx dx 


.. . ( 1 ) 


Denoting J7(x, /) sin nx dx by u=u(n, /), we have 

-- _ f 00 dU (x, t) . foo 8*£/ . 

* ~Jo di -sin nx ~ sin nx dx by (1) 

=£sin nx +n cos nx dx, on integrating by parts 
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0 —n £ | cos nx U |°°+« |°° sin nx.U dx J, under the assump- 

«r-*oo 
• •( 2 ) 


tion, t—> 0 as jf->oo 
ox 


=*n U(o, t)—n 2 u, under the assumption C/-*>0 as x-+co 
Now u(n, f)=j°° Ufa t) sin nx dx gives 

u(n, o)= f °° t/(jc, o) sin nx dx~ f l.sin nx dx by the condi 
Jo Jo _ 


t cos nx "l 1 1—cos n 

—T~i = —T~~ 


tion for U(x, o) 
.(3) 


Using the condition U(o, t)=0, (2) yields ^ = — n 2 u or ^ = —n t dt. 

Integrating log «=—n 2 H-log A, A being constant of integration 
.*. u—Ae-n 2 t . 

1_cos n 

Initially when t= 0, u{n, t)=u(n, 0)=—-— by (3); so that 
, 1 —cos n 


n 

*• / \ 1 cos n ti 2 1 

Hence «(//, r)=--- e 


Applying the inversion formula for Fourier sine transform, we 

have U(x, t)=— f 00 i/(n, t) sin nx dx= — [°° 1 ~ cos n e —n 2 i 
71 Jo n Jo n 

sin nx dx 

which gives the required solution, physically interpreted as the tem¬ 
perature at any point x at any time t in a solid x>0. 


Problem 31. Use finite Fourier transforms to solve 


dU d 2 U 
dt ~dx*' 


U(o, t)—0, U(-n, t)*=0, U(x, 0)=2x where 0<x<n, t>0. 


Give physical interpretation of the problem. 

Taking the finite Fourier sine transform of both sides of the given 
differential equation, we have 

f* 3U . . f* d 2 U . 

J 0 dt SlQ *-], 03F sin nxdx • • • (0 

Denoting by «-=«(«, /)= Ufa t ) sin nx dx, ... (2) 

. . f du f« dU . . r« d*U 

we find J _ = J ^ _ am „ x dx~ j # ^ sin nx dx by (1) 
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cos nx 5 - dx V U(o, t)=U(n, /)=0 


r. dui* r* du , 

=stl sin nx g ~ 1 ~ n J cos nx g— dx, integrating by parts 

J rt W ° 

cos nx dx V t7(o, /)«£/(It, /)=o 

= —n £cos nx.U(x, r)J" —n 2 sin nx U(x, i) dx 

= —ri l u, since the first integral vanishes for U(o, /)=£/(*, t)=6. 
Its solution is, u—Ae~ n *‘ A being constant of integration. 

Now from (2), u(n, o)=| U(x, o) sin nx dx =J" 2x sin nx dx 

V t/(x, o)=2x 

. r cos nx~\ r - 2 f* . 

= 2 —.t--— 4 - — | cos nx dx , 

L * Jo n J« 

2tc 2 T l 71 2n 

= — cos/!*+--- sin/ix I = —— cos m 

n »- L J. » 


2n 

— — COS «7t- 

n 


When t =0, n= — — cos «7c applied to u^Ae"*"* gives 
n 

. 27C 

^ =-cos mt 

n 

* 

u<= -cos wt e~ n 1 • 

n 


Applying the inversion formula for finite Fourier sine transform, 
we have 

C/(.v, /) — — S ( — — cos fl7r c" -71 "' \io nx. 

For physical interpretation, £/(*, /) may be regarded as the 
temperature at any point a* at an instant of time / in a solid 
by the planes x=0 and x=n. The boundary conditions £/(0, t) = 0 
and U( 7c, 0=0 give the zero temperature at the ends while (/(a, 0) 
=2x represents that the initial temperature is a function of x. 

Problem. 32. Determine the displacements Y(x, t) in a horizontal 
string stretched from the origin to the point (^, 0) when the motion is 
due to the weight of the string alone. The string may be taken to be 
initially at rest in the position Y =0. 


Taking the axes of reference 
as shown in Fig. 9.8, and the 
string being released from the 
rest in position T=0, the boun¬ 
dary value problem is 


01* 0** 


+g 


...( 1 ) 


where 0<x<*- t> 0 and 


linear density 


with the boun 



dary conditions. 


Fig. 9 J 
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y«=0>=-5- when t—0 and 7=0 when x =»0 or w. ... ( 2 ) 

ot 

Taking finite Fourier sine transform of both sides of (1), we get 


d 2 Y f* 

sin nx dx+2 I sin nx dS 
ox* Jo 


r* 02 y f* d 2 Y \ n 

I -*-r sin nx dx*=d* I - 5-5 sin nx dx+2 I sin nx dS . . . 1 
Jo & Jo dx 2 Jo 

Suppose that y(n, 0=J Y(x, /) sin nx dx, then 

% - a*n 2 y+g [ 1 ± ( ~ 1 ^" -- ] by (37) of § 9.10 [E] 

=*-(Pr?y+g [ J •. • I 

dv 

With transformed conditions (2) as y— ^-=0 when r= 0 . 

(4) may be written as 

(LP+arn 2 ) y=-jj-£l — (— 1 )"J where E>=~ 

Its complementary function is A cos not +B sin nat 
and particular integral is J £ 1 *(- 1 )» J. 1 

So the complete integral of (4) is 

y—A cos nat+B sin nat+-^ i - £ 1—(—1)" J 
dy 

-j-~—Ana sin nat+Bna cos nat 

dy 

Applying the conditions, y—0 when f=0, we get 

l-(-l)"]and B =0 
Her.ce the solution of (4) is 

y= "flfc*[ ]( 1 —cos onr.) 

Using the inversion formula, we find 

y= l-(-D" ] ( 1 -cos nat ) sin 


2e 00 
sin nx—— 2 
na ‘n -1 


!-(-!)» 


( 1 —cos nat) sin nx 


2g <£* x(7t— x) ,, . . .. 

_ z —-—- (1—cos nat) sm nx, if we apply 

7C “j|=l 4 

j~ yfr-jc) 



FOURIBR’S SBRIBS, INTBORALS AND TRANSFORMS 


853 


Problem 33. Let V(x, y) denote the electrostatic potential in a region 
bounded by the planes x= 0 , x=k and y-0 in which there is a uniform 

distribution of space charge of density If the planes x=0 and 

y=0 are kept at potential zero, the plane x—n at a* other fixed 
potential V=1 and V is finite as y— oo, then determine V. 

We know that the electrostatic potential function V (*, y) satisfies 
Poisson’s equation which is 

_.«rr „ W , d 2 V 

V*V - 4n p or -^+- 3 ^ 

= —4«p in two dimensions. 

Here - f the volume den- 

4n 

sity of charge. 

=- h whcre 

0<x<n, y >0 ... ( 1 ) 

with the boundary conditions 

V(o, y)=0, V( n , y )=1 for y>o 
and K(x, o)=0 for o<x<n Fig. 9.9 

also V(x, y) is finite for y>o, ... (2) 

Taking the finite Fourier sine transform of both sides of (1), 
we get 



i: 




sin nx dx-\- 


r 


8y 2 


sin nx dx= 


- h II si 


sin nx dx 


Assuming that v = f 
Jo 

d 2 v 


-n 2 v -f- 


dy 2 


V sin nx dx, (3) gives 
=n(-l)”-hf s {1} 


..(3) 


... (4) 


since V=0 at x=0 and V—\ at x=rt so that v=0 when y=0 and x 
is finite. 

The complete integral of (4) is 
v=Ae~ n y +Be n y 
But v is finite for .y->oo, 

Also when y =0 v=0 .'. 

Hence the solution of (4) is 

y_ hfs (1)—1)" (j _ c nv ) 

Using the inversion formula, we find 

V =1 f 


-n- 
B =0 

„(_D»_/,/ s {l} 

A= - 7? 


sin nx. 
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ADDITIONAL MISCELLANEOUS PROBLEMS 

Problem 34. Expand the function f{t)—kt in the interval —TIKt<TI2 in a 
Complex Fourier series. Flat the function defined by the series outside this range. 

Problem 35. Show that if f(t)=+[-t) for —T/2<t<0 andf(t) -*(t) for 
0<t <T/2 then the real Fourier series for f\t) contains no sine terms. 

Problem 36. Show that iff (t) = -+(-t) for -T/2<t<0 and f(t)~+ (t) fot 
0<t<TI2 then the real Fourier series furf (/) contains no cosines terms . 

Problem 37. Expand the function of period 12 defined as follows in the interval 
—6<t<6 t 

{t)~0 for — J 

— t+3 for 
=3-tfor 0<t<3 
~0for 3<t<,6 
Plot the function. 

Problem 38. Using Fourier cosine integral, show that for x>0, 

-a- 2b f oo cos ux j, 

e "~J 0 *+b* dx - 

Problem 39. (a) State the Dirichlet conditions for the expansion of a function 
f(x) in a Fourier series. Obtain the Fourier expansion of the function 
f(x) J t,0<t<2 
}W \ 0, 2<t<4 

0 b) State the Fourier Integral theorem. Show that if 

vir f-oo M e ~ ixt du /W(0 ” v * w eixt dt 

Obtain f(t) for the function g(x) defined by 

g(x)=0,x<0 (Bombay, 1965) 

x>0 

Problem 40. Expand the periodic function 
,, r~7 for — 

' lforO<x<n 

in Fourier series. (Agra,. 1965 ) 

Problem 41. Obtain a Fourier series expansion of the periodic f m cti°nf(t),the 
period of which is T and the form of which within the first period Ue., for (fc*t^T 
given byf(t)-t (T—t) 

Obtain the form of the Fourier coefficients for large n to order 

(Agra, 1967) 

Problem 42. Obtain the Fourier series expansions of frte/tf/foww* periodic 
function, each with period T and having the following forms during the first period 
i.e.0<t<T; 

(i) f(t)—sin-j? 

(«)/«)=(-£) 

which one has the more rapidly convergent expansion. * j*®) 

Problem 43. Discuss briefly the role of Fourier’s series in ma,hen ^y^f^ y fglp) 

Problem 44. (a) State the conditions under which a function can be expanded in 
the form of a Fourier series. 

lb) Express the following function in a Fourier series 

F (*)=*+**; - *<*<* ^ Agra ’ l9m 
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Problem 45, (a) State the Dirichlet conditions for the Fourier expansion of a 
periodic function. From the Fourier series obtain the Fourier Integral formula 

J® J^qq/U) «w [■ (»—*)]didx (-oo<x<oo) 

(b) Let f(t)’ m l for 0<1<1 

and f(1)^0 for i>l 

Use the above formula to show that 


too sin* cos *1, n , . , 

---flo=-r when l-l. 

o * 4 


{Bombay, 1970) 


Problem 46, (a) Find the Fourier-cosine-series for the function f(x)=x in the 
range 0<x<«- 

(b) Using the Fourier-sine-integral evaluate (^ra, 1971) 

Jo x 

Problem 47. If V is the Temperature at time t and k the diffusivlty of the 

iV 

material, find V from the partial differential equation ——* j^-,x>/,f>0 

With the boundary condition V=V a for x=0, t>Q 

V=>0fort=0,x>0 

j4j/ j2 y 

Problem 48. Determine the solution of the equation — 4 +-j ~2 -0, -oo<x<cO, 


y>0 satisfying the conditions 

(i) V and its partial derivatives tend to zero as x + ±00 

(ii) V=*F[x),~=0wheny=0 

[ Ans. V (x, y)= ~ f(x) cos (n*y) e~ in * dn ] 

Problem 49. Solve the wave equation stretched string fixed 

by a rigid supports at the ends x=0 and x=l if at t=0, ~=0 andy (x, t)**yo(x)- 

' [Agra, 1974) 


Problem 50. Find the Fourier transform 
f{x)**Ne~* xi (N t « are constant*). 


(Agra, 1974) 



CHAPTER 10 


THE LAPLACE TRANSFORMS 


10.1. INTRODUCTION 

The Laplace transform which is a part of the new-growing topic 
known as operational calculus is easily and effectively applicable to 
the boundary value problems of differential equations arising in 
physics, mathematics and engineering. The subject was mainly origi¬ 
nated in the work of Heaviside who found it useful to solve the equa¬ 
tion of electro-magnetic theory in the end of nineteenth century. 

10.2. DEFINITION OF THE INTEGRAL TRANSFORM 

All such transforms as Laplace transform, Fourier-transform and 
Hankel transform are included in the term Integral transform and we 
define it as follows: 

If there is a known function K(ct, x) of two variables a and x such 
that the integral 

°° K (a, x) F(x) dx ...(1) 

0 

ent, then the integral (/) is termed as the Integral transform 
of the function F(x) and is denoted by F(x) or T{F(x)} i.e. 

F(x)~ T{F(x)} = f°° *(«, x) F(x) dx ... (2) 

Jo 

The function K(ol, x) introduced here is sometimes known as the 
Kernel of the transformation and a is a parameter (real or complex) 
independent of x. 

10.3. DEDUCTION OF THE DEFINITION OF THE LAPLACE 
TRANSFORM FROM THAT OF THE INTEGRAL TRANS¬ 
FORM 

In §10 2 we have defined the Integral transform of F(x) as 

T{F{x)} = J® K(*, x) F(x) dx . (1) 

where K(x, x) is the Kernel of the transformation. 

If we take the Kernel, 

K(ct, x)=K(s t 0“0 for f <0 7 
—er tX for r>0y 

then the transform 

T{F(x)} =J^° <r“ F(t)dt for f>0 


.( 2 ) 

.(3) 
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10.4. DEFINITION OF THE LAPLACE TRANSFORM 

If F^) be a function of t defined for all positive values of t (i.e. f>0), 

then the Laplace transform of F(t) denoted by L{F(t)} or F (s) or 
f(s) is defined by the expression 


L{F(t)}=F(s)=f(s) - J® *-•< F(t) it ... (1) 

where s is a parameter (real or complex). 

f 00 

If the integral 1 e 8t F(t) dt converges for some value of s , then 

Jo 

the Laplace transform of F(t) is said to exist, otherwise it does not 
exist. 

Problem 1. Find the Laplace transform of the following functions: 
it) F(t)—1 
00 F(t)=t 

(Hi) F(t)=r, n=0, 1, 2, 3 . 

By definition of Laplace transform, we have 

L{F(/)}=j® e ~ !t F(t) dt ... (1) 

(i) when F(/)=l, (1) becomes 

(ii) when F(/)=/, (1) gives 

!{/}=I® e-'Kt dt 

=£ e f* ./ J°°— j°° e f s dt, (integrating by parts). 

*0+ - f°° e~ H dt 
S Jo 

s L ~ s 

(ii'f) when F(t)=t n , the transform (1) reduces to 
£{/"}= 1°%"'* t n dt 

J°°+A | 00 e-K t"- 1 dt, (integrating by parts). 

-o+^ 

integrating by parts) 


m-'i 
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»(»—l) (»—2) foo 


J OO 

er*. t n ~ s dt (repeating the process of inte¬ 
gration by parts, whence first integral 
vanishes for both the limits) 


n(n— l)(n—2).3.2.1 foo . . , , 

=- - s n -— J e-K t° dt where t °=1 

l w 1 \ n !{»-(- n 

"Hr *7 J >0 -°r “Sr, i>° 

Problem 2. Find the Laplace transform of e at . 

Here /(*)-«■* 

Hence by definition of Laplace transform, we have 


L{e**}=|° 0 e~ ,t - e at dt 
f 00 

= 1 

’-(*-«Jo 


s—a 


, J>n for which the integral converges, 

otherwise it diverges for s<o. 
Problem 3. Find the Laplace transform of sin at and cos at. 

We have, by definition of Laplace transform 

L{F(t)-c^° e-‘* F(t) dt 

when F(t)=*s in at> then 
foo 

L{sin J er 9t sin at dt 


[ e~ tX 

pq p y (—s sin at—a cos at) 


r 


H 


e" sin ix dx= 


a 2 +£* 


(a sin bx—i cos 


bx) J 


V+q* 


, i>0 


Again when F(/)=cos at, then 
foo 

L{ cos al}=» J er* cos at dt) 


"lOO 

(—s cos or-I-a sin at) I 

e r ~ 


[•I 


e®* cos dx* 


a*+b» 


(a cos bx+b sin 


in bx) J 
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$*+a* 


, 3 > 0 


Problem 4. Find the Laplace transform of sink at and cosh at. 
We have, by definition of Laplace transform 

r» 


£{sinh at } 


e sinh at dt 


-r 

I e~ si (e at —e~ ai ) dt 

J o 

Q°° e-^'e^dt— j C 

Problem 2 


-8t , at 


*] 


s 2 — a i 

TO 


, S> I fl 


and £{cosh at} = f 00 e~ et cosh at dt 

Jo 

—1 J e~ li (6°*+er* 1 ) at 


Problem 2 


-pzy * J >I 

Problem 5. Find /Ae Laplace transform of the following functions'. 
(/) F(t)=t sin at 
(ii) F(t)=t cos at 

By definition, the Laplace transform of a function F(t) is given by 

L{F(/)}=J° 0 e~ st F(f) dt 

(0 when F(t)=t sin at, we have 

L{t sin at}= f 00 <?-**•/ sin at dt 
Jo 

=£ * (—•* S * n at ~° C ° S 0t ^ Jo 

0 — ** 

■ (—s sin at—a cos at) dt 


-I 


oo e~‘* 


,o s*+a* 

[on integrating by parts, treating t as first function and 
er** sin at as the second function and using the result 


f 


e am sin bx dx —( a s * n te-~b cos *x) 9 while 
the first integral vanishes for both the limits] 


s 

■is+o* 


r 


e~‘* sin at dt + 


a 


r 


r“ cos 


at dt 
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by Problem 3 for j>0 


> 2 + a *) 2 ,,>0 ' 

(ii) when F(t)~t cos at, we have 
Too 


L{t cos at} 


=j: 


er**»t cos at dt 


On R.H.S., integrating by parts treating t as first function and 
£-** cos at as second function and using the result / e" cos bx dx 

gas 

= 2 ( a cos bx+b sin bx), while the first integral vanishes for 

both the limits, we are left with 


L{t cos at}= ~ 


J-+a- 


■jr 


e~ H cos at dt- 


a 


roo 


e~‘* sin at dt 


"s 2 +a 2 


s 2 +a 2 s*+a* 

s 2 —a * 


j 2 +<z 


(as in (/)) 

j- by Problem 3 for s> 0 


,, s>0. 


~(s 2 -fn 2 ) 2 

Problem 6. Find the Laplace transform of t a , where a is positive but 
not necessarily an integer. 

Hint: Proceed just like in Problem 1 (iii) and get the result 


j> 0 since if a is not an integer, then (_a is not defined. 
Problem 7. Find the Laplace transform of e~ at 


s n+l 


Ans. 


i 


(replace a by —a in Problem 2) 


Problem 8. Find the Laplace-transform of the following functions, 
<0 F(t)=f* sin bt Ans. b /{(s- a) 2 +b s } 

(ii) *)=<*< cos bt. Ans. (s-a)/{(s-af+b 2 } 

Hint. X{e°‘ sin bt}= f°° 

Jo 


e~ H .e at sin bt dt 


-r 


( -°>‘ sin bt dt 

e -U-a)i 


, etc. 


(j-a) 2 -f£* 

Note. The results so far derived aiongwith a few more can be tabu¬ 
lated as following: 
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Fit) 

L{FM'}=/M=F(j) 

1 

1/s, s>0 

t 

1/s *, s>0 

t *, n*=0, 7, 2... 

IfL A w+1 ° r r % (it+i)/5 n + 1 , s>o 

t a , d>0 but not neces¬ 
sarily an integer 

T{a+J)/s n+x , a>0 

e at ; e~ a * 

1 . / ^ 

sin at 

tf/(j 2 -f-a 2 ), j>0 

cos at 

j/($ 2 -ftf 2 ),S>0 

sink at 

a /( 5 2 — a 2 ), $>0 

cosh at 

5 / ( 5 2 — fl 2 ), J >0 

t sin at 

2asl(s i +d') t , s>0 

t cos at 

(st-a^KsZ+o 1 )* 

e at sin bt 

bl{{s—a) 2 +b?} 

e at cos bt 

is-a)l{(s-a)*+lfi} 

,n -1 <.««, „>0 

|«_/U—«) n 

Jfi(at) and tJo(at) 

I/(s 2 +0 2 ) and sl{s 2 +a 2 ) 312 


10.5. FUNCTIONS OF EXPONENTIAL ORDER 

A function F(t) is said to be the function of 

*-> oo, when for a given positive integer N, there exists real constants 


M>0 and m such that 
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| er** 1 F(t) | <M 

or I F(t) |<M e mt for t>N 

As an illustrative example the function F(t)=t 2 is of exponential 
order 3 since I t* for all <<0 because 


Lim e~ m *.t 2 — Lim 




/-► oo 


0 mi 


= Lim - 

'-* 00 1 + rof - 


=Lim 


t* ^ t 


m 2 t- m*t 3 

'1T + IL ■ 

1 

m- 


m*t 


L L 


==o. 


Problem 9. Show that function / S [=F(/)] is of exponential as /-*■ oo. 
Take m as some fixed positive value, and consider 


Lim {er 
/-►oo 


n 


l=Lim 

/-►oo 

/* 

pint 

=Lim 

/-►oo 

3/ 2 

m 

= Lim 
/-►oo 

6/ 


— Lim 
/-►oo 

6 

m 3 

=0. 


on differentiating numerator and deno¬ 
minator w.r.t. */’ by L’ Hospital’s rule) 

(by V Hospitals- rule) 

( „ „ ) 


This follows that | t 3 \<e mt for all / >0 
.’. t 3 is of exponential order given by 

t 3 —0 (e mt ), f-> oo for any fixed positive value of m. 

Note. Here the notation ‘ O' stands for ‘of the order of. 

Problem 10. Show that the function F(t)—e** is not of exponential 
order as l-> oo. 

Taking m as some fixed positive value, we have 

Lim e~ mt F(t )=Lim e~ mt e ‘ 3 
/-►oo /-►oo 

=Lim 

/-►oo 

= oo for all values of m. 


Hence it is not possible to find a number M such that 

^ 3 <Me nX for all values of m. 

Thus the given function is not of exponential order as t-*- oo. 
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Problem 11. Show that the function F(t)=t n for n—1 2 ? 
exponential order as t-+ oo. 1 ’ J 2 ' ts °f 

Hint. Repeated application of l! Hospital's rule gives 

Lira e~ mt .t n = Lim Lim__ n 

t-+ oo /-*■oo e /->oo m n e mt 

and so t n =0(e mt ), /-►oo etc... 

Problem 12. SAow /Aar the function F(t)=e‘ 2 is not of exponential 
order as t-* oo. 

Note 2. Actually , functions of exponential order do not grow in abso¬ 
lute value more rapidly than Me mt as t increases but in practice there 
is no such restriction since M and m may be as large as we desire. For 
example the bounded functions like sin at or cos at are of exponential 
order. 

10.6. PIECEWISE OR SECTIONAL CONTINUITY 

Given a closed interval [a, b) a function F(t) is called piecewise conti¬ 
nuous or sectionaliy continuous in [a, b), i.e. a^t^b, if the interval 
can be divided into a finite number of sub-intervals such that in each of 
these sub intervals, the function remains continuous and possesses finite 
right and left hand limits. 

In other words, the function Fit) is sectionaliy or piecewise conti¬ 
nuous in the closed interval [a. A], if the closed interval [a, A] can be 
divided into a finite number of sub-intervals c</<d such that 

(0 F(t) is continuous in the open interval c<t<d, 

(ii) F{t) approaches a limit as t approaches each end-point within 
interval i.e. 

Lim F(t) and Lim F(t) both exist. 
t-*-c +0 t-*-c —0 

For example, referring to the Fig. 10.1 it is evident that the func- 



I—b 


Fig. 10.1 
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tion F(t) is continuous in the open intervals (a, t x ), (t lt t t ), (t„ t a ), 
etc., i.e. t a <.t<t a etc, 

The right hand and left hand limits at t, exist and are given by 

Lim F(r 1 +€)=^ 1 +0)=/ , (/ 1 +) 

«-M> 

and Lim F(t 1 -€)=F(t l -0)=F(t 1 -) 

*■>0 

where € is positive. 

Similar is the case for points t 2 , t 3 and r t . 

10.7. A FUNCTION OF CLASS A 

If a function F(t) is sectionally continuous over every finite interval 
in the range 0 and is of exponential order as /-> oo, then the func¬ 
tion is termed as 'a function of class A’. 


10.8. SUFFICIENT CONDITIONS FOR THE EXISTENCE OF 
LAPLACE TRANSFORMS 

If a function F(t) is piecewise or sectionally continuous in every finite 
interval 0^-t^.N and is of exponential order m for t>N then its 
Laplace transform L{F{t)} i.e.f(s) exists for all s>m. 


or 


If a function F(t) is of class A, then the Laplace transform of F(t) 
i.e., L{F(t)} exists. 

or 


If a function F{t) is sectionally continuous on every finite interval in 
the range t~^0 and satisfies the condition 
| F(t) | ^Me mt 

for all t^O and for some constants m and M, then L{F(t)} i.e. f(s ) 
exists for all s>m. 


We have, for any positive integer N, 

L{F(t)}— f ®° e * F(t) dt 

J 0 

r e-“ F[t) dt+ f°° e-* F(t) dt 
= Jo J N 

=A+/ 2 (say) ... (1) 

Since F(t) is sectionally continuous in every finite interval 
it therefore, follows that the integral I x exists. 

Also F(t) being of exponential order m for t>N , / 2 exists, since 
1 h l=| {” F(t) dt K 

| F(t) I < Me mt 


oo 

tt 

foo 


| e-*» F(t) I dt 
I F(t) | dt 


°° p-* Me mt dt aS F{t) is ° f ex P° nen ' 
e .Me at tia) ordef m and so 
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roo 


M it 


M 


• I It K-- for s>m. (Here R.H.S.-+0 as s-*-co) 

• • i * jr— jfi 


COROLLARY 1. From (1), it therefore follows that L{F(t)} exists for 
s>m. •••») 

If the function F(t ) is real valued in Z,{F(f)}=j°° e~‘* F(t) dt-fts) 

such that (/) F(t) is R-integrable (j.e. has Riemann-integral ) and 
(ii) F(t) satisfies, | F(t) for aU t>N; M, m t , N being posi¬ 

tive constants, 

then f°° e—* F(t) dt is convergent {absolutely) for m>m 0 , s being a 
J'O 

complex number. 

Supposing, s=m+in. we have 
1 e-‘ F(t) |=| e~ {mJrin)t F{t)' 


| p{t) | v 1 <r B< * I =1 for every f>N 


Hence, if the integral J® e'*"-”* 1 ' * is convergent, then 

J“ F(l) dl for i»>t»., is absolutely convergent ... (3) 

COROLLARY X UflOWW* ^ ^ ^ <“ M ' 

peaur ,lm tom find «»»«.** „ lhe prop.®- 

In corollary 1, if we replace m, by s 9 ano m , 
tion follows. 

, , . fit) is of class A and L{F{t)}~fis), 

COROLLARY 3. If the function F(t) is oj 

then lim f{s)= 0 

Also F(t) being of exponential order m, we 

\ F{t) \<M t e^ for t>N 

Let us assume that Af=Max. 

Md p=*Max. {m, 0 } 

Thus, \F(t)\<Me«f<xt>o 
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i.e. |j°° e~ H F(t) dt <M j°° e~’* e* dt=M^ «-<»-»> dt 

M 

— -, s>p 

S-p y 

Here as s-+ oo. 

s-p 


Hence lim (°° e~ n F(t) dt—O 
J ->00 Jo 


J ->00 

i.e. Lim f{s)=0. 

S-+-00 


(4) 


Note. The conditions mentioned in this article for the existense of 
Laplace transforms are only sufficient but not necessary as is evident 
from the following example: 

Let F(0=-J==f - * 

V t 

Obviously the function F[t)=r in is not sectionally continuous in 
every finite interval in the range t> 0, for 

oo as t-+Q. 

But r 1 '* is integrable from 0 to any positive value N. 

Also r 1 !* is of exponential order, since 

I F(t) | i.e. | r 1 '* | <Me m ‘ for all f>0 with Af*=l and m=0 
as when /-*■oo. 

As such the Laplace transform of r lf2 exists and may be evaluated 
as follows: 


r ln dt for *>0, 


n 




dx, s >0 


Put t ll2 =n 
—J r lia dt=dx 


Again put s lfi x=y so that s 1 !* dx=dy 
L{t~ 1 l i }=2s~ lll ^ C °er il, dy,s>0 




e~y 3 dy=W n 


v : 


■ for r>0, even if oo as t -+0 


i.e. the Laplace transform of t~ xn exists even if the function is not 
sectionally continuous. 

As an Aliter, the integral J 00 ® - ** r 1 > t dt,s> 0 can be evaluated by a 
■togle substitution Vat ■»* i.e. ^L. «* dx whence we have 
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e * 2 dx 


= -JL_ . V n . / it 
VT 2~ \ ~T 


Problem 13. Stow thatjheLaplace transform of the function 

exists, although it is not a function of the class A. 

? er /i hC ( unct l°° F (')=t fl isnot sectionally continuous and so is 
not of the class A, in every finite interval in the range t> 0 since 
/"-►0 as r-*0 for 0>n> —1 
Hence the function has infinite discontinuity at t =0 

Also, Lim \e~ nt F(/) j = Lim 

/-oot 5 t -*oo \c mt ) 

“£ by£ ’ Hos P ital rule 

, . n* t"~*. 

= Lim —J— r ” 

f-MX> 


S 

— Lim — — . i by repeated application 

/-►co m n e m * of fj Hospital rule 
=0 

which follows that F(t)=t n is of exponential order. 

[Or this may be argued thus, / n ->0 as t~> oo so that t n is of expo¬ 
nential order with M— 1 and m=0, for, /"<Afe m ‘J. 

Moreover, the function /" (0>n^»—1) is integrable from 0 to any 
positive number N. 

f oo 

Further, L{F{t)}= I <r*‘. t n dt Put st=x 

-if- m 
—?*- 1 > d * 

—by the definition of gamma function. 

Hence the Laplace transform of t n exists even if it is not a func¬ 
tion of the class A. 

10.9. SOME PROPERTIES OF LAPLACE TRANSFORMS 
[A] Linearity Property 

A Laplace transform L{F(t)} is said to be linear if for every pair of 
function F 1 (t) and F a (t) and for every pair of constants C, andC t , 
we have 

L{C 1 F l (t)+C t F t {t)}=-C 1 L{ F M+ c ^ F ^ 

^C 1 f 1 (s)+C t f t (s) 
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where ffs) and fas) are linear transforms of F 2 (t) and F t (t) res¬ 
pectively 

We have L{WH/i(*)-J^V'W) dt 

and I{F t (/)} =/*(*)= [°V«* F t (t) dt 
J 0 

So that L{C 1 F 1 (/)}=C,/ 1 (J) - c i F i(0 dt=C J L{F 1 (t)} 

k 00 

and L{C 2 F t (t)} = C 2 f e (s)»= J e-* C 2 F 2 (t) dt=C 2 L{F 2 (t)} 

£{C 1 F 1 (/)4-C i F,(/)}=[ a °e'“{C 1 F 1 (0+C 2 F 1! (/)}</lby definition 
0 

= °°«r* CxFJt) dt+ J°°C 2 F,(0 dt 

=C 1 L{F 1 (t)}+C l L{F 2 (t)} 

=CJ X W+C s /,(5) ...(i) 

The result may be generalized for any number of functions and for 
the same number of arbitrary constants i.e., 

L{ S C, F,(/)}= S C T I{F r (l). • • • (2) 

r—7 r«=»/ 

Problem. 14. Find Laplace Transform of 4e w +6t*—4 cos 3t+3 
sin 4t. 

Applying the linearity property, we have 

L{ 4e«+6/*—4 cos 3/+3 sin 4f} 

=4L{e M )+64{t*}—4L{cos 3f}+3L{sin 4f} 

4 36 4s 12 

~s-5 + s* _ r‘+9'*V+16 
[B] First Translation (or Shifting) Property 

Jffs) be the Laplace transform of F(t), then the Laplace transform 
of e at F(t) is f(s-a), where a is any real or complex number i.e., if 

L{F(t)}—f(s), then / L{e°* F(t)}~f(s-a). 

Given, L{F(r)}=j F(t) dt=f(s) 

;. L{e“F(0}=J^“ «■* F(r) * 

:[°V<*-*»*F(/) dt. 

« 0 
*00 

r** F(0 dt by putting a 
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=/(«) 

= f(s-a) 

Problem 15. Find the Laplace transform of e~ i( sin 3t. 

We have L{sin 3/}= i 
* r*+9 


• 0 ) 


Lie-** sin 3f}=. 


>+2)*+9 r*4-4r+13 ' 

[C] Second Translation (or Shifting) Property 

JfL{F(t)}=f(s) and G(t)^F(t~a), t>a 

l 0 , 


t<a 


Then L{G(t)}=er» f(s). 

We have L{G(t)}= [%-•* G(t)dt 
Jo 

= Io er ' i °^ A +| Q0 «" , ‘ G(t) dt 
= | <r“.0 dt+^e-** F(t—a) dt 


e- ,f F(t—a ) dt 


e'-nu+a)f ( fa, by taking u--t—a i.c. du—dt. 
when t=a , u— 0 and when 7— co, u—co. 
= e~ sa j°°e~ au F(u) du 
=e- a f(s) 

Problem 16. Find the Laplace transform of F{t), where 


(4) 


j cos ( 

F{t)=\ V iJ 

,t<- 


2* 

3 

2* 


We have, L{/ r (/)}= F(7) dt 

I 2ir/3 foo , / 2^\ - 

, ‘" + L,/ c“('^Tr 

—J 00 * - ^ w+y^cos u du by taking u—t —^ 


Z,{cos u} 
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[D] The Change of Scalar Property 


If L{F(t)=f(s), then L(F(at)}=±- 

... (5) 

we have JL{F(/)}== °°e - *‘F(/) dt=f{s) 

. 0 


L{F(at)} = [°V“ Flat) dt 

Jo 

(on replacing t by at) 


by taking at—u 

i r°o 

=— 1 e~** F(u) du 

where P—~ • 
a 

1 foo 

(replacing u by t) 

-Mi) ••• - 

s 

m 

a 


Problem 17. Find the Laplace transform of cos 5t. 


We have, L{cos /}— ^ , s>0 


L{cos5t} 5 s * + 25 

[E] Laplace Transform of Derivatives 

If F(t) is continuous for t>0 and of exponential order as t-+co 
while F'(t) is sectionally continuous i.e., F'(t) is of class A for t>0, 
and if L{F(t)}—f(s), then L{F'(t)}=sf(s)~ F(0). 

In general if L{F(r)}=/(j) and'F{t), F’(t), F"(t),...F , ‘’~ 1> (i) are 
continuous for t>0 and of exponential order as t-*-ao while F (n) (t) is 
sectionally continuous for />0, then 
n—J 

L{F ,n> (t)}=s*f(s)— 2 T n-1-, p,) ( 0 ) 

=5"/(s)-5»- 1 F(0)- s- 2 F'(0)...-sF<"-*> (0)—F ( "-»(0) 
Since £{F(f)} ■=/($)= J°V»‘ F(t) dt 

L{F(r)}- F'(t) dt= |V* F(t) c-'*F{t) dt, in¬ 

tegrating by parts 

=0—F(0)+5 /(*) 

—F(0) - - 

Applying the result (6), we have 
L{F'(/)}=*L{F(*)}-F'(0) 
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=s{sf(s)-F(0)}-F'(0) by (6) 

F(0)—F’(0) . . .(7) 

Similarly L{F"(*)}=«*/($)-$* F(0)~s F(0)—F'(0) .. .(8) 

Generalizing it, we find 

L{ F (n) (f)}=J" f(s)—s n - 1 F(0)—s*- i F'(O )... - .vF'"- 2 >(0) 1 

-/*"-*>(0) | 

=4* /(*)- "s F(D(0) f W 

r-0 j 

Problem 18. Find the Laplace transform of F'(t) when F(t)=e u 
Given F(/)=e«, jF< 0)=1 and F'(0= 3 e 8 * 

As such L{€ , *}=sL{e 81 }—1 by (6) above 
s . 3 


Aliter. £{F'(r)}=L{3 e 8t }=3L{e 8 ‘} = . 

4 — 3 

[F] Derivatives of Laplace Transforms 

If the function F(t) is sectionally continuous for t>0 and if L{F(t)} 
=/0), then f'(s)—L{—t F(/)} 

We have/(5)= [°V“ F{t) dt. 

J o 

Differentiating either side w.r.t. ‘s’ we get 

f'(s)= J® (-r) «-•« F (t)dt= j F(/)} dt 

=L{-t F(t )} . • -(10> 

In general if F{t) is sectionally continuous for t>0 and if 
L{F(t)}=f(s), then 

/<"> (s)=£{(-/)» F(/)} ...(H) 

where f (n) (s)= -j- - f(s) for all integral values of 

do 

We may state it as 

L{t n F(r>}==(—1)"/" (j)=(—1)" • -02) 

Problem 19. Find the Laplace transform of t*e*. 

Since L{e*} =f(s) = 

••• 

_ 6 
(J-D 4 

[G] Laplace Transform of Integrals 

U\ If T.t!?it\\<=.f(s\- then l\ [* F(u) dul — • • «(13) 


(») IfL{F(t)}^f(s), then L [ J' F(u) duj= & 
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Let G(/) = y F(u) du 

Then G'(r)= F(u) rfuJ=F(/) on</ G(0)=J° F(u) du= 0. 

Applying the property [E], we have 

I{G'(f)}=rL{G(r)}-G(0) 

i.e. L{F(t)}=sL{G(t)}- 0 or f{s)=sL £ ' F(u) </« j 
t., L{\‘ t nu)Hu\=M 

(«) //L{F(I)}=/( S ) then L |=}“/(«) . .(14) 

Let G(t)=mp~, so that F(/)=rG(r) 

=Z-{/C7(/>} (on taking Laplace transform) 

=(—l)-^-L{G(r)} by property [F] 


/.e. ~f(s)=-^- L{G(t)} 

Integrating both sides with regard to s, we get 
-f ' f(s)ds=L{G(t)) 

J 00 

foo 

Le., £.{G(/)}= I f(u) du, on the assumption that Lim L{G(j)}-»4). 
J • J-*00 

Problem 20. Find the Laplace transform of f °° ~ - dt. 

' Jo * 

We have L{sin /}= f =/(*) (*»y) 

“ d 1 Pr'S-}r^r b> (,4) - 

=£tan - * «]* =-^—tan - * s 

=cot -1 r V tan _1 J-Hcor 1 r=-^- 
. 1 

= tan -1 — 
s 

Hence by (13) of property [G], 


[H] Periodic Functions 

IfF(t) is a periodic function with period T>0, so that 
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\ e-* F(t) dt 

F[t+D=m, then L{F{t)}= J -*- j-— - 
We have L{F(t)}=F(t) dt 

I T r*r fsr 

«*“ F(f) dV+ j r e _ “ F(f) <ft+ j F(t/dt+... 


• • (13) 


= S 


oo r(«4-i>r 


«-0J» r 


e~*‘ F(t) dt 


’If we put t=u+nT, then F{u+nT) =*F[u) Y F(f+r)=F(/) (given) 
Thus, 


L{F(t)}= 2 f T e- iu+nT 'F(u) du 
n=OJ o 


or L{F{t)}- 


e~ ,u F(u) dt 


du 


oo rr 

2 e~ ,nT 
=0 J« 

=(l+«-* r +<r 2,r +... jj o e-*“F(u) 

~ e ~ ,u F(u)du V 

= ( 1 - g-‘T)-i = 1 + e -iT _}_ e -2.r + .. when | <r* r | <1 
f e~‘* F(t) dt 

— — y _ e -, T (replacing u by t) 

Problem 21. Find the Laplace transform of F(t) when F(t) is a 
periodic function with period 2n, such that 
. C sin t, 0<t<n 
F(/)= { 0, n<t<2n 

We have L{F(t)}= —^ dt 


(—sin t —cos +0 


1— e-2ir*l_,2+l 


Je°« sin bx dx= sin bx " b cos bx * 


1 


**+l 


l—e-int j*+l 

1 14-*"*' 


( l_^**)(l+e-^7 1 +s* 

1 
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[I] Initial Value Theorem 

If L{F(tfi—f(s) then Lim F(t)= Lim sf(s) 

t-*-0 *->oo 

We have L{F'(t)}=sf(s) —F(0) by property [£] 

i.e., J°V*‘F'(f)<*=.r/(i)-F(0) 

Taking the limit as f->oo, 
foo' 

Lim e- i F'(t)dt =Lim sf(s)~F(0) 


• .(16) 


s->0 Jo 


S-+ 00 


or 


Lim */(*)=F(0)+ f °°( Lim er’* V'(/) dt 
*->oo Jo \*->oo / 

=F(0)+0 


=Lim F(t) 

t-*-0 


1 Lim e~ ,t =0 
*->oo 


Problem 22. Verify the initial value theorem for the function 
F(t)—e~ st . 

F(/)=<r« 


1 


i+3 

Now Lim F(/)}=Lim e~ zt —\ 

t-*-0 t-+0 

and Lim sf(s )=Lim —4r=1. 

*->oo *->00 5 + 3 

Hence Lim F(/)=Lim sf(s), 
t-+0 s-+ao 

fJJ Final-Value Theorem 

If L{F(t))—f(s), then Ltm sf{s) — Lim F(t) 
*->0 /-> 00 

We have £{F'(/)}=s/(j)— F(o) by Prop. [F] 

i.e. [°° er« F'(t ) dt=sf(s)-F(o) 

J 0 

Taking the limit as j->0, 


(17) 


Lim f°° e~’* F'(t) dt - Lim sf(s)-F(o) 
s->0 J o $->o 

or Lim r/(s)=F(o)+ Lim er* F'(t) dt 
s-*0 s-*-0 J o 

=F(o)+f°°f Um ) F'(t) dt 

Jo \ ,->0 / 

=FCo)+J“lF' ( fMt 
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m * 

=F(o)+[f(/) J° 

=F(o)+ Lim F(t)—F(o) 
t -+oo 

= Lim F(t). 
t-+ oo 

Problem 23. Fen# the Final-value theorem for the function 
F(t)=e~ u . 

We have F(t)=e~ 2t so that /(s)=L{F(/)}«= L{e~ 2t }=~^— 

s+2 

Lim F{t)— Lim e -2 *=0 
/-►oo /->0 

g 

and Lim $/($)= Lim —— =0 

j->0 t-+0 


Hence Lim F(/)=-■= Lim $/(j). 

/-►CO i->00 

[K] Behaviour of f{s) as s-<-0 and i-> oo 

We have fW)}=./i»= f°° <r“ F(t) dt 

i 0 


when s~y 0 


, /(«) = f°° 

Jo 


F(t)dt 


and when s-+ oo, Lim f(s) 
s-+co 


foo ^ 

. o. 

J o 


F{t) dt =0 


.(18) 

.(19) 


[L] Relationship with Fourier Transform 
Let us define a function Fit) such that 
Z>0 
. t <0 

TOO 


mA*-" At) * 

4o » 

Then /[F(01= J* 

-r. 


-oo 


pint 


int. t 


F(t ) dt 


by definition of complex 
Fourier transform 


-oo 


dt+ j°° e* nt er mt fit) dt 


=r 




0 

foo 


m dt 


e—* fit) dt by taking x—in=s 


*L( fit)} by definition of Laplace transform 

f[F(r)]=L{/(f)} ... (20) 


Hence 
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10.10 SOME METHODS FOR FINDING LAPLACE TRANS¬ 
FORMS 

[1] Direct method. This is based on the definition of Laplace trans¬ 
forms given in § 10.4, e.g. 
L{(r*-H)*}«L{t«+2t*+l}=L{t 4 }+2Z:{t I }+L{l} 


-I 


°° er>* t*'dt+2 
lo 

I 4 

-■5+2 


rco 




r-dt+ 


roo 




|_2 1 24+4s*+$ 4 


( 1 ) 


S° S* — S S s 

[2] Series-expansion method. If the function F(t) is expressible as a 
Power series e.g. 

00 

F(t)=a„+a 1 t+a 3 1 2 - f... = 2 a n t n 

rt—0 

then the Laplace transform of F(t) is obtained by taking Laplace 
transforms of each term in the series e.g. 

(VT)*, ( a / o 5 (yjy 


£{sin V t }—L{\/ t 


1 1 


+ ...} 


== L{f 1 ' 2 } -|j L{t 9 ’ 2 } + L{t* ,2 }—jy- L{l 7j2 } + . 

13/2 \WJ1KJjK .i 

~ s*' 2 |3 |^5 j 7 / 2 |7 s* /2 ’ 1 ". 

\/lr__w i y ±fj_y, 

“is 2 ' 2 L 1 2 *s + |_2 \ 2 3 5 7 j _3 \ 2 2 * ) + . 


] 


!~t s y/ tz 

2s 


( 2 ) 


[3] Method of differential equations. If a differential equation satis¬ 
fied by the function F(t) can be determined, then its Laplace trans¬ 
form may be evaluated by using the properties of Laplace trans¬ 
forms e.g. 

if F(f) = sin v t then F'(t ) =•=—cosV T 

‘V ( 

and F'(0=}£— 2 ?i r cos v 't sin V f J=^- [—F'(/)-|F(/)] 

i.e. 4fF'(/)+2F'(t)-fF(r)=0 _ ... (3) 

which is clearly satisfied by F(f)=sin V t 

Assuming that L{F(r)}=L{sin V t We have on using the 

properties [E] and [F] of § 10.9, 

L{4/ F'(r)}—4L{t F'(t)} 
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= - is f(s)~4s 2 f'(s)-4F(o) 

L{2F'(t)}=2L{F'(t)} = 2[sf(s) - F(o)l 
=2s/(s)~-2F(o) 
and I{F(f)}=/(.v) 

• Taking Laplace transform of ( 3 ), we get 
L(4t F"(t)}+F{2F’(t)}+L{ F(t)}--0 
i.e. —8 s f(s)-4s 2 f'(s)-4F(o) -j- 2s f(s)-2F(o)+f(s)*=0 
or 45 ,2 /'(i)+(6^-1)/(i^=0 since F(o)=sin V o 0 
f’(s) __ l-6s 1 _3_ 

or f( s ) ~~ 4s* ~ 4s* '2s 

Integrating with regard to ‘s', wc find 
1 1 

log f(s)— log C —— - : 7 log s, C being constant of integration 

e ~ h 


„ „ Ge 2l *s 
i.e. f( s )~~^j2~ 

Now to determine C, apply 
when /-> 0 , s-+ co. 


• •(4) 


the limiis of initial-value theorem i.e. 


For t small, sin v t — V t so that L ‘ Vt} — 
C 

and for s large, f(s)~- 375- as Lim c 1,4 s —1 

, 5->00 

L{F(f)}=/(s) gives for t-^ 0 , s->oo, 

V rr C . , , :t 

2 s 3 , 2 ~s ai * te ' *" ' 


1 3/2 

~s 3 ' 2 


\/ Tt 

2s 572 


u fi\V n ... (5) 

Hence /(«)=---^ - • w 

[4] Method of differentiation with respect to a parameter. This 
method is based on differentiation of Laplace transform ot a Known 
function w.r.t. a parameter, e.g. if 

F(t)=t sin at then we have to find L{t sin at} 


Consider 


v r°° 

£{cos at}= 1 


e~ 8t cos at dt 


$--ra 


Differentiating w.r.t. a, we get 


da 


r 


e“*‘ cos at dt 



foo —2 as 

' «• J «“•* (— / sin at) dt “*^ +a i)a 


.... , +2«w 

or +L{/stn ar}= ( - iT ^p 


(6) 
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10.11. THE LAPLACE TRANSFORMS OF SOME SPECIAL 
FUNCTIONS 

[1] The Gamma function. Euler’s Gamma function is defined as 
r»=j°° e-» X"- 1 dx, n>0. 

Its important properties have already been discussed in chapter on 
Beta and Gamma functions, but a few of them are mentioned here. 

r(n+l)=iir/i for n>0 and Tn for n<0 

r(w+l)=|w_ for positive integral values of n. 


r« F(i — «) =-^— ,o<n<i, ri=v ^ 
sin nn 

For large n , r(/i*f 1)« V2^n n n e~ n (Stirling formula) 
f oo 

Now we have L {t n } = I e~ st t" dt 
J o 


Put st~ui.e. t=— and dt = 
s 


du 

s 


(by the definition of Gamma function) 

If we now put n=—\, 

”‘ (2) 

[2] Bessel Functions. Bessel function of order n is defined as 

t £ t 3 t 4 X 

/«(0=2«r(n+T)£ 1_ 2(2/i+2r + 2.4(2n+2)(2n+4). } 

which satisfies Bessels’ differential equation 

y\tn 7 y’(t) + (1 ~) y(t )=0 

or t 3 ^»’(0+(t* ***) ^*{0—0 

Some important properties are: 

/_,(<)=(—1)“ J„(t), n being positive integral 

j H (it)—i~ n J n (t), J„ being modified Bessel function of order n. 

•WO =-7- UO-Jn-liO 


~{r J n {t))=t n J n - X {t) which becomes J' 0 (t)^—J x ( t) for n -0 
dt 

# 

e kt(x'lx) « 2 y n (Z) x" 

00 

known as generating function for the Bessel functions. 
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died B«*l function of order areamlluB for its exp*,. 


W)-l- 


oW 2* 2 a .4 a 2*«4*»6* 


_i_|2 11 

s 2V " r 2*.4*s 6 


- 4 [ - i(?)+ 4 ^).] 

-*(>+irw 

Similarly (r)}= 1 -«/ yV'+i ( 

Aliter. /„(/) satisfies the equation 

t + J 0 '(t)+ rJ o (0=o 

/. L {// 0 '( 0 }+ W ( 0 }+ L {/ J 0 (/)}=0 

Taking L{/ 0 (/)}=/(j) and usiDg properties [E] and [F] of § 10.9. 

- * {s 2 Ks)sF (o) -F(o)}+ {sf(s) —F(o)}- *- /(*)=,0 

where F(t)=J 0 (t) gives F(o)=l and F'(o)=0 
—2i/(j)—jr 2 /'(s)+1+J /(s) -1 ~f'(s) =0 
or r/W+(4 > +1)/'M“0 

f(s) -s _1 2s 

f(s) J*H-1 2 V+i 

Integrating with regard to ‘s' 

3og/(s)= log (j*+l)+log C, C being constant of integration 

/W=t= 

V^*+i 

Applying initial value theorem, we-have 
Lim sf(s)— Lim F(t) 


i.e. Lina — sC 
j->oo V J*+l 

Hence A»)=~A 


Lim J 0 0) which gives C= 1 
t-*0 

~i.e.L{J 0 (/)}=*-T^Tfr 


- jv’,- V s , + 1 .. vV+1 

Now using the change of scale property, we have 

L {/„ (at)}=~ /(-j) where /(s)=L {/ 0 (')}= 

80 that f {i “ V^+o* 


VJ*+1 
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Hence L{/ 0 (ar)}— -^= 5 ==f • • • (5) 

Further to deduce L {t J 0 {at)), using the property in of §10.9, 

wcget ,/ df 1 \ * 

L {t Jo (a*)}- \L {Jo (a<)}]- s*+~* J{' t +*)'l' 

. . . ( 6 ) 

Similarly L {t J x (/)}= • • • (7) 

[3] The error function and its complement 

The error function of a variable t denoted by erf (I) or E r (f) is 
defined as ( 

erf (0=—r=( e~ x *dx=E r {t) 

V 7 * Jo 

and the complement of the error function denoted by erf C (t) is 
defined by . t 2 roo 

erf C (t)=l—erf (f)=l- j~\ e x dx =Trr\. e dx ' 


2 f« 


It is notable that 

Lim erf (0=0 and Lim erf (0=1- 
i-*0 _t ~* 00 

Thun erf ' *"*<'*= ^ 




-fW-J* 

-^sC^^-7E + -] 

7 C I s / 2 t 6li t 1 !* , 1 

L * erf ^ T}== 7^ 5 \2 ~ 7 \l + ’i 

2 rr 3/2 rs/2 m2 rw 1 

=—i»/ 2 + S 7 '* a*'* J 


“ J»/* 2 s 


1 1 , 1-3 _l 

O * 06/2 * 7 A JC 7 / 


1.3 1 13.5 1 , 

2.4 a 7 '* — 2.4.6 s ,,a 


__l_f h-LV 1 *- ^ L_ 

— s ) s Va+1 

M The sine, cosine and exponential integrals 

sin x 

The sine integral is defined as S{ (0 = j ^ ~ dx 

I t cos X 
a X dX 

too e~* . 

Also the exponential integral is defined as E t (/)=] ^ — ax 


...(I 
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we 


have S, <»>-/; i ( ,r- T J- +1 |‘ 

-Li 1_ TT+i5 - 


x‘ 


A" 1211 

1 5 t 1 


II 




dx 


3 I! 5 12 7 12 


+ ... 


.*. L- {Si (/)}=l| t- 


3 I 3 + 5 |5 


‘ “7|7 +-] 


1 

s * 

1 

5 

1 


l-[ '■ 


3 .11X- . i 5 

3 | 3 s * h 5 12 J" 

1/J (1 Is) 3 (1/#)» 


3 




1 ^ l 7 

7 12 s” 

il/fV 

7 


+ . 




tan -1 — 


Similarly L {C, (01=1°£ (•** t 1) 


• t‘>- 

tun 


ind L \E. {/)}--L 




' , T> . # * t/>' 

Jv; Pu! a-- ry t.<\ ~- 

a r 


(on logarithmic differentiation; 


1 

~ L J. T dy 

f 00 c Too e~ ty 7 

=rs J j ~y <// by definition of Laplace transform 

.rmr A | c/y, by changing the order of 

-ji [7 -■ h-'—r 


integration 


)I 


log(s+l) 

[5] Heaviside unit function or unit step function 
Unit step function is defined as 
x f 0, t<a 
!.->«■ 

L {t/(t-fl)}=*J°° e “ <7 (r-a) 


(ID 
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( 12 ) 


[6] Dirac-delta function or unit impulse function 

A function 6(/) such that 

Lim F% (r)—S(r) where F% (t) — \ 

£->0 l 0, t> € 

and f°° Ft (t) dt — 1 
Jo 

With the properties: 

(0 («) |® 8(/> r//= 1 


JOO 

6 (() G [t)~ G { Q) for any continuous function G (t) 
o 

1*00 

(in) I 8 (/- a) G u) dt-G (a) for anv continuous function G (t) 

Jo 

is called as unit impulse function or Dime-delta function 


We have L 


j 0 


1 Li n (/) dt Avhich is not defined since 

i ~>0 

Lim Ft (/) does not exist and hence it is useful to consider (/)— Lim 
• ->0 

Ft (;) to be such that L {<5 (/}}=-!. . . . (13) 


Also L {Ft (>>}■= j°° <>-'* Ft (/) dt |* 


• ! . * dt+ 


' 0 dt 


1 e' 

st dt - ----- 
€-v 

[7] Null functions. A null function N ( t ) for all t 0 is defined as 
^ N (x) c/.v---- 0 


(14) 


1: , , , 
e.g. if * 0 ’ 0(h '“f sC( then it is a null function, s 


since 


nn 


F(x) dx =0 for all t> 0. As such the Laplace transform of a 
1 function is zero i.e. L [N (r )}=0 . .. ( 15 ' 


10 . 12 . EVALUATION OF INTEGRALS WITH THE HELP OF 
LAPLACE TRANSFORMS 
By definition, we have 

L {F (t)}~ F (/) dt=f(s) .. . (0 

Assuming that the integral is convergent and proceeding to the liroif 
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j_>0, this reduces to 

t 00 f (o dt-m 

Jo 

(1) and (2) are sometimes used to evaluate integrals. 
Problem 24. Evaluate the following integrals 

(a) j 00 /* e~ f sin t dt 

r °° J 0 (0 dt 


... ( 2 ) 


lb) 
(C) 


, 0 
foo 


e~ x erf V / dt . 


( fl ) We have L {sin = 

L { t * sin f}=(-l) 2 < sin b * Prop - of 510 9 

</ S / 1 \ d( -25 \ 2 (l-* 3 ) 

~ Jj- V r 1 / 't/s mV+DV l 1 +^) :i 

foo , . . , 2 (1 —s 3 ) 

So that j t- sin t dt=- • 

Putting s=l, we find j e ‘ t 3 sin t dt- 0 
(b) We have L {/„(/)}= - by (3) of §10.11 


e si J 0 (t)dt= 


\ s 2 -rl 

1 


^r c v?+i 

Proceeding to the limit as s-*0, we get 

j®/, (')*-1- 

(0 We have, L {erf J v !f^f by (8)of§10,11 

'>• f* erf V f Jt ~7V*+?' 

Proceeding to the limit s— 1, we find 
|e * erf V / dt- ^ ' 

10.13. LAPLACE TRANSFORM OF THE RAPLACE TRANS 
FORM 

l . , fpmi^ f°° <r J< F(0 dt^fis) 
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L[L{F(t)}]=L^ e-' F(t) dtj 

i.e. L { /(*)}= J® e~>* ds J® er‘* F(t)dt . . . (1 ) 


Here the area of integration being the whole positive quadrant, we 
can change the order of integration and hence we get 

foo 

1 w e - t (t+P> d s 


,[L{F(r)}]=J®F (/)<*[ 
'F(t)dt. [ 


e -» (t+P) “|00 

t -\~p 


r 


f 00 F (?) 
Jo »■hp 


• .( 2 ) 


10.14. THE INVERSE LAPLACE TRANSFORM 
If f{s) be the Laplace transform of a function F(r) i.e. L {F(t)}=f(s) 
then F(t) is said to be an Inverse Laplace transform of f(s) and 
written as 

F{t)=L~'{f(s )} • • (0 

Here Zr 1 is known as the Inverse Laplace transformation operator 

e.g. if L - then e u -~L~ 1 

Uniqueness of Inverse Laplace transform. 

If A^ (/) be a null function then L {Af(/)}=0 
and L{F (!)}=/(*) 

F {F (0+ N(t)} =L{F(r)} -f L{N (/)} 

=f(s) 

So that L~ l {f(s)}=F(t) 
and also L~ x { f(s)}—F(t)+N(t). 

Showing that we can have two different functions with the same 
Laplace transform and hence the inverse Laplace transform of a 
function is not unique. It is, however, unique if we do not allow null 
function which in general, does not arise in cases of physical interest. 
This result is known as Lerch’s theorem Which states: 

If F (r) is sectionally continuous function in every finite interval 
Osit^N and is of exponential order for t <N such that L {F (/)}=/( J) 
then the inverse Laplace transform of f(s) i.e. L~ l {f{s)} — F(t) is 
unique. 

Conclusively, a given function / (s) cannot have more than one 
Inverse transform F (t) that is continuous for each positive t. But a 
function / (s) may not have a continuous inverse transform e.g. the 
Laplace transform of sr 1 e~*‘ is the step function which is disconti¬ 
nuous. 

Note. Some inverse transforms can be tabulated as follows-. 
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As) 

t 1 {A*)}-F>t- 

As) 

i" 1 {A*)}-F(t) 

I 

J 1 



----- 

—, s>0 1 

v i 

1 

1 

2s/(s 2 +a 2 )* 

t sin at/a 

; ! 

li’ s>0 ■' 

t 

(s*—(fl ) / ( ) 

t cos at 

jk -«“0, 

,n l !«.. ! 

l!{(s— a) 2 *f 6-} 

c nt sin btfb 

II (s-a) . 

e at 

(■ s-a)l{(s - -a)- 1 ft 2 } 

c af cos bt 

I/(s 2 + a-), s>0 

sin at 

1 IVst+ifi 

A) \at) 


a 



s/,s 2 +a 2 ), s>0 . 

COS Qt 

sHst+eP)* 1 * 

t J 0 [at) 

U<r--a 2 ), s> | a | 

sink at j 

ll(s—a' in 

/n ~lpat 

- n >° 

sH's' 1 —a 2 ), s> | a j 

cosh at , 




10.15. SOME PROPERTIES OF INVERSE LAPLACE TRANS¬ 
FORM 


[A] Linearity Property 

U the Laplace transform of F t (f) and F.,(t ) be f(s) and f t (s) respecti¬ 
vely and C,, C s are constants then 

r,(i)4-C i /,(j)}-C I l; 1 {/,(5)}+C 8 L- 1 {/ 2 (i)> 
n -CJM+C^t) ...d: 

By Prop. [A] of § 10.9, we have 

^C J f 1 (f)fC/ s (f)J,-:r i I{f- 1 ( I )HC 3 I{F 2 (()}---C 1 F 1 W+C t / i (j) 


• ' V,(I) + C,F,(/> L-'{C, /xW+C 2 /-,(j)} 

’MC./iO) K,/,(i)}-C' 1 F l (»)+C 1 F 1 W=C 1 /.- I {/ I (i>} , , 

+C i Lr 1 { 

2(s -a) , 8-6 s ,24-30 \/s 

" - - 4 -* - ' -- i 


Problem 25. Find L -1 | 

f or« 

L 


(s - a)* + 16s 2 +9 


, y 2(s-a) , 8-65 ,24-30 y/s\ r _,S 2(5-a) \ 

£(»-a} 2 -+-/>* ^ 165 2 -f-9 + s* S' h^-^+s'S 


=2 L 


-iV 

l (s-ay 


+T*~]+T L "1 


+ L 1 {l6r i +9* +Z ' 


.,S 24-30y / 5 


»}■ . 

L ' l {5 2 -f9/16 
+24L-{^}-30L-{^ 


5 s +9/16 
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1 /* #*/2 
== 2t°' cos 6/ + -y sin y cos-y+24 ( -j -30 p^ 

=2e ot cos 6/4-4" sin ^ —-f" cos^-+4/ a -7^—/ 6,1 

2 4 o 4 V 

[B] First Translation (or Shifting) Property 

lfL~ l {/(j)} = / r (/), then L~ 1 {f(s-a)}—e a *F(t). 

We have, /(*)= f°°e-‘ F(/) dt=L{F(t)} 

J 0 

• f(s-a)= J°V <s - a,< F(/) <//=!%-“. e°* F(/) dt 
= L{e°< F(t)} 

t.e. L~'{ / V i-a)}=e“* F(/) ... (2) 

(2) may also be expressed as 

£- 1 {/(*)}=c“ a ‘ • • • <*) 

Which follows that the substitution of s—a for s in the transform 
corresponds to the multiplication of the object function F(t) by the 
function e at . 

We may illustrate it as follows: 

I m . 

V -Jj=j-=L{/ m }, where m—\, 2,...and s>0 


••• ( 7-7)^i s>a 

Also, V £{cos 6/}=^~* 

••• ^"“cos b‘)= (s+ *£°+y , s>—a. 

Problem 26. Find (a) Lr 1 2sJ ~J } (6) L~ l { s *+6s~+25 j 

(a) We have ] “yHf ^(i+W 5 


(6) We have 

' l ’ , {u+J , +4" 2L ’ 1 { (*+3)*+4 r 1 
■r" cos 4r—2e~* t ”°" r 

[cos 4t— y sin 4/]. 
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[C] Second Translation (or Shifting) Property 

Vfr>{/WJ=F(0, then £-■ , >a 

Let the „ ^. { e-/ ( „)i 0 c ,„ (> - ' < 4 > 

roo 1 0,’r.^ 

So that L{G(t)}= j u o" C(/) r s( o (U . Joo^ 

Too dt 

" J 0 e * Put f -a«=a so that 

= jV<M 0 , F(w) „ /(l<)r/u 

o foe 

e Jo ‘ f on replacing! u by l. 

G(t)=Lr\e a, f(s)} 

Sedas* 6 ' *" te ™ S cf Heavisidc unit step I unction G(r) car. be expres- 
f\t -a). U(t-a). 


Problem 27. /»/</ L 
V /+?} = cos 3/ 

L- 


( V+9~ j 


f J £--*»>/» 7 

l“V+9~ ] = 


cos 3 
0 


<- 2 lh 


t> 




2k 


. t<-- 


cos 3t, t> 


2 k 


2* 

* 3 


■»cos 3 1. j 

ID] Change of Scale Property 

If L-'i /($)}=/■(r), then Lr 1 { f(as)}=~ ' fl> ® 

’ ^>-r- dt ' Jt") - fV« F(/) A 

Put ofnu *o that <*—— 


. .. (5) 
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... 1 (ih 

■“ f( ~ \ dt (on replacing w by 0 

t 'i/(«))-" f(v)' 

Problem 18. '**'' * > " 

? cos 2 a/ t Tr x \ e 116 ^ * 

• ‘ivj— v« • ••• W“i c 

1 ie~ ll “ ? 1 cos 2V tj c 

Sf -/ c 1 ' 1 X c~~~V~*t 


i cos2y(/c 

x'ntfc 


Putting c—we find 


2\/at 


L 1 .r lu J \ */ 

[E] Inverse Laplace Transform of Derivatives ^ 

If L~ i { f(s)}—F(t), then £,-■{/>»>,v))=--(-l) B 

l) n i n F{0 . . . w) 

By Prop. [F] of §10.9 we have 

urF(t))={-\r (! l) • w 

{/ ln, U)} . (—) r" 

zr 1 {/‘"’MM-D" /"F(t)=(-!)""• (< ’ 

=(—•)" / n F(0“(-D n | 1 

Problem 29. Ftnd L~ l 

1 2 ? s ' d (- 1 ) 

‘ - -= “ '2 dA .s-+u 2 i 


or 


Consider 




\s*+r\ (5*- 


= (5 z +a 2 )- *' * ($ 2 4~a 2 ) 

••• — tL_i 
r sin af 


2 a 


* since L 


' 1 ( $*-£<?)" 


sin at 
a 


[FJ Multiplication by s” r ...-, fA {1) 

If Lr l i and F(p)** 0, then L l {sf($)}- F ( t) * • ^ 

By Prop. [E\ of §10.9, «m-d(»)-W-l(W F ^ )=0 
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/. F'(0 — Lr 1 {$/($)}. 

In case F(0)#0, then Lr 1 [sfo) - F(0)} =-F'(/) 
or L~W(*)}= F’(t)+L-'{ F(0)}- F’ (/)+F(0)8(/) 
where 5(r) is the Dirac-delta function. 

Problem 30. Find L ~> ] »*«, i-> [,-pijp]- f I sin t. 

r j V ' I •' I ,«CMI+tim) 

“ L ' S 

•’ r ' ' ]■ ■ 2- <' 005 ,+sin '> 

= sin / \U cos / f sin r)^ J(sin /- f cos /) 

1G] Division by Powers of s 

If L- l { f (s)}-~-F(r), then (») /. ’ j = J* F(u) du . . -(8) 

(/;) L 1 J* | F(«) du dv . . .(9) 

(/) Let G(i)-- [' F(iO l: 1 $ - ^ ] then G’(t) --F(t), G(oi- 0 

Jo L s ji 

L[G\t))-- si |C/i Of 0X0) 5/ !G(/)} 

■-f\s) y / 1 j| -~Gtt) yields sL{G(f)} —/($)• 

l S j 

Hence using the Prop. [O’] of ^ 10.9, 

L{G(0} = or /. 1 | ~~~\ •'•'(/) | o F(«) du. 

<«) Let O0»= I' j’ /OO [^jthen .** L{0(t)}-/(^ 

Al$oG'(/)- = | f F(u)du.G"it\ /(t)andO(o G'(o)= 0 
-.o that /.{GXOj^i^ IJ,G[t >\ s Cut) - G'(o)=f‘ L(G(/)}—/(D 
L { G(f)= M or L-‘ }«<*)-j* \] «-> * * 

This may be written ^ 

or in general ^ = J 0 ”L F(0 ' 


. . .(ID 



890 


MATHEMATICAL PHYSICS 


Problem 31. Find Ir 1 ] 

'• £_i [jcfVdH!* “‘'"“ i “ co *' 

and hence L _1 |^ 5 ~jj j =J (1 —cos u)du~t— sin t. 

[H] The Convolution Theorem or the Convolution Property 

Iflr'{m=F(t)andL-'{g(s)}=G(t), then 

L-'ifis) g(s)}= [* F(u) G(t-u ) du^F’G . . .(12) 

Jo 

where F*G is known as Convolution or Faltung of F and G and this 
convolution is commutative i.e. F*G=G*F. 


The result (12) follows from f(s) g(s)=L ^ J F(u) G(t--u)du . . .(13) 

which may be proved as below: 

V M=L{F(t)} and g(r)=L{G(f)} 
f(s). g(s)^L{F(t).L{G(t)} 


foo foo 

= J e~‘ u F(w) dw j e~‘'G(v) dv 

Too foo 

= I I e~ ^(w+< ’ , F(w) G(v) dw dv 

Jo Jo 

- J|e-'C^ e >F(H) G(v) dw dv 

R 



where R represents the positive quadrant of the plane over which 
the double integration extends. 

In order to transform the double integration from the region R 
(tv, v) to another region S(x, y), let us make the substitutions 


w—y, v—x—y 



Fig. 10.2 

whose mappings are shown in Fig. 10.2. 
When tv*=0, y=0, w^oo, y~oo 
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and when v=0, x—y=0, v*=oo, (x— y)=oo 
The Jacobian of the transformation is 

* dw 

8(w, v) _ Hx ~dy~ _| 0 1 . 

_gv_ ”1 1 -1 ~ ~' 1 giving dw dv—dx dy. 

dx dy 

Thus (14) transforms to 

As) g(s) F(y) G(x - y) dx dy 

S 


=\y* Q o F(y) G’(x-y) dy J dx 

= j' 00 e~ , ' t ^| F(v) G(t - v) dn (on replacing the va 
ablcs y by u and x by /). 

=L £ j‘ F(v) G(t-v) du | - L{F* 6} 

Hence L -1 {/( 5 ) g(s)}= [ F(u) G(t - u) du—F*G 

Jo 

Now to show that the operation F* G is commutative, we have 

F* G= P F(u)G(t-u) du = P F(t-z) G(z) dz, when t -u^-z 
Jo Jo 


F* G 


= P G(z) 

Jo 


F(t-z) dz—G*F. 


. ■ ■ (15) 


Thus this theorem may be restated as 

If f[s) and g(s) are the transforms of two functions F(t) and G(t) 
that are sectionally continuous on each interval O^ti^u, then the 
transform of the convolution F(t)* G(t) exists and it is f(s) g(s). 
e.g. if F(t)—t and <7(f)=e°* satisfy these conditions, then 

Lr 1 £ —?—]==/* e at ~ P ue aU ~ u 'du=e at f ue~ au du 
Is* s—a 5 Jo Jo 

= J.( c o‘-ar-l). 

a- 

COROLLARY. If f(s)=L{F(t)}. thenf ‘ J‘ Hu) du dv=(t-u) 

F(u)du . . . (16) 

By convolution theorem. 


Li J* (t-u) F(u) dv)**L{t) L{F(t)} = 


V L{t}=~ and Lim}=A*) 
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Hence by (9), 

[ (f-«) F(u) du^L - 1 -?=f f F(v)dudv 
. . , Jo , . C. ■»" 3 Jo Jo 

which may also be expressed as 

r r no (*)*-[' (t-u)F( U )du 

JO Jo Jo 

or in general | f . f F(t) (<*)»= P p(u) du 

JO Jo Jo Jo \rt — 1 


...(18) 


Problem 32. Using the convolution theorem, evaluate 

L-1 ["ivi/)* ] 

VL-i [J^landZr 1 ^ 7 -^]=^ 

v L ~ l LmA d* Wo (Ue U) {t ~ U) du “E 

=^—(«/- u~) e-“J + J (t—2u) e~ u du, integrating by parts 
=^0 -f J (t~ 2u) e~ u du - j^~(/—2u) e~ u J —2 J e~ u du 


=re-*-| r -2 £-e- u J 
3 (f-f-2) <'**+/-2. 


= t e~‘-{-t+2e~ t —2 


10.16 EVALUATION OF SOME INTEGRALS BY INVERSE 
LAPLACE TRANSFORMS 

U] The Beta Function. Which is defined as 

P(m, n) = v™- 1 (1 —x)"- 1 dx for m> 0, n>0. 

The result Him, n) . x” -1 (1 -x)"* 1 dx can be cxhi- 

1 {m+n) J 0 

bited by the help of inverse Laplace transform as shown below. 


Let (s(r) -—[ x m ~ l (t—x) n ~ 1 , 

J 0 


By convolution theorem, 
L{C(t)}*=L{t”-i}-L{r’-i} 


rm r« _FmTn 


■ ow-ir* j-r»r. L-‘ ^|=rmr n 

U. *-«-*>« dx 


. . . ( 1 ) 
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Putting f*»l, this reduces to 


I */2 

Jm 2 "*~ 1 e coj-"- J e d6 = 


Problem 33. S/iow that 


... ( 2 ) 

rmr« 


We have P(m, n)=J x ™ -1 ( 1 —x)"-* </x= ^Cm+” l 

Putting x=sin !! 0, this gives 

p(m, n)—2 ["* sin 2 ”*" 1 0 cos 2 "- 1 0 d6=- mTn 4 
Jo "(m+n) 

1 


* jP(m, n). 


sin 2 "* -1 0 cos 1 " -1 0 dQ^rJtr——-\=*~*- 
o 2r(m+n) 2 


[2] Evaluation of f* 
J 0 


P(m, «) 


Jo(u) J 0 (t—«)du 


Let G(t) = J* 7 0 (u) J 0 (t-u) du 
By convolution theorem, 

L{G(0}=L{y o (/)}L{/ n (f)} = 


V-f+i vV -f-1 s ‘+ 1 

So that G(r)«L _1 (jg^-) 

i.e. f J 0 (u) J 0 (t~u) du=sin t 

J 0 

[3] Evaluation of e«“ (l-w 2 )- 1/2 dw 


and £{/„(/)} = 


Vs*+1 Vs+i ’ Vs-i 

.'. by convolution theorem 

b?rrHivsr • vj=t! 

_r« tr 1,s c 
“Jo V* 


V^+l 


-U2 e -iu (l-u)- 112 € 


nt-u) 


V n 


4u V 

l Vs+a 5 


(3) 


7C 


,_±V e tu-c«) y-in (t-u)- 112 du 
75 Jo 

_ JLf 1 v ~ 1/2 (l — v )— 1/2 d v by putting n— vt 

~ w Jo 
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= J «*** (1 — * dw by putting 1—2v— w 

Hence — [ e itw (1 — dw—J 0 (t) 

71 J-i 

(4] Evaluation of e+* 2 dx. 

V 71 Jo 

V L-f-i-}—4», • L~>\ » l.-Jd, 

lV s j Vnt cVj+1 j Vw/ 

then by convolution theorem, 


..(4) 


V «W 


f—i-?-r «■ 

C^V-S+l J Jo 

f ‘ e~ x * du by putting VH —x i.e. ~^=r du~2dx 
7t Jo V U 


’ V i+1 

J 
V 

=erf V f 


Hence 


V 


L I V 

7t Jo 


V' 


Problem 34. Show that 


dx - L is^k rH v 


• (5) 


1 00 

cos tx-dx, then taking Laplace transform, 

f oo Too foo foo 

L{G(/)} — I e~ ,x dt I cos tx ’ dx=\ dx I e~‘* cos lac* dx 

Jo Jo Jo Jo 


If we put x*=s tan JB or x— V s Vtan 6, then we get 
1 tn't d& _l_r»« • -i r 

2 Vs J 0 Vtan 0 2-y/ s J 0 S ° 


L{G(/)} = 


_Lr*ri 


2 v/ V 2n 

1 It 


Vtan 6 2-y/ 

by Problem 33. 

using rnr(l-n) 


6 cos +1, -0 dB 


sin n j* 


, 0<n<l 


2 V j 2 sin it 
4 

* 7t\/ 2 _ tt \/ 2 

~2 V * 2 4^/X ’ 

Using inverse transform, 

= [®cosrx^x=jV_2 f* 

Jo 4 C V $ 5 4__ V 71 

V» ,-iy* 


G(r) 
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Putting f=l, we get 

Too 


r 


cos x- dx- 


= V 2n = 1 / n 

4 V 7‘ 

Problem 35. SAow /Aar f 00 e~ xi dx=\y/ ~tT 

J 0 


e * , so that 


Take C(/)-f C 

J 0 

i(G</)) -f" 0 ^ J"-4- Un-' 4_T“_ " 

Jo J-T •* Lv J yj s- Jo 2 V 


Taking inverse, 
G(,)- 

Putting /=1, J 


r 


00 -/** dx _ * >- lrl 


2 VJ 


J yj tc t' 1 ' 2 


°° _ . v it 

e Mi dx = 
o 2 


10.17. SOME METHODS FOR FINDING INVERSE LAPLACE 
TRANSFORM 
[1] Partial Fraction-method 


Nls) 

Consider a rational fraction - where N(s) and D(s) are poly¬ 
nomials in s with no common factor and the degree of N(s) is lower 
than degree of D(s). 


Let 


M- 


N(s) 


D(s) 


• .( 1 ) 


Its inverse Laplace transform can be determined whenever the 
elementary factors of D(s) are known. 

(i) Taking first the case when D(s) has no repeated factors, we can 
write 

D(s)=(s— a,) (s— «»)...(j-* n ) 

where all a/* are distinct and coefficient of s n being assumed unity 
without any loss of generality. Here D{s) has been taken as a polyno¬ 
mial of degree n so that r= 1, 2, 3,...n. 

By theory of partial fractions, we have 

, jv(£l __ 

D(s) ~~(s-* 1 ) {s-x 1 )...(s-« n ) 






A r 


+ -.+ 


5 — ' 5—oc 2 3 — a f s 

Multiplying both sides by (j-« r ) and taking the limit as *-*•«, 


we have 


A r — Lim 


;V(5)-(5-« T )-_ A ,( a r), 


D(s) 


Lim 


$ — % r 

m 
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«tf(a f ) • Lim 2)77^7 by L> Hospital’s rule 
“i>' («r) 

v, x Ar(j) , , AT(« r ) 

Thus f(s) - D{s) = D ' {(ti) (,_.«,)+- + 

, , _ *(«») 

" r " 

_ | _L, ... (2 > 

r _j £>'(« r) 5—a r 

where Z>'(oc,H(s-<*i) (J—(J-a r+1 )-••(•*-*») at s=« r . 

If f(t) be the inverse Laplace transform of f{s), then 

m=L-nm=L-‘ £ $sa] } 


N(a.,) 

D(*r) 


. . ■ (3) 


which is known as Heaviside Expansion formula. 

(/,’) Now taking the case when D{s) has repeated linear factors, wc 

can write 

/),)-- gW - M a, 

n ’ £>(j, (!-«>*»' ' ' ‘ 11 

where #s) is the quotient of polynomials N(s) and the one obtained 
by removing the factor (s-a)" +1 from D{s). Then, we have 

_ - A o , A \ . . 


-^O- , _di . J_^_, , 

( 5 —a )* 41 r—* ‘ fi—«)-'**" ($— a.) r+1 

An 

(j—a)** 1 


+g(s) 


where g(s) denotes the sum of partial fractions corresponding to the 
other factors of D(s). 

Multiplying both sides by ($—*) n+1 we get 
t(s)=A 0 (s— a)"-f A t (s—a)*- 1 +... +A r (s—a)«-»-+... -f 

A»+g(s) (s-*)” +1 

Taking the limit as s-*x, A n —<f>(x) and so we have on differentiat¬ 
ing both sides (n — r) times w r.t. s, 

*<«-*> (a)«=| n—r A r i.e. A r ^ ^J±L 


Hence from (4) 

/(*)» 


» * ( "- r> («) 

if* l „ 


n—r (s — at) r 


+g(s) ... (5) 

V *«” (a)-#*) 
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Taking the inverse transform, we have 


... ( 6 ) 


by using the relations L{e ** F(f )}=/(*_*) and L{r+n=r(r+l) *-«•» 
Also here, L _1 {g(s))^.(?(/) 

Applying Leibnitz theorem for differentiation of product of two 
functions, (6) can be written as 

F(t) * {s)Mt L +G(n • • • (?) 

(iii) Taking the case when D(s> has non-repeated quadratic factors 
of the form (s— a)*+p 2 , s>0 and «. (3 being real numbers, then we 


can write 


(*)= 


N(s) 


fts) 


AjS-\-A t 


• •( 8 ) 


D(s) (j—«)*H-p 2 (j—a)*+p 2 ^^ 

where g(s) denotes the sum of partial fractions corresponding to the 
other factors of D(s) and A l9 A 2 are real constants. Then we have 
#a+/p)= Lim ^)=(« + /p)^ 1 +>» 2 =^+/^ (say) 

i.e., 4>i, <fr t being real and imaginary 

parts of 

Equating real and imaginary parts, 

f^nA^Ai and &=M, giving /4j-and ^ 2=^1 — 


Thus (8) reduces to 

* rV _ 1 (S~ atfa+W, 


-g(s) 


Taking the inverse transform, we have 

F(t)—L~ 1 {f(s)}= j cos (J/+& sin p/) <*'+G(/) 


.. .(9) 

. .( 10 ) 


where G(/)=L _1 {g(s)}. 

(/v) Lastly taking the case when D(s) has the square of a quadratic 
function of the form {(s—«) 2 +p 2 } 2 , then we can write, 
r , x N{s) fts) _ 

{(*-*?+£*}* lV-«) 2 +p 2 

+8S^|jp+i« •••(»> 

where G(s ) denotes the sum of partial fractions corresponding to the 
other factors of D(s) and A s , A it A a , At are real constants. Then we 
have s . 

{(j-a^+m^+^+gW {("-*)•+? > 

So that j(a+fp)— Lim +(s)=A,(*+ip)+A 4 -i*i+¥* («ay) 


/ft 
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Giving and which yield 

A a = and 

Also f(j)=^ [<*-«)P+M+20l 1 f+X i )(i-«)+ ~ [gO) {(*-«)* 

+P*)1 

so that f («+ip)=2/p t^i («+^)+^.]=^'+^; (say) 
giving —2P*A=&' and 2*p ^+2? 

which yield ^i=—^ 0' and /4 * = ~^ i ^r L ‘ 

Hence (11) reduce to 

fitW— + I 1 (&*-f P&— g&) | 

/w 2p* (*-«)*+p* + p p[(s-tt)HPT 

• • .(12) 

Taking inverse Laplace transform, we get 

*W=Zr* {/(*)}= 2 ^ «•*[ I tf«+*P) I {«n (P»++HP# cos (pr+<IO) 

-p{|f(«+ip)|cos(pr+f)}] ...(13) 

where | #«+/p) | = VW+fc* and | *'(«+/?) J = 
giving 


4>=tan -1 -^ and <J/'=tan" , , 

9i 9i 

As a generalization if D(s) has (n+1) power of the quadratic 
factors {(r—a)*+p 2 } then corresponding term in F(t) will be of the 
form /'«•*sin p/ and cos p/ where r=0, 1, 2,...n. 

Problem 36. Find the inverse Laplace transform of the following 
functions 

(')— v;: 00 55+7 - 


.-.ill. 


Off) 


(r+1) (j-2)’ 
/ 


(/v) 


(j-7)(5*+f)' 
4s 


( s—2) {s+2? ’ (s-2)0*-W) 

(0 Here/0)= 1 - 1 1 


(r+l)(j—2)~3 (r+1) 3(J-2) 

.'. L-{/^)) = |[e-‘-e i ‘]. 

,, n Here ft si- 3*±L. .. . 3r+l_ _ Mfl 

(//) Here (,_i) ( S +i){s-t) D(s) { y) 

Then 7V(s)=3s+l, D(s)=s 3 -s i +s-l so that />'(«)=3s*-2r+l 
and zeros *j=l, **=/, a t ——i 
Using Heaviside’s expansion formula, we have 

1-1 / fll « B cM N(i) c « I N (-D ^t 

L (A*))- ^(T) * + D'(7) * + 
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+-J1 +L e « , -3/+1 

2 -(2+2/) e + =2+2T e 

=*2e‘- <3/4-1) (1-/) (3#—1) (n-/) 

20+0(1-0 * + ~2(i ^xr+o^' 

=*2e*-K/+2)e«+*(/-2)e-« 

=2e < —sin /—2 cos t. 


m Here/( I )- 5=5 L T/ 

The term in the inverse transform of /($) corresponding to (5—2) is 
Yg «** and corresponding to (j+2) 2 we have ftj)=(*-2)-» which 

yields, #—2)=-— and yields f(-2)=- ^ 

so that by (5) of §10.17, 


L- 1 


16 

16 




e u 


"h r "~ T*"" 


16 


[«** 


O-'-t. 


-4/e- 2 *] 


(-2 )ur* 

II IJL 


W8 "*’- FTO) - 

The term in the inverse transform corresponding to (/—2) is e 2t 

4s 

and corresponding to /*+4 we have ^(s)=—= , which yields ^(2/)=2 

(1—0 so that its real and imaginary parts are &=2, ^,——2. 

Also comparing with (9) of § 10.17, we have «=0 and (3 =>2 

Hence 

=e*‘+K-2 cos 2/+2 sin 2/] 

—e**H-(sin 2/—cos 2t)=e s *+V'2 sin^2t—^ • 

[2] Series Expansion Method 

If /(/) has a series expansion in inverse powers of s such as 

m- %■+■% +■£-+••■ • ■ • (,4) 

, then under suitable conditions, we can invert term by term to find 

F{t)~a 0 +a l t+ff+.. .. . ( 15 ) 
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Problem 37. Find Lr 1 

w *|“« iJ f^hiiO-T+i ^?-<£?+ •••)] 


!l /+ (|j)f (i jr + ‘" 


. ily/tf , (2V0 4 _..(2 yty 
~ l 2* 2 2 -4* 2*-4 2 «6 ! ' + ‘" 


=/,(2V0- 

[3] Method of Differential Equations 
By solving differential equations, the inverse Laplace transforms 
of some functions can be found as is evident from the following 
Problem. 

Problem 38. FindL~'\ e~ y/ ‘] 


Problem 38. Findlr 1 ^ j 

Let *,)=«-VT and £ j y(0 J 

So that L-*{ y(s) }=L Jl { e-VTj^ y (/) 


or 4 sy’* 


e V * d?y 

— 2 vr mi v' 

e~V~ + — ^ 7 ==y—2y' 


e V s e~“\/ * 

4 s + 4s*'* 


V1 T I /— — J 

V J 

4ay'+2y'-y=0 _ ... (1) 

which is the differential equation satisfied by y=e~V s . 

Nowy*»L{ T) gives y'—L{—tY) and y"*=L{{-\)'?Y)*=L{t l Y) 

So that sy'=L^(t*Y)^=L{t t r+2tY} 

Thus (1) reduces to 

4I\FY i -\-7iY'}^2L{-tY)-L{Y)^ 
or L {4l 1 7'+(6t-l) T}=0 or 4l ! 7 1 +(6f-l) r-L~*{0}=0 

jjr 

i.e. 4t* -^-+(6t—1) 7=0 which gives on separating the variables, 

dY,6t -1 n dY ,( 3 _ 1 \ . 

Y 4**“ dt ^° ot Y A2r 
dY ( 3 1 \ A 

or -r— vit-opJ* 
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Integrating, log - log t —^p-+log C, C being a constant 

of integration 

NOW Uiry --4- (.-V7-, _ 

Applying the final value Theorem, i.e. when t-*- oo, r->0, we have 
from (2) 


/r=-S- er 

V t 

and L{tY) = 


l/4<_ 


e—y/s 


yf so ^r}“>L|h^.|ssC\/ n j's/s 


2V 


= —► 


2yT 


, whence 


C yj 

Vf 

c- 


2\/ 5 

1 

2\/ it 


= gives 


Hence the solution of (1) is y== -- - 7 i. ^ s • er 11 ** 

2 t 

i.e. Ir 1 {e~ V ~)} = e-W/lVT t in . 

[4] Method of Differentiation with Respect to a Parameter 
This method is illustrated with the help of following Problem. 

Problem 39. Find L- 1 ^-^^ 

We have L{J 0 (a/)}= 

Differentiating w.r.t. the parameter ‘o’ we get 


or Ut /,'(*)}= '•* L ‘ J { (,* + o¥^] == ’ 7o, (a ° 

= — /,(<!/) .’. 

a 


10.18. APPLICATIONS OF LAPLACE TRANSFORMS TO 
DIFFERENTIAL EQUATIONS 
The Laplace transforms can be successfully applied to solve 
(0 ordinary differential equations with constant coefficients such as 

~~j£+a j^-+by-=F(t), a, b being constants. 

(ii) ordinary differential equations with variable coefficients such as 

<• &-+• i +*- m 
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(in) simultaneous ordinary differential equations such as 

a, b, c, d being constants. 

(/v) partial differential equations such as 

"8~ +a l%r+y= F ( x > Q 

(v) integral equations i.e. the equation containing a dependent 
variable under an integral sign, such as 

Y(t)=F(t) + f K(u, t) Y(u) du, a, b being constants or functions 
„ J« 

of/. 

Here F(t) and the Kernal K(u, t ) are known and Y(t) is to be deter¬ 
mined. 

We explain these applications with the help of following problems. 
Problem 40. Solve x" (t)+4x'(t)+4x(t)=4e- u \ x{0)=-U x'(0)=4 
verify that your solution satisfies the differential equation and the 
boundary conditions. 

Let I{x(/)}=/(i) ... (1) 

Then ^*'(t)}=jfa)-F(0) where F{ 0)=x(0)=-l 

=*f(j) + l ...(2) 

and L{x’(t)}=s-f(s)-s F(0)-F\Q), where F(0)=x(0)=-1 

and F(0)-x'(0)=4 

■*a*/(r)+f—4 ... (3) 

Taking Laplace transform of the given equation, we get 
L{x'{t)}+4L{x'{t)}+4L{x{t)}=4Lte-**} 

or j»/(f)+,_ 4 + 4 4 /(,) + 4 + 4 /(,)=,_l_ by (1), (2) and (3) 
or (j*+4*+4)/(j)= ^ -a i.e. 

~ ( a + 2 )» ’ + ( a + 2 )* ~ 1+2 ' ,= ( ,+2 )~ 2 

Taking inverse Laplace transform of both sides, we find 

=»2(— 1)*- (-1)* /*r*»+2(-l)(-l) te~ u - r**«e"*‘(2/*+2l-l) 
Hence the required solution is 
x(l)-r« (2/*+2/-l) 
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Now to verify the result, we have from (4) 

*'(/)=»- 2e-** (2r*+2/-l)+(4f+2)=e- E »(-4/*-4/+2+4f+2) 
=*4e~ 2t (—/"4-1) . (5) 

and 8e~ u [—t*+l]+4e- 2< (-2r)=8e- 2< (/ 2 —/—1) 

So that y(r)+4x'0)+4x(r) =8e- s< (/ 2 —/—j)4-i6 e -‘-*(—f*+l) 

+4e-«(2f*+2f-l) 

“4 er» [2t*—2t—2—4t t +4+2t i +2t-l]*=4e- u ... ( 6 ) 

which is the same as given and hence the result is verified. 

Again from (4), we have x(0)=»-l and from (5), x'(0)=4 
which clearly satisfy the boundary conditions. 

Problem 41. Solve the differential equation ty"(t)+y'(t)+ty(t)—0. 
Under the condition that y(0)—I and y(t) is bounded. 

Let LfcK/)}=/(r) so that L~\f{s)}=y{t) . .. (1) 

Now L(y'(/)}=s/(s)-F(0), where F\0)=*y(0)= 1 

=*sf(s)~ 1 ...(2) 

and L{y'(/)}=i*/(r)—r Fifi)—F\0) where F(0)=>(0)=1 
and F'(0)—y'{p)=k (const.) say 

—s t f(s)—s~k. 

Taking Laplace transform of the given equation, 
L{ty\t))+L{y\t))+L{ty{t))=<i 

or L{y\t)}+L{y\t)}--jj-L{y{t)}= 0 

or-jg- {*f(i)-s-k}+sf(s)-l- {/W)=0 by (1) and (2) 


or -2 r/(a)-s*/'(j)+ t+f/(r)-1 -/'(*)-0 
or -a/(i)-(j*-fl)/'(j)=0 

f'(s) s _ 1 2s 

or f(s) ~ JT*+1 “ 2 * JT*+1 

Integrating, log f(s)— —| log (r*4 1)+log C, C 
constant of integration 

v«*+i 

Taking inverse Laplace transform, we have 
L-\ m)=c L~ l or yiO^cut) 

Initially when /=•(), y(t)—y(0)= 1, so that 1=CV,,(0)=C 

Hence the required solution is y(t)=Jo(0- 

Problem 42. Solve X'+Y' +3X=15<r* 

Y'-4X'+3Y-15 sin 2t. 


being a 
... (3) 
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Subject to X(0)*=35, X'{0)=-48, Y{0)=27 F(0)=-J5. 

Let L{X}=x and L{Y}=y so that £-'{*}=# and L~ l {y}=*Y. 

Also L{A"}=5 L{X}-X{0)=sx-35; L{X')=s*L{X} —sX(0)—X' (0) 

=5 2 x—355+48 

and L{Y’}=sL{Y}-Y(0)~sy-27; L[Y'}=s'-L{Y}-sY(0)-Y' (0) 

«s*y-27s+55 

Taking Laplace transforms of the given equations, we have 

s 2 Jc-35i+48+v-27+3x=-^ T 

S+l 

an 

and 5^—275+55—4(j^r—35)4* •V= s '*rrr 

or ( J *+3)x+ V -^355-21 + -^ f )=0 

and -4sx+(5®+3) .y-^ 27s-195+ 

Solving- . - 

-s ( 275—195+ 

__ y _..... 

* ( 35s - 2,+ tti ) +(J *+ 3 ( 27, -' 9!+ Jh) 


■^j-W+3) ( 35 ,- 21 + ,1V) 


1 


^ >^+9 [ -^+ 195 s - 


305 


(s*+ 3 )*+ 4 s* 
r 35 s*— 21 s* 


5*+4 

+ 4 fl + 105 ,- 63 + J+I 


— 1 
+ 1 J 


- (?+TO(rng+4i I(3^-«3‘+300,-«3) 


(s+lX* a +4)-30s(s+l)+15(s*+3Xs 5 +4)] 
35a*—48s*—300s—63 , 15(s=+3) 


(5*+i)(5*+9)' 


2655-15 + 155-369 


(5 + l)(5* + l)(5*+9) 

_ 305 

(5 ! +1X^+4)(s*+9T 


•1 


8(5“+!) * r 8(s-+9) s+1 


J 5 _ 

8 *s*+l 
10s , 2s 


5—1 
T * 5*+9 

65 


305 

?+r 


45 

TS+9 


"(s*+l) ~ 5*+4 8(5*+9) 

(by resolving into partial fractions) 


s+l • a*+4 
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Similarly - ~r- - 3 —+-±- 

s*+9 $*+1 j+i T 5 » +4 

* Taking inverse Laplace transforms of (1) and (2) we get 

sin V 


•.. ( 2 ) 


L~ l {x}=*X =30 cos r—45 • +3^‘+2cos 2 1 


—30 cos t— J5 sin 3/+3e~‘+2 cos 2/ 

and L _1 {y}—7=30cos 3/—60 sin t— 3»- < -f j.f* n ji, 

2 

=30 cos 3<—60 sin r-3e-*+sm It 

which are the required solutions. 


Problem 43. Find the solution of satisfying the 

8V 

conditions V= -~=0 when t—0. 
ot 

Let L{V}=\ so that L -I {v}=K, then 
, C d*V 1 

L ^ 0r 2 J 2 ^{ — ^ ^(0) — ^'(0)=i-v—0—0 =j 2 v, taking / as 
principal variable 

A A ? d 2 d 2 v 

aDd L{V} ^~d?’ tak,ng x as the secondar y 

variable. 


Also L{xt}= -~ 
s 1 

Taking Laplace transform of the given equation, we have 

d 2 V x r A 

d ~» -S-V= — i.e. (D'—S-) v= - 2 where D=-^ .. (1) 

Its complementary function is C, e‘ x +C 2 e~‘ m 
D-—s i =0 gives D=±s 

and particular integral ] jr 

= _ _L 

s z 

The complete integral of ( 

v=Cj e ,x +G t e~ ,x - ~~ • • • (2) 

Now F=0 gives L{ F}=v=0 for all values of x, therefore Ci=0, 
otherwise v-*oo as x-*oo. 

As such (2) reduces to v=Cj e - ’* — - 5 - • • • (3) 



is 


Bat when x=»0, v=0 ..C,=0 
Hence (3) becomes v= —p~ 
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Taking inverse Laplace transform of both sides, we find 

L~ 1 {v}=Z,' 1 | i. e . V=-~= ~Y~ which is the, 

required solution. 

Problem 44. Solve the following integral equation and verify your 
solution. 


F(t)=l+2^ F(t-x)e-'* dx. 
Taking Laplace transform of both sides, we get 

£{F(/)}=L{1}+2Z,|J' F(t-x) «-*• dx j 
Assuming L{F(t)}- f(s) so that I{1}= — 


and L 


(I! 


"dx* 


f(s) 


m - 4 + 


s+2’ 

1 . 2f(s) 


the last equation becomes. 


s+2 


or 


/y \ 1 f/ \ I *+2 1 . 2 

5+2 M-r " M-T—-T+- 


( '~zk) 5+5 jv, ~t "• jv, ~: r~ r~ > T + 

Taking inverse Laplace transform of both sides, we find 

L- 1 {/(j)}=L- 1 jyj+2L~ 1 j i.e. F(t)= 1 + 2/ which is the 
required solution. 

In order to verify the solution, putting 

F(f)=l+2/ i.e. F(r-*)=l+2(t—x>, 

we have, R.H.S. of the given equation=l+2 | {1+2 (t—x))*~ tm dx 

Jo 

= 1+2 |j e~- m dx+2i J 1 er•" dx—2 j‘ x er s " dx J 

=l-e-“+1 -2ter”+2t+2te- it +e- : *- 1-1 + 2 /=F(/).=L.H.S. 
Hence the solution is verified. 


10.19. APPLICATIONS OF LAPLACE TRANSFORMS TO 
BOUNDARY VALUE PROBLEMS 
In view of §10.9 (E), it can te concluded that Laplace transforms are 
capable of transforming the differential equations with constant 
coefficients into algebraic equations in the form of transformed func¬ 
tion. Since various problems used in physics are mathematically 
formulated in the shape of ordinary and partial differential equations 
involving one or more unknown functions together with initial or 
boundary conditions fitting the physical situation, therefore Laplace 
transform can be successfully applied to such boundary value 
problems. 
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Problem 45. A particle of mass 3 gms moves on the x-axis and is 
attracted towards a fixed point tn its path with a force whose numerical 
value is I2x. Assuming that the particle is initially at rest at x— 5, 
determine the position of the particle at any time t, (a) when there is 
no other force, (b) when there is a damping force whose numerical 
value is o times the instantaneous velocity. 


(a) Let P be the particle and O 

the fixed point. Since the particle -V*" *'* 

is attracted towards O, therefore 0 
when the particle is on the right of 
•* 

O i.e, in the direction OP then the net force is 


P 

Fig. 10.3 

- 12 x (being in 


the 


direction of PO) and similarly when the particle is moving along 

PO, the force being in the direction of OJp i.e. again — 12x. Hence 
applying Newton’s second law of motion i.e. mass x acceleration 

=*acting force, the equation of motion is 3 -^• 7 -*= — 12 x 


or 


<Px 


-4x=0 


( 1 ) 


Let L{x}*=5 so that 

l\ 4nr~] =J*I{x}-sx(0)-x'(0) where x(0)=5 and x'(0)=0 
l «** 5 (boundary conditions) 

=s*5- 5s 

Taking Laplace transform of (1). we therefore get 

s*5-5*+45=0 or (s*+4) 5=5* or 

• £- 1 ^ 5 } mzSlr 1 —I i.e. x—5 cos It, which gives the position 

(s i +4j 

of the particle. 

( 6 ) In this case the equation of motion becomes 


d*x 


dt * 


12x- 




S- +J f +43t - 


.( 2 ) 


with the initial conditions x( 0 )—5, x'(0)=0 

Taking Laplace transform of (2), L \df j + 4i -W —0 

or s*5~5a+2(s5-5)+45=0 when L{x)=Z 

_ 5*-f 10 5 

or (**+25+4) 5=5*+10 or 

' Lr l (E)»x= 5 e“*‘ which is the required solution. 

Problem 46. An inductor of H henrys and a capacitor^ egC 
are in series with a generator of E volts At t-0 the charge on rje 
capacitor and current in the circuit are zero. Find the charge 
capacitor at any time t>0 if E-E 0 , a constant. 
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If 6 be the instantaneous charge and I the current at any fi'm e t, 
then ... (l) 

Now voltage drop across the inductor ==# ^ by 

Voltage drop across the capacitor*-^-and the voltage drop across 


the generator =—voltage rise=— E. 

Thus, according to Kirchoff’s law, the algebraic sum of voltage 
drops (potential drops) around any closed circuit bang zero, the 
equation determining Q is 


H 


<PQ . Q 


dt * 


-2i*»0or 


d»Q 


+ nr ~ u 


dt » T HC 


*L 

U 


•( 2 ) 


with the initial (boundary) conditions Q(0)=0, /(0)=0, Q'( 0)=0 and 
E**E 0 for t> 0 

Assuming that L{Q}=*q, we have 

•' Laplace transform of (2) gives L L{Q}=~~ L{1} 


i.e. 3 Sq+jfc=-£ or 




qss - ElUL-. 

3 (*+HC ) 



Taking inverse Laplace 


transform, we have 


Q=L- 1 {q}=*CE„ 



which gives the required charge on the capacitor. 

Problem 47. A beam which is clamped at its ends x=*0 and x=l 
carries a uniform load w per unit length. Show that deflection at any 

point is Y (s )=’ w ^ ere & is Young's modulus of elasticity for 

the beam and I is the moment of Inertia of a cross-section of the beam 
about the axis. 


The transverse deflection Y(x) at any point x is given by the 
differential equation 
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0<X</ •••(!) 0 

with the initial condition, y( 0 )= 0 , 
™( 0 )= 0 andy(/)== 0 ,y'(/)-= 0 ... 

Assuming that y 

£{y}s=y i.e. L-\Y)=Y, we have 


x=o 


- V X 

x~l 


L\I #.«?• ,1—^ » we ubtv - 

l ^l^s* UY)-s*Y(0)-&Y'(0)-sY"(0)-Y"'(0). 


Fig. 10.4 


s^y— 0 —0—sCi—C, under the assumption that Y'(0)—C t 

and r"(0)=C,. 

/. Taking Laplace transform of (1), we have r C w 

L{1} le "*y- sC '~ c '=ik oty ~i' + ~$ + Ws> 


Eis 

Taking inverse Laplace transform, we find 


or y= 

i) 

Cjx 2 , C,x* , 


% r 6 T 24£/ '' ’ (2 * 

Applying the initial condition that Y(x)=0 when x=l and Y (x) 
0 when x=l, ( 2 ) gives 

CJL , ... 0 ) 

2 I 

.» i:.i‘ wr (4> 


0 = 


r ^2 wr® C./ 1 W/* 

and r=C x x+^+~-gives 0 =C 1 /+^-+gg 7 

_ , . ... A t/L\. r — andC„=—^v which when substi- 

Solving (3) and (4), C 1 ^£j ano ° 2 2 El 

tuted in ( 2 ) give 

w/V wlx* , JEL [P-2lx+x 2 ]^ WX 24 gf -' 


Y~~2A El 12EI + 24EI 24 El 

PnUM 48. 4 semi-InJMte Mix>0 ft “f 

ESJZ&ZSIB rc« - -5* **- “ M 

" Ut U(” ote th, ••■"I*"'"" TOM oSdtoSstonaT he« 

conduction equation gives 

W i- —, x> 0 , t >0 ...( 1 ) 
ax 2 k 9 / 

where k is the diffusivity defined by ^ 

I,.., t ; s the thermal conductivity, C 
The stiedfic heat and P the volume 
density! The boundary conditions are 
m u(x, 0)=0, (B) t/<0, t)-U. ( 81 V «* 1 
and (i«) U » bounded «.e., 

j C/(x, 0 \<M. 
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V(x, t ), we 


Assumiqg that L{U(x, t)}=u(x, s)} i.e. L~ l (u(x, s), 

h&VC 

L VOc, 0)-« and L [§£}=£ [£{P>]- 

Taking Laplace transform of (1) 

<#*« 1 _ d*u 


d*u 

dx* 




with boundary condition u(o, s)**L{U(o, 01=t/. L{1}=~ 

s 

and u=u(x, s) is required to be bounded. 

The solution of (2) is u(x, s)=C x e* ^*+C t e ~ x ^*i k 

In order that u be bounded (finite) as *-*> 00 , we must choose Cj=0 
otherwise the temperature will be infinite when x-*-co. 


( 2 ) 

(3) 

.(4) 


Thus (4) reduces to u(x, s)=C t e x ^ s ! k 


Uo 


v. 


But from (3) u(x, s)—— when x=0, therefore C*=— 

Hence the solution of (2) is u(x, s)— — 

s 

Taking inverse Laplace transform, we find 

'*■ ^ erf c { ww )= u -1 *1 

which gives the required temperature. 

Problem 49. An infinitely long string having one end at x=0 is 
initially at rest on the x-axis. The end x—0 undergoes a periodic trans¬ 
verse displacement given by A 0 sin «/, t> 0. Find the displacement of 
any point on the string at any time t. 

Let Y(x, t) be the transverse displacement of the string at any point 

x and at any time t. Then the 
transverse displacement is given 
by 



dJY 

at' 1 


— r a»0* 




where a 2 


a 2 r 

T 


, x>0, t>0 

... ( 1 ) 

, T being the cons- 


•r(*. t) 


Fig. 10.6 


dr 


tant tension in the string and p 
the constant linear density. The 
boundary conditions are 


(0 Y(x, o)=0, (ii) -gj- (x, o)=»0, (in) Y(o, t)**A 0 sin 0 »r, and (tv) the 



<rHB LAPLACE TRANSFORMS 


911 


displacement is bounded i.e., | Y(x, t) \<M. 

Assuming that L[Y(x, t)}=*y(x, s) i.e., lr\Y(x, *)}=»T(x, t) we have 
' L ^\=s*L{Y)-sY{x, o)~(x, o)=s*y-t 


-O—O 




& riv\ J2y . 

'd?- L{Y}z= d* 


:. Taking Laplace transform of (1), we get 


s*y= 


„* dty 


d'-y s* 


d? ie " d&~tf y =° 


with the boundary condition Y(o, t)-L{Y(o, t)}=L{A 0 sin 
and y(x, s) is bounded. 


( 2 ) 

(3) 

(4) 


The solution of (2) is y(x, s)=Ci e~ ,Mla +C t <r**' a 
But y(x, s) being bounded when x->-ao, C^O otherwise the dis¬ 
placement will be infinite when x~+ao. 

(4) reduces to y(x, s)—C t e~ n i a 


Applying (3), we find C x 




therefore the solution of (2) is 


Taking inverse Laplace transform, we get 
sin «(f—x/a), I>x/a 
o , t<x/a 

which shows that a point of the string is at rest until t*=*x/a and there 
after it undergoes motion identical with that of the end x —0 but lags 
behind it in time by the amount x/a. 


y(x, /)-[' 


1020. THE COMPLEX INVERSION FORMULA OR INVERSION 
THEOREM 

If L{F(i)}=f(s), where F(t) has a continuous derivative and is of 
exponential order, then 

F(f)=* [ Y+ '°° e ti f(s ) ds, t>0. ... (1) 

J Y —loo 

In the Dfevious chanter we have introduced that if $&(f) be a func- 

I QO 

_ oo <KO dt is abso¬ 
lutely convergent, then the Fourier’s integral is 

A(t)wm — f 00 dx f°° <Ku) cos x(t—u) du ... (2) 

rt J, J—oo 
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But cos x(t—u) being an even function of x and sin x(t—u) an odd 
function of x, we can express (2) as 

* Jr* *“> “* #-*> du 

and 0=z— f°° dx [°° #n) sin x(t-u) du 

2n J — oo J —oo 

1 foo f oo 

or ^ (u) [cos xt cos xw+sin xt sin xw] </w 

... (3) 

1 foo foo 

and 0=^i- I dx I 4{u) [sin xt cos xu—cos xt sin xu] du 
2n J -oo J —oo 

... (4) 

Multiplying (4) by / and adding to (3) we get 
foo 

ix I <j> (u) [(cos xt cos xw+sin xt sin xu)+j 
J — 00 

/(sin xt cos xy —cos xt sin xw)] du 



JJ 

roo 

2« , 

1-00 

1 | 

*00 

2«] 

-00 

u 

•oo 


dx 


f” 


J —oo 


4 (u). e ixt e~ ixu du 


,*Bt 


-00 


dx 


iv« 


e _to * du 


Assuming that ^ (t)=e~ vt F (t) for />0 and ^(f)=0 for /<0 so 
that the Integral theorem is also satisfied, we have for r>0 

€~ yt F(/)=-J— f°° e Ui dx{°° er ru F (u) er^^du, y>t 
2irJ-oo J -oo 

= i-[°° dx f °° «-< «« • F (u) du 

2it J-oo J -oo 

• e -yt p (t)= ~~ f°° e ixt dx f ( r+ix ), put y+ix=s so that ds 
271 J —00 


— idx 


i.e. 


F(th 


L f 

2ni J 


r+<oo 


2k# 

AHter. By Cauchy’s integral formula, mentioned in chapter on 
complex variables, we have 

1 f /(*) dz 
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Assuming that f(z) is regular on he right of x-v and distorting 
the contour C and integrating from c „ 

Y+/co to y—ico, then to the right 
of y—ico to y+/oo and back to 
y+ico, we get, 

v_1_ f^oc >J\z)dz 


Ash 


2 id Jyr+iOO Z—3 
1 fy+<o o f( 2 ) dz 
2 v# J y - too s—z 


(5) 


Now since y must be smaller than 
the real part of s i.e. y<R{s) and 
assuming that L 1 {f[s)}=F(t), we 
get on taking Laplace transform 
of (5), 

1 fy+'oo 

L- 1 {f( z )di 



i.e., F (t) 


1 fy+‘oo 
= 2it7j..-(00 


f(z) e u dz 




e~ 9t r t dt 


if R{s)>R(z) 

3 —Z 

1 fr+'oo 

— ~2^i J -Q0 As) ds (on replacing z by s) 

==sum of residues of e’* f(s) at the poles of /(j) 

=2 (residues of e‘* f(s) at poles of /(f)) ... (6) 

This gives the use of residue theorem in finding Inverse Laplace 
Transform. 



Fig. 10.8 

and known as Bromwich Contour. 


Note. Referred to Fig. 10.8, if arc 
BDEFALT and 

7= V R?—r*, then 

1 fWr 

F (0= Lim -z-z I e** As) ds 

oo zni Jv+‘ r 
or F\t)— Lim 

R-* oo 

-■Hrjr->»**} 

whe^e C is the contour of Fig. 10.8 


ProUem. 50. Evaluate {s—Zf j ^ res idue-method. 
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We have L~ x {js-H)(*-2)» j" 2*i J T _oo (s+1)^-2? 

= (j+ 1) (5—2)* = sum of re8idues of (5+1 MS-2)* 

at poles s= — 1 (simple pole) and 5=2 (pole of order 2). 

g*i 

But residue of /rTTw —™ at 5=1 is Lim (s+1)/(j) where 


' c (5+l) (s—2)* ~ 9UIU (>+l) (i-2)* 


/(*)= 


(5+1) (5-2)* ' 


i-’-l (*-2)* “ 9 


and residue of 


at i==2 (order two) 


— (J+ 1) (j-2) 2 v w 

(j — 2 ) “*-( 5 + 1 )^_ 2 )*] == VS ^[i^h )3 


- vs^H^V 0 e “~ 4 ,c *‘ 9 e “ 
«-* HwtWH 

d*^ 

Problem 51. So/ve f/ie following differential equation ^j-+X*.V=0. 


Given equation is ~^+X*AT=0 

Assuming L {X (t)}=x ( 5 ), 2T (0)=c, and A"(0)=>c s , we have 

L £ yg.]=s t L{X}-sX{0)-X'(0)=s*x-sc 1 -c t . 

taking Laplace transform of (1), we find 
L |-^|+\* L {*}=() i.e. s*x—s^—c,+A*x=0 or (5 a +X*)x 


• ■ • (1) 


=5C 1 +C, 


or x= 


SCi+Ct 


SCi + C, 


5*+X* “ (5+iX) ( 5 -A) 
_^!_ , 1 njlur* A 


C 1 , C, 

—+X- T 

. I .-1 +’ Z 


_X_ 

5—/A 


~^fc +i=k where ^=T+ £ “* ^=T 

Applying Laplace inversion theorem, we get 


*-**+'«**y) 

l rr-*oo **• 

IIS *• Pu‘ f+A-5 i.e. ds-dS 

1 2«i Jy-iOO 5+iA 


Hen /, 


* 5 -— 

r_Lf 1 

1 2*iJ, 


=~ki\ 


I rr+<oo € <s-ik) * 


JLf 

2 «/ J T _ 


r «oo e**dS 


2ni Jy.<oo S 
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*4 

—(Residue of — at S=0)=e~* x * Lim S. ~=e~ iXl 

S +o s 

Similarly I t =e* Xt . 

Heoce X—A 1 e iXt which is the required solution. 

Problem 51 An infinitely long circular cylinder qf unit radius has a 
constant initial temperature VAt t=0, a temperature of (PC /» 
applied to the surface and is maintained. Find the temperature at anv 
point of the cylinder at any time t. 

Take any point P of the cylinder. Taking z-axis along the axis of 
the cylinder and x, y axes as shown in Fig. 

10.9, let (r, z) be the cylindrical coord}- a ♦ * S 

nates of P. Now the axis of z being coind- ♦ 1 

dent with the axis of the cylinder, the tens- _ , . 

perature is independent of $ and z and ah | ’ r ' 

such it may be taken as U (r, t). j 

The temperature at any point of the I* 

cylinder is given by i 

du , ( d 2 v . 1 du \ „ . 

dt + r 8r} 0<r<l 'y/tS' ** 

with the boundary conditions (i) U (1, /)=0, 

(«‘) U (r, o)—U 0 and (Hi) the temperature 

is finite (bounded) i.e. | U (r, f) | <M. Fi «- 10 9 

dU 0*1/ 1 dV 

The equation (1) is equivalent to ■+ ~ • • • '■ 

1 8U dU 

where / is to be replaced by kt since -j~~ 

Assuming that L {U (r, t)}=u (r, j). wc have 

and L^llf\=sL{U}-V(r,o)=su-Uo 

.*. taking Laplace transform of (2), we get 

. . „ d*u . I du . <Fu , \ du (3) 


-*(■ 


0 <r<l 


Fig. 10 9 

1 w 

r dr 


su(r,s)—U 0 = 


dr t + r 


with the boundary condition, u (1, s)—0 and u (r, s) is bounded. 
In order to find the general solution of (3), let us take two steps. 
First step. The complimentary function of (3) is given by 

£L + i£_„=o., $l + I£ + W=o v <•- 


or +j-£-+(tVT)* 0, which is modified Bessel’s equation 

of order aero and may also be expressed as 
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1 d*u _1 1 du , u _q d t u . _ 1 _ du 

(i Vs)- dr* + (iVs) 2 ‘ r dr + “~ or d (i \ s?Y + ~W*r d{iy/sr) 

+u-0, 

° r + "“° When W*r=p. 

Being Bessel equation of zero order, its solution is 

u=a, J t (p) i.e. u (r, s)=o# J, (/V sr), a„ being arbitrary constant 

... (4) 

and this is the complementary function of (3). 

Second step. The particular integral of (3) is given by 
iPu , 1 du ^ rr 
dr * + r 'dr U “ 

As discussed in the Chapter of differential equations, its reduced 
equation on changing the independent variable r to z by the substi¬ 
tution, 

z— je~^~7 ds </r=--|—2 \ r, becomes 

dPu Q —s 

&r+0i u =*i wherc ~ TS and x '~7dz\ 

{*;) — \iz) 

-U,.r 

£pu £ 

or -jp — sru= — U„roT (D'—sr) u~ — U 0 s where D=-j— 

Pa,,icular ^ } >1 “~T' 


\l+SL + 

rs 1 


)a= u ° 
—J s 


Hence the complete integral of (3) is 

u (r, j)-*o e J 0 (i\Zsr)+ ^ 

s 

Initially when r=l, u (r, s)=a (1, s)=0 gives T'TT^TT 

$J, (rv 3 ) 

J j/rt (iv») 

Now using complex inversion formula, we find 
V (r, f ^jUMy^dt V • • < 5 > 

2«f Jy-<oo j/„(/Vs) l 5 » 

h« ■ of amp 

2*# Jt-<co t J, (ty/s) sJ t (iV 3 ) 

at the poke given by J, (f\/r)**0 
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Now Jo(iV *) has simple poles at the points where 
*\/ s —\> A 3 ,. • • A„,. . . and at s—0 

=A« where n=l, 2, 3,.and at 5=0 
i.e. s=*—K* where »—1, 2, 3, ... n and at 5=0 

Residue of — at 5=0 is — Lira li^l r 2 

s J o (i'v s) s —*0 s J„ (i \ s) 


s-*- 0 

e*J n (o) 


-1 


J.,(o) 

and Residue of — ~ at 5=- -A„ 2 is 

^ 7» (fv 3) 

- lim (,+».»)■ -< ^ 1^* > 
5 7c, (r\ s) 

= Lim Lira — ± . S* 

*-*•-*» 2 * *-»•-V /„ (iyj) 

2< ^ (A n r) . . 5+A„ s / 0 \ 

=< » "Vs" L,m 7 r ( form «- ) 

— An s-*--Xn 2 Jo (tys) V 0 / 

«“A »j n 1 

=- - ~YT ~ — Lim ~T , TTTwW' T (differentiating num 

-An* 5->-V /»' (/V^> (*/2V 5) 

and denom. w.r.t.fc) 


-2A W 

-V (An) 

2e~ x * t * J 0 (An r) 


r 


_^. = _£_—1 

2V 5 2/V* 2An 

V JJ (x)~ Jj (x) 


A» *fl (A») 

Hence (5) yields, 

17 (r * t)=zU °~ U ‘ t \ J l J ffi\ wm 2 U \l l ~ KMK) 

• Replacing / by kt, the required solution is 

.X S? e- k ‘*»Jo( A,r) 

1 / (r, t)^2u 0 2 — 5 — tv v - 

/i=j a b J\ \A»/ 


ADDITIONAL MISCELLANEOUS PROBLEMS 

Problem S3. Solve ~ +a 2 x=cos at, t>0, subject to the initial conditions 
at 2 

At 

x=x 0 and -g- =*i when t~0. 

Am. x=x, cos +*i - S ‘ n <t < - - H sin «**• 

Problem. 54 . Solve 3^- +2x x +^-l,t>0 and-^ +4^+3xv-0, sub. 
ect to the initiai conditions *i=* 0 *X 2 when t—0. 
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Au. y « _ ‘—and x,-1 

Problem 55. A constant electromotive force Bis applied at #*»0 to an electrical 
circuit consisting of an inductance L\ resistance JR and capacitance C in series . The 
initial values of the current 4 and the charge (q) on the capacitor are 0- Find the 
current. 

di q da 

Hint: The current is given by L -r- *f F<+— **£ where 

at c at 


E ^ 

Abs. /= <*t if w 2 >0 

£ 

— • te ** if 


where and <o 2 


1 R 2 
LC~ 4 L* 



e~ at sinh kt if q 2 <0 where * 2 = 


Problem 56. Solve Bessel*s equation 2 = 0 . 

Ans. z**J n («). 

/t% M 

Problem 57. 5/row rAnr /A* solution o/-^~ +fl 2 J* ss F(r) subject to the initial 


conditions y**>0**y' when *=*0, xj f F («) $in n (/—ir) du. 

t* J • 

Problem 58. ^ particle of mass m can perform small oscillations about a position 
of equilibrium under a restoring force mn 2 times the displacement. It is started from 
rest by a constant force F 0 which acts for a time T and then ceases . Show that the 
amplitude of the subsequent oscillation is (2 Fg/mn 2 ) sin (nT/2)- 

iM 

Problem S9. If L n be the Laguerre Polynomial given by L* (x)=-j— 2J»( e- * x * 

then show L {L n (*)}= 

Problem 60. Prove the following: 

(/) L | j-sinh fj =log (ii) Z.|J* /„ (fi) / 0 ('-p) d ^~^J • 

{ f(s) 1 00 

is& «- 2 *• .-.i * ('-a.-.)- 

Problem 61. (n) Ffm/ fAe Laplace transforms of the functions coj (Ar+a), 
(iH/) 

(A) 5o/ve by means of Laplace transforms 

z B -}-2z •+• [* y dt~t ; x”+2z'+y^sin 2t ; z (0) =—/, z'(0^~i ( Bombay , J965) 

Jo 

Problem. 62. (o) Define Laplace transform of a function f[t) t obtain the Laplace 
transforms for (i) f n , (ii) e~ a< , (i/i) sm c*/, (iv) re~ fl *, (v) J^/(r) dr. 

(A) 5Wv< tin following differential equation:^—- +4~ -f J5 x=0 

dx 

using Laplace transforms, given that x=*3 and =6 when f=*0« 

(Bombay, 1970) 
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HANKEL TRANSFORMS 


11.1. INTRODUCTION 

In §7.5 [£], we have mentioned the form of Laplace’s equation as 
S 2 K 0*K . 0*K 


V7*p=r_I_L I Z-L i —-—--.— 0 

V V ~ 0X J + 0/ + dz i 


(1) 


This can be transformed to cylindrical coordinates (u, i, z) by 
using the transformation x—u cos <f>, y=u sift i, z—z so that u i *=x t +y 

y 

and tan i— — 


. du y . , ty 

Olvmg-^=_-s, n f 

zv sydu si-'a# sfcz 


sinf MlJ 8# 


COS j 


u 


dy 


* * 0Jf ^ V 


2m 0x "** ty dx dz dx 

■ d - a 0 
i.e. ——=cos <j> 


u 

dV . , 3K, 
T cos * + ~3? 


{-“*) 


-S-Jr(£M~* 


sin j 3 

03T— w r 9 m “ « 

i_ L\( cos if 

du u ty) \ ^m 

sin i 0_F \ 

m ty / 


=costy 


0 2 K 


0-F 2 sin <f> costy f , 2 sin j cos <j> <&_ 


du 1 


duty " u- ty 
sinty cV , sinty 

■+ ~ u ~ia + m* * ty* 


similarly t- 2 -=sinty 


,2*F 


2m 2 


2 sin <f> cos <f> d 2 V ty si n j cos ty 1 i_ 

-0uty w 2 ty 

costy dV costy. 

— ef 


?I( M 2 


, 0 2 F 1 3K l 2 2 F, tfV Q . . . (2) 

so that V 2 F=— 2 + - ^-4 - ? -g^r+ ?z* 0 

is the cylindrical form of (1). 

In order to solve it by the method of separation of variables 
discussed in §7.5, we put V—UQZ 
where U**U(u), <!>=<t>ty), Z—Z(z) 
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we have, 


0 K W d'v r ,-3*<P , W rMk 0*Z 

HU -* Z dU’~W =* Z -W~> W~ S!sUZ W &TlA -fi r = U *~8r 

Their substitution in (2) yields, 

® z UZ • • • (4) 
Dividing throughout by U d> Z, we find 

1/w + ±w V_L L?* + _Lg£. 0 (5) 

U V a«* + « 0u / + « 2 ♦ W* Z §F^ u •*' w 

The first three terms being independent of z, so must also be the last 
a *Z 

i.e \y=CZ, C being a constant. ... (6) 


0*F .._0*<P , 0*F 

* z ~ST’W~ =UZ W° i ^i r ‘ 


L?®.+j- f!2._o 

r \ 011* ^ U 0M / ‘ M 1 <P 0^* ' Z tiz- 


Again the first two and the last terms in (S) being independent of <f>, 

3*0 

so must also be the third one and hence -^—DQ>, D being a constant 
As such (S) becomes 


« s 2^+«4£+(Z>+Cu*)l/=0 


... ( 8 ) 


If we put C«-k\ D=**—n', (6) and (7) become ^jp-==fc 2 Z and ^- 

*=—it* 4> whose solutions are Z—A l e k *+B 1 e~ ks and 0>=A 2 cos 
sin respectively. 

and (8) reduces to ir +« +(k 2 u-—n 2 ) U —0 

With v*fc«, this becomes, v* + v -f-(v 2 —n 2 ) t/=0 

... (9) 

which is Bessel’s differential equation of order n and its solutions 
arc known as cylindrical functions or Bessel’s functions of order n. 

Hence if J„ (v) be a Bessel function of order n, then the solution of 
Laplace’s equation is K=C7<PZ=»7» (ku) e^ kz . .. (10) 

which is known as a Cylindrical Harmonic and this harmonic is 
symmetrical about r-axis if n*»0. 

In §8.4 we have already discussed the Bessel’s equation in the form 
(Py , 1 dy , ( . n 2 \ „ ... x 

dx 2 + x d.x + \ l x 2 ) y ~° ’ * ,(ll) 

which is the same form as (9). 

Its solution is y—AJ H (x)+AL,(x) .. .(12) 

A, B being arbitrary constants; and /„(*) is known as Bessel's func¬ 
tion of first kind of order n given by 



hankbl transforms 

00 ' / X \*+*r 

IM ~ -V-'Kt) 

|jr_ r(»+r-l) 

00 / y \—n+2r 

and /-,(*)= ^ A (_1) \t) 

r= 0 |Vr(-n+r-T) 

such that /„(*)=(—l)V„(x) 

The series on the right of (12) is absolutely convergent for all values 
of x. In case n is an integer, the second independent solution of (11) 
may be shown to be 

G,(x)=- 2 - cosec [J^(x)-e~^J n {x)] . . .(15) 

where G n (x) is known as Bessel function of die second kind of order n. 
In this case the general solution of (11) is 


y=AJ n (x)+BG n (x ) ..(16) 

Also, we have the recurrence relations for Bessel’s functions of the 
first kind 


•*4^ — nJ n * 4+1 — *4-i **4 

24 4+i 

2^4=*{4-i+4+i} 

. • 07) 

. . .08) 

• •• 09) 

^ (* ”4)=* *” n 4+i 

.(20) 

dx ^ ~ ^ 

•(21) 

Here (21) provides the definite integral 


f 1 * ArV„_ 1 (x)<ir=r x n J n (x) T —n n J H (n),n> 0 

* 0 Imp «J0 

.(22) 

If we put/;= 1 and make the substitutions x—$r, 
integral on the left of (22), we find 

H=£a in the 

\ a rJ 0 ifr) dr^JMl) 

. . .(23) 


which is frequently used in the application of the theory of Hankel 
transforms to special functions. 

Also we may write 

J a r*J 0 (Z,r)dr— J° r* ^ ^ [r/j(5r)] dr~ £ 

Now putting on the right of (22), n=2, x=Zr, n=5oand using (19) 
with n=l, we may find j rV 0 (5r)dr®=-|j'^2/o(5fl) 

+(<*- ^y^)] . . .(24) 
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. . .(13) 

• • -(14) 
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Subtracting (24) from (23) multiplied by a", we find 

J‘ r(a*-r*)Mlr)dr= If J 0 (la) .. .( 25 ) 

A few more integrals involving Bessel functions may be referred as 


J^ > e-“7 0 (5x)</x=(o t +5 t )- 112 

■ . .(26) 

f°°e-«Vi(5x)</x=4- — e—7 — - 

Jo 5 V(a*+5 2 ) 

. • -(27) 

| ^ xe~ am J 0 (lx)dx <=a(a*+£*)“* 11 

.. .(28) 

xe-™Jy(lx)dx~ l(a* + £ 2 )- 8 '* 

• • -(29) 

Jo X l 

. . .(36) 


^Further if n is half an odd integer we have 

/ / \ JC n P, X 2 X 4 "| 

Jn {x)= 2* r(»+lTL 1_ |T2 r (n+D + | TF&TT) (»+2)J 

. . .(31) 

which gives for n=i and n = — \ 

Jiii( x )=j~ s »“ x and /_„ t (.\-)=« J ^cos x . . .(32) 


11.2. DEFINITION OF INFINITE HANKEL TRANSFORM 
If J„(px) be the Bessel function of the first kind of order n, then 
the Hankel transform of a function f(x), (0<x< oo) denoted by 

f(p) is defined as 

f(p)~ (^/(x) ,xJ n (px)dx ...(1) 

J o 

Here xJ n (px) is the Kernel of the transformation as referred in 

§ 10 . 2 . 

We sometimes write (1) as 

mf(x)}=f(p)= {*/(*)• xJ n (px)dx .. .(2) 

Problem 1. Taking xJ 0 (px) as the Kernel of the transformation , find 
the Hankel transform of the following functions’. 

(') JW- c x ia <a : n nZ°o 
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(/) we have H{f(x)}= f(p)= f°°~ . xJ 0 (px)dx— 

Jo * 

t °r"J4px)tbc =(a 2 +/»V / * by (26) of §11.1. 

«,0 

(ii)f(p)= f™e-° a xJ 0 (px)dx--= by (28) of §11.1. 

Aliter. ftp)= |%“ aac ..vy 0 (/>x)Jx^=^- ^ e-.xj 0 (px) J^° 

+— f 00 ^- 0 * y-{xJ 0 (px)}dx (or integrating by parts) 
a Jo dx 

=°+ ~r \ CO e~ ot {J 0 (px)+xJ 0 '(px)}dx 

“Jo 

= — f C °r- o V 0 vpx) dx i -- [°° e*** xJ 0 '(px)dx 

Q J § a J o 

But we have *./„'(*)= nJ n (x)—xj n+l (x) by (17) of §11.1 
writing x=0 and replacing x by px, we get J it '(xp)— — .f(xp), 

~ 1 fOO 1 f 

f(p)= —I e~ ax J 0 (px)dx —— 1 

a Jo “Jo 


e nx xJfpx) pdx 


■^■-T 0,-W- b » <» a " d < 27) of 5,u 

a 


( a *.+ p 2 )*' 2 

(Hi) H{f(x)}=f(p)^= [^/(x). xJfpx)dx= f \.xJ 0 (px)dx 
Jo J ft 


+1 °°0. xJ 0 (px)dx — */i(ap) by (23) of §11.1 

a ^ 


•la ^ 

(iv) H{ f(x)}=f(p)= f°°/(x)x. J 0 (px)dx= \ (a*—x-)xJ 0 (px)dx 

Jo J 

+ j 0. dx 


I 


^-Mpa)- 2 “IJo(P<>) by (25) of §11.1. 


j y r 

Note. On t' e next page we have tabulated some useful Hankel 
transforms. 

11.3. INVERSE FORMULA FOR HANKEL TRANSFORM 

lfj(p) be the Hankel transform of the function f(r)for - oo <x<oc, 

i.e., f(p)= [°° f(r). rJ n (pr) dr . . .(1‘ 

J —00 

Then f{r) =J°°/(/>). pJ n (jpr) dp ' ' ^ 

is said to be the inversion formula for the Hankel transform fir'' an<i 

we may write f(f)=H~* {f(p)) ' ^' 



P (**+4l 2 ) 1 ' 2 



in terms of confluent hyper* 
geometric function. 
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In chapter 9, we have introduced that if/5) be the complex Fourier 

transform of f(x) in —co<.y<co, i.e.,f(s)= f°° /(*). e ia dx 

i —00 

Then we have/(x)= ~ J^/fr) dx ., 

In §9.10 [F] dealing with multiple Fourier transform, we have 
considered the functions of two variables such as 

75. 0= y) e'^^dx dy . . .( 4) 

thcn/(x, y)= 4 J-oo t) e «»»»d»dr .. . ( 5) 

If we put x—r cos 6, y=r sin 0, s*=p cos a, t=p sin a, then (4) and 

~ r» f2t 

(5; transform to f(p 9 a)= J r dr J f(r 9 0) t X9re09{ ^de • . . .(6) 
and/(r ; 0)=^J 


••(7) 


dti 


f 00 rtir— 

i j P dp 1 f{p,«.)e~ i * rc0,{ *~*)ifo 
JO Jo 

Taking /[r, 0)=/(r) (6) reduces to 

7fp, a) - j^°/(r)r dr£* cos (#-«)} 

If we now make a substitution, $5=a -0—^, then it becomes 
f(p, a)=J°° f(r) r dr J** e »{«(#+*/2-«)+/-rcos (*+*/2)}^ 

=j 00 /^) r dr. < fo(*/2-« ) J ,w */(i*-pr tin 4)^ 

=J°°/(r) r dr. 2* e'" (*/*-«)/. (pr ) y r 

, . , If** J{n+-pr sin*) 

'-w-*1. * * 

=2xe in ( TC /2-«)|° c /( r ). r y o (pr) dr 

=2tc e* (*/2—>/(b) . . . (S) 

Again taking/(r, 0)=/(r) , and using (8), (7) yields 

2 w «*»(*/*-«)/(p) 


e —ipr cos (*-*) da 
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pfip) 4>J* W e ^(«/2-«)-prco» 

Patting 4'=0—*H—y-, this becomes 

f(r) e -, "®=| C0 pfip) dp J** «)-pr cos (k/2-4) d ,p 

^pf(p) dp -t e i( ^~ pr *“Wdtp 

i.e.f{r)<=> ^ J ^ PfiP) dp. 2* /, (pr) dp 

= f°°/(p) P d, 0>r) dp 
J 0 

which is the required inversion formula. 

Problem 2. Find // _1 {p 2 e-**} n»Aen n= /. 

We have H~ x (p 8 e _0,> }= (°° p* e - **. p / x (px) dp 

dp (a*-f x*) 1/8 —a 

P ~ at 

11.4. PARSEVAL’S THEOREM FOR HANKEL TRANSFORMS 

(V /V 

Iff(p) andg(p) be respectively the Hankel transform of f(x) and g(x) 

then jj 3 x f(x) g(x) dx=J®p/(p) g(p) dp. ... (1) 

We havef°°p/(p) g ip) dp= f°°p7(p) dp[°° x ^(x) J n (px) dx 
Jo Jo Jo 

~ r co 

(on substituting g (p)= g(x) x J n (px) dx, n> -i) 
Jo 

=>|^° X g{x) dx | ^ Pf(j>) Jn (PX) dx 

(changing the order of integration) 
=£° * g(x)f(x) dx by §11.3. 

11.5. LINEARITY PROPERTY 

Iff(x)andg(x) are two functions and C lt C t two constants, then 
H {C 1 /(x)+C, g(x)}=C, H {/(x)}+C, H { g(x)} ... (1) 

We have H (C t f(x)+C a *(x)}-J® {C x /(x)+C, g(x)}.x J n (px) dx 

{*/(*>• x J - (P*) dx + c t f^° Six), x /, (px) dx 

“Cl H {/(x))+c; H {g(x)}. 

This result can be extended to any number of functions. 


foo . , „ 

==J o e-o’f (px) 
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1L6 - 5uJ^St)N RANSFORM ° F THE DERIVAT IVES OF A 

Iff* (p) l* Hankel transform of order n of the function 
j(x) i e. 

fn (p)“]°° xf(x) J n (px) dx, then the Hankel transform of -U is 
J 0 dx 

fn (/>)= J o J * ( pX) dX ... ( 1 ) 

_[x/(x) /„ (p*)]®-1® / (x)£ {X 4 (px)} dx ... (2) 

(on integrating by parts) 

I CO 

f( x ){Jn (PX) + X J n ' (px)} dx ... (3) 

under the assumption that x /(x)->0 an *-*.<) or x-+oo 

“ ~ 1 f( X ) {(1 -«) Jn (PX)} dx - f °°pxf(x) J n - X (px) dx 

Jo J o 

fv xJ n (px)—px J„ (px)—n J n (px) by (17) of §11.1) 

=>(n—l)f°°/(x) J n (px) dx—pfn-x (p) 

J 0 

=(« -!)/-/>/„_, (p) (say). . .4 where /= f * f (x) J n (px) dx 

J o 

The recurrence relation, 

r . \ 2« * / \ ■ t /v m 


Jn -1 (*)- 


Jn (*)+•/»+, (*) = 0 gives 


2/1 

Jn-i (px)— Jn (px)+J„+i (px )=0 on replacing ,v by px 

px 

i»Cn 2n J n (x)*=p,x Jn-i J b+i(^) 

so that In I=2n J®/(*) J n (px) d.Y=/>Q“ xf(x) (px) 

dr+J®*/(v)/ B+l (px) dx] 


=*P fn-l (p)+P/»+ 1 (P) • • • (5) 

Hence (S) reduces to 

fn (p)= Pfn-l (P> + ~2n~ pfn+l P 

= — fn—i (p)~ "in O')] ... (6) 

^ J/ 

which gives the required Hankel transform of ^ 
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Replacing n by («—1) and (n+1) in succession (6) yields, 


f «-i Cp)— 2 (/i— 1 ) (p)’ 

«+2 7 


»—2 


2 («-l) 


fn O') ] 

^ r n+2 ~ n ~ 

and /„+i (p)=-/>J^ 2 ( n +i) O') 2 (»+l) ^ n+ * 

Using these results and replacing/by/' in (6) we find 


fn (/>)=-/> 


c 


»+l 7 ( n \ 

~27~ f 


n—1 
In 


f 


n+a 


O')] 


pT n -\-1 7 , . . w—3 7 , . , n —1 7 "1 

— 4 |_ O') 2 n *_j /" O')-: O')] 


(7) 


COROLLARY. Putting n— 1, 2, 3 successively in (6) we have 

fi' (p)~-pfo(p) ...(8) 

ft 00= ~P [~/ O') -i/ 3 O') ] ••• (9) 

/»' (P)=-P^jfi (P)-IA(P) ] ..(10) 


11.7. HANKEL TRANSFORMS OF ~~r ,+— ? and 

dx* ' dx* r x dx 

J f UNDER CERTAIN CONDITIONS 
W. have 0>*> a /. (,,) ]“ 

Assuming that */(x)->0 as x->0, x->oo, we have 

h W\ — \tdl\. , ' (px)+i ‘ xj -^'] dx 

-IT- ffi/' J n(P x )dx 

or r 1 Ada)*—.*V0uM* 

——/']/(*)• x/,'(pjc)|^°—j^°/(.v) ^7 n '(px) j<fr- 

—p /*/(*>;£• [*V(P*)]<k .. ,(i) 

V xf{x )-+0 as x-»0 or oo. 
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But JJp-r) satisfies Bessel's differential equation i.e. 
dx{ x ~4x) 

te{ x dx 7n(x) ) } ( 1 - M*)=*o 

or J dx [px - P*-£)p-Jn(r*)> 

on replacing * by />* 

or xJ n '(px)l=-( /> 2 -J)y^x) 

As such (1) reduces to 

H&+V 30 -*«*>*; 

° r nS'+T 

=.-P 2 |”/(a). xJ n (px)dx 

- P 2 f»(p) by §11.6 ...(2) 

where f n (p) is the Hankel transform of order n of/ (a), 
corollary 1. If we put n=0 in (2), we get 

r * +t s j w*— p , «p) ■ • • (3> 

where /„(/>) is the Hankel Transform of Zeroeth order. 
corollary 2. If we put n—1 in (2), we find 

Jr(^+i • l4> 

or ir X ^ J i(P x ) s, ‘ ~P f-W . . (5) 

where / (p)=^xf{x)J 9 {px)dx. 

Problem 3. Find j wAen /= — n “ 7 - 

We have 

^ by (S)of 5116 * 
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{ 00 f oo — ~cip 

. xfixV 0 (j)x)d.x= -p J o e-*J 0 (px)dx=j^-^ p ,y n 
Problem 4. Find when f—f(x, t ). 

We have * |jr J„(px)dn= d ^ 5 J“x/(x, t)J n (j>x)dx 


d*~ 

=d? f(P ' *' J ' 


Problems. Evaluate -l-~ - x doipx)dx, 

when f (x)=e~ nr . 

We have by (3) of §11.7, 


118. APPLICATIONS TO BOUNDARY VALUE PROBLEMS 

Whenever there is symmetry about an axis in a problem, then the 
use of polar coordinates is advised. Using Hankel transform a 
variable ranging from 0 tooo can be excluded. 

Problem 6. Find the potential V(r, z) of afield due to aflat circular 
disc of unit radius with centre at origin and axis along z-axis, satis- 

d 2 V 1 dV (FV 

fying the differential tquaiion + f-.sr=®0, 0<rs$oo, z>0 

and the boundary conditions: 

(/) V— V 0 when z—0, 0^.r< ’ 


dV 

( ti ) =*0 when z=0, r>l. 

oz 

Taking the Hankel transform of ihe given equations for n=*0, 
we have 

r«»/a*u i .. .. roo a *k T . 

)„\w f T ar) rUpr)d ' —J, J? ,j ° lp,)d ' 


or 


<• AlV »•» fOO 

p’V where V «=J V.rJ 0 (pr)dr 

d 2 V 


... (1) 


ie., rjrr -p*v=0 whose solution is V (p, z)—de* f, +Be~* c 

... (2) 

Now since V-+0 as 2-+00 and so K-»0as z-»-oo, therefore A=0. 
As such (2) reduces to V{p, z)^Be~ vt . 



hankel transforms 


931 


Of® aIoSe . bei ° 8 ind ' P '" d<: ' , ' 0f2 b ' «keo as B( P ) ,... A,™*,,,, 

A V{p, 2)—B(p)e~ 1,t 
Applying inversion formula, 

v(r, z) = j ™B<p)e-*'. pJ 0 (pr)dp . . . (3) 

Applying the conditions when z=0, 

V=s f o P- B(p)J u (pr)dp= V 0 , Q^ r < 1 ... (4) 

and (dz J z =0 = i 0 ~P* B( PWo(pr)dp=0,r>l 

i e. f P*Btp)J a {pr)<lp^O, r>j ...(5) 

Comparing (4) and (5) with the integrals 

I °o . si n p , n „ 

Jo(pr) ~ dp=~, 0^r<i and 
o P 2 

ro° 

1 J {) {pr) sin pdp*^Q y / >0 respectively, then we find 


Hence the required solution is 


-K 

v ° p . 


V(r, —~—Ja{pr)dp. 


Problem 7. 77»e magnetic potential V for a circular disc of radius 
a and strength w, magnetised parallel to its axis, satisfying 
Laplace's equation is equal to 2no> on the disc itself and vanishes at 
exterior points in the plane of the disc. Show that at the point (r, z), 

z>0, V—2nco | C °e~ v: J 0 (pr)J l (pa)dp. 

The magnetic potential V satisfies the Laplace's equation 

r-v ,1 dv, d*v _ . 

0r t + r dr + dz* a0,0<r<ao 
With the boundary condition 

V=2nu, 0<r<a, z —0 and V- 0, r>a, z-0. 

Hankel transform of (1) for n=0 gives 

rs&r)dr-0. 

~~ jf%rr ^ foO 

or —p*V+ ^-,="0 where V.rJ 0 {pr)dr ...(2) 



932 


MATHEMATICAL PHYSICS 


-FIL-Et'L rt^l-o ,Mpr)d ' 

=j* 2*«. r/ 0 (pr)</r+0=*2n« j* ^{rJ x (pr)dr 


-J x (pa) 


Solution of (2) is V^Ae^+Ber” ... (4) 

/«w *■« 

But K->0 as z-+co ^4=0 and so (4) reduces to V=>Be~ r * 

... (5) 

From (3) and (5), we have £ V =2?= -A (pa) 

Hence K= 2fffcJa /j (pa) c - ** 

P 

Applying inversion formula we find 

1 00 

e~ 9t J 0 (pr ) (pr) rfp. 

11.9. FINITE HANKEL TRANSFORMS 

If f(r) be a function satisfying Dirichlet’s conditions (given in 
59.2) in the interval (0, a), then its finite HanJcel transform is 
defined as 

7(p,)=Jo rf(r) J n (p* r) dr ... (1) 


w here p ( is a positive root of the transcendental equation J n (p,a)=0 

... ( 2 ) 

Also at any point in (0, a) where f (x) is continuous, we have 


f, r \ _ ^ y> r / \ JniPtt) 


... (3) 


Note 1. For the sake of convenience the upper limit a is generally 
converted to unity (/) by suitable transformation. 

Note 2. All the roots of J n (X t )=0 are real and unrepeated ( except 
hf’BsO) It is more convenient to take the sum over all the positive roots 
A,. As such when n=0, ( 3 ) can be easily transformed by substitution 

Pi— . In case a**I, the equation is automatically reduced to 

Jq (pi)“ 0. 

Note 3. When n—0 and a**l, then J 0 ' (x)*= —J x (x) ... (4) 

so that the inversion formula (3) becomes 
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where p { are roots of J 0 (p ( )=0 ... (6) 

Note 4. If f(f) is represented by generalized Fourier—Bessel series 
/(r)= 2 Ci J n (p { r), 0 < r < a ... (7) 

then the coefficient C { is given by 

C*~ -- f a rf(r) J n ( Pi r) dr 

• » • ' 'Jo 


l fjPi) 


2 f(pQ 


(/>,«)J .[4,)J 


Hence f(r)^=-~- 2 / (p t ) 


J« (P<r) 

OWJ 

Jn case a=l 9 this becomes 

jn ( Pif ) 

Summations being taken over J n ( pi)=0. 


using (4)... (8) 

... (9) 

. . . ( 10 ) 


Note 5. / (r) is the inverse Hankel transform of f (pi). 

Note 6. r J„ ( p f r) is the Kernel of the transform. 

Another forms of Hankel Transform 

[1] When, the range of variation does not include the origin i.e. 
f(r) satisfies Dirichlets’ condition in 0 <b^r^a, then the finite 
Hankel transform is defined as 

f(Pi)= J* rf(r) £ J n ( Pi r) Y n (p t a)~ Y n (p<r) J n (p i0 ) ]dr ... (11) 

where Y n is the Bessel function of order n of second kind and p t is 
a root of the equation 

A (Pid) Y n ( Pi b)-J n (Pib) Y n (p t a )=0 ... (12) 

Also then at each point of (a, b) where / (r) is continuous we have 
the inversion formula 


2 pfJl (Pid) f (Pi) 

f(r)- 2- 

J n 2 (Pib)~ JfiPi*) 


[ J n (piX)Y n (pib)-J n (Pib)Y n (Pia)^ * 

...03) 

where the summation extends over all the positive roots of (12). 

(2] If f(r) satisfies Dirichlets’ conditions in the closed interval 
[0, 1] i.e. 0<r<l, and its finite Hankel transform is denned as 

?(/>,)={* rf (r) J n (ptr) dr ... (14) 
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in which p t is a root of the transcendental equation 


P J' n (p)+hJ n (p)=0 ...(15) 

then at each point of [0, 1] where f (r) is continuous, we have the 
inversion formula 

_8 7v»\ (p r ) 

f (r\— 2 v P J (P ’ __ 

p h*+p*-iP J n *(p) - - - 06) 

where the summation extends over all the positive roots of (15). 

If n=0, (16) reduces to 


/»“2 2 
P 


P 2 f(p±_ 
h*+p* 


Jg ( pr ) 
(P) 


• • • (17) 


and (15) reduces to A y 0 0>)—M 0») V Jg ip)— ~J\(p) ...(18) 

Also using (15), (16) may be written as 

/(r)=2 2 -. y "^ r) 

' 1+^jji. **(,) ...(19) 

pi 

or / (r)=2 2 — j M - , ; . . . . (20) 

where the summation extends over all the roots of the equation 


J n </>)--= 


ps;o>) • 
_ 


... ( 21 ) 


Evidently if /i -*-oo, then (20) and (21) reduce to (3) and (2) where 
a=l and hence we may conclude that (3) and (2) are limiting case ot 
(20) and (21) respectively. 

Problem 8. Find Hn {/•”} taking r J n (pr) as the Kernel of transform. 
V X” Jn (•*) J =» *" Jn-l (*) 

.'. j V /„_! (x) </*=£ x H J n ( x ) J ^ =b n J n (b), n>0 

V x n J n (a)-»- 0 as x-*0 

Replacing n by (n+1), J a" + 1 /„(*) <fx=£" +1 /,+, (6) 

( • . 

r". r (pr) <fr="——— J n +1 (P a >' 
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■■■ 1 + "{'"} _ ‘V-A« w- for«_l. 

ProWM. ». Wife Hank'1 transform o/ijg), taking a, 

the Kernel of the transform. 

J n (xx) and J n (px) being the solutions of Bessel's equation, we have 
^~dj? Jn ^ CCX ^ x dx • ,n ( a *)+( a2 * 2 ~* ,! ) /,(«*)=0 . . . (1) 

% J n (px)+(j} 2 x i ~n 2 ) J n (/>*)=0 ... (2) 

Multiplying (1) by J n (px), (2) by J H (<xx) and subtracting, we get 
(«=-/>*) x /»(ax) j M^x)~J„(px)~JJpx) 

Tx Jn{ax) j] 

Integrating with regard to x from 0 to l and using /»(/>)=-0, 
wc find 


(«*-/»*) [ * 7 n (ax) y„Cp.r) y„(a) y„'(p) 

J 0 

' }17 ^ * Up * ) 

Note. For n=0, using /, (p)—— /„'(/>), this yields 

LI J'M**) 7 _ P f tn\ 

H<> £ 4(a) i ” a 2 -p 2 Jl 


Here below we tabulate a few of finite Hankel transforms. 


a*-* 2 


/,(*<?) 

So(ax) 
Sn(‘ *) 


n 

/<(/><) f* fix) Jnipx) dx 

Jo 

>-l 

-— /«+t (P<") 

Pi 

0 

ac 

~ Ji (pa) 

Pi 

0 

~r JiiPia) 

Pr 

>-l 


0 

A *<"■> 
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Problem 10. Find f(x)i/H{f[x)}^-y Jfpa), p being positive 
root of J„(pa). 

Inversion formula gives /(x)=J- 2 f(p) 

where summation extends over all positive roots of J n {pa). 

, ,, , 2 ^ c J,(pa) J 0 (px) 2 v C fipa) J 0 (px) 

•• m ~ a 7 7 W(»}* i P -• (•M/*)) 1 

V J»'ix)=-J,(x) 

A y jl j Ae*1 - 

"V ,• p 

11.10. FINITE HANKEL TRANSFORM OF ** , p being root of 
J»(P)=0. 

“Jo J x i x J nipx)} dx 

= -j* /(A) J x {xj n (px)} dx .■•(!) 

7 / n (p)=0 for x=l and x J„(px)=0 for x=0. 

Now we have the recurrence relations 

2 7,'(x)=/„_ l (x)-/*+,(x) and 2 n /»(x)=x[/ B _ l (x)+J„ +1 (x)] 
which on replacing x by px, become 

(p.v)-| [J„- l (px)-J llH (px)) and J n (px)= P £ [A-i(p*)+-W/>*)l 

Substituting them in — {x J n (px)}—xp Jn(px)+JJpx) we get 
ax 

~ {xJ n (px)} = & lJ». l (px)-J wH {px)]+^ lJn-l(px)+J n ^ipx)} 

= ~ [(«+1) x / M (px)-(«-1) 

So that (1) yields 

Hn 1 " -1) * /W^fi-("+D* /ww dx 

[(«-l) H n+1 {/}-(«+1) //„_! {/}] • • • (2) 

where //„{/} denotes the Hankel transform of order n. 

Note. For n-1, (.2) yields - P "» UW) 


. . . ( 3 ) 
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11.11. FINITE HANKEL TRANSFORM OF -,+ l " 

dx* r x dx' 


Case I. When p is a root of JJp) =*0. 

We have H„ $f-+±- f j-f # x[*&+± d £]j.(p X )dx 

-I.* % K(px) *■*■£ % jr -o*> dx 


~ Hn W*\ + \ 1 '>fx J * (px)dx 

In result (2) of § 11.11, replacing/by we get 

"■ iz£}-&[+ <-» "«HD- P» 

Now replacing x by />x in the recurrence relation 
In J n {x)—x [/,-!(*)+•/»+!(*)] 


.. .( 1 ) 


we have /»(/>*)[7 n _ 1 (x)+/ m+1 (px)]. 


So that 


JJj>x) dx-- 


df_ px 
dx 2n 


[/„_,(*)+-/» +l (px)] dx 


-i\\ *£ J - {px> dx+ 2 »\\ x fx J "^ x)dx 


. . • (3) 


With the help of (2) and (3); (1) yields, 

M£M£!-tf-M£l+'~{£}] •••« 

Case II. When p is a root of p /»'(/>)+h J n (p)—0 ... (5) 

Taking n— 0, (5) becomes p Jo'(p)+hJ 0 (p)— 0 ■ .. <6) 

we have H 0 (§~ + 7 &) * J ^ x) “* 

-os i -r. £ £ tx h,px)) * + f. f jMdx 

=[IL / ‘ (p) -f. £<*■ + £ £ w 


we have 




/«(p*) <** 
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-G0L I+' i m ' & 

{* J 0 '(px)}dx 

= B*Li £ f(x)-{xpJ" 0 (px)+J 0 '{px)}dx 

But J e {x) being the solution of Bessel’s equation 

** <£? +fc +xy=0 > wc havc 
x J 0 '(x)+J 0 '(x)+x J 0 {x)*^Q. 

Replacing x by px, px J 0 ’(px)+J 0 '(j>x)=—px J„(px) 

•••• jfHIL, w-,/0) 

-p* f * /(*) Jo(px) dx by (6) 

J 0 

= {[^Li +A/(J) } Jo(j>) ~ P * H o{f(x)} 

=[f x +hf(x) tp)-f H 0 {/(x)} 

...(7) 

If boundary condition be such that /(x)=0 when x—1, then 

we get H ° {S-+T H * {f{x)} ’ ’ • (8) 

Case III. When p is a root of J„(pa) Y n (j>b)—J n (pb ) Y„(pa)— 0 

... (9) 

Integrating by parts, the following, we have 

£ * Y n (bp)—J n (bp) Y n (xp)](j+ + \ f x ) <& 

=--/> {* /(*) Y n (bp)-J n (bp) Y n '(xp)]+p £ xf(x)^ 

VnXxp) Y n {bp)—J„(bp) Y n '(xp)Hf(x)[J n '(xp) Y n (bp) ~J n {bp) 

Yn'{xp)]^dx ...(10) 

It is easy to show that 

Jn'(pa) Y„(bp)~ Y n '(ap) J n (pb)~±- ... (11) 

pa Jp\pa) 

With the help of (11), (10) yields, 

Ynixp)] dx 

» H -\U + t £ -?}~Wk A °^ m - p ' H - (/W) 
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Note 1. If boundary condition is such that f(a)—0—f(b), then (12) 

yields 

u fdP , I df /!* ) 

h "\£F ?■}= H * (/(*)) ...(13) 

Note 2. If n=*0 then (13) reduces to 

H ° 4 < cbc\ = ~ ptH » </(*» • • • (14) 


which is the same as (5). 


11.12. FINITE HANKEL TRANSFORM OF 

dx* x dx x* 

p being a root of J„(pa)= 0. 

We have, 

X Jnipx) dx 

-J # ffr 'Xj n (px) dx+ y„(/>.v) </x- « 2 -i f(x) J n (px) dx 

i - r. *» ix • , " (, * >) *+h i- 

</*- x* f -jr /w y»(p*) <** 

Jo x 

= ~ Jo I* -V(P*) l>A>(px)} <fr+ J # jg- d n (px) dx -n- 

f -~/(x) J n (px) dx v 4»(pa)=0 

Jo ^ 

= - p j* ^ • a Jn'(px) dx-n 2 | o ~ /(at) y„(/?.r) dx 
= —p|V(x) x 4»'(px)J^ -Yp /(a)-J- {x /«'(pxf)[ dx -ni 

\“ -7 /(x) y«(Fx) rfx 

— - pa f(a) J»'(ap) \ p f /(x)*{px y„'(pv)+/ n '(/>x)} </.v—n* 

J 0 

f — f(x) JJpx) dx 
Jo A 

But J n (x) being the solution of Bessel's equation, 

we have x* J„'(x)+x -V(x)+(x 2 ~ n 2 ) J»(x )=0 
Replacing x by px, this gives 
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P 2 ** Jn" ipx)+px J' n (px)+{p'x'-n*) J n (px)-0 
i.e.,px J n " (px)+J n ’ iP x )=px(-p- i — 1 ) J n (px) 

Hm {££ + X ~£~ = -P° /(«) J n (op)+pj‘ fix) 

— ! ) Mpx)^ dx-n 1 J o —fix) Jn ipx) dx 

= —paf(a) J n ' (ap ) —p 2 j f(x) x J„ (px) dx 

- pa fia) J n ' (ap)—p 2 H° n { A x )} ... ( 1 ) 

Note 1. If a=l , (J) becomes 

H * {£ +jr d £-£ f{x) } — pf(l) J * w-* 8 H * {Ax)) 

... ( 2 ) 


Note 2. When n=0, (2) reduces to 

H ° { %+h£\ — pf{i) j °' M-p* 1 * 0 </<*» 

-PAD Ji iP)-P a H 0 (Ax)} v /.'</>)=-A (/>)... (3) 


ADDITIONAL MISCELLANEOUS PROBLEMS 


II. Find the Finite Hankel transform tip) where 

2l+n~tn 

tip) ^__~y P n ^ ~~ P 2 ) m w *• 


We have H* {4 (p)}=-^^ J* P B+1 (1-p)’" - "" 1 S»(Pt>)4>. 

If we expand Bessel function J n ipp) in ascending powers of pp and integrate 
term by term, we get 






00 

Z 

J=0 


i: 


pn+l(l — pSjtn+n -1 


2»+i« 


■ l).(pp)n+*# 

I j r(«+j+i)'^ 


s «—l -. j p+*(j-/) wrn ~i—-where p 2 -/ 

T(m~») s l 0 2™+** J a ( ] l^STiTT) * w,ICrc p 

00 ( —nn~m 

<* Z - L*±£ -£._/_ (») 

i«o 2 Hm+j+i) |j_ ^ 

1 12. FiW the finite Hankel transform of ^ r > where 

V**0 when r=0 and V=*V\ when r=*/. 

Wrll1>lw j » / ?P\ #i*K a*K , 1 a^ n a F tt \ i \ 

We have 7 -^ 7 (/—J- 7 -17T+T ¥ 7 —(»»y) 


Hence using (2) of f 11.12, we have 

- pf{\)Jn' (p)-p* H n {f{r)) when /(r)=Kand /(0)«0. /{1)-Pi 

= -pViJ»'(p)-p*HnV 

tr r .Kr<,.,>0 
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where -jp-+hV=*0, when r—l,t>0 andV-1 when t—0,0^r<l; h, k 
being constants 

~ f 1 

Assuming that K=j VrJ 0 (pr)dr ... (j) 

where p is a root of pJo' (p)+hJ 0 (p)=0 ... ( 2 ) 

and multiplying the given equation by rJ 0 ( pr) and then integrating with regard 
to r from 0 to 1 , we have 

1 »K\ . , .. I f 1 iK . , 1 dV 

JoUr* + “ 9r" / rJn(pr)dr ^T) 0 17 rJn {pr)dr ~ k-di ■ 

r' 2 '“{lr r/o (pr) K -(pr)+rpJ * {pr) ' s rp+ ! o'?7 / o ,(/ ’ r) dr 
=/o (p) [~!r] r =i _P [| VJ ° (pr) io~fa V { J<> ^ r ' )+prJ ’ > "^ p) \ dr ' 1 \ 


-Jo (P)[- 17 ] r= .i-PtK]r= i /«'( P)Vr/ 0 ( pr) dr 
“ /o(/,) [lF + * F ]r==l _ ^ V pJ n '(p) - hJo(p) 


Jo ( pr) satisfies 
Bessel's equation. 


— 


IV V Fl 7, (n) 

-Ap 2 K where K —rJo (pr) dr=——— when »-= 0 , 

V P=1 when/=0,0<r<l 


.*. Its solution is 

Applying inversion formula, we find 
„ — -kp 2 t pJi ip) Jo ( PH 

„ "v+prTo hp) 


p *+?&&) 

where summation extends over all positive roots of ( 2 ). 
Problem 14 Solve 4- — ■—■= T~lr > °< r l>0 


Problem 14. Solve ^ + - 7 - 5 JT=Tlt 


wheref-f 0 when r=l, t>0 andf-0 when t-0, «r<I • 

Hint. Take /(p)= J \f* J « (J> r ) dr > p being r00t of /o (p) ~° “ d 


in Problem 13. 


Jo (pr) 


Problem a'VUrous M»-*J 

circular cylinders of radii a and b. The timer cy Find the velocity v of the 

suddenly starts rotating with uniform angular veloc y . 
fluid if the equation of motion is 


Ir* + r lr 


J-ii-, *<r<», r>0 

V 9t * 


v being Kinematic viscosity. 

Hint. Take/* (/>)-J*/(r). r£i (pr), dr,[b>a where 
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Bi ( pr)**Ji (pr) Yi ( pa)-Yi ( pr)J x (pa), Y x (pr) being Bessel’s function 0 f 
second kind of order one, and p is a positive root of 

Ji(pb) Yi ( pa)-Y ! (pb)Ji (pa). 

Multiplying the given equation by rB\ (pr) and integrate w.r.t. V from a to 6 
with boundary conditions v=6(o when r-b 

v=*0 when r=a 
v=0 when /=0> 

l-e’W 


Am. v=7t but 2 


JiHpa)-Ji* (pb) 


Ji ( pa) h (pb) Bi (pr). 


Problem 16. If a and (3 are the roots of the equation Jo (x)-0, show that 

X Jo (<u) Jo (px) = jKtJi* («) Ugra, 1971) 



CHAPTER 12 


DIFFUSION, WAVE AND 
LAPLACE’S EQUATIONS 


12.1. INTRODUCTION 

In 7.5, dealing with special types of differential equations we have 
already mentioned diffusion equation (or Fourier equation of heat 
flow), Laplaces equations as particular cases of steady-state heat flow 
and wave equations in one, two and three dimensions along with the 
two methods of solutions namely (/) method of separation of variables 
and (//) D' Alembert’s method. Now in subsequent chapters namely, 
8th, 9th, 10th and 11th chapters we have discussed various methods 
of solution which may be successfully applied to solve different types 
of equations encountered in physics, mechanics and applied mathe¬ 
matics In the present chapter we shall try to make a systematic study 
of one, two and three dimensional diffusion, Laplace’s and wave 
equations with boundary values problems while a few of them have 
been already solved by the methods of transforms. 

12.2. DIFFUSION EQUATION OR FOURIER EQU STION OF 

HEAT FLOW ( Agra , 1974) 

Assuming that the temperature at any point (x, y, z) of a solid at time 
t is u(x, y, z, t), the thermal conductivity of the solid is K, the density 
of the solid is p and specific heat is a, the heat equation 

• ( 1 ) 

where h*— =Jfc (say), k being known as diffusivlty, is said to be 

the equation of diffusion or the Fourier equation of heat flow. 

We know that heat flows from points at higher temperature to 
the points at lower temperature and the rate of decrease of temperature 
at any point varies with the direction. In other words the amount of 
heat say &H crossing an element of surface &Sin A* seconds is 
proportional to the greatest rate of decrease of the temperature u l.e. 

Aff-tfASA'j^ 1 ’ • • (2) 

If "v be the velocity of heat flow given by 

v a*— K grad ii—— K-^u •■•(?) 
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Here u(x, y, z, t) is the temperature of the 
solid at (x, y, z) at an instant of time t and 
K the thermal conductivity of the solid is a 
positive constant in cal./cm—sec °C units. 

Let 5 be the surface of an arbitrary volume 
V of the solid. Then the total flux of heat 
flow across S per unit time is given by 


Hi 


( K V«M dS ... (4) 


. -- where n is the positive outward drawn nor¬ 

mal vector to the elemen dS and the negative sign shows the increase 

of temperature with the increase of x so that is positive and heat 

flows towards negative x from points of higher temperature to those 
of lower temperature, thereby rendering the flux to be negative. 

Now applying Gauss's divergence theorem according to which if V 
be the volume bounded by a closed surface S and A be a vector func¬ 
tion of position with continuous derivative, we have the quantity of 
heat entering S per unit time as 


t.e.. 


f|(A:v«)n^=[|jv.(A:v«) dV 

S K 

lii v - 


• •(5) 


AdV= ^A.ndS=QA.dS ... (6) 

s s 

dx dy dz, the heat contained in 


Taking volume element dv— 

F=JjJ<j P « dV. 

J v 

The time rate of increase of heat is given by 

V V 

Equating R.H.S’s of (5) and (7), we find 

dy ~° 


.. .(7) 


... ( 8 ) 


But V being arbitrary and the integrand being assumed to be conti¬ 
nuous the relation (8) will be identically zero for every point if 

op |-=V(*V«) 

or V.V«=A* V*«.=)fcV*K where • 
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or 


3 2 « , 3 2 m 9 2 u 1 


01 1_ 
dt 


± 

= A 2 


du 

dt 


dx~ ^ 9 y* "•* dz i== ~k 

This is three dimensional diffusion equation. 


... (9) 


corollary 1. If the temperature within a substance be assumed to 
be independent of z i.e ., there being no heat flow in direction of z, 

then (9) reduces to f f -A* (—) .. . (10) 

which is known as two dimensional diffusion equation or the 
equation for two dimensional flow parallel to x-y plane. 


COROLLARY 2. Putting in (9) #e get 1“ =h : —■ 

...( 11 ) 

which is the equation for the one-dimensional flow of heat along a 
bar. 




corollary 3. For steady-state heat flow, u is independent of time 
du 


dt 


0 and hence (9) reduces to 

V * a= iff l , _ o 

V U - 9a 2 + dy* + dz- ~ 


. . ( 12 ) 


which is known as three-dimensional Laplace's equation. 


12.3. ONE-DIMENSIONAL DIFFUSION EQUATION 

du £ 2 u , d'u 

9t 9x- 3x- 

0“ U 

[A] Independent derivation of “g^r* 

Consider one-dimensional flow cf electricity in a long insulated 
cable and specify the current / and voltage E at any time in the cable 
by .Y-coordinate and time-variable t. 

The potential drop £ in a line-element 8a of length at any point a 

is given by —8E—iR5x+I.dx ^ • • • O' 

where R and L are respectively resistance and inductarce per unit 
length. 

If C and G be respectively capacitance to earth and conductance 
per unit length, then we have 

-8/=<J£6a+C8a ~ ... (2) 

dJE t* I 

Rewriting (1) and (4), gj +Ri+L gy--»0 


. . . ( 3 ) 
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and 


f, +aE+c f =0 


Differentiating (3) w.r.t. x and (4) w.r.t. t we have 

=0 


&E di ,r -¥L 

dx i+K dx +L dxdt 


0 “/ 

Eliminating from (5) and (6) we get 


PE CL ^ 
?x 2 dt 2 

di 




Again eliminating from (4) and (7) we find 

pj/r 32/.' gr 

-£~cl%£hcr+gl) ~+rge 

Differentiation of (3) w.r.t. 7’ and (4) w.r.t. V yields 

c-E , _ 3/ , _ 3-r A 
a.r?i +L at 2 ’ -0 


and 


W, r M,r S!£ n 

dx~ + G dx 4 C dxdi ' 0 


Elimination of and from (3), (9) and (10) gives 

?*.. - CL ~+(C/?+GL) ff + RGi 

(x~ c t Ct 

(7) and (11) follow that E and i satisfy a second order 
differential equation 


d 2 E 


• • • (4) 

• • • (5) 
... ( 6 ) 

... (7) 

... ( 8 ) 

. . . (9) 

. .( 10 ) 


< ] 'u r . ?’« 

■' " L dt- 


< x~ 


-(CR+LG) 4 RGu 


..(ID 

partial 
. . ( 12 ) 


which is known as telegraphy equation. 

If the leakage to the ground is small then G 0 —L and hence (12) 

reduces to -CR ~ — where 

< v- ct k dt CR 

which is one-dimensional diffusion equation. 

[B] Solution of -^~ =h 2 jj ” oi u<—h’u**. 

The solution of this equation by the method of separation of 
variables has already been discussed in §7.5. Here below we discuss 
the solution in different conditions. 

[b t ] (Both the ends of a bar at temperature zero). 

If both the ends of a bar of length l are at temperature zero and the 
initial temperature is to be prescribed function F(x) in the bar, then 
find the temperature at a subsequent time t. 
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One dimensional heat equation is ~=h- ~ u 

dt dx- 


(i) 


WC have to find a function u(x, t) satisfying (1) with the boundary 
conditions u (0, l )—«(/, /)—0, />0, / being the length of bar. ... (21 
and u(.x, 0)=F(x), 0 <x<l \ 

In order to apply the method of separation of variables, let us 
assume that 

M (-'» t)= X(x) T(l), X and T being respectively the functions of 

„ -v and t alone. 

n ... c>u dT . c"u „d-X 
So,ha, -jj * 

Their substitution in (l) gives 
1 <FX = J_ dT 
x dx 2 h 1 r dt 


. . .(4) 


The L.H.S. and R.H.S. of (4) are constants because of variables 
being separated and hence we can write ~ ~ 

(constant of separation). 

Here-*-.- *f f — - A 2 i.c., ^ ^ _j >,' 3 ': 0 gives X=A cos A.v B sin Av 

A cl\~ J.x- 0 

. . ,( 5 > 

and l e.,-T -t h n A"T -0 gives T -( e X z h"t . . ( 6 ) 

h i dt dt 

In view of condition (2) i.e. y u =*0 at a or (5) gives 1 0 and A 

be chosen such that sin A/ ~0 i.e. % A== -y, n being an integer. 

Hence the solution (1) i.e., u*=XT takes the form 


u —B sin -* x e 


ri^k* 


Summing over for all values of tu this becomes 


oo 


W7T 


rr-rrlr. 


u(x, O — - B n sin “7 * r 
w 1 


a 7) 


.( 8 ) 


Applying condition (3) i e w(x, 0) = / r (\) at / - - 0 we have 
F(x)= 2 sin "f v for 0<x</ 

n~l * 

2 f* . . j 

So that -yj o -F(*)sm ; rfv 

■which is obtained by multiplying (91 by sin n -j- and then integra¬ 
ting from x—0 to x— /. 


(Kb 
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Hence the required solution is 

y oo r i 

u(x, t)= -j- X e T^sin-^ xl F(u) sin -nru du . . .(11) 

‘ «-l ‘in 1 

Deduction: (Insulated faces) 

If instead of the ends of a bar of length l having kept at temperature 
zero, they are impervious to heat and the initial temperature is the 
prescribed function F(x) in the bar, then to find the temperature at a 
subsequent time t, we have the boundary conditions 

^ u -=0 at x—0 or / for all t . . .(121 


dx 

u(x, 0)—F(x), 0<x<l 
Then the solution follows from (5) as 
u=A cos "Kx+B sin Xx 


.(13) 


which in view of (12) requires B— 0 and sin Ax=0 i.e., A=~,0. 
1,2,3.,. 

So that the general solution of the one-dimensional diffusion 
equation will be of the form 

oo __ ri'tz'lfi _ 

u(x 9 t)=-B^ + It A n e i ccs f LliL <14) 

n=\ 1 

where B 0 corresponds to n^O. 

By (13), this yields, F(x)=u(x, 0)=B 0 + 2 A„ cos.^' . . .(( 5 ) 

from which we can easily find the coefficients 
. 2 


If 1 

/Jo 


r-, s n~.x 

F(x) cos -j-dx 


..(16) 
. .(17) 


and B u —\ A„ 

Note 1. The temperature in a slab having initial temperature F(x) 
and the faces x=0, x=~ thermally insulated is given by 
00 


y(x, /)= B 0 + 2 B n e-nVt 2 t cos nx. 

1 

t 2 C* 

.. .(18) 

where /( x) cos nx dx 

^ Jq 

. • .(19) 

and B 0 = ±A 0 = 4 P F(x) dx 

* ,v Jo 

• • .(20) 


Note 2. The temperature in a slab having initial temperature F(x) 
and the faces x—0, x=*I thermally insulated is given by 


u{x, /)= 


ti: 

/; 


2 oo rfirdh- 

dx+ 4 2 t- ' Cos i!E 


/ 


«=1 


F(x) ^fdx 

0 * 


. .( 21 ) 
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[b 2 ] (One end of a bar at temperature u 0 and other at zero temperature). 

If a bar of length l is at temperature v 6 such that one of its ends x**0 
is kept at zero temperature and the other end x=l is kept at tempera - 
lure u 0 , then find the temperature at any point x of the bar at an 
instant of time t>0. 


or 

A rod of length l and thermal conductivity h~ is maintained at a 
uniform temperature v 0 . At t=0 the end x=*0 is suddenly cooled to 
0°C bv application of ice and the end x=l is heated to the temperature 
u 0 by applving steam, the rod being insulated along its length so 
that no heat can transfer from the sides. Find the temperature of the 
rod at any point at any time. 

The equation is =h 2 0 <x<l, t>0 .. .(1) 

With boundary conditions u(0, t)— 0, u(l, i)*=w 0 for all t . . .(2) 
and u(x, 0)=v„ . . .(3) 

k Let the solution of(l) be u(x. t)=X(x)T(t) -..(4) 

where A' is a function of x alone and T is a function of t alone. 

Substituting from (4)-|^ =X ~-ax\d =T , in (1) we 

i d~x i dT 

set — —where variables are separated and hence terms 
X dx* h~T dt 

as either side are constants. 

Now there arise three possibilities : 

[1] ^-4- =0, =0 whence the solution is X~~Ax+B. T=C 

dx~ dt 

. • (5) 

[2] ~~ =X-. V , ~~=h ? K 2 T, the solution being X= Ae Xn +Be' Xx , 

T=Cel‘ iX2 t • • *( 6 ) 

[3] ^ t =*e-h*h-T, the solution being X=A cos Xx 

+ B sin Xx, C=e—h 2Xi t. ... (7) 

The combined solution in any of the three cases is u=> XT. But 
u=*XT increases indefinitely with time t so possibility [2] is ruled out 
since then u—>0 as t—rcc. Conclusively the possibilities [IJ ana [3j 
determine the solution of (1) in the form 

u(x, t)*=us(x)+ur(x, t) • • -t 8 ' 

where «s(x) is the temperature distribution after a long interval 
of time when there exists steady state of temperature and ut(x, t) is 
the transient effects which die down when the time passes. 
Consequently there exists uniform temperature after one end x u 
being kept at zero temperature and the end x=/ at u—u 0 so tnat 
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us(x)**~ x, whence (8) yields u(x, t)— -~x-\-ur{x, /) . . 


with boundary conditions «r(0, /)=0=wr(/, t) by (2) 

and u T {x, 0)=v o ~ "° a by (3) 

Hence the possibility [3] i.c.. the solution (7) reduces to 
t)=(A cos A.v+5 sin A*) e-x-ft'-t- 


• . .( 10 ) 


• ..( 11 ) 


• • . 02 ) 


whence in view of (2). this requires A —0 and sin A/=0 

being an integer. 

We thus obtain a solution 

y 

in(x. i)= 1 B n i- ~ x 

n 1 / 


i.c. 




«7t 


• • -(13) 


In view of (11), this gives u T (x, 0)=v„- - ,v= I B„ sin-^ x . 

a *--v 

2 

= — [*’„—( —1)" (v 0 —m 0 )] (on integrating by parts) 


' sin 

l 


Hence the general solution of (1) with the help of (9) and (13) is 

*» •> , » 

u 2 * i _ n-r:-h- 

“(*, /) = y il Ar+ _ 1 [r 0 — ( — l)"(v 0 — « 0 )]e 

1 " ra- I H 

. . .(14) 

which gives temperature at any point x of the bar at any time r>0. 
Note. If we set r„=0, then (14) takes the form 

//« , . 2/ £ . .. 

...(15) 


i nWh 2 t 

0 rY-l- Y I / - —s>— t . /IT z 

— - — ( 0 " e / 2 sm - 

1 “ «=i n / 


/) 

(Temperature in an infinite bar) 


If an infinite bar of small cross.-section is insulated such that there 
is no transfer of heat at the surface and the temperature of the bar at 
t-~0 is given by an arbitrary function F(x) of x (taking the bar along 
x-axis). then find the temperature of the rod at any point of the bar at 


anv time t . 

fin fft?/ 

The boundary value problem is . . .(I) 

ct cx 2 

With initial condition, u(x , 0 ) — F(x), —oo<x<oo . . .(2) 

Let the solution be nix, t)=X(x)T(t) ...(3) 

whence (1) g\ ve s -- ^ = ~, d ~ = --K 2 (^ y ) ...(4) 

Then the solution of (1) is 

u(x, t)—XT—(A cos A x+B sin A.v) e—h oX ‘ 2 t . . .(5) 
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Here the arbitrary constants A and B being periodic may be 
taken as A=*A (A), 2?=B(A) and due to the linearity and homogenitv 
of the heat equation we may write 

I co f cr , 

u(x, (, A) (A- e-A 2Al r|.4(X) cosA.v+ B(X) sin (A.v *]t/A 

o Jo 

. • .( 6 ) 

The condition (2) claims that 

u(x, 0 )=F(x)— f [/4(A) cos Ax-|- B(K) sin A.v] (/A 

J o 

In view of Fourier’s integrals we have 

1 f 00 . | r < 

,4(A)— —i F((i) cos (;xA) dy and B[ A)«r I /(>>) sin (Ajxi </" 

* J —" J 

so that u (.v, o)= -■*- ra:. (fx) cos A (X ;;.) dy- J(/A 


As such (6) takes the form 

foorroo 


1 f a 

u(x. /)=~H 

"JO 


U 


( /A 




/'(|x) COS A (.V y) { >~h'k } t Ja J 

cos A ( v (x) </aJ</(X 
. . . (7) 


I f — e 

e cos 2b ,\ ilx~\ x. ^ 

So that| cos A (.v- a) rfA— -—JL. ( 2/i-\/7 ) 

/ X ~ [A 3 

A/71 

2//\ r 


Hence (7) gives 

as (A", l)— ■ f / (■') e ~ 4 pr ‘fa ... (8) 

2«v*< J - x 

which gives the required temperature at any point at any time. 

Problem 1 Solve ^~ u ^ ()u when u= 0 l'<» i = -r and x - 0 or /. 
dX~ 1 1 

Taking u (.v, /)= V (x) TU), the solution of the given equation is 

X — A cos A v • B sin A.v, T—C e~' 1 by §12.3 [h,J 

with boundary conditions, u (0, t)—u (/, /) = 0 and u (.v, oc-)~0. 
Hence putting /? = ! in (8) of *12.3 [6J the required solution is 

7 x~x x n2 * a / 

u{x , /)= 2 B, t sin —j — e ~p 

«~i 1 

Problem 2 Solve —h 1 . under the boundary conditions 

at i i.v- 
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9=(0, /) —e (/, o=o, t>o ...(i) 

and 0(x. 0)—x, 0<x<I, •.. (2) 

/ being the length of the bar. 

Proceeding just like in §12.3 [bj, we get the required solution on 
putting 0 (x, 0)=F(.v)=x in (8) of §12.3 [&j, 

0 (x, t)=i B n sin-^L e~« 2 * 2 W- / 
where B„= -y-p F { x ) ~~j—- dx—~\^ x sin x dx 


2/ 
UK 
21 
n~ 
-21 


MZ 


r COS OT 

when n is odd 
when n is even 


Hence 0 {x, 0= 2 -f e ~^^t/r- sin JL —i t -2Wt\V- 
n L l 

iin X-f§ f-3-n- h- tjP s j n ^x. . . J 


sin 

Problem 3. Find the temperature u (x, t) in a bar of length l, perfec¬ 
tly insulated, and whose ends are kept at temperature zero while 
the initial temperature is given by 

x, 0<x<l/2 
1 <x<l. 


r *, o< 


The boundary value problem is I— =h i • 

ot 4X- 

With conditions u ( 0 , t)=u (/, t)=0 and u (.v, 0)= 
f.v, 0 <x<ll2 
1 

-Z-<X<1. 


! x, 0 < 


Hence by (8) of §12.3 [ft x ] the required solution is 
fi (x, t)Jl B n F(x) sin ^ dx 

where /? — ^ f ry„\ • HflX • 2 f l/ - 

wnere y~J o *i*) sin—^— dx=* j-J xsm -y~x 

r/x fj, ( l-x) sin dx 
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4 1 . m C 4 1 

'2-I -^T- for «—l, 5, 9. .. . 

0 for n—2, 4,6, ... 

L~“^~ f °r ,,=3 > 7, 11, . . 


sin 


n r. x 


Hence the solution is 

X*. 0~£[ i'r sin 7- ,-***. 3 ‘ &, ’7- 

e -3 VM/l* + .J 

Note. Had we considered the case of slab with its ends x=0 and 
n*=*l maintained at temperature zero and initial temperature being 

F(x) -\ oJI2 <x<H2 

then we should have 

n 2 r 1 mix, 2 r 0 r 

■ s ”“ —I, fm s,n — 7 —*" — j. 

-lysin’^ 

« 7 T 4 

and the solution would be 

/ 4 \ ^r 0 2 1 . 2 -nW&tlt* . ft KX 

u (.v, /)=-- 2 — sin 2 — " " r/< sin - T - 

- „ =1 n 4 l 

Problem 4. So/re =h- , 0<x<~. t<0, under the bound * 

arp conditions 

u x ( 0, t)=0=u„ (ti, /) am/ m* (.v, 0)—sin x 
By (14) of §12.3 [/>J, we have 

00 -nW-tiP W here 


u (x, t)=B 0 +± A n cos —j 
n =1 


5 0 =^a-and /-«. 


_d«_=l < cos nx e~ n ' hi - t 


where 


^ #!« 1 

— f* sin x cos nx rfx— 
^ Jo 


i o , when n is c 

*— 
rc(4m 2 —1) 


c, when n is odd 

-when 


n=»2m 


and 


-in- 


sin x dx- 
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Hence the required solution is 

2 4 00 

u (x, t)= —— 2 (4w’-l)~ l e 

* 75 M-l 


4ni-'h’t cos 2ni.X. 


Problem 5. The face x= 0 of a slab is maintained at temperature 
zero and heat is supplied at constant rate at the face x— so that 

CU c=(x when ,v~ Jj the initial temperature is zero, show that 


u (x, /)=s*x 1 2 

/-■' i 


injV 


sin (y- |) v e ' J ~- ~ l 


where the unit of time is so chosen that k—1. 


Taking u (x, /) as the temperature of the slab, the boundary value 


t-l . 

problem is ^ , 0<x<n y t>0. 

.. .(i) 

with condition u(0, t) =0 

... (2) 

u{x. 0) — 0 

c 

afid ^ u (tt, 

. . .(3) 

... (4) 


Applying the method of separation of variables, the solutions of 
the given equation are (/) u--^(Ae Xx f 
(if) u -A l -\ ByX 

tfii) u-iAt cos 7tA | B., sin ~x)<’ , ' t 
according as the constant of variation is A- or - A-. 

Here </) is inadmissible as u~> oo when /-> oo. 

(it) alone is inadequate to give the complete solution and hence 
the complete solution is given by (//) and (///) jointly 

i.e. u(x. t)—us (x) «r(x, t ) ... (5) 

where Us (x) is the temperature distribution after a long period of 
time when the slab has reached the' steady state of the temperature 
distribution and Ut (x, t) denotes the transient effects which die 
down with the passage of time. 


From (//) Us (-v)- - ^4 A B r \ . . . (6j 

and from (Hi) Ut ( v. t)= (A., cosA.v fi., sin Ax) (■-*•*> ... (7) 

Applying (2), (6) gives A t —0 and by (4), (6) gives \>-—B l 
so that Us-V-x ... (8) 

Thus with the help of (7) and (8). (5) reduces to 

u(x, t)=ux- (.4 S cos Ax-f B 2 sin Ax) e~ t ‘ t ... (9) 

Applying (2), i.e. u(o. t)-~ 0, we get A 2 —0 . . (10) 


'c 

Applying (4), i.e. ;x- ? «(?t, t), 

we have A B., cos A-) e~ A,t --p 
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i.e. cos Att= 0 giving A^=(2y-1)~ i.e. A=/- y ... (11) 

Assuch«r(J£, 0=5, sin t where we have set 

B,~B S . Summing over all j, the general solution is 

o° . , „ 

ur(x,t)=2 Bj sin {j- !U e [J ~ ‘ H ..(12) 

y'=l 

Hence from (5) 

u(x, t)~[x .v |- £ B, sin ( j ~{l .v ... (13) 

y'=1 


oc 

Applying the condition (3), 0 =;j.x ; 2 B, sin ( j -\).x 

y=l 

00 2 f* 

i.e. - im= 2 sin ( /—J).v so that 5,—— ( ;ju) sin(y J)x rf.v 

y=l 71 J; 

_ 2|* (~iy 
* (/-i)- 

Hence (13) reduces to 

u(x, 2 sin (y—i' v e [J ~- ! 1 

which is the required relation. 


12.4. 

i.e. 


TWO-DIMENSIONAL DIFFUSION EQUATION 
da g-» \ 

3t ~ b { 0x a ' ~3y- ; 


Consider a thin rectangular plate whose surface is impervious to 
heat flow and which has an arbitrary function of temperature F(x, j ) at 
t=(). Its four edges say x—0, x~a, y—0, y—b are kept at zero 
temperature. We have to determine the subsequent temperature at a 
point of the plate as t increases. 

,, bu d : t i \ /, v 

The boundary value problem is =«"l - : vpr J . • • (w 


Subject to the conditions for all t, (/) it(0 , y, 0—0. (it) 

(Hi) u(x, 0, /)=0. (iv) u(x, b.t)=0 and the initial condition (O 


u(x,y,0)=F(x,y) 

In order to apply the method of separation of variables, let us 
assume that ( *. 

u(x, y, t)=X(x) Y(y) T(t) ..-(2) 

where A' is a function of x alone, Y is a function of y alone and T is 
a function of t alone. From (2) we have. 


cu 


.= YV 


dT 


<fu_ 


„„d 2 X a 
• YT lhX mi 


0 S H 

By 1 


-XT- 


d-Y 
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Substituting them in (1), we find 


1 dT 1 d l X 1 d 2 Y 
~WT ~dT~JT d* r+ T~W’ after dividin 8 b y XYT 
In (3), the variables being separated, we can assume 


l_ d .l x 
X ~dx* 


-M 


Y 

Y 


dy- 


-K 


and 


1 

k-T 


dT 

dt' 


. . . (31 


- A- 


sothat A 2 =A 2 -fA 2 ...(4) 

The general solutions of (4) are 

X—A cos Aj x [ B sin A t x ; Y—C cos A 2 y+D sin A 2 v ; 

T=E e- xV '-‘ ...( 5 ) 

So that with the help of (5), (2) gives the solution of (1) in the 
form u(x,y,t)=(A cos \x+B sin A, x) (C cos A 2 j- f D sin A^'j 

e -x2 * 2 ' ... (6) 

In view of condition (i), 0=w(o, v, /)-=/f(C cos \y+D sin A 2 y) 
e -Wt ^ giving >4=0. 

In view of condition (//). we claim sin A. x=0 i.e. A,= ^ nt 

a 

being an integer. 

Similarly applying conditions (Hi) and (iv) to (6). we get C=0 
and Aj=-^—, n being an integer. As such (5) takes the form 


H*i»n (x, y, t)—B mn e '^n h%t sin 


A 2 =A* 



mn m , 

-x sm -r- y , where 

a b ' 


Summing over all the possible values of m and n, the general 
solution is 


-x 2 h*t 


rm 


n~ 


sin-- x sin -7— y • • • (7) 

a o 


u(x, y, t)= 2 

m. n=\ 

where B mn are arbitrary constants to be determined by the condi¬ 
tion (v) 

i.e. F(x, y)—u(x, y, 0 )= B mn sin — x sin ~ y ... (8) 

m, ;z=l a & 


Multiplying both sides of (8) by sin mn ~ x sin-”^- y dx dy and 
. a b 

integrating with regard to x from 0 to a and with regard to y from 
0 to o we get on using orthogonality properties of the sines, 

Bn ^'ab\ 0 j # F ( x > y) sin ~ x sin ~J~ ydxdy ... (9) 
which gives the arbitrary constants of (7). 
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Problem 6. A rectangular plate bounded by the lines x=0, y=0, 
x—a, y—b has an initial distribution of temperature given by 

TCJC TCV 

F(x, y)—B sinsin ^ . The edges are maintained at zero 

temperature and the plane faces are impervious to heat. Find the 
temperatrue at any point at any time. 

By (7) of §12.4, the general solution is 

« ,» ,,.,A nmx . iiTzy 

fix,y,t) l B, a sin — 

m, n --1 


where 


B„ 


4_ 

ab 


r f 

Jo Jo 


y) sin 


m~ 

a 


tin 


x sin y dx dy by 


(9) of § 12.4. 


4 B f q P 
ab Jo Jo 


7i y . m~x . n~v 

sin — sin sin - sin 
a b a b 

v ^ . 7TX 71)’ 

V F(.V, >')=£ Sin— sin ~~ 


d. v </v 




'tii 1 


4B 

a6 


S f a h . -X . 
7 ~l -=-sin — si 
Ho 2 a 

r. 


m~x . 
sin dx 
a 


-)' . nrzy 

b Sm b 


dy-- 


\°* for /2==2. 3, 4_ 

W for »«1. 


So that B u —B. 


Also 


“”'(i; i) 

Hence the solution is 
u (.v, v, t)=B u e -x " 


, |2 , . nx . r -y 

tnn " 1 Sin - Sin —jr- 

a ft 


-B e 




sin 


TCJC 


sin 


ny 

b ' 

Problem 7. A semi-infinite plate having width* has its faces in¬ 
sulated. The semi-infinite edges are kept at 0 C while the infinite 
edge is maintained at 100°C. Assuming that the initial temperature is 
0°C, find the temperature at any point at any time. 

Taking the diffusivity i.e. /i 4 =l, 
the boundary value problem is 

9 u 


9-« ■ d'~u 

W dx 2 dy 1 


...(l) 


with conditions (i) u(o,y,t)—0, 

(//) fin, y, t)= 0, (hi) fix, y, o)= 0; 

(iv) u(x, o, /)==100 and 

(v) | fix, y, t) | <M 
where 0<x<«, y>0, t>0. 

Taking Laplace transform of (1) 
and assuming L{fix,y, t)}—U(x,y, 0, 


PC 


~~5 i0. o) 


PC 

I0PC 

Fig. 12.2. 


•H 
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We have XM- +XX — sU by using condition (i/V) ■ • • (2) 

cx - oy- 

But the finite Fourier sine transform of a function F(x), 0 < x <_/ is 
defined as 

f f /•' (xl sin K7r ; V <fx. n being an integer • • • (3) 


/, (x)=| ? /• (x) sin ”^; V dx. n being an integer • • . (3) 

Multiplying (2) by sin nx and integrating from 0 to it, we get 
J* sin MX dx-j- j* sin nx dx— j # sU sin nx dx 

Setting U— | U sin nx dx, this becomes 

Jo ^ 

~ d 2 U ~ 

— r\- v \-nU(it,y, s) cos n r. \ nU(o,y, s)+—jp ~ slj • • • ( 4 ) 

But from the Laplace transforms of conditions (/) and (») we have 

U(o,y,s)= 0, U(n,y, s)=0 

(4) reduces to XjJjr ~(»~+ y ) i/=0 ... (5) 

Us solution is U~-A e toe t 

By condition (v), 1/ being bounded, as y -*■<*>, we have -4-0, so 
. ~ „ -yv'&T* ... (7) 


that (6) yields, V—Be 
Applying condition (iv), 

rr. 100 . , 100 / 1-cosff- \ 

U(n,o.s)= j # g sin mx dx-= — ^ “ ) 

In (71 if we put y=0, we get with the help of (8), 

~ 100 (1-cos nn) . 

Hence ---‘ 

Applying Fourier sine inversion formula, we find 


2 S? 100 /' 1 -cos n« \ -M / « 3 +* 


■. y 100 / 1 —cos m \ 

■n- 1"*\ n I 


sin nx 


Now we have 


so that 


_ _ r_ 

/ —i) <? ~ 4 ' 

L l e J 2 V^ 

_ _zi 

yV s+n 2 ( _ jl — e 4/ £ 


._!$ -jV*+** } __ e 4f 

L [ C i “2 

c e -x f, y^e-y^e- 

L i 5 J Jo 2V™* 
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'V^\,nv r : 


4v 

^Hence faking the invert Laplace transform of ( 9 ) term by term, 


400 w/l-cos rm\ 
y, t)— n3 u. ~ ( - - J sin n.x 

If — 1 X 1 


I 


oo 

.v /2 v 7 7 




12.5. THREE-DIMENSIONAL DIFFUSION EQUATION 

Wc have Sr + -“ + ~-= 1 - ? “ 

< v- /- ci 

where u - m(a, r, r, r). 

Let, i/(.v, v. r,/) A'(.v) T(y)Z(r)/’(/) 


(I) 


. where A. y, Z. T being respectively the functions of .v. i, r. t alone. 
From (2) we have ' w _ = XYZ l - Y , ^ = vyj*—— ^‘ u 


(2) 


cl 


dt ' 0 V- 


dx- 


<‘y- 


Now tak'm> 


- XZTft and 

(IV- 

c*u 

d? 

d-Z 

XYT 4 

( 1 ) yields 




1 ‘!1T . 

1 x 2 Z 

1 

clT 

y ‘h * : 

r d?~ 

h'-T 

7/7 


A 2 (say) a 

s vari;i 

ibles are 1 

>; x 

1 d* } 

" A ’. 

d-7. 

r 1 X 1 

• r dr- 


'' dz" 


A'. 


so that A, 2 -f AZ- A a -—X s . we get the solutions 

A -A t cos A,.v yB , sinA 1 .v=a cos (Aj.v-4 ajtj) 
Similarly Y ~b cos (A 2 a +•**,.). cos (A. t xi oca.,) and 
T~de 

Hence for all values of /, the general solution of ( 11 ) is 


OO '* ’ ^ 

u{: x-, r,-,/)— I 1 2 ZAii 2 A:i cos (AjX+ax,) 

>i—0 ^2~0X3 — 0 

i(A 2 .v 1-OCA,,) cos (A ; ,.v ' aA 3 )e“ / ''^ r+x " 2+X:, ' ! ^ 


cos I 


12.6. LAPLACE'S EQUATION 

In §12.2 (cor 3) we have already derived the Cartesian form of three 
dimensional Laplace's equation as a particular case of steady heat 
flow in the form. 
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In cylindrical coordinates, (r, 0, z), it is as shown in §11.1, 

_0 2 U 1 CM 1 0 2 U 0 2 U 

V “~0r 2+ r 0r + r 2 00 2 + az 2_0 

and in Polar spherical coordinates (r, 0, ^), it is as shown in 


V 2 u= 


0 2 M ,2 0M 1 0 2 M 


dr 


2+ , 5r _ .+; 


cr 


+ 


1 


e>0 2 

0 2 m 


cot 0 du 
' r- 86' 

=0 


- 2 sin 2 0 df 

Two-dimensional Cartesian form of Laplace's equation is 

=0 


0*M 0*M 


. ( 2 ) 

§ 8 . 1 , 

• (3) 

.(4) 


0jc 2 ’ dy- 

Taking u as independent of z, the two-dimensional Laplace-equa- 
tion in cylindrical coordinates is given by 


3 2 m 


0X 2 


1 


du i 

dr ‘ r* 


0 2 M 

00 2 


=0 


and in Polar coordinates (r, 0) it resumes the same form as (5). 

d 2 u 

One-dimensional Laplace's equation is ^ 2 =0. 


• • (5) 

..( 6 ) 


Its solution being easy and straight has no points of worth consi¬ 
deration and hence we shall consider only two and three dimensional 
Laplace equations. 


12.7. TWO-DIMENSIONAL LA PLACE'S EQUATION (STEADY 
FLOW OF HEAT) 

[/4] Solution of two-dimensional Laplace-equation in Cartesian 
coordinates 


We have 


82 “ =o 

dx* h dy- u ’ 



(taking temperature as independent of time). 


This can be solved either by the method of separation of variables 
or by the application of integral transforms as is evident from the 
following problems. 

Problem 8. Determine the steady state temperature distribution in a 
thin plate bounded by the lines x—0, x—l, y=0 andy= oo, assuming 
that heat cannot escape from either surface of the plate , the edges 
x=0 and x =/ being kept at a temperature zero and also the lower 
edge y—0 is kept at temperature F(x) and the edge y= oo at tempe 
rature zero. 


The boundary value problem is 


8 2 m 8 i u 

8x* + By 2 


=0 


..( 1 ) 
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With conditions 
(i) w(0, j)=0, (//) «(/,>-)= 0 
{Hi) u(x, 0)=F(x), and 
(iv) u(x, oo)=0. 

In order to apply the method 
of separation of variables, assume U*o 
that u(x, y)=X(x) Y(y) ... (2) 


So that 


d*u v d 2 X , 
r-3 —Y- r* and 
dx* dx 2 

i!“ y'tL 



Fig. 123 


.'. (1) gives 

variables are separated 
Here 


JL ^-X* (say) as 

X dx- Y dy z 


} S— X,U " +VJf “° ^ 


y— cos Xx+5 sin Xx 


... (3) 


and 


4 S r -X*r-Ogive.y-C«»*+/>r‘* 


... (4) 


As such a solution of (1) is 

u(x,y)=XY=-(A cosAx+^sinAxHCe+^+i)*"^) • • • ( 5 ) 
Applying condition (»v) we have C=0 and applying (i) A—0, so 
that (5) takes the form 

u(x, y)—B sin \x.er^ ‘ * w 

But condition ( ii ) yields, sin A /=0 


i.e. 


beipg an integer. 


Hence for all distinct n, the general solution of (1) is 


tin 


u(x,y)= 2 B n sin ~j~ 

rt~Q 


which gives the required temperature in the thin plate, where 


Bn =j \l F(x) sin ,r r dx and F(x)=u(x ’ 00) 


... (7) 


IlrtX 


— 2 sin—r 

n- 0 


Problem 9. Temperature distribution in a finite plate. 

Find the steady stale t'W'T™ mSUStSm the 
^^‘LY^yXYmimadiel a, temperate* sere »Hite 
the edge y**b is maintained at temperature (x). 
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3*i/ 3*i/ 

The boundary value Problem is -^-+-^-=0 ... (j) 

with the conditions (t) u(0, y)=0, («) u(l, y)=0, (iii) u (x, 0) and 
u(x. /»)= F(x). 

Proceeding just like in Problem 8, we get the general solution of 
(Das 

u(x, y)^=^B n e*”* 1 + C n e-**y» J sin ... (2) 

In view of condition (/), C„=~ B n so that (2) reduces to 
ii(x, *)- 2 B n [e*^ 1 -e-^Jsia ~ 

= 2 D n sinh-^ 7 ^- sin J01*. on setting D n =2B n 
n=l 1 1 


By condition (iv), F(x)= 2 D n sinh-^- sin-^- so that 

11=1 1 1 

r\ • l nn b 

D n sinh- 


/ 


-y-J F(x) sin ^~dx. 


Hence the solution is 

00 


.. .22 . . my . mb . mx f 1 . . n*x , 

y)—~r 2 s *nh — r~ cosech —;— sin — 5 — 1 F(x) sin ax. 

1 n= 1 ' l l it 1 

Problem 10. (Insulated at one side). Determine the steady state 
temperature in a rectangular plate of length a and width b with sides 
maintained at temperature zero while the lower end is kept at tempera¬ 
ture F(x) and upper one insulated. 


02 || 3 * 1 / 

The boundary value problem is ^ 


...(D 


with conditions (i) u(0, y)—0, (it) u(a, y)**0, (iii) u(x, 0 )—F(x) and 
(*) u(x, 6)=.0 

Proceeding just like in Problem 8, we have 
00 


sin- ... (2) 


u(x 9 y)*=* 2 Tc n cosh — —+D n sinh si 

n-1 L a a J 

In view of (iii) we have 

F(x)« 2 C n sin so that C n = —[‘ F(x)sin ~dx and 

»-! a a it a 


in view of (if), 0—u t (x, 6)*= 2 — 

a 

mx 


C n cosh +D H sinh 

a a / 


sin 


giving />„■»— C n tanh 


mb 
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Hence u(x, >• 


( cosh "” r -tanh 

•>’ a„_,\ » 


* nny 

sin- 

a a 


) . wtx 


r 


. . m .v . 

t(x) sin - - ax. 


_ it. Heat flows in a semi-infinite rectangular plate, the end 

kept at temperature T C and the edges y=0 and y=a at 
temperature zero, then show that the temperature at any point (x, y) is 

given by 


u(x, >’)» 


AT « 1 ;in (2M1KV f ( irH>»«/. 

it r==1 2r+l 


„ . 9 2 u L 3 2 m _ ft 

The boundary value problem is 


.. .(I) 


_ . (ix i " r dy 

„ ith conditions (0 »-« .hen >-0, <«:,«-<>*»“ ,—.W —T 
when x=0. 

The solution by usual method is 
u(x, y)-={A cos ny+B sin n?) * 

In view of (*)» 0=-^e ne i-e. A—0. t2r-4-U*. 

In view of (if), 0= B sin r*f~ •>“ "«=° ,e - " a ' (2r+ 

Hence the general solution is 


rX> i i \ ^n)* „-<2r+3 >»»/<* 

M ( X , v)= 2 B„sin(2r+1) Q e 
r* 0 

view of (ill), r - J/- »■ » ,h,t 


( 2 ) 


r*=* u 

i 9 n =— f” T sin (2r+l) -~~Ay= (2r+\ fi 
a Jo 


4 r 2 1 e in (2r-f 1W 

Hence u(x/y)= 2r+l a 

Problem 12. ^ square plate hasjts faces and U ^ d ^ t X astern- 

T*%>' SHo« ** 

steady temperature is 

s inh ny 

a n y+ z 

2^ n— 1 


1 v JWLUZ-cos nx, where 

u{x , :«o >>+_ ", 0,1 siuh 


fln== 2 cos nx dx, n==0, l, 2, . . . 

. li._ i, d*« „o with condition* 

Htet. The boundary value problem is 0x -> + g^* 
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O') u x (0, >’)=0, (it) u, (x, y)=0, (Hi) u(x, 0)=0, (iv) u (x, *)=/(*), 
Apply method of separation of variables. 

Problem 13. If u(x, y ) denotes the electrostatic potential in a region 
bounded by the planes x—0, x—x and y=0 in which there ts a uniform 

distribution of space charge of density ~~. If the planes x=0andy=0 

are kept at potential zero, the plane x—x at an other fixed potential 
u—1 and u is finite as y-*- oo, then find u. 

The function u(x,y) satisfies Poisson’s equation V-’«*=— 4“p in two 
dimensions, where p=“ and hence the boundary value problem is 


d*u d* u 


*— h (0<x<*, _y>0) 


9 * ^ ft* 

with conditions u— 0 when x«=0, m=1 when x—x 

and ubO when >>=0, (0<x<7t) and u<M (0<x ^.x,y> 0) 

where M is some constant. 

Using finite Fourier transform, (1) gives 
d 2 u 


j: 


dx * 


or 


sin Ax dx+ 
d z u 


Jo W 


sin Ax dx- 


-h [’si 
Jo 


sin Ax dx 


-p* U -p (-l)’-A F, {!}, 


dy- 

where «=J u sin Ax - dx 

(under the conditions u— 0 at x—0 and u— 1 at x=“). 


( 1 ) 

( 2 ) 

( 3 ) 


(4) 


Finite Fourier transform of (3) gives w=0 when y— 0 and 
I u \<Mx ... (5) 

Solution of (4) is u=A e~ ■ +Be "+ ■£ i — 1 f - 

Since u is finite when > ->00 5=0. 

Alsoj=0, a=0 gives W 

Hence u= — <>*) 

P 

Applying the inversion formula for finite Fourier sine transform, 

we find 

2 ^ 

“(*> y)~ - 2 u sin n.r. 

7C 

Problem 14. Solve ~~ +-| -^-—Ofor 0<x<x, 0<y<x under the 
boundary conditions 
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u(x, o)—X-, u(x, *)=0, Um (0, u. (0, >>)=0=M, (~, )). 

Ans. «(.v,>)= ~(7c-j)-f4 2 (-1 ) « sinh n (*-r) cos nx 
* *= j nr sinh nx 

[£] Solution of two-dimensional Laplace’s equation in cylindrical (or 
Polar) coordinates. 


The Laplace’s equation in this case is—^r-h- 1 -f -~=0 

cr- 'rcr r- ?0- 


Assume u(r, U)—R( r ) © (6) 


. (I) 


50 ,h “ -** &* -If - e »"■< 1 “ 


?r- 


<f-© 


d0- 


.'. (1) gives © 


d l R 


dr 1 


r V dr + r- U 


35 * 


or 


Here- 


• ( 2 ) 
.(3) 


1 ( , d'R , \ 1 d*© „ < 4 

HV <fr* +r dr )~~ 0 </0^ (say) 
is variables are separated. 

1 d*0 ^© 

Q ’jO-' ~ w ~ l gives &=A cos n9+ B sin >t0 

...(4) 
dR 


. 1 ( d*R . dR\ ,. 

™ d 7trT +, Tr'' 


^£-+ r ~ -»»*«0 
d*R 


Cl* J\ 

being homogeneous, takes the form -jgj- —« 2 ^=0 on putting r~e' 
and then its solution is 

K=CV**+Z><r"* i.e., R=C r n +Dr ... (5) 

Taking n=0 we have from (3) 

0 giving ©==.4„ 0 + #» • • • 

and r- d , R +r dR =0 or-^=0 (when giving /?=C 0 .v-|~A> 
dr- dr ds 

~C U log r ~D„ • 

The solution of Laplace’s equation in cvl i drical coordinates when 
u is independent of z is known as Cirnr. t \nmonies _and n is the 
degree of the harmonic. Hence the Circular n 'u,omcs of degree zero 
are given by 

u u =(Ati+B) (C log r+D) by (61 and (7) 

and those of degree n are given by 

u n ^(A n cos nO+B n sin nO) (C»r"+A» r-) by (4) and (5). 

The general single-valued solution Of (1) for all possible n may be 
written as 
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u—A n log r+ 2 (A u cos n0+£„ sin n0) (C„ r n +D n r~ H )+C, 
n-~ 1 

( 8 ) 

where A 0 , A„, B„, C n , D u and C 9 all are arbitrary constants. 

Problem. 15. For a semi-circular plate of radius a with boundary 
diameter at 0°C and surface at 100°C , show that the temperature 
distribution is given by 

400 * r*"- 1 sin (2w-l) 0 
U 2n— 1 a in ~ x 

The boundary value problem. -~- + =0 ... (1) 

Its solution by (8) of § 12.7 [B] is 

00 

u—A a log r-|- 2 (A n cos n0+ B, t sin nO) ( C n r*+ D n r"")+C # 

A-l 

_ • • • ( 2 ) 
But temperature being finite at r—0, (2) should not contain terms 
of log r and r~ H and this will be so if ^ 0 =0==D„- 
Moreover at r=0, u being zero, we should have C 9 —0 

OO 

Hence (2) reduces to «= 2 (A„ cos n0+ B n sin nti) C n r" 

«=l 

00 

= 2 (a„ cos nd+b u sin ;?6) r* taking a n —A n C n etc. 
n -1 

Now a being the radius of the sphere and assuming u=u (ai at 
r=a, we have 


(a„ cos flO+ b„ sin n6)a" 


... (3) 


where a, 


2 f* u (a) 

n=a * J 0 


cos nO dQ= ■ 


cos n6</0=Oand 


- 11 : 


—— sin nO d6 

a™ 


i.e., b u —• f sin ni dQ —0 when n is even and when n is 

t« a" J 0 /i7ia" 

odd. 

Hence (3) reduces to 

. 400 * r J «-> sin(2n —1)0 , 

«■=—— 2 —— -- for n odd. 

.=1 2" 1 a-"" 1 

Problem 16. Determine the steady state temperature at any point of 
a semi-circutar metal plate of radius a whose circumference is main¬ 
tained to a given temperature of T° whereas the base is kept at eero 
temperature 

V u=u (r, 0), the boundary value problem is 
3 *« , 1 8 « . 1 Fu n 


3r* + r dr + r 1 (ft* 


... ( 1 ) 
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with conditions (i) u—0 when 6=0 for 0<r<a 
(#0 k is finite when r-+0 
(Hi) ii= T when r=a for 0<6<w 

Solution of (1) by (8) of § 12.7 [fi] is 

00 

log r-f 2 (,!„ cos «0-t-2? n sin «0) (C n /•"+/)„ r~")+C^ 

If** 1 

... ( 2 ) 

In view of condition (ii), u being finite, (2) must not contain terms 
of log r and r~* and this will be so when A o =0=D n . Thus (2) 
reduces to 


«= 2 (On cos nQ+bn sin 0) r"+C 0 when a n =A n C„, b»=B n C n 

n~l 

... (3) 

In view of condition (/) C,=0 and hence (3) yields 
oo 

u— 2 (a n cos n0+6„ sin /i0) #■" ... (4) 

»=1 


By condition (iii), this gives, 
which we find 


00 

T= 2 (a„ cos n8+b„ sin nO) e" from 
«=1 


a*= -^-f -^cos nO ~r f cos n0=O and 
" J» a" Jo 

= ~ [—-^-sin nO sin hO rf0= 

tc J # a n na n J„ 


IT 

nr.a* 


(1—COS/irc) 


Hence (4) gives the required solution a* 


*yr* 00 

u ——— - 2 (1 —cos n«) r" sin 
ma »=1 


Problem 17. A long cylinder is made of two halves, the upper half is 
at the temperature T k and the lower half at the temperature T t . Find 
the distribution of temperature inside the cylinder . 

Taking the axis of cylinder along z-axis, there is symmetry along 
z-axis and hence z-axis has no effect on the distribution of tempera¬ 
ture. At the centre where r=0, we have «*= finite. The boundary 
value problem is 


d 2 u 1 3u l d*u 

1F*+T dr+^W 

Its solution is (by (8) of § 12.7[B]) 


. ..( 1 ) 


00 

u=A 0 log r+ 2 

H= 1 


(A n cos nQ+B n sin nO) (C n r n +D n r~ n )+C e 

. . % ( 2 ) 
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u being finite, we have to eliminate the terms of log r and r » so 
that A o =0 =D„ 

00 

(2) becomes u= 2 {a n cos nf)+b n sin /i9) +C 0 .. ( 3 ) 

1 

where a n =A n C n etc. 

Suppose that «=F(0) at r=R (say), then (3) gives 

00 

/(0)«»»C U 4- 2 (a„ cos nQ 4 - b„ sin nO)R n . •. (4) 

ft == 1 


This gives c »“V( 0 ) dO 

° n== jFt } 0 cos d0 and bn ~l^ \ W /( fl ) sin 

But we are given that 

/(0)=r, for *>0>o (upper half) 
and /(8)= T. 2 for 2 jt>0>tc (lower half) 

•• c *=Mr*•. *+jr 

a ” *R” {/: T, cos nO d®+ T 2 cos *0 dd J=0 


mO </0 


and 


sin at d»+ J “t, sin »6 <ffll 


-±\ (1-cos n*)'\-\ 2 lr r S ' <r >- r>) fOT " ““ 
L « J l 0, for n even 

Hence the solution (3) reduces to 

T 4-T 00 *) 

sin «0.r» 

where n=l, 3, 5,... 

=JQ+ZI + -^-(^-r,) sin 0-r+ -^r (T.-T.) sin 

... . . . 39.r»+... 

wii’ch gives the required distribution of temperature. 

Problem 18. If u is a function of r and 0 satisfying 
(Pu 1 du 1 

dr 2 ^ r ~dr ~ DF - ” 0 • ■ W 


within the region of the plane bounded by r—a, r—0, 0=0, 0=— 
and also satisfying the boundary conditions u= 0 when 0=0, w=0 
when H= ~,u ^0 when riband U ^=*(A —0 ) when r=0 then 
show that * 



diffusion, wave and laplacb’s equations 969 

16 °P (r/6) 4 »- 2 -(6/r)«»- 2 . sin (An-2) 

M= “tT (a/6)*"-V(6/a) in - i (An-2)* ' 

The solution of (1) with the e=»/2 
help of (4) and (5) of §12.7 [B] 4 

is u (t, 0)=(.<4 cos ni6-\- B sin wi6) 

(Cr m -\-Dr~ m ) ... (2) 

where we have taken m 2 as con¬ 
stant of separation. Applying the 
boundary condition u= 0, when 
0=0, (2) gives 0=^ (Cr m +Dr~ m ) 
i.e. A-= 0. 

(2) becomes u (r, 6)—(C'r m 
-f D'r~' n ) sin nt6 ... (3) 

where BC=C' and BD^D'. ^ 

The condition «=0 when 6=*0, gives 0=(C'r ra -)-£»"”) sin j" 

\ 

i.e. sin - 2 — = 0 or ~ =(2«—1) « giving /«=4/i-2. 

Also the condition u=0 when r=0 gives 0=(C'r m +IPr-™) s »“ ^ 
i.e. C'b m +D'b- m -= 0 which yields with m=4/i—2, I> — Co 
—Cb 9 "-*. 

As such (3) reduces to «=C' [r‘—-0 8 "-‘ r'^’lsin (4/,-2) 6 

Considering all possible n, the general solution becomes 


m 


v,.\ 

JUi 

■—4 


-e=< 


Fig. 12.4 


M _ ^ (y n [ r t»-2r - ' 1 * -2 ’] sin (4/i--2) 6 
n-1 


... (4) 


Applying the condition u—d 0 ) when r=*a, (4) yields 

fl / Jf,_ e f C„' [a 4 "-—* 8 "' 4 a' 14 ”'-'] sin (An-2.) 0 

( . i" 1 b* n ~ l \ A f*' J e / JL.-0 sin (4n—2) 

So that Cn y a* n ~~— J = 1T )„ V 2 / 


0 d0= 


- * (4h- 2) 3 


16 


a 


p 4n-2 


Giving C,/ == _(47,_2)^ * a 8 " r4 —6*“' 4 
Hence (4) reduces to 

r. u oo / r 4„-2_A8,,-4 r -(4«-;>} a 4 »-^ sin (4/1-2) f 
m — v 16. 2 < r . jfc=ij:gsz=i - (4/1—21* 


n \ 


* = 1 


V 4m- - 


/ r / /, \ 4 « - 

is ? U] lizl _ sin , : 4 5-i’ - 

■(:) 1 


* t 





970 


MATHEMATICAL PHYSICS 


12.S. THREE-DIMENSIONAL LAPLACE’S EQUATION 

Solution of three dimensional Laplace-eqnation hi Cartesian 
coordinates. 


S 2 H 


The equation is 0X *—r 

Suppose u=Z(x)«y(>’) Z(z) 
1 




Then (1) yields,- 


X dx* 


d i X 1 

H—v 


82* 

d 2 Y 

dy* 


+ 


1 </*Z 


Z dz 1 


U) 

( 2 ) 

(3) 


This relation being of the form F x (X)+F t (Y)+F t (Z)=0 will be 
true only if F x , F t , F t are constant functions since x, y, z and so X, 
Y, Z are independent functions. We therefore take constants 
—m i ,+p t such that p 2 =m*+n 2 and 


Id 2 * . . d 2 X 

X dx 2 ~ " t e dx 2 

-+n- X—0 giving X-=A cos nx+B 

sin nx 

... (4) 

1 d*y .. >y 

y dy 2 dy* 

f nj-y=0 giving Y=C cos my- Z) 

sin ny 

... (5) 

1 d 2 Z . , d*Z 

Z <fe- Le dx 2 

- p 2 Z=0 giving Z—E r" 


... ( 6 ) 

As such the combined solution of (1) is 

u—(A cos nx+B sin nx) (C cos my+D sin ny) (E e Te -\-Fe~ f ") 

... (7) 

where p : =m 2 -i-/»*. 

As an alternative this may be taken as 

u=*(Ae” m +B e~ nm ) (C e mv +D [£ cos pz+F sin pz ]. . . t*) 

Note. We can easily verify that 'Laplace's equation V : w=0 is 
satisfied by 

u— —jz 7 ... (9) 

V (x—fl) 2 -f(y—A)*+(2 —c ) 2 

where / is a constant and (a, b, c) are coordinates of a fixed point. 

[i] Solution of three-dimensional Laplace-eqnation in cylindrical 
coordinates 


We have 


=0 


d 2 u 1 _1_ d 2 u d*u 

ar* + r dr" + r 2 0fl* 4 “8F" 

Suppose that u (r, 6, z)=R (r) © (6) Z (z). 

,* A % . tJ 1 d*R r dR , 1 d»© 

Then CIO) yxlds ^ +7 -j- + _-_ 


.. ( 10 ) 
..(ID 


z 


d*Z 

dz 2 


< 0 . 

.( 12 ) 
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As variables are separated, we may take 

1 d*Z ,, .1 (f 2 ® M7 

z~ and ~W~ = ~ V? U 

. rf 2 © . , 


. n d-^+^©-o ... (13) 

These yield Z==ei ) ' 7 and ©=e±'* i0 
or in other words the solutions of (13) afe 

Z*=A t & z +£i e~ Xl , &=/4 i cos p«+fl 2 sin pfl ... ( 15 ) 

Also then (12) reduces to 

d l R .1 dR ( „ (i 2 \ 

“3F“+T ~5T +V x r~° • • • < 16 > 

which is Bessel's equation and takes the form 

^ +( 1 —)t?= 0,on puttiogAr=x. ...(17) 
Its general solutions are 

R=A 3 Jp. (Xr)-f2? 3 J- h (Xr), for fractional p . (18) 

and R—A 3 7^ (X r)+B a Y h (Xr), for integral ft . (19) 

As such the solutions for (10), with the help of (15), (18) and (19) 

are 

u (r, 0, z)=(A a e Xz +B 1 e~ Xt ) (A» cos p0+.B 2 sin p0) [A 3 Jp 
(\r)+B a J.p (Xr) ...(20) 

and u ( r , 0, z)—(A a e~ A *) Ms cos p0-f B 3 s ‘ n l 1 ®) Ms 

(Xr)+5 3 Yp (Xr)] • • • (20 

Note 1. The general solution of {16) may be written as 

R—Ax.p Jp (Xr) + Bxp Yp (Xr) • • ■ (22) 

where Axp and Bxp are constants. 

Since Yp (Xr)-roo as r-*0, therefore in a physical problem if P is 
finite along the line r=0, then we must have Bxp=0 and hence the 
solution of (10) may be written as 

u~2ZAxpJr (Xr)e±*±** • • ’ ' (23) 

Note 2. Trying the superposition, the general solution of {10) may be 
written as 

u (r, 0, r)= 2° Jp(*r)[e X: M, cos P0+*,, sin p0+«~ x '" 

14=8,0 (Cp cos yA+Dp sin (*0)1 • • • (24) 
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Note 3 . In a problem if there is symmetry about z-axis, then wt 
may take fi-»0 and the solution will be 

u (r, 6, z)— 2 Ax J 0 (Xr)e± >2 ... (25) 

x 

Note 4. If in a problem of symmetry about z-axis, u-*0 as r-+0 ana 
z-*- co, then the solution is of the form u(r, $, z)=»E Ax / 0 (Ar) e~ x ‘ 

x 

• . . ( 26 ) 

{CJ Solution of three-dimensional Laplace-equation in spherical Polar 
coordinates 

, 9-u 2 du , 1 9 2 u cot 0 du 1 d 2 u - 

We have ^ +- a9 + r * sin 2 0 df-~° 

. - • (27) 

or equivalently, r- + 2r - -^(em 8 55 J 

-w—o •••(“) 


' sin-0 8f* 

Suppose u(r, 8, $=/?(r) 0 (9) <D (^) 

Then (27) and (28) yield on dividing by 7?©<t> 
1 d 2 R . 2 dR , 1 d*Q cot8 d© , 


. . . (29) 


1 d*<h 


i M A ( m UiY ( I u v virtv MW ( * a M W ^ 

R IF +?R ~dr + ~F@ ~W + 7*e d0 + r sin*8'4> 


. IV , 2r rf/i 

aDd U dr* ^ R dr 


dR _1 d_ 

dr ***© sin 0 d0 


dl . fi d© 
f0 ( sm 6 W 


- i ^ =X * (say) ••* (3 

1 d J d> d*<b 

Considering (31). — i e - -M 2 4*=0 gives 

4>=C <?±«d ... (3: 

.1 d ( * dR\ \ d ( . a d®\ . A 2 

° Jt dr \ r dr ) © sin 6 dO \ Sin d0 )^~ sin-0 

—n(n+l) (say), gives r- —n(n+ 1)*=0 ... (3: 

and STiT ^( sin * » )+[”(" +, )-HFi] 0-0 '' ’ 

_ .j • 1 d*4> . r 1 d l R , 2r dK 

Considering (30), if we write = —A- and -^p-4 

=*n(n+l), then we have 

4>=C which is (32); r 2 1)^*0 which is 

(33) and cot 0 ~+|/i(n-f 0 which is ( 34) - 
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Now the equation (33) being homogeneous if wc put r=e > , then it 

reduces to {D (D-\)+2D-n(n+\)}R=Q where D=4 

ds 

or (D—ri) (D+n + 1) 7?=0 giving R=‘Ae n, + Be- tH+lu =Ar n +Br- n - 1 

... (35) 

Again if We put cos 0 —m- in (3) then since 

d& _ d® dy. __ _ . „ d® . 1 d _ rf 

<70 d\x J0 sm d[i l ' e ‘ sinfi JO ~ ~~df' 

we have ~|(1-!^) ~ } + { n(n+l) —j~} @=0 
dIG\ d® f 12 ^ 

- +r ( " +, )-iV } 0=0 - m 

which is Legendre’s associated equation and hence has the solution 
®=A P* (f*)+£ Q X (t*)=/l P X (cos 0 y+B Q X „ (cos 0) .. . (37) 

In other words if we take 0=0 (cos 0) from associated Legendre 
equation, then the solution of (27) is of the form (y4r f ‘+ Br~ n ' 1 ) 

0(cos 0) 

So that summing over for ail *« and trying superposition, the 
general solution of (27) may be written as 

u(r, 6, *)= 2 (A n r» + -£%■) 0(cos 0) e±™ ... (38) 

n=0\ r 7 

Note. If X=0, /Aen (36) reduces to (/—j**) -2s* 

+n(«+l) ©=0 

which is Legendre's equation and hence we have for integeral n, 
®=P n (v)=Pn( cos. 0) ~ 2 *~ ^(f* 2 -l) n 

a j_j P 

and also 0—g„(s*)=2 n (cos0)=i ^(s*) log '-—j— 2 

^ 1 y-o 

2 «-L 4 i-L p tal 

(2y+l)(n-;j 

where p={ («—1) or in—1 according as n is odd or even: 

Thus ©=C„ P,Xf) rDn Q« GO so that «= 2 J 

(C„ P*(cos ORA, 0„(cos 0} e- ^ ... (39) 

In case D n —0 under specified boundary conditions, then 

0-C n P„(cos 0) 
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Hence the solution is u— 2 ^ B r fl +^^jp B (cos 0 ).e - * x ^ ... 


(40) 


Note 2. If there is axial symmetry about z-axis, then u depends only 
r and 6 and so (27) reduces to 

3 2 ' 3 u 1 3 2 « cot 6 3 u . 

d? + T cif + r* 00* + 7* 30 ■ ‘ - (41 ) 

Its solution by putting ^=0 in (40), is 

«(r, 0)= I ( A«r*+-Jr) (C„ P n (cos 0)f Z>„ Q„ (cos 0)} 
n —0 \ r / 

• • • (42) 

In case D„—0 undei specified conditions, then 

u(r, 0)= 1 (A n r n +£) P n ( cos 0) ... ( 43 ) 

Problem 19. If the surface S of a sphere of radius a is kept at a 
fixed distribution of electric potential u=F(Q), then find the potential 
u at all points in space which is assumed to be free of further charge . ] 

In this case ^ being zero, we have the constant of separation i.e. 
A=0 and hence equation (36) of § J 2 . 8 [C] f reduces to 

“ 2 ( i ^+ w ( w +D 0 =o ... (i) 

Being Legendre's, equation the Legendre polynomial P n (f)—P, 
(cos 0 ) is the solution of ( 1 ) i.e. we have 


U ~ „t 0 { An ' n + fa) Pn(cos 6) 


... ( 2 ) 


Now to determine the potential u 9 we consider the problem in two | 
cases: f 


Case(I. Outside the sphere. Since the potential at infinity vanishes 
i.e. Lim u =0, the boundary condition requires that any positive 

r->oc 

power of r should not be present in the solution ( 2 ), thereby giving 
A n «0 so that (2) reduces to 

«= - ^(COS 0) ... (3) 

n 0 r 

Assuming that u—F(0) when r—a, (3) gives 

^(0)=/(cos 0) (say)= 2 ~~ P n ( cos 0) ... (4) 

n~0 a 

00 

If we replace cos 0 by u in (4), we get a”* 1 f(u)*= 2 B n P„(u) 
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iV(«) *-53-, giving 5 n =^±l a n + i j' F(e) Pb(cos 0) 

sin 0 </0 on setting w=cos 6 ’ ( 5 ) 

fph h e« V / ,1 “ ° f ta <3> ' "" *“ ^ «* 

°P 2n+l / a \ B+1 n r* 

M== 2 VT / ^"( cos ®)J Ai(cos 0 ) sin 0 </0 .. . ( 6 ) 

Case II- Inside the sphere. Since the potential inside the sphere can 
not bo infinite, therefore the general solution must not contain any 
negative power of r, thereby giving B n = 0, so that (2) reduces to 

u= T^A n r n P n (cos 0 ), r<a n\ 

«=0 * * ' v f 


when (=a, u=F(6), therefore (7) gives F(0) = 2 A n a n P n (cos •) 

n=0 

roro which we have as in case /, 

~ ^ 1 | o *(•) (cos 0 ) sin 0</0 .. .(g) 

Substituting ( 8 ) in (7) we get the required potential inside the 
phere. 

Problem 20. Find a solution of the equation 


Mr 


*±\+-L £ 

dr ) sin 0 dd 


sin 0 


n the form f—fyr) cos 0 % given that (i) 
it) •— ~~0whenr=ao. 


lf)=o • • l') 

dd 

— ~ =u cos 0 when r~a and 


We have 4>—f{ r ) cos 0 

■- =f'(r) cos 0, 4 ^- = —fir) sin 0. 

Their substitution in (1) gives 

-jp-fr* f'( r ) cos 0}+ -gjj j 0 {-sin 0/(r) sin 0}=O 

l.e., r 1 f’(r)+2r f'(r)—2f(r)=0 . . .( 2 ) 

This equation being homogeneous, can be reduced to the form 

{/> (i>-l )+2 D- 2 }/(r )=0 by putting r=«* and D= 
r (D*+D-2)/(r)-0 or (D-l) (D+2)fir)=0 
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/. f(r)=A e’+B e~ u =Ar+ -4 so that <f>"*Ar cos0-f -f? cos 

f r* 


(3) gives -|^ =yl cos 0—cos 0* 

2JB > 

Applying the condition (i) — u cos 6—A cos 0 ~ —j- cos 0 . . .( 4 ) 

(fill 

and applying (ii) cos 0 i.e., A— 0 and then from (4) 5 = 


Hence (3) yields <f>- 


1 a*u 


Problem 21 . Find the permanent temperature within a solid sphere 
of radius unit when one half of the surface of the sphere is kept at 
constant temperature 0°C and the other half of the surface at PC. 

(Rohilkhand, 1977) 
The distribution being symmetrica! 
about r-axis, we have 



_l( rS <¥ U-i j 

dr \ Sr J sin 0 ?0 

(si„ « )-0 


Fig. 12.5 


Le - r 'W‘ +lr 77 + Ti^9 S 
(sin e ^-)=0 

with boundary conditions 


. . .( 1 ) 


(i) ^=1 for O<0<y and (//) ^=0 fory <0<w 

under the consideration of distribution for upper half of the sphere 
i.e. for O< 0 <tc. 


Assuming that $=R(r) 0 (0), (1) yields on dividing throughout 
by R@, 

r* t4* __ 1 L_ fl 12) 

R dr* R dr 0 sin 0 86 \ do ) 
or separating the variables and taking A 2 as constant of separation, 


1 1 _ 0 / . . d® 

0 Tin 0 50 V m do 


)=0 . . .( 2 ) 


rf_ d*R,2r dR,J_ _1_ 8_ 

R dr 2 R dr + 0 sin 0 00 


^=X 2 (say) 


•o that 


dr * 
1 3 , 


+ 2r -A* R=Q 


1 d / . a d® 
sin 0 30 \ sm dd 


)+A 2 0=0 


.. .( 3 ) 
...( 4 )’ 
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Taking A 2 =/i(n+l), (3) yields r — +2 r -» (n+1) P=0 

which being a homogeneous equation can be solved by substitution 

Z> 

‘r=e*, to give the solution /?=4r'*-f rB+1 

Also taking cos 0 =(a, (4) yields, j (1 -(a 2 ) ~ J +>,(«+ 1 ) 

0=0 which is Legendre's equation and hence PJy.) is a solution of it 
i.e., ©=/■„ ((*>=/’„ (cos 0 ) 

Combining the two solutions we have for all n 


2 (A n r*+-£±)p n (cos 

n=0' ' / 


.. .(5) * 


Now the temperature at the centre being finite it is required that 
*»=0 

oo oo 

(5) reduces to <f>— 2 A n r n P n (cos 0)= 2 A n r" P u ((a) . . .( 6 ) 

n~0 /I s * 1 

But by orthogonal properties of Legendre’s polynomials, we have 

I>>-^ 

Also r= 1 gives <f>= 2 A n P n (|a) • • •(?) 

Multiplying (7) by (;a) and integrating with regard to (a from 
— 1 to 1 , we have 


2 n+l 

2 


■J* * P n ((a) r/(A= 2 -*- J* * P n (cos 0) sin 0 


when (i=cos 6 


= ^±iQ 1,/ ‘ 9 5 /> b (cos-0) sin 0 dd+ J* ^ P» (cos 0) sin 0 


2 n+l f *' 2 


r * /2 

J Pn 

J o 


(cos 0) sin 0 do 


V ^=1 for 0<6 <tc/ 2 and ^=0 for rc/2 <0<*. 

j 1 P» ((A) </(A giving 4,= yj # 1. rf(A= y 

* 3 ri 3 

A x = yj P!((A)rf(A=y] # (Arf(A=y 

^,= y£ Ps ((A) ^(A=yJ* (5(A S -(AV(A 
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Henoe r ?j(cos 0)— t* P a (cos 0)-f... 

12.9. GENERAL PROPERTIES OF HARMONIC FUNCTIONS 

c Agra, 1971) 

We know that functions satisfying Laplace’s differential equation are 
said to be the Harmonic functions. Now to discuss general properties 
of such functions, let us consider a vector point function A and a 
scalar point function u satisfying Laplace’s equation i.e., V* 

• • .( 1 ) 

such that A«=V« . . .(2) 

V‘A=V-(Vm)=V*«=0 ...(3) 

But Gauss’ divergence theorem gives JjA-ds=* f f f(V 'A) du 

S J V 

•. .( 4 ) 

which with the help of (3) yieldsJJ A-ds» jJ(V«)*ds<«0 ...(5) 

S S 

If we take curl of both sides of (2), we get V x A== V X V«==0 
But Stoke's theorem for a vector field A is 


f c ki '= SI 


(V xA)-ds=0 


•. .(7) 


where integral being taken over the closed curve C bounding the open 
surface S. 

(7) with the help of (4) reduces to ^^(V«)-dr =0 .. .( 8 ) 

From (5) and ( 8 ) certain important properties of harmonic func¬ 
tions can be deduced. 

Applying Green’s theorem i.e., 

IJI (vV* w—w V*v)rf«-Jf(vVw-wW).d. .. .(9) 

V s 

we can easily exhibit that if V s h« 0 in a region bounded by a 
sphere of radius r then the value of u say u 0 at the centre of the 
sphere is given by 

...( 10 ) 


where integral is taken over the surface of the sphere. 

These results may be categorically stated as: 

(0 From (10), the average value of a harmonic function on the 
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surface of a sphere in which it has no singularity i.e., the points 
where the function becomes infinite, is equal to its value at the centre 
of the sphere. 

(ift*) From (5), it follows that a harmonic function having no 
singularity in a given region cannot have a maximum or minimum 
value in the region. 

(Hi) From (») we conclude that a harmonic function without 
singularity within a region and being constant everywhere on the 
bounding surface of the region, has the same constant value every¬ 
where inside the region. 

(iv) Two harmonic functions having identical values on a closed 
contour and having no singularity within the contour, are identical 
throughout the region bounded by the contour. 

(v) From Green’s theorem it follows that if the normal derivative 
of a harmonic function is zero on a closed surface within which there 
is no singularity, the function is constant. 

(vj) It follows from (v) that if two harmonic functions have the 
same normal derivative on a closed surface within which there are 
no singularities, they differ at most by an addive constant. 


12.10. THE WAVE EQUATIONS 

[A] Derivation of one-dimensional wave equation 

Consider a flexible string of length l tightly stretched between two 
points x=»0 and x—l on x-axis, with its ends at these ends. If the string 
is set into small transverse vibration, the displacement say u (x, t)from 
the x-axis of any point x of the string at any time t is given by 

~r = c 2 -§-¥■ where c* = — T being tension and ? the linear density, 
at 1 3jc- p 

. d 2 u . d 2 u /I) 

The equation c ‘ UJ 


is known as one-dimensional wave 
eqttation. 

Let the string (assumed to be 
perfectly flexible) of length / 
tightly stretched between the 
points x=Q and x=±/ on x-axis be 
distorted and then at a certain 
instant of time say t—0 , it is 
released and allowed to vibrate. 
To determine its deflection (dis¬ 
placement from x-axis) at any 
point x at any time t, let us take 
the following assumptions: 



Fie. 12.6 


(/) The string is u nif orm i.e. its mass tn per unit length is constant. 
(*/> The string is perfectly elastic and so offers no resistance to any 
bending. 
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Ufl) The tension T is so large that the action of gravitational 
force on the string is negligible. 

(m ) The motion of the string is a small transverse vibration in a 
vertical plane i.e. each particle of the string moves strictly in the 
veitical plane so that the deflection and slope (gradient) at any point 
of the string are very small in absolute value. 

Consider the motion of an element PQ of length 5s of the string. 
The string being perfectly elastic the tensions 7\ at P and T 2 at Q 
are tangential to the curve of the string. Let T, and T., make angle a 
and P respectively with the horizontal. 

There being no motion in the horizontal direction, we have 

Ty cos a=r 2 cos p=r (say)*constant ... ( 2 ) 

Mass of the element PQ is p&j. By Newton’s second law of motion 
we therefore have 


r 2 sin p —Ty sin *=(p5s). g 


. • • (3) 


— a being upward acceleration of PQ 

T z sin P T x sin a p5s 
Using ( 1 ), (2) yields —— ~ f^ S T a f 

p5 s d z u 

i.e . — * A - 


ct- 


r 2 cos p 

po S C*u /A 

tan p—tan *= -jr- -gjr . . .(4) 

Replacing 8 s by bx since the gradient of the curve is very small, (4) 


gives 


or 


i.e . 


m 


_(Zu \ (5) 

VV-Z-T- Wr]« ' 

since tan a and tan p are slopes at x and x4 5x respectively. 

'du\ _/aw\ 

~dx )x+Sx \ dxh^P_ d l u 

. tx ' T dt- 

u r (x+8x, t)-u t (x, t) _ p 9 *1/ 

8 x T dp"’ 

Proceeding to the limit as fi.v -> 0, we get 

_ P Jjl = 1 where i_ = _? 

1 F“T Sa- /•-- dt L wnere c* r 

T J 

Note 1 c-= — reveals that the constant — is positive. 

p P 

Note 2. Since u is dependent of x and t both, therefore we have 

, , ...... 0 2 « , 0 2 u 

i/je/f the partial derivatives and 

Note 3. If a force F (x, t) per unit of mass acts in the u-direction 
along the string, in addition to the tension of the string, then 


a 

Sr* 


0 -» 


ax 2 


-F. 


IB] Derivation of two-dimensional wave equation . , 

In case of a rectangular membrane, the two dimensional wave 

equation is 
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dt* 



d-u 

dx- 


dru \ 

9y* ) 


. . . ( 6 ) 


Consider the motion of a stretched membrane supposed to be 
stretched and fixed along its entire boundary in the x-v plane. Let 
us take the following assumptions: 


(i) The membrane is homogeneous i.e. its mass (say) ? per unit 
area is constant. 

(ii) The membrane is perfectly flexible and so thin that it offers no 
resistance to any bending. 

(fit) The tension T per unit length caused by the stretching of the 
membrane is invariant during the motion and retains the same value 
at each of its points and in all the directions. 



<iv) The deflection u(x. y, t ) of the membrane during the motion is 
negligible as compared to the size of the membrane. Also all the 
angles of inclination are small. 

Consider the motion of an element ABCD of the membrane. Let 
its area be Sx 6 y. T being the tension per unit length, the force acting 
on the edges are T6x and 2% approximately. Also the membrane 
being perfectly flexible, the tensions Tfix and Tty are tangential to 
the membrane. Let *, (3 be the inclinations of these tensions with the 
horizontal. Then the horizontal components of the forces at one pair 
of opposite edges are Tty cos * and TSy cos p. When « and P are 
very small cos a—>-l and cos p-*l so that T&y cos x-*-T8v and Toy 
cos p-*-r8)> i.e. the horizontal components of the forces at opposite 
edges are nearly equal and hence the motion of the particles of the 
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membrane in horizontal direction is negligibly small. As' such we 
assume that every particle of the membrane moves vertically. 

The resultant vertical force =»rSy sin (3—JSy sin a. 

=T8y(tanp—tana) 

V a, p being small sin a=a=tan « 
and sin |3=|3=stan a. 
=r8y[w»(x+8x, y t )-u t (x, y„)] . . . (7) 

where «* denotes the partial derivative of u w.r.t. x and y u y 8 are 
the values of y between y and y-f 8y. 

Similarly, the resultant vertical force acting on the other two edges 
-= TSx [u y (x u y+8y) - w,(x 2) y)J ... (8) 

where u„ denotes the partial derivative of u w.r.t. y and x a , x t are 
the values of x between x and x-|-6x. 

By Newton's second law of motion, we have 

Total vertical force on the element=p8x8y „ 


i.c. T8y[« a (x+8x, yj—«, (x, y a )]+r8x [«,(x a , y+8y)-u,(x 2 , y)] 

Tfiit 

*p8x 8y 0 u 


0 2 w . 


a t 2 


O ll 

where - is the acceleration of the element. 


Thus 


_ IT* (x-fSx. yj—ujx, y 2 ) 


8t- 


6x 


+ 


T r ujx ,, y+8y) - u(x t ,y)' 


l 


Sv 


Proceeding to the limit as 8x->0 and 8y-*0, we have 

d'~u T, . , . { 9 2 u 3 2 iA , f0 

d( l - p t«- + W»]—e y Sxi + d yi)~ C V ‘“ • • ■ (9 


Note 1. If u—v (x, y) e iwt , (9) yields +fc' Vc5 *0 ... (10 


where V 

a 2 i 

ax 2 ’ r ay 


a s a* 


Note 2. The three-dimensional wave equation is 

a 2 « , fd 2 u . a 2 « a s « 


01* 


“(i 


0x* + 3y 2 + &* 






dx- ^ dy‘- 
... (10 

where A: 2 =^-^ 

...( 11 . 


a* a* a 
where V 2 = 1 3 ? +-^ +*t 


12.11. GREEN’S FUNCTIONS FOR THE WAVE EQUATION 
The wave equation is 


a + 


Vdx 2 ^0y*^3zV* c 2 


aN» 
2 a> 2 


(0 
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Also written as, 



... (2) 

If its solution be of the form 


<Kx, y, z, f)=T (x, y, z)e± icXt 

... (3) 

Then (1) gives, V 2 T+X 2 T= 0 

... (4) 


which is known as Space form of the wave equation or Helmholtz’s 
equation. 

Taking r—x 1 +y j-f z k as the position vector of a point (.y, y, z) 
and t'=x' i+y' j+z' k as the position vector of an isolated point 
(*', y\ z'), the Green’s function G(r, r') is defined as 

G(r,r')=//(r,r')+i~- F| ...(5) 


where H (r, r') satisfies (j^+J^+gp*) H ( r * r ') 
Using Green's formula i.e. ijj(r)=^ 


0 

o^(r') 

dn 


m 


dn 


it may be shown that 


G (r, r') —'l'(r') 


?=a}' s ' 

S<J(r^rlJ ds , 


3 n 


( 6 ) 


(7) 


( 8 ) 


where n is the unit outward drawn normal to the surface S t 

Now we claim that the solution of space form of the wave equation 
under certain boundary conditions can be made to depend on the 
determination of the appropriate Green’s function. Let us assume 
that G (r, r') satisfies the equation 


{& + W i+ 'N? ) 0 (r ’ 1 )+A! 0 <r ’ 1) ”° 

under the assumption that 6 (r, r ) is finite and. c 4 ontinu ,°U®. 
either their variables x, y, z or x', y', z' for the points r, r ® 

to a region V bounded by a closed surface S except in r neigbb 
hood where therejs a singularity of the type 


e*** | r— t' 
1 r-r' 1 


as 


r'-»r | 


.. . ( 10 ) 
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Now l P(r) being the solution of (4) and its partial derivatives of 
the first and second orders being continuous within the volume V on 
the closed surface S we have 


J 

4~ 


J. 


ft I r-r' I 

e 

Tr-r' | 


W (r') 
dn 




d_ 

dn 


e fx |r-r'i.. 


1 

'|r-r'| 



f'F(r), if r lies inside V 
*•0, if r' does not lie inside V 


• (ID 


• 03 
...(14) 


Using (10), we therefore have 

{ c ('• '■) SJ jr— y c'> }"'•■• on 

Talcing G( r, r') such that it satisfies the boundary condition 
<?c(r, r')=0 

whereas the point r' lies on the surface S, then (12) reduces to 

T «— 

which gives T at any point r within S- 
Again if G t (r, r') is such a function satisfying ^ r - =0 
for r' lying inside S .. .(15) 

we have Vfr)^ <?, (r, r') dS' .. .(16) 

which gives T at any point within S provided is known at every 
point of S. 


corollary. Green's function for Diffusion equationi 

The diffusion equation is -Jp =h 2 f 2 u .. .(17) 

Let«(r, I) be a solution of it. Then for a volume V enclosed by a 
surface S, the boundary condition is u(r, f)=»^(r, t) .. .(18) 

when r lies inside S. 

The Initial condition is «(r, o)*s/(r) when r lies inside V .. .(19) 
If we define Green’s function G (r, »', t—t ), t>t' 
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such that .. .(20) 

With boundary condition G(r, r', t-t ')=0 when r' lies inside S 

• . .( 21 ) 

Li in 

id initial condition (7-*0 , t ,(22) 




and initial condition 


at all the points of V except at the point r where G takes the form 


_ I r-r'l 2 
e AhHt-t') 

' • ,(23) 

Now G being a function of t and hence of (<—/') only, (20) is 
equivalent to 


-p-+A 2 V 2 <7=0 


. .(24) 


Physically interpreted (?(r, r', t—t') in the temperature at any 
point r' at time t due to an instantaneous point source of unit 
strength generated at time 1' of the point r. Initially, the temperature 
of the solid is zero and the surface is kept at zero temperature. 

Equations (17) and (18) being valid for t'<t, can be rewritten as 

t'<t ...(25) 

ct' 

and “(t*. 0 when r' lies inside S ...(26) 

Equations (24) and (25) yield, 

~(uG)^u d °T +G If =/> 2 (GV s «-«V s O 
so that for an arbitrary small €>0, we find 

h^" 0 * d '-\ 

or, changing the order of integration, 

-=H(r,/) |^[G(r, r', 1 ~ t \ =t _ t dv ~ | v G * r ‘ T '' ^ -^ r 1 d * 

By (23), for G( r, r', /-/') we have j^r, r\ t-t']t=t-Q </v ' ==l 
So that when € -p 0, L.H.S. of (27) 

=*«(r, 0- |^/( r ') c ( r > r '* W 
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Hence applying Green’s theorem to the R.H.S. of (27) and using 

(18) and (21) we may find 

rff'] s #r', t) —~^dS‘ in limit when 6-+0 and-g^- denoting 

the derivative of G along outward drawn normal to the surface S. 
We shall ultimately find, 

«(r, 0= \ v f(r')G(r, r', t) dy'-A*J‘ dt’^ *(r', t) ^dS ' .. .(28) 

which gives the solution of (17) with boundary conditions (18) and 

(19) . 

12.12. HOMOGENEOUS AND INHOMOGENEOUS WAVE 
EQUATIONS 

In the next Chapter we shall discuss Maxwell’s electromagnetic field 


0E 

equations in the form V xE=- 

dt 

• . .(1) 

'XH-'+i 

. • .(2) 

V-B=0 

.. -(3) 

and V D=p 

. . .(4) 

In addition to these equations, we 
homogeneous isotropic medium, 

have few more relations in a 

D=*E 

. • .(5) 

B=jiH 

.. .(6) 

and J=oE 

.. .(?) 


The method of integration to be used here for electrodynamical 
equations actually leads us to homogeneous wave equation as shown 
below. For the purpose of their integration, introduce a vector 
A known as magnetic vector potential such that 

B= VxA ..-(8) 

(1) and (8) yield V xE=—|-(V x A)=-V x 4r • • • ( 9 ) 

ct ct 

(on changing the order of time and space derivatives). 
We can write (9) as V x ( )=0 • • • < 10) 

whit* follows that ( is an irrotational vector and hence 
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it is expressible as the gradient of a scalar point function such that 


0A 

E+“gj" =- V f <f> being a scalar potential 

.(ID 

~e- 

co jro 

1 

II 

IS 

.(12) 

Multiply (2) by y and using (6), we have 


VxB~M+H~ 

• (13) 

But VXB= Vx(VXA)=V(V -A)-V 2 A 

.(14) 

3D 

(13) gives V(V-A)~ V 2 A==(i J 

. (15) 


Differentiation of (12) w.r.t. W yields 

_0E J*A 3* .(16) 

dt 8t* dt 

Elimination of ^ from (15) and (16) with the help of (5) gives 

V(V.A)- V*A=t* J+|« ( —p— v 4f') • ‘ ’ (1?) 

or -V 2 A=FJ-(xr p-v( V*A(xic^-) ...(18) 

It follows from (18) that curl of A is specified by its divergence but 
div A is not specified. But to find A uniquely, curl A and aiv 
both should be specified and hence let us assume that 


„ . » 

.. . (19) 

0“A 

So that (18) yields V"A—= —nJ 

... (20) 

Also (4) with the help of (5) gives V •E=-^ 

... (21) 

/ 8A „ , x 

which with the help of (12) becomes V-^—eF _v ^ > 

K 


... (22) 

or -~(V.A)-7*^=“ 

. . . (23) 


Elimination of VA from (19) and (23), yields 



988 


mathematical physic 




dH _ p 

dt- k 


If we put c- ^~ 


V 2 A- 


and V**- 


1 8 2 A 

‘ C- 01* 

1 JV 

c- 0r* 


, (20) and (24) reduce to 

«—t*’J 
P 


•. (24 


• • .(25 
. . . (26 


which have got the same form and known as Inhomogeneou 
ware equations or Lorentz's equations and they lead to the conclusioi 
that magnetic vector potential A and scalar potential 4 are propa 
gated in accordance witi. a equation of the form 
1 

W— — z — —f (x, z, t) which is claimed to solve 

... (27 


with initial conditions «=0 and 0 at f«=»0 ... (28 

In order to use the method of Laplace transform, assume that 

£{«(*> y, z. t)}=U(x, y, z, s) and L{f(x, y, z, r)}=F(x, y, z, s) 

... (29 

c* 

Taking Laplace transform of (27), we get V 2 £7-j-= —F 

S (30 

5“ S j 

It we put r=— i=v —1, then it becomes 


V^+^U+F^O (31 

which is Helmohotz's equation. 

In particular case (31) can be taken as 7 2 t7 # 4-K*U o =0 ... (32 

which is the standard form of Helmohotz’s equation and its parti 
cular solution is 



.. (33 


where r is the distance from a point and U 0 is determined a 
another point. 

Using this particular solution, we can find the general solution o 
(31) as 

U(x, y, z , s)« JL J J J F (x lt y lt z x ) e±‘" ^dv ... (34 

where r=V (*— *i)*+(y—y») 2 +(z—Zi) 2 and dv—dx dy dz . • • (35 
It may be verified that (34) satisfies (31). 

j 

Now substituting e* —- i (35) becomes 
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U(x,y,z, s )= i- j{j ^ r Jl Zl) 


±sje r 


dv 


. . (36) 


Taking inverse Laplace transform of (36) we find the solution of 
inhomogeneous wave equation (27) as 


1 f(x, y, z, t ) 

u (x, y, z, t) = — —--- c —l dv 


(37) 


[Since we define the Laplace transform of F(t) as f(s)—L{F{t)} 

I CO 

e st F(t) dt. Under the condition that definite integral 
of F(i) exists and F(t)—0 for /<0. Also w it define the inverse trans- 
form L~ l { f(s)} = F(t) and l|—| =s-/—sF'{0)-s-F{0) where 


• dF 

F'(0) is evaluated at f--=0 and 


L-Hf-fM - (> „ Also 

The equation (37) shows that the effects in variation of F{x lf y l9 
Zj, t) do not approach the point (jc, y , z) unless the time t is retarded 
by rjc. 

As such we can write the solutions of (25) and (26) as 


'47T 



A x »yi>z» *----) 


dv 


and 


47CIC 


ill 


p(*i.Fi. Zj, t —^~) 


dv 


(38) 


(39) 


These give retarded potentials of electro-dynamics. 


12.13. THEORY OF WAVE GUIDES 

Here we have to discuss the propagation of electromagnetic waves 
travelling in the longitudinal direction in a homogeneous isotropic 
medium filling the interior of a metal tube of infinite length, under 
the assumptions 

(A The tube has a uniform cross-section. 

{it) The tube is placed straight along x-axis. 

{Hi) The conductivity of the tube is infinite. 

(iv) The me dium is devoid of free charges. 

(v) x~y plane is the plane of cross-section of the tube. 

(v/) X-axis is along the wave guide. 
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• • • (24) 

If we put c=— 7— -, (20) and (24) reduce to 

VH* 


V * A c- 0/* " 11J 

. ..(25) 


.. . (26) 


which have got the same form and known as Inhomogeneous 
wave equations or Lorentz's equations and they lead to the conclusion 
that magnetic vector potential A and scalar potential ^ are propa¬ 
gated in accordance witi. a equation of the form 

V*«— “2 -|p-= —f (x, >•, z, t) which is claimed to solve 

.. • (27) 

with initial conditions u=0 and ^-=0 at f«»0 ... (28) 

In order to use the method of Laplace transform, assume that 

£{«(*, y, z, t)}=U(x, y, z, s ) and L{f(x, y, z, t)}—F(x, y, z, s) 

•. . (29) 

V 2 

Taking Laplace transform of (27), we get - r =—F 

C ... (30) 

It we put r~— — /=\/—1, then it becomes 

C C 


V*U+r 2 C/+F=0 ... (31) 

which is Helmohotz's equation. 

In particular case (31) can be taken as 7 2 C/ 0 + c*(7o=0 ... (32) 

which is the standard form of Helmohotz’s equation and its parti¬ 
cular solution is 


U 0 = 


e ±i*r 

r 


... (33) 


where r is the distance from a point and U 0 is determined at 
another point. 

Using this particular solution, we can find the general solution of 
(31) as 

U(x, y, z, jj *U*i, .. . (34) 

where r=V (*-* l ) , +(y-y,)*+(»^i5» and dv=dx dy d: ... (35) 

It may be verified that (34) satisfies (31). 

Now substituting *=» i ( 35 ) becomes 
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m*.,.*.<)=I- ,±""* ... (36) 

Taking inverse Laplace transform of (36) we find the solution of 
inhomogeneous wave equation (27) as 


u (x, y, z, t) ==■ 




• • (37) 


(Since we define the Laplace transform of F(t) as /(s)=L{F(I)} 

I oo __ 

e st F(t) dt. Under the condition that definite integral 
of F(t) exists and F(t)—0 for t <0. Also we define the inverse trans¬ 
form L' x { f(s)} = F(t) and jF(0) ~s-F(Q) where 


• . dF 

F'( 0) is jjr- evaluated at f-—0 and 


- [°^° } , >a Also L^)-?u] 

The equation (37) shows that the effects in variation of F(x u y u 
Zj, /) do not approach the point (x, y, z) unless the time t is retarded 
by r)c. 

As such we can write the solutions of (25) and (26) as 


A*i. >’i» *i. t- ~ ) 

- - £ dv 

r 

(( i{ >-f) 


. . . (38) 


dv ... (39) 


These give retarded potentials of electro-dynamics. 

12.13. THEORY OF WAVE GUIDES 

Here we have to discuss the propagation of electromagnetic waves 
travelling in the longitudinal direction in a homogeneous isotropic 
medium filling the interior of a metal tube of infinite length, under 
the assumptions 

(ft The tube has a uniform cross-section. 

(«) The tube is placed straight along x-axis. 

(»ii) The conductivity of the tube is infinite. 

(iv) The medium is devoid of free charges. 

(v) x-y plane is the plane of cross-section of the tube. 

(vi) x-axis is along the wave guide. 
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Taking E 0 , H 0 , a, k and (x as electric intensity, magnetic intensity, 
conductivity, electric inductive capacity and magnetic inductive capa¬ 
city respectively, we can write the fundamental Maxwell's equations 


in the forms 

VxE 0 =-(x-^-°, * ...( 1 ) 

VXH 0 —aEo+K~~-' ...(2) 

V.Eo=0 ...(3) 

and V. H o «=0 ... (4) 

In order to discuss the possible oscillations propagating inside the 
-wave guide, we can take E 0 and H 0 of the form e iat such that 

E 0 =E e i ^ t ~ ax) ...(5) 

and H,=H ...( 6 ) 

The frequency of oscillation being given by 


= .a is known as the propagation constant. 

2 ;tc 

Now we have E= i E*+ j E v =k E, ... (7) 

and H=i H,+ j H,+k H, ... ( 8 ) 

If we substitute for E 0 and H 0 from (5) and ( 6 ) into ( 1 ) and (2) 
we get the Cartesian components as 

3E a _ . " u i r _ _ t.j 

ty ~ VaE, i(jiixH v ; 

a Ev+ d $-‘-=i<*V-H t ... (9) 

and ^ e -=(c+jwic)£«; +aH,=(a+t^ K )E w ; 

~ aH v~— d ~*=(o+/mc)£, . . . ( 10 ) 

It is observed that there are two types of waves namely (i) TE 
(Transverse electric) or H waves and («> TAf (transverse magnetic) 
or E waves, which exist independently and satisfy equations (9) 
and ( 10 ). 

Case I. TE or H waves are characterized by 

JF,=0 and H m ¥=0 ...(11 ) 

which follows that in the direction of propagation, the electric 
field has no component while the magnetic field has a component. 

If we put £,=0, (9) and (10) yield 
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3£« . j , _ 

fly aE t =—ianHy, aE y ~ ia>y.H, 


, dH 2 ajy* a#, 

and 0 Z —0 ; ^ -fa//.,—(o+Zw^f,,; 

~ aH '~l$ X== ( a +‘<**)E t ... (13) 

Eliminations of H y , H z , E v and E, yields 

&H t , d*H x 

~dz r ~ + ~dp~ == ~ t ( ?-(.< s +i u >K)iun>-]H x ...(14) 

But in an electric region inside the wave guide a<<o>r so that 
(14) reduces to 

0 Z 2 "t* 0y2 = (O'-f~ « 2 |J. *).//.,. = — k'Hj. ...(15) 

where AT 2 =a ! +a> 2 (iic 

Hence magnetic intensity H x can be determined under given boun¬ 
dary conditions. 

Now from (12) and (13) we can derive 


H,= ~ 


a_ 3 Hr . „ a 3 H x _„ 

K * dy 0 z ’ £ *““a * 


Thus E and H can be determined if H x is known. 

In case the surface of the metallic wave guide is a perfect conductor, 
then the tangential component of E vanishes and for a rectangular 
wave guide with its sides parallel to y and z axes, E x —0=E y at the 
surface of the wave guide. As such it follows from (16) that 

dH x 'jjh 

~Ty 3z 

If n be the normal to the surface then at the surface of a wave 
guide of any cross-section, we have 

Taking general coordinate system, we can write (15) as 

V*„ ,ff«+c 8 H«=0 ...(17) 

where V 2 „ .=^1+^ ***>&' to E ‘ - a H " 

Its solution therefore gives the possible value of K and hence the 
value of *a 9 the constant of prop agation suc h as 

4 
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These are imaginary values of ‘a’ whinjMead to possible wave 
propagation along wave guide while for real W, the wave is rapidly 
attenuated as it proceeds along x-axis of the wave guide. 

Case II. TM or E waves are characterised by H t =0 and E x ^ 0 
Here (9) and (10) for H x =0 yield ‘ * ' (19) 


8 £«_, n . 
dy dz ’ 


dEx 

dz 


+aE z 




and 


BH Z 

dy 


dH v 

dz 


OEy + 


cE. 


=(<r+/«r)£,; aH t =(o+itoK)E,; 


• . . ( 20 ) 


— aH v — (a 4- i <•> k)E, 

Elimination of E„ E y , H y and H z yields 

d 2 E ?ft E 

“I-gp 2 - =—+ =—K*E x 

For general coordinate system, this can be written as 
V 2 „ t E t +x*E x =0 


where 


Vv * 


d*_ 3* 

0y- + 3r* 


. . . ( 21 ) 
• • • ( 22 ) 


• • (23) 


In case of the surface of a perfectly conducting wave guide E has 
no tangential component at the surface, thereby giving E.—0 at the 
surface of the wave guide. 

The determination of the possible values of K leads to the possible 
value of a the propagation constant. 

From (19) and (20) E X9 E v , H y and H t can be determined. 


12.14. SOLUTION OF ONE-DIMENSIONAL WAVE EQUATION 
The equation is I.. . (1) 


Its solution by Z) Alemberts* method has already been given in 
§7.5. Here we solve it by the method of separation of variables. 

Assume u(x, t)=X{x) T(t) ... (2) 

where X is a function of x alone and T that of t alone. 

• T 04 *.„A v PT 

" 3x 2 T dx* d dr- X W 


which when substituted in -,1) give 

y diT ~ c » r di X . 1 d*X 1 

df l dx 2 i e " X dx*~~ c 2 T 


d-T 
dt 2 


on dividing throughout by XTc'K 

As variables are separated, taking X as constant of 
have 


separation, we 
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1 d 2 T 


■ \ ■ d'-X . v . <77 

c‘T dF~ y e ' ,me 


1 d*X 
X dx* 

There arise three possibilities: 

j-> i/ 

(i) A 


dt 1 


■ C'^AT • • • 0) 


0, so that by (3)^ =0, ^J 


=0 


(//) A«|i-, 


giving X*=Ax+B, 7=CH-D • • • (4) 
— (A-Jf=0, dl J (l -|tVr= 0 giving 
A=4e'“M-Be*’ 1 , r=Ce'“‘+X>e-'‘ f ‘ 

<//»') A=—|i 2 , „ „ 2 +^|r==o,^ +^r=o giving 

.¥=4 cos px+B sin ux; 

7=C cos pcf+£ sin t*cf • • • (®) 

If we impose the boundary conditions 

u(o, r)=0, u{l , 0=0 for alU • • • ( 7 > 

and the initial condition 

( 8 ) 


«(*» o)=^); (^-) f=0 =g(x) 


\ v>/ i = u 

then (7) asserts that u(o , t)—X(o) 7(0=0 and ^(/, r)-X(l)T(t)*=0 
which imply that either 7(0=0 or Jf(o)=0 and X(l)= 0 
Thus from (4) when x=0, we have B —0 and X{l)=0—Al+B t en 
gives >4=0. 

Also from (5) when x=0, we have 

AY«,)-0=4 +B and X(l)^0=Ae' l +Be-» giving 4=B=0. 

$wh2 i^rSic in lime «»d is capable of givta* . *»' °W- 
Combining the two solutions of (6) we have a general solution of 

^ ^irfx t)=(A cos (AX+^sin fix) (C cos (wl+i) sin \u:t) . • • (9> 

Now to determine the constants A, B and * we adjust them so as 

(9) »t.sfiM(2 0 ^ {(cos ^ Ct+D sin (xcO}=0 giving 4=0 
and w(/, 0=0= (o+i? sin n0 (C cos pc/+J> «n pert holds for 
i.e., p= j, « being a positive integer. 

Hence the solution of (1) satisfying the boundary conditions (7), 
may be written as 


«»(* 


->=(■ 


. »*cA • n%x 

; n cos"”-+DnSin —rlsin 


t; 


/ 


( 10 ) 


Now applying the initial condition (8), (10) yields 
u(x t o)=C« sin n -j-"=F{x) 
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. (lu \ r me _ . meet , me n mct~\ . n 

and Wj,„o “L—T c - “ T-+-T “ s ; l-o "" 

O. sin -* =*<x) 

It is notable that a mere single term as solution will not satisfy 
u(,.o> and 

In fact the solution ( 2 ) is linear and homogeneous and hence ii 
indicates that the sum of any number of distinct solutions of ( 1 ) ii 
also a solution of ( 1 ). As such the required solution of (1) in place ol 
( 10 ) may be taken as 


u(x, t ) 


where C- sin 


- 2 (c„ 

/ 1 -lV 


j = F(x) and ^ 


met } 

A, sin " : j" =g(x). 


meet , _ niect\ . tixk 
cos j sm ~j~J sin ~j— 


. . .(11 


Of course, the solution ( 11 ) satisfies (7) and hence together with ( 8 ) 
it provides 


.( 12 , 


/ \ v • H 71 * r, \ , / du \ 

u(x, o)— 1 C n sin . —F(x) and ( _ 

n~l 1 \ dt St -0 

% me _ mx . . 

= 2 D n sm , =g(x) 

«=i 1 1 

The R.H.S.’s of (12) being Fourier expansion, we have 

„ 2 f' . . mx , . me n 2 f‘ , . . mx 

I F(.v) sin j dx and j Dn—~j-\ g(x) sin ^ dx 

...(13) 

Hence (11) gives the required solution of (1), for all values of C, 
and D n given by (13) satisfying (7) and (8). 

corollary 1. In (8) if we assume g(x)— 0, the initial velocity, then 
i,13) yields D n — 0 and hence (12) reduces to 

. ^ met . mx 1 2? _ T • «*/ ,v 

u(x, t)= S C n cos —r- sm £ C» sin-Wx—cf) 

«=l 1 1 2 n=i L * 

<»+«)] 


-rtin 

00 
y 

2 -*- v n *111 . v~ v */ 1 /> - oiu | 

«-l 1 2 n~\ * 

Thus replacing x bv x—ct and x4-ct successively in HI) we find two 


= 4 2 C n sin y (x—cf )+4 2 C« sin ^ (*+ c 0 ...( 14 ) 

1 2 n~\ 7 


series 




00 


2 C n sin y (* ct) and 2 C* sin ^ (*+<*) 
we may therefore conclude that 


.( 15 ) 
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Which is the solution of wave equation ( 1 ), where /is the odd periodic 
extension of F with period 21. 


COROLLARY 2. If we put X «—-1 then the functions given by (10) 
are termed as the Eigen functions or characteristic functions and the 

flTZC 

values A*= j are known as Eigen Values or Characteristic Values 

of the vibrating string and the set 

A«=(Xi, A s ,..., A„) is known as the Spectrum. 

We also observe that u n represents a harmonic motion with 

A YtC 

frequency — = c y c l es per unit time. We call this motion as the 

nth normal mode of the string. In case n— 1, the normal mode is 
rni |«t as the fundamental mode while the normal modes for n=2, 3, 
4, ...are called as Overtone. 

Note. In §7.5 while discussing the D' Alemberts' method for solving 
one-dimensional wave equation of the type 


d-u . a*« 

dt* ~ C dx* 

We have found a solution of it in the form 
u{x, f)=^(x+cf)+<K* — 

We require the verification of the boundary condition 
u(o, r)«=0, u(l, t)—0 
and the initial conditions u(x, o)=f[x) 


and 



»*(*) 


... ( 1 ) 

... ( 2 ) 

... (3) 
... (4) 

... (5) 


Obviously u’(x, ct) 

Applying (4) and (5) to (2) and ( 6 ) we get 
u(.x, 


and(|),, o-W-WH 

Assuming g(x)—0 in particular (8)> yields 

f(x)**V(x) giving on integration **)— < W*H- 

So that (7) and (9) render 

whence with theta^w'end (11), (2)yU* 
u(x, 0-i[F(x+ct)+F(x-cO] 
which reduces to 


... ( 6 ) 

... (7) 
... ( 8 ) 

... (9) 

.. . ( 10 ) 
.. .( 11 ) 
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and «(/, 0~tfF(/+cO+iV-rt)»0 ... (13) 

by the use of (3) and (4). 


It follows from (13) that the function Fis odd and periodic with 
period (21) and hence (12) is the solution of (1). Physically interpreted 
(2) represents two plane waves travelling in opposite directions with 
the same period. 

Problem 22. A string is stretched between two fixed points (0,0) and 
(/, 0) and released at rest from the positions «=A sin «x. Show that 
the formula for its subsequent displacement u (x, /) is given by 
u(x, /)~A cos (cict) sin (nx), c- being dijfusivlty. 

The boundary value problem is —c 2 ... (1) 

with boundary conditions u(o, /)=0 and u (1, /)=0 ... (2) 


and initial conditions u(x, 0)=A sin to= 0 and 



•. • (3) 


By (11) of §12.14, we therefore have 


co ri 

u(x, /)= 2 Cn cos (met) sin (mx) where C«=2| A sin «x sin mx 

»**1 Jo dx 


It is obvious that C»= 


0 for n=2, 3,... but C,= 

4 



sin 2 nx <£x~A. 


Hence u(x, /)=A cos (« ct) sin («x). 

Problem 23. Show that the deflection of vibrating string of length * 
(its ends being fixed and c 2 =l), corresponding to zero initial velocity 
and initial deflection F(x)=A (sin x—sin 2x) is given by u(x, t)=h 
(cos t sin x-cos 2t sin 2x). 

0 * 1 / 0 * 1 / 

The boundary value problem is — (** c 2 =l) ... (1) 


with conditions g(x)=0 and F(x)=A. (sin x—sin 2x). 

Hence by (11) of §12.14 we have (as Z)„=*0) 

00 FIK,X ® 

u(x, 0— 2 C n cos— j— sin — j— = I C„ cos nt sin nx 

«-i 1 1 

V c—1 and 

where C % — — I F(x) sin — —dx = — I A (sin x—sin 2x)sin nx dx 
n Jo 1 n Jo 


_2A 

'* J* 


sin .v sin nx dx- 


_2A [* 

* J* 


sin 2x sin nx dx 


** Clearly C n =0 for «*»3, 4, 3,...and Cj—A, C a =»A. 

Hence the required deflection of the vibrating string is given by 
ufx, t) m, C l cos t sin x+C t cos 2 1 sin 2x=A (tin x—sin 2x) 
which veiifies the assertion. 
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Problem 24. Solve the wave equation =c 2 |~ if the string of 

length 2a is originally plucked at the middle pdint by giving it an 
initial displacement d from the mean position. 

The boundary value problem is with initial condi¬ 

tions. 

f y , 0 <x<a 

F(x)=u(x, o)=^ 

[ — ( 2 a-x), a<x< 2 a. 

Also initial velocity being zero i. f., g(x)=0, we have D n —0 
.". By ( 11 ) of §12.14, u(x, f)= 1 C n cos sin —-■ 

_.U _^ _ 2 f l rmx , ' 2 f 2fl ~ A . nrcu , 


where C n 


l= -__ F(x) sin—j— dxvm-ff— F(u) sin ——du 

1 Jo * *“ Jo 1 

If 41 d rmu 1 , . rrrcu . 

— — — u sm -x—du+— -(2a-u)sm-j—du 

a J 0 a 2 a a }, a *0 


8</ j_ . jaz 

a o SID 


which vanishies for «=2, 4, 6 ,... 


„ / , id 1 . n* nnct . mx 

Hence u(x, /)=.—^2 _ sin f cos 2fl sm -y- 

id g (-lr 1 co - (2r-l)"cf ■ (2r-lW 
= «* r fi( 2 r-l ) 2 C ° S 2 a 2 a 

Problem 25. A string is stretched between two fixed points {o, o) 
and (l, o) and released at rest from the deflection given by 

[~x,0 <x<~ 


Show that the deflection of the string at any time t is given by 


® . mt nwi . wcx 

u (x, /)« -j 2 sin - 5 - cos «« / 

s* = 1 * 


Put a= y in the previous problem. 

Problem 26. 7%e points of trisection of a string are pulled aside 
through a distance don opposite sides of the equilibrium-position Jthd 
the string is released from rest. Show that the displacement of the 
string at any subsequent time is given by 

qj co i . 2 m . 2m Imct 

u(x, f )—-pr sin -y- sm yy x cos 3<J 
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Also show that the mid-point of the string always remains at rest. 

Consider OB as equilibrium- 
position of the string of lenjgth 
3 a (say), and C, D are points 
p of trisection, which are pulled 

through a distance d as opposite 
/d\ \ • sides and released. 


Q 

Fig. 12.8 


The boundary value problem is 


d u 3_« 

dt* 3x» 


... ( 1 ) 


* Using the conceptions of coordi¬ 

nate geometry, the equation of line OP is 

d- 0 . A , . d 

y= j=q(x- 0) t-e., y=~x 

the equation of PQ is y—d—^^-{x—a) t.e. y= --- — — and 

the equation of QB is yd)=>^~^~{x—2a) i.e., y= — • 
Hence the initial deflection is stated as 

~x, 0<Jt<a 

a 

J 

F(x)= v —(3a— 2x), a<x<2a and the initial velocity g(x-»0) 
a so that A.=0 in (11) of §12.14 

— (x— 3a), 2u<x<3a 
L a 

we have from ( B ) of §12.14 
_ 2 f ‘ . nnx 2 d ft* nnx 

+J V-2*> *■!££*+£ (*—3o) sin 

J|g 

— n i^i ( 1 +(— 1 )*} sin j - on integrating by parts and simplifying 
Obviously C„=0 for x«= 1 , 3, 5, 7,... i.e. n being odd 


. c ~ 18 d . . mt 36 d nit 

nd for even n, C n = —^ r. 2 sin — sin — 5 - 

Hence by (11) of §12.4, the solution is 

mJm . ^ 36 t? 1 _. 2m . 2m 

«(*» 0 — ~=r 2 Tt-x r sm —sin x ^ 


2m . 2m 2 met 

■sm —s- sm -r- x cos — 5 — 


9i ? 1 2nt . 2m 2mci 
«* r «i7 s ” s,n ~3 * m 3a xct *-* 
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If we set x— -y'» this result reduces to 

2 rr . 

u(x, f)=0 since sin-^—. x=sin m-Q for each r. 

This follows that the mid-point of the string always remains at rest. 


"Ji 

t'?« 

A 

6 

— 


... 

772 1 



12.15. SQUARE WAVE (Agra, mi) 

In case of a square wave p 
the displacement x is con- + 
stant—c(say) for certain J. 
interval of time and zero for I 
the next same interval and i 
so on. This wave is as shown 
in Fig. 12.9. Fig. 12.9 

Thus for O A, x*=f(x)=c from t*=0 to f— Tjl 7 
and for AB, x=/(x)=0 from r*=T/2 to T 5 

Taking time-axis of co-ordinates through the lowest point of the 
displacement curve, we have by Fourier theorem, 

x oo 

/(x)==fl,+ 2 u T cos rnt f- £ b r sin rnt. ... (.2) 

r— 1 r«*l 


.a) 


Here a 0 shows the distance between the axis of coordinates and the 


1 f T 

axis of the wave and a 0 =y j f(x) dt. 

... (3) 

J T Ax) cos (r. ni) dt. 

... (4) 

b r =*Y [ r ^ sin ( rMt ) 

... (5) 

Thus we have 


M> -*0>* ] 



But the axis of displacement curve being the line x— c/2 shown by 
dotted line in Fig. 12.9, we have 

a r =-|r j£ r/2 f(x) cos rnt *+J^ /2 /<*) cos rnt d *\ 

=,~J T ^ 2 c cos rnt 

«„d Afjj” c sta ml *]- ™1-°. if ' ta tve ” 

— if r is odd. 
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As such the even terms of the sine series disappear and we are 
left with odd terms only, so that 

. c . 2 c f . , , sin int , 1 . - , . 

.v=/(.r)=y +— I sin - 5 —+y sin 5nl+... 

sin rwf+...T 


This series represents a 
square wave. If we take 
first three terms, then 
curve is shown by thick 
lines in Fig. 12.10. 

In case we take large 
number of terms, then the 
curve is as shown in Fig. 
12 . 11 . 


Fig. 12.10 




12.16. SOLUTION OF TWO-DIMENSIONAL WAVE EQUATION 
\^] Vibrations of a Rectangular Membrane 

Consider the oscillation of a uniform rectangular membrane for 
which due to uniformity T and p are constants, T being tension in 
dynes per cm. length of the edge and p the density in gm. per cm* 
of the membrane. The free oscillations of y 
it are given by t 


c u_ _ . (fru Vu\ 

ct- r V a*- ' ay -) 

where c= J ^-—constant. 
With boundary conditions 


• ..( 1 ) 


M 


Y=b 


o 


r 


a 


u=* 0 for x—0, x=a, y= 0 , y=b 

i.e. for u=u (jc, y, t ), the conditions 

are 


Ol 




r-a 

Fig. 12.12 
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u(o, y, 0 - 0 , u(a, y, t)= 0 , u(x, o, t)= 0 , u(x, b, 0=0 ... ( 2 ) 

Also the initial displacement and initial velocity are given by 

u(x, y, o)=*F(x, y) and u,(x, y, o) =^~ u (x, y, |)J 

=£(*, y) ••• (3) 

Assume that u(x, y, t)=*X(x) Y(y) 7\t ) ... ( 4 ) 

where X is the function of x only, Y is that of y only and T is that 
of t only. 

1 d*Y 1 d-T 


1 d 2 X 

Then (1) yields -r> 


X dx- T Y dy 1 ~c i T dt 2 

Here variables have been separated and hence choice of the cons¬ 
tant of separation gives way to three possibilities: 


1 d 2 X . 1 d l Y n 1 d 2 T: . . „ . , . 

(0 -V = 0 > Y ~df ^~ =0 givin 8 X=A1 X+Blt 


X dx 2 ’ Y dy 2 'c l T dt- 

Y=A t y+B 2 , T=A 9 t+B, 


..( 6 ) 


.... 1 d 2 X - 2 1 d-Y 

X 35? “ Al ’T ^ 


1 d 2 r 


w 


*A 2 so that 

^ S =(V+V) c 2 ’ 8« vin * 

X=A 1 e x ^ x +B 1 e~ x i x , Y—A t +B. t e~ x ^ , T=A a e cXt 

+ B a e 
d l T 


m 


1 d 2 X 


._ X2 

X ’T 


' X * 2 ’ c 2 r dr 2 


g— cXt 

:-A 2 


(7) 


* dx 2 

so that A 2 =(A 1 2 - 1 -X t 2 ) c s , giving 

X=A x cos Xj x+itj sin \x, Y—A 2 cos X 2 y-\-B t sin A a y, 

T—A a cos ’hct+Bz sin Act ... (8) 
In view of 2 nd and 4th conditions of (2), we conclude that 
X(o)=X(a)=0, Y(o)=0=Y(b), 

thereby rendering the solutions ( 5 ) and ( 6 ) unable to give the solution 
of(l). 

As regards (7), the function X(x) is a linear combination of sip 
A,x and cos A,.v in which cosine is to be rejected in view of the condi¬ 
tion u=0 at ,\=0 i.e. u(o, y, f)=0 and hence X(o)=0. We are left 
with X(x)=B 1 sin X t x =0 j»s u(a, y, /)=0 gives *(a)=0 so that 
sin XjXaOssin ntn, m being a positive integer. Thus we get 

and similarly r=sin A a y=0 yields 

A l= =^ for integral n. 

Consequently the required solution of ( 1 ) takes the form 

(A cos Am, t+B sin A m „i) sin - - sm - 5 — - W 
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where A and B are constants and A wn =A is given by 

, , / nrnc V , { mc V /, 

mn “(in ) + ( _ F“j •• (,0) 

Such quantities are termed as eigen values or characteristic values 
of vibrating membranes. 

Trying superposition and accounting for different constants A and 
B for each choice of m and n, we can write the solution as 

u (x,y, t)— 2 2 (A mn cos A mn t+B mn sin A m „ /) 

<"==1 n=l 


. rmx . my 

sin-sin-r^- 

a b 


• (U) 

Now applying the condition (3), i.e. for 1=0, u(x, y, o)=F(x, y). 
we get 


F(x, y)mtu(x, y, o)= 2 2 A mn sin ^sin ... (12) 

m—l »«* 1 a " 

which is known as the Double Fourier Sine Series of F(x, y). 

Multiplying (11) by sin ^-^-sin—and integrating over the 

rectangle 


x—o, x—a, y—0 , y=b we find the value of A mn t.e., 

J o F ( x > y) sin -~-tit!~dxdy ... (13) 

Also differentiating (10) w.r.t. 't' and applying the condition (3) 
i.e. for t=0 ~ u(x, y, t)*-g(x, y), we get 


B -J‘ g(x, y) sin ^psin-^ My ■. ■ <H> 

Obviously the general term of (10) is a periodic function of time 
with period ^— and having the frequency 

-fc- t[(t)‘+(t)7' •••“* 

which are termed as characteristic frequencies or eigen frequencies 
and the associated oscillations given by (8) are termed as Modes. 

The fundamental mode is the mode of the lowest frequency obtain¬ 
ed by putting m~n—\ in (8). 


corollary. If we assume that the initial velocity g(x, y )—0 so that 
by (3), ufay, o)-0 then clearly and hence the solution of 

(1) reduces to the form 


oo 

•dx, y, 0= 2 

m=l 


oo 

2 


A m „ cos t sin 


m ” X oir, 


. .. (16* 
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where ^ 

and ^«M.=« a c 2 


£ F(x,y) si 


em rmx . nny . _ 
sin —sm —~dxdy 


m 

a 


^] 


. . • (17) 
• • .(18) 


Note. Distinction between the behaviour of vibrating strings and 
membranes. 

The main difference is that for every eigen frequency of vibration 
of a string there exists a corresponding mode such that the string is 
divided into equal parts by fixed posited nodes, whereas for an oscil¬ 
lating membrane with a given characteristic property, there exists 
points on the membrane which are at rest and they constitute nodal 
lines. Since the shape of the nodal lines for a given frequency is not 
the same, therefore for a given eigen frequency there may be more 
than one mode e.g. for a rectangular membrane with am*b, by (14), 
the frequency is given by 5 

m^+n 2 —k \/ m d +n* where k=tc c/a . . . (19) 

and by (10) the fundamental mode is u u =(A n cos X n t-\-B n sin X u r) 

sin^-sin-^- where X n = av/"2 • 

a a 


But a M being zero for all t only when x=0, y—0, x=a, y~*a, 
therefore in the interior of the membrane for this frequency, there 
does not exist a nodal line. 

In case m=l, n—2 and m=2, n=l, we find two modes 
cos X,, t+B„ sin X,, t) sin ^sin^p- and k„ 

—(A t i cos X s , t+B t i sin X t , t) sin ^psin~ • • • 

r— a 

having the same frequency since X 12 —X,j,= aV 5 for y =*2 • 


« ls =0 and for 





0 


We can thus show the existence of oscillations with the same 
quency but different nodal lines. 

[/?] Vibrations of a circular membrane. (Bessel’s functions) 


If we transform —c 1 ^ ) by the substitutions 


fre- 


x=r cos 0, y=r sin 0 


wc get the polar form ^ =c-^ 
where u(r, 0, t) is the deflection 


d-u , 1 8u 1 d*« \ 
- 0^+7 dF + r- 00 * / 
of the membrane. 


. . • ( 1 ) 
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The equation (1) is known as the wave equation for a circular mem. 
brane, if the boundary is the circle r=a so that the boundary con- 


dition is 

u{a, 0 , 0 = 0 , -7t<0<O, f >0 .. ( 2 ) 

Let us take the initial conditions for 0 <r<a, — «<0<O, as 

u(r, 0, 0)—F(r, 0) . . ( 3 ) 

and ut(r, 0, 0) =[-| j-(r, 0, 0 ] /s=0 =*(r, 0) ... (4) 

Assume that u(r, 0, *)=.R(r)@ (®) T(t) ... ( 5 ) 

where R is the function of r alone, 0 that of 0 alone and T that of i 


alone. 


Then ( 1 ) yields 

1 (FT 1 d*R 1 
c*T dt*~ R dr* + rR 


dR 1 rf^0 
dr + r*@ dO* 


= —X* (say) as 


variables are separated. 

The terms in it being constant we can take 


l 

0 


</*© 

d6* 


m* 


As such we have the ordinary differential equations for R, 
and T as 


e 


<PR 

dr * 


+ 


I 

r dr + 



/?=0 


d*e 

d& 


m 2 ©=0 


... ( 6 ) 
. . . (7) 


cPT 

-&r+c*T=0 


. . . ( 8 ) 
. . . (9) 


The solution of (7) is of the form ©=Z)e± ,m ® 

m=0, 1, 2 ,... 

D being a constant, 

Also putting r=*Ar, ( 6 ) becomes 

**. 1 dR ( m* \ 

ds^T 7r'° 


... ( 10 ) 


which is Bessel’s equation and hence its general solution is 

R{r)-Ky J m (s)+K t y_ w (s)=^ 1 / m (Ar)+ KJ^br) ..•(») 

K u K t being constants. 

But as r-»-0, J-n-vco thereby contradicting the hypothesis that 
deflection of the membrane is always finite. Thus to avoid the term 
containing J-m choose K t =0, so that (11) reduces to R(r)-=Ki Jm i^ r > 

...( 12 ) 

The boundary condition (2) requires that 

R(a)^mKx y m (Ao)=0 i.e. J m (Ka)-0 


. . .( 13 ) 
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Assuming K, A„...a$ positive roots of (13), the general solution 
of (8) is 

T—A cos cht+B sin Act . ( 14 ) 

With the help of (9), (12) and (14), the required oscillation has 
the form 

{A cos "Kct+B sin Acr}e±' > " 6 ... (15) 

Trying superposition and using distinct values of constants A and 
B for each choice of m and n, the general solution of (1) may be 
taken as 

00 00 

f 0— ^ ^ Bmn WD 

m*l n=*l 

e±* m * J m (k mn r) ... (| 6 ) 

which satisfies the conditions (2), (3) add (4). 

In case the equation (1) is radially symmetrical i.e. the solution is 
independent of 9, we have from (16) by putting m=0. 


OO 

u(r, 0— 2 {A n cos cX n t+B n sin cA„/> y o (A„r) (17) 

n* 1 


where Ax, A„ A,,...are the positive roots of / 0 (Aa)»0 
Here (17) gives the general solution of (1). 

In case t— 0, the initial condition (3) gives 

u(r, o)=F(r)= f A„J 0 (K n r) ... (18) 

since F(r, 6) reduces to F(r) when independent of 6. 

Here A„ is the coefficient of Fourier-Bessel series determined by 


A.= 


a-J*i(Ka) 


F{r)J 0 (k„r)rdr 


(19) 


Also the condition (4) requires. 


00 


uAr, o)= S cKB n J 0 (Kr)=g(t), g being independent of 6 and 

n = l 


hence B n are determined by 

»_ __2 _ 

° n ~ cK&JAKa) 


° g(r)UKr)rdr 
0 


. • • ( 20 ) 


COUOLLARlr. If we take g(r, 8)=« ( (r, 0, o)-»0 
putting 1=0. 

u(r , /)= 2 A n J 0 Q'n'') cos (A„c<) 
n=l 


then (17) yields on 

... (2D 


where F(r)= S A n J u (A„r) and the coefficients A„ of Fourier- 
Bend series are given by 
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Anmm TO'/m I* PWoMrdr . . . (22) 

The solution (21) may be expressed by means of modes and 
eigen frequencies as 

\l. __ ^fl 

2 * “ = 2 p * = 2 «a 

and the fundamental mode is given by J 0 (\ r) cos (Ajc/). 

Note. The generalized Fourier-Bessel series is 

/(*)= 2 C m J„(h mn ) 

m= 1 

where Km = -~- , n fixed and m=l, 2, 3... 

■also C m =f m=l, 2, 3... 

Problem 27. F/W r/re deflection u(x, y, t) of the square membrane 
with a=b—l and c—1 under the conditions that the initial velocity 
is zero and the initial deflection is 

F(x, y)=A sin nx sin 2ny, 

The boundary value problem is 

9 2 m .ra 2 « 

] where c*=l ...( 1 ) 

with boundary conditions m =0 for x=0, x=l ) 

y= 0 , y*=l / 

and the initial conditions u(x, y, 0)—F(x, y)—A sin nx sin 2 ny 

... (3) 

and u t (x, y, 0)=g(x, y )=0 ... (4) 

By (10) of §12.16, we therefore have the solution as 
00 00 

u(x,y,t)=2 2 A mf f mn t sin rrmx sin nny 

m ~1 n=l 


where A mn -= 7 r 2 (m' J +ft 2 ) and A mn =4A J J sin nx sin nmx sin 

2 sty sin rmy dx dy 
Clearly A mn —0 where n is odd. 

Also A ni —4A J j sin nx sin nmx sin* 2 ny dx dy 

-•2i<| sin nx sin mnx dx 
—0 when n is even 
and A lt =*2A^ sin* nx dx<**A. 
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diffusion, wavb and laplacb’s equations 

Hence the required solution is 

u(x, y, t)=A u cos \ t l sin wx sin 2«y 
=A cos v 7 5 t sin nx sin 2r.y 
which gives the required deflection of the membrane. 

1217. SOLUTION OF THREE-DIMENSIONAL WAVE 
EQUATION 
The equation is 

dju Fu.Vu _ 1 _ Vu 
dx-~^ Sy'^Sr 2 ~~c u ct 2 

Suppose that we have to solve it under the conditions 

(f)^? =0 when x= 0 , x=a 
' dx 

(//) I" =0 when y— 0 , y-a 

(Hi) ^ --0 when z«= 0 , z=a 
cz 

(iv) u^ 0 at f== 0 . 

Assume u-X(x) Y(y) Z(z) T(t) 

Then (1) yields 

1 d l X 1 i*Y 1 — 

X W + ~Y dy' + Z dt ! c*T df 1 

Here variables have been separated. Hence each of the four terms 
in this equation must be constant say 


( 2 ) 


(?) 


1 tfX 
X dx 2 


--V; 


J_ £Y 
Y dy* 


i » ? ^ __x t 

F ~ A *' ; Z dz l * 


. 1 _ _ \* so that A*=Ai*-l-X» s +V'- 

and -rf 

Thtn X Z?L x+«i), cos (X, y+O ^ costV+o,) 

. T-B cos (XcH-*) 

and a a f? « a* ** and « all are arbitrary constants, 

where A t , A„ B, «i, **. ** * 

Hence the solution of (1)« a.z+a.) cos (Xcr+«) 

„. 2 ^ cos (X, x+«h) cos (V+*s) cos c v ... (4) 

However «. eeottte «»»*<*“<f 1 “> 

w «Ce± ,(Xl * +Xl, ’ + * 
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where A 2 =V+V+V •••(5 ) 

Actually, =a 1 cos sin \x 

014 > 

and g— =0 when x=0 implies A t — 0 etc. 

Then w=C cos \x cos A 4 y cos A 3 z cos Xct ... (6) 

The result (6) may be deduced from (4) since when 
x=0, sin »xx=0 etc. 

01 ^ 

If we now define ^ as the gradient in the direction of the 

normal of each face, we see that the boundary condition (iv) holds 
at t-0. 

du 

Also ^=0 when x=0, y= 0, 2=0 and the boundary condition (/) 
requires that sin \a cos \y cos A 3 z cos Ac/=0 

i.e., sin A 1 a=0 or X l a=N l n i.e,, N l being an integer. 

Similarly A 2 =^iH, A s =^- and A=VV+V+V 


=— VW+N^+Nf) 


As such (6) reduces to 

- N,n N«rz 

U=C cos — X cos 


/jTT N t « 

- y cos - 5 — 2 COS 
a a 


f+NS+NS 


,) 1 /* Wf| 


Hence the general solution of (1) is 

C30 0° 0° AT -r 

__ V T V _ "V* 


T T V ^ AlW AT, 7 t iVjTC 

w= 2 2 2 C. r ... cos x cos ,y cos - JL ~ z cos 

Ar 2 =l AT.-l a a a 


W+Atf+tf,*)*/* .. 


Note 1. Cylindrical form of three-dimensional wave equation is 
0 *u 1 S« 1 3?u 3 S « 1 d*n /»\ 

dr* + r 0r + 7 r Sfl* + 32 * “? 9/* ‘* V ' 

Assuming w«J?(r). @(0).Z(2).r(O, (7) yields 

1 fd*R , l dR\ , 1 d*& , l d*Z 1 d*T 

R \dr t + r dFJ+r-® dW + Z <fe* ~c*r <**’ 

where variables are separated. 

.. 1 d*@ . 1 d*Z . 1 </*T m r8> 


A*, i**, v* being const *nts, we have 
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1 (frR , \ dR\ |i* , 

R v dr 2 r rfr J — r 2 ~ v (say) giving 

d 2 .R , 1 dR f . w 2 \ 

rf/ F+ rrfr+C a -Fj /e=0 < 9 > 

which is Bessel’s equation of order m and argument or. 

Solutions of (8) and (9) are 
®-<*i cos nfl+Bj sin jxO, Z=A 2 cos vz+B* sin vz 
T=A 3 cos \ct + B a sin Act, R**A t J H .(enr)+B t Y^r) 

Hence the general solution of 7, is 

«=S/4 Jp(*r) cos fi0 cos vz cos Act ... (10) 

where « 2 =A 2 —v 2 and the term Y h (ocr) may be included if required by 
the conditions of the problem. 

In case of axial symmetry, u is independent of 0 i.e., jj.= 0 and 
hence u='LAJf*r) cos vz cos A ct ... (i 1) 

Also if u is independent of z, then v=0 and a=A, hence 

u—'LAJffr) cos A ct. . . . (12) 

Note 2. Polar spherical form of three dimensional wave equation is 
3 2 « . 2 du , 1 9 ~u cot 0 $u 1 d-u 1 d-u 


0/ . 2 + r 0/ . + r * 00'+ r 2 0 0 + r 2 s j n 2 Qty 

Assuming iL=R(r)@(Q)<b(<f>)T(t), (13) yields 
1 d*R 2 dR . 1 d-@ , cot0</0 , 1 


c- 9 / 2 


it dr l+ rRdr 


( 1 d-@ cott)</0 1 1 

+7-0 J0 2 +r-0 rf0 + r 2 sin 2 0 <1>" d<f >' 

i </-r 

c-J i/r- 


As variables are separated, we can take 

J_</ 2 0_ 2 1 d l T_ _ . 

a> </0 2 — m ’ 7 2 r 7/t 2 = p 

. 1 r/ 2 © cot 0 d® m 2 , . rig) 

and e-- 0 - 3ff- s Be-" ( " +1) 061 

where m, n, p are constants. 

(14) reduces with the help of (15) and (16), to 

1 d : R 2 dR »(«+!) o .(17) 

R dr 2 + rRdr r* y 

Solutions of (15) are 4 >=cos m<f> or sin m<f> or e± ,m *and T^cospct 
or sin pet or 

Also equation (16) can be written as 


(sine^+^+O-iipr } 0 * 0 


Putting cos 0—p, so that 


1 d_ 
sin 0 d& 


(18) yield* 



1012 


MATHEMATICAL PHYSICS 


Problem 49, Solve the wave equation for electromagnetic waves in a cylindrical 
wave guide . Discuss the solution> its significance and applications . 

(Agra, 1975) 

The electromagnetic wave equation is 

m 8<i> 

-jj5~ Wi-fi—O ... (1) 

where i* is permeability, « is conductivity and * is inductive capacity. By S MS, in 
cylindrical coordinates (r, 0, z), we have 




9»-l> , 1 M> , 1 , »®4> l_±/ li\ , l »*<!• . »*4» 

*” + r i r ■*" r t 90 S + j z s “ r 9r \ r 9r /* r* 99* ’’’ 9r* 


.( 2 ) 


. (1) can be written as 
19/ 9<|i \ 1 9*<|i 9*<|> 9*<J> 9<|> „ 

T*7VTr) + Wm+ JW -v*7T- -(*, iT" 0 


... ( 3 ) 


The elementary harmonic solutions of this equation may be expressed in the 
form 


*-F(r,6) 

where F(r, 9) is a solution of 


1 9 / 9 FA 1 9*F 

r 9r \ r *r ) + r * 99* 


+ (k a —h*) F-0 


• .. (4) 
... (5) 


which may be easily separated by writing 

F(r,9)«Fi(r)F a (9) .. . (6) 

where F x (r) and F a (6) are arbitrary solutions of the ordinary differential equations 


r 4r(r-gj)+{<* 2 -A*) r®—n®} *-0. ... (7) 


and 


d*F 2 
d& 


^2=0 


•. ( 8 ) 


where n and h are separation constants and may be chosen in accordance with the 
physical requirements. 

The solutions of equation (7) which is satisfied by radial function Fi(r) being 
Bessel 's functi ons which are generally reserved for that particular solution 
kP—h 2 ) which is finite on the exis r~0, we use the name circular cylinde r 
function for any particular solution of (7) and denot e it by F i— Z n (ry/k*— 
where n is the order of the function with argument r \/k 2 ~h*. 

As such the particular solutions of (1)» being periodic in t and 8, may be 
constructed from elementary waves of the form 

(rVk 2 -h*) e ± ihl ~ tat 


where the propagation constant A is a complex number. 

It follows from (9) that an explicit expression for h in terms of frequency c* and 
medium-constants can only be found by observing the behaviour of v over a 
cylinder r** constant or on a plane ^constant. 

No w to st udy the properties of the function Z n (r y/kt—h*), putting 
y/1&— we observe that Z % {\) satisfies the equation 

which i* characterized by a regular singularity at X«0 and an essential singularity 
«t X«*oo. 

Clearly the cylinder functicfe or the Bessel fraction of first kind i t,, /»(X) is a 
particular solution of (10) and it is finite at X**0. As such Bessel function may be 
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KSaJfof 0,iui ““X" * “WWU.for.II 

He “ A(x) - .foTZ^fe (tP 

Another solution in terms of Bessel function of the second kind defined by 

AT„(X)- COS m-J_ „(X)] ... (12) 

may also be obtained. 

Problem 50. Distinguish dearly between the phase, and the group velocities . Find 
the relation between them . (Agra, 1975 , 1976) 

It is generally observed that the notion of phase velocity is only applicable to 
fields which are periodic in space i.e„ the fields representing wave trains of infinite 
duration. Denoting by <K*, 0 the state of mediira, such that 

*(z,0«A ...(1) 

the surfaces of constant phase or state may be defined by 
kz —to/—constant 

and the velocity of propagation of these surfaces is given by 


v =4=f*< 2 > 


... (3) 


where v is termed as phase velocity. 

Now to discuss the concept of group velocity; consider first the superposition 
of two harmonic waves differing very slightly in frequency and wave number, such 

+ 1 =cos (fcz—cof) . •. (4) 

<h=cos [(fc+M) z—(co+So>)0 •. • (5) 

The resultant of (4) and (5) is 

tj/^+^cos (kz-<*t) 4-cos 2-(a>+M/] 

=2 cos i (z8Jt-/8o>) cos [(k+i *k) z-(»+i *<■>)'! * * * (6) 

which is an expression for the phenomenon of 'beats' . 

It follows from (6) that the field oscillates at a frequency negligibly different 
from o», with its effective amplitude 

a—2 cos i (z8k—rM ‘ " ' ' 

varying slowly between the algebraic sum of amplitudes of the component-waves 

Due to constructive and d .^f uc A lv Y^Mte? n 4efl/ t ^ e o*‘groWJ ,, I > vlh“ c * ,< *^® 
time and space axes forms 

surfaces over which the group amplitude a is constant are giv y 
z$k~ tSv =constant 

yielding the group velocity as 


2 8o> 

*“T“ 8Ac 


... ( 8 ) 


whin, follows thst group Vctocto I. tt. W* of th. <* ^ 

difference of wave number. 

In case the medium is oon-dlspsrsive, Mewl- so »•> «» T"*** 
uobcito Sri. the phssssriocliyv.Ofco^'. -*- 1 

velocity and the phase velocity are quite differ • velocity vin a 

Conclusively the group velocity J if the dispersion 

dispersive medium, and if the dispersion is normal men — 
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is anomalous then #>v. Also in the neighbourhood of an absorption band the 
group velocity u may become infinite or even negative. 

Problem 51. Find the solution of the equation 

»F' + ly* + W ,y ' ' 

where i(x, y, z) is a known function. Discuss the uniqueness of the solution. 

(Agra, 1976) 

Hint. For its solution see $1.59 where p has been regarded as a function of 
x.y, z. 

Problem 52. Obtain the differential equation for the vibrations of Sonometer 
tring under tension, solve the equation and give the expression for the velocity of 
the waves in the string. (Agra, 1976) 

Problem 53. (a) Discuss the modes of vibrations of a circular membrane• 

(b) Solve the equation, 


9V 

-.■ — ■i sa 

91 




Vu 

9x* 


subject to initial conditions v=F(x) at t-0. 


(Rohilkhand, 1976) 


P roble m 54. Using the method of separation of variables, solve Laplace equation 
to find the temperature inside and outside a sphere when its boundary is at the 
finite temperature »/(•). 

Find out the permanent temperature within a solid sphere of radius unity when 
one half of the surface of the sphere is kept at constant temperature (PC and the 
other half of its surface is at VC. (Rohilkhand, 1977 ) 

See § 12.6,12.7 and 12.8 (see Problem 21). 


Problem 55. Derive the differential equation for the vibrations of a circular 
membrane and by solving it show that the allowed angular frequencies of vibrations 

are determined by the equation J m £ a ^ ^ ' j-0, /i=0, 1,2,.. 

where a is the radius of the membrane, m is the mass per unit area of the mem¬ 
brane and T is the tension of unit length. ( Rohilkhand, 1978) 

See § 12.16(B). 

Problem 56. Discuss the method of separation of variables for solving two- 
dimensional Laplace equation in spherical coordinate system and hence find the 
distribution of the electro-static potential produced by conducting ring carrying a 
tottd electric charge, (Rohilkhand, 1978) 

See § 12.7(B). 



CHAPTER 13 


MAXWELL’S ELECTRO¬ 
MAGNETIC FIELD EQUATIONS 


13.1 INTRODUCTION 

It was due to Clark Maxwell that a change in the electric displace¬ 
ment vector was supposed to be equivalent to an electric current 
known as displacement cmretu. The total flow obtained by the resul¬ 
tant of displacement current and completion cuirent (which arises out 
of the actual motion of electrons or electric charges) was supposed to 
be such that the total flow into any sujfacc' would invariably be zero. 

In fact the equation of electromagnetic field have not jet been 
finally established, but we have used the fact that when there is a flow 
of steady current, then 

Curl H—4^j . .. (1) 


where H is the negative field and j is the current vector. In case of 
those electromagnetic fields where the flow of current is unsteady, the 
equation (1) is insufficient and requires modification for unsteady 
flow of currents. 

Since we know that div curl H—0 ... (2) 

.*. (1) yields, divj=-0 ..*(3) 

which is always true in case of steady flow of currents. 

But in case of unsteady flow of currents when generally div j^O, 
the equation of continuity of charge taken in mixed units, is given 
by 

,. . l?p 1 

div j= 


cdt 


4 TIC 


or 


or 


div (j+ 


o 


i 

4nc 


( ~ div D ^ where div D=4«p ... (4) 

)_0 ■ ■ • ( 5 ) 


0D 

dt 


div J=0 where J=j+ 4 zr 


?D 

bt 


( 6 ) 


Here p is the free charge density at a scalar, point, D is the Maxwell’s 
electric displacement vector and J is called Maxwell s 

Since the operators div and are commutative, it therefore 

follows that J is a quantity whose divergence is always zero and in 
case of steady current flow J reduces to j ConcluHvely in ( ), ; 

be replaced by J in order that the result (1) * ll ‘ ^^‘t^lfandthe 
well as unsteady current flows. We call j as conductio 
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i an 

part ~ of J as displacement current. 

If P be the polarisation of the medium, then we have 

D=E+4*P, E being electric field ... (7) 

As such (6) yields J=j+“ fr+fa W • • • W 


The part of — coming from is known as Polarisation 
1 BE 

current and that from g— the ether displacement current or dis¬ 
placement current in vaccum. 

The modification of (1) is supported by experiments and the 
electromagnetic theory of light based on Maxwell’s electromagnetic 
field equations, is given a sound theoretical basis by replacing j by J 
in (1) whence we get 


Curl H=4*J=47;j+~ : - 


. • (9) 


where j and H are measured in e.m.u and D in e.s.u 
and c=3xl0 10 cm/sec. 

Here the term — assumes importance only if ^ is of the 
order of c, otherwise it may be neglected if is small as compared 


to c. Those unsteady states in which the last term in R.H.S. of 
(9) may be neglected are known as quasi-unsteady states. Dealing 
with very high frequencies as compared to that of light, the displace¬ 
ment current has considerable significance. 

If we now introduce B as magnetic induction of the medium, given 
by B=(iH ... (10) 

then (9) reduces to curl B=4*{ij+-^- ^ ... (11) 


Using Gauss’s, divergence theorem, it follow from (5), 

/( i + 45 rfr )-‘' s=0 •••<'» 


13.2. MAXWELL’S EQUATIONS FOR ELECTROMAGNETIC 
FIELD 

As already discussed in §13.1, taking Gaussian units or the mixed 
system of units such that the quantities D, E, p with allied quantities 
are measured in e.s u. and the quantities B, H, j with allied quantities 
in e.m.u, the differential or local form of the electromagnetic field 
equations of Maxwell in accordance with the elementary laws of 
electricity and magnetism laid by Gauss, Faraday, Ampere and others 
can be summarised as follows: 
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Divergence equations div D= V .D=4*p 
div B=V.B=0 

Circuital equations curl H=V xH—47tj+— P? 

c ct 

curl E== V xE=— 

c ct 

where the equation (4) is the generalized law of induction. 

These equations are considered in association of the following 
si diary relations or macroscopic constitutive equations 


.( 1 ) 

( 2 ) 

( 3 ) 

(4) 
sub- 


d=a:e 

B=(XH 

j=cE 


(5) 

( 6 ) 
(7) 


where K is the dielectric constant, (a is the permeability of the medium 
and o is the conductivity of the medium. Here j, a, E are measured in 
the mixed units, but if j is in e.m.u. and a, E in e.s.u. then we have 

<jE 

j= —, also if /', c are in e.m.u. and E in e.s.u, then j=»corE. 
c 

In addition to the above, few other quantities such as the scalar 
potential 4> and magnetic vector potential A defined by 


B=curl A 

JL 

c 3 1 


E=- 


V* 


... ( 8 ) 
...(9) 


are also required. 

Since (8) does not provide the unique definition of A, therefore we 
supplement it by div A=0 (in steady states) and 

div A+“ K w- =0 ...(10) 

c ct 


Here ^ is in e.s.u. and A in e.m.u. 


13.3. TO SHOW V.D=4*p. 

We know that the molecules of dielectric substance are formed of 
charged entities, such as atomic nuclii and electrons and hence when 
dielectric substances are inserted in the field of electromagnetic 
waves, the charged entities are displaced in opposite directions of 
their mean position i.e. t the dielectric is said to be polarised. Such 
polarised charges form an electric dipole. Let r be the separation 
between positive and negative charges in each dipole and 8j the 
magnitude of each displaced charge; then the electric moment say op 
of dipole being r $q is defined over the elementary volume &V as 

dr ''\iv tdq (1) 

Let us introduce the polarisation vector P as the resultant of the 
electric dipole moment of molecules per unit volume /.e., 


=Lim jr, 
sp -*.0 dv 


( 2 ) 
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Now representing the charge density of the charge caused bv 
polarisation of the dielectric, by pp, the charge carried out of the 
surface S enclosing the volume V in the electric field of E, is given by 

—| v p p dV. Also the net charge diverging out of the elementary- 
volume SK in this dielectric being div P.8K, the charge carried out of 
the volume V is j^div P dV= 0. We thus have 

J^divPrfP— p e dV ... (3 y 


Using Gauss’s divergence theorem, this yields, 

J 5 P.n</S=-J F p p dV • • ■ (4) 

where n is the unit outward drawn normal to the surface element 85 . 

But according to Guass’s theorem of electrostatics, the total normal 
outward electric field flux across any arbitrary closed surface is 4- 
times the charge enclosed by it i.e., 

E.n dS=4n. (total charge enclosed in volume V ... (5) 

Now, there are two types of charges inside V. 

(/) the free charge of density p and (/'/') the polarised charge of 
density p p. 


or 


or 


= 4 7t[J K P^-| 5 p .n^]b y ( 4) 
(E+4«P).n dS~4n^ v pdV 


D.n dS= 4tc pdV by (7) of §13.1 


.. • ( 6 ) 


Hence by Gauss’s divergence theorem, I ^div D dV— I ^4 npdV 

... (7) 

which yields div D=4«p. ... (8) 

Note 1. In case of an ordinary dielectric i.e. a dielectric free from 


charge, p=0 and hence div D= V.D=0 
Note 2. By (7) of §13.1, we have D*=E+4*P 
which follows that . D=ATE 



where K— l+4w.-^- and known as dielectric constant of the medium. 


13.4. TO SHOW DIV B=0 

Since the lines of force are either closed or go off to infinity, therefore 
the surface integral of magnetic induction B over a closed surface is 
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zero, so that (6) of § 13.3 reduces here 
» 

B.n dS -0 or div B=V.B«^0 
Note. Since B=pH /. (11) yields V.H-0 


... ( 1 ) 
••• ( 2 ) 


13.5. TO SHOW CURL E = 

c ot 

According to Faraday’s law of electromagnetic induction the induced 
E.M.F. around a closed circuit y a 

is negative times the rate of 
change of total flux <f> of the 

magnetic induction B through 4 ^,-*, 

the circuit. Induced E.M.F. • 

_ Uft tx\ ! /"N t! 


—7 W •' (1) 

Also if E be the electric field 
in the direction d\, then 
E.M.F.=2E.</1 ... (2) 

If we consider an elementary 
rectangle PQRS with sides 8y and 
8z as shown in Fig 13.1, then 
around it we have 

E.M.F.=-~^- ZE.d\ 

charge 


t Q ~ *i “ ax 

Tay^** !. 


Fig. 13.1 


[E„ (y+dy)-E l (y)] dz-[E, (z+dz)-E v (z)] dy 
^dydz \f dydz ( 3 ) 

V E z {y+dy)=E z {y )+—^ by Taylor’s theoren 


Also JEEdl —-^&—±^dydz ... (4) 

c dt c dt 

Hence from (3) and (4) equating the two values of E.M.F., we have 


IdB. , . a E t 

■TIT » iz ~W 


' V — curl* E 


Similarly —=curl E and — ~ ^-=curl, E 

where B x , B t , B„ are components of B along principal axes. 
Combining the last three relations we can write 

-7F =curl E ie " v xE= ~‘Hr "' (5) 

Note. In case of free space when p=l and B=H, (5) yields 

Curl E==— T'ZT •”< 6) 
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13.6. PHYSICAL INTERPRETATION OF MAXWELL’S 
•EQUATIONS 

Consider div D=4«p, which may be written as 

JdivDdV-4«jpdV/.e.,j s D.dS=4«|^dV by Gauss’ diver¬ 
gence theorem. 

It follows. Gauss’s theorem i.e,, the flux of the displacement vector 
D across any closed surface S is directly proportional to the total 
electric charge in V. 

The equation div B=0, may be written as 

j 5 B.</S=0, by Gauss’s divergence theorem 

which follows : Magnetic Sux theorem i.e., the total normal magnetic 
induction across any closed surface S is zero 

* 1 

Also the equation curl H=47tj-)--i-^-can be expressed by Stoke’s 
theorem, as 

which is Ampere’s generalized circuital relation i.e., the work done in 
carrying a unit pole round a closed circuit C is equal to 4n times the 
total current in the circuit. 

Lastly the equation curl E= — can be written by the help of 

Stoke's theorem, as 

{curl E.«-{(-!!?-). « or -f{4£. « 

which is Generalized law of electromagnetic induction i.e., the total 
electromagnetic force around a closed circuit C is equal to—^times the 
rate of change of magnetic induction through C 


13.7. DECAYING OF FREE CHARGE 

Consider curl H=47tj-f--— and j=cE in e.s.u. or e.m.u. throughout. 
Elimination of j yields, curl 


div curl H-div 


4«oD . 1 0D 


C 0 / 


)“° 


j)z=KE 


which with the help of D—4wp, gives -j? 
It yields on integration, p—p 0 e~‘l T 


47tOp 0p 


dt 


*0 or 


* 


4na 


dt 

(0 
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where p 0 is the diarge at any point r=0 and T=—, rbeing known 
as time of relaxation. ‘ c 

It follows from (1) that charge dies out exponentially at a rate 
quite independent of any other electro-magnetic phenomena takiS? 
place simultaneously. In most ordinary case we take p=oT 8 

13.8. POYNTING VECTOR 

Since the electromagnetic effects in a field are completely attributed 
to charges at rest or in motion and, a charge moving j n a field 
experiences a force so that the work is done on the movine char™, 
by the forces of the field, we therefore claim to determine the rate of 
change of energy on account of the interaction of the field and the 

charges in it. uc 

• the electric field and B the magnetic induction at a point 

in the field occupied by a charge moving with velocity v. Also let o 
be the charge density and dV an element of volume at the point 
under consideration. Then the force on a charge p dV (charge on the 

elementary volume), is [ E 

The rate of work done on this charge=J^E-H— ~— J. v p dV 

—(E.v) p dV v (v x B). v=0. 
the total rate of work done by the forces of the field in the 
region under consideration. 

=• J^(E.v) pdV—c^ (E.j) dV in mixed units, since pv=jc 


dV 


>4x tu ““ 4 « c dt 
V by Maxwell’s equations, j 


1 


4« 

dD 

di 


curl H- 


) 


1 3D 
4«c dt 


dV 


-•£j r {div (HxE,+H - c " ri » dv ~ b\y{ E '-|r) * v 

V E. curl H=div (HxE)+H. curl E 

~srj r div (HxE) dv+ iil (B - curl E) dr ~vr 

Hence using the Gauss’s divergence theorem and Maxwell’s 
equation curl E= —— —, we have the rate of change of energy 

-4?L «xe). «<s-^ r ( H fr+ E sf) dv ... o) 

Regarding |x and K as independent of time, we can write (1) as 



1022 


MATHEMATICAL PHYStCS 


— (B.H+E.D) dV= ~j s (ExX). (fS+Rate at which 

field is doing work • • • (2) 

v-|- and-|-(E.D)-2E.» 

We conclude from (21 that the electromagnetic energy of the field per 

1 

unit volume must be taken as-g— (B.H-I-D.E) • •. (3) 


Then the equation (2) expresses the principle of conservation of 
energy if the first term on the right of (2) represents a rate of flow of 
radiation-energy outwards across S, the surface enclosing V. 

/* 

The vector (say) II=-^-(Ex H) ... (4) 

is known as Radiant vector or Poynting vector and it gives the rate at 
which the energy is radiated across unit area. 


It is notable that II is normal to the plane of E and H and it is 


not unique since 11+A also satisfies (2) because V.A=0. Also the 
flux of II across a closed surface is only significant. 


13.9. POYNTING THEOREM 

The rate at which the electric energy in any given region is increasing is 

equal to the Integral ~JJ[/ (yY-pZ)+m (« Z-yX)+n (pZ-af)] 

dS taken over the boundary of the origin, l, m, n being the direction 
cosines of the inward normal to the surface element dS ; a, (3, y, being the 
components of magnetic force and X, Y, Z being the components of 
electric force. 

Assuming that the electro-magnetic energy is not confined to the 
regions occupied by electric charges, magnets and currents but spreads 
over the whole space, the magnetic kinetic energy T and electric 
potential energy W of an isotropic medium are given by 

T=s ¥t11 I (« 2 +P 2 +Y 2 ) dxdydz ... (1) 

IP- JL j j J * (Jf2+ 7 * +zs > dx dy dz • • • (2) 

Assuming that the energy is localized in a medium, the total energy 
in any closed region is, 

r+IP-J (Y a +T a +Z 2 )+-£-(« 2 +P 2 +y 2 )] dxdydz... (3) 

Differentiating it and replacing n«, by'a, KX by 4«/, etc., we get 

+rfc-+z{t)t£(. £-+p£ 

+Y-J)] dx dy dx 
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-cM(uX+vY+wZ) dx dy dz 
. 1 do. dZ 

where —c7t=W- 


ZZ 8Y 


y .] 


dx dy dz 
...(4) 




Here u, v, w are components of ordinary current at any point, which 
is produced by the moving electric charges. 

The last term on the right of (4) gives exactly the rate at which 
work is done or the energy is dissipated by the flow of currents so 
that the first part of this must represent the rate at which energy flows 
into the region from outside. 

Hence using Green’s theorem, the first part on the right of (4), 
yields ? 

— -.//( l(Z?~Yy)+m(Yi~Z«.)+n (Fa- Jp)] dS. 

Problem 1 . If Z be a vector satisfying the equation 

4-a[i 8Z Kn 8-'Z m 

V L —— g, + dt > • • • W 

then show that the field may be defined by the equations : 

. . ry | X[1 9Z 

A=4-«iiZ+ -~f t ~ • • • W 

j>=— div Z, • •. (3) 

E=curl curl Z, •.. (4) 

B=curl A ... (5) 

KudJ> „ 

We have from (2) and (3) div A+4uo|i^ f g-~=0 

which is one of the Maxwell’s equations. 

Again from (4), we have E=grad div Z—V 2 Z 

=—grad ky (» 0) 

—rad^-lf 

which is another Maxwell’s equation. 

Also curl B=curl (curl A) by (5) 

=curl curl by (2) 

=4wct|i. (curl curl Z)+( (curl curl Z) 


=4*op E+^f by (4) 

‘W+7W 


V <jE=J and kE^D 
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This is also one of the Maxwell’s equations. 

Hence the given equations define the field under consideration. 
Problem 2. Initially the electric and magnetic fields in free space 
are E v (x, 0)—sin ax, H, (x, 0)=sin ax. Find E v as function of time. 

We have discussed in the previous chapter that the most general 
solution of one-dimensional wave equation is 

E, (x, t)=f(x+ct)+g ( x-ct) ... (l) 

E t (x, r)* -f(x+ct)+g (x-ct) ... (2) 

The negative sign being taken since E and H the directions of 
propagation from a right handed system. This is also justified on apply. 

1 0tf 

ing Maxwell’s equation curl E=—— 

At time r=0, we have E y (0, r)=sin ax=f(x)+g(x) by (1) 

E, (0, i)=sin ax= -f(x)+g(x) by (2) 
solving f(x)=0, g(x)=sin ax. 

Hence E y (x, t)**sin a (x—ct )is the required solution. 

Problem 3. Show that a plane polarised electromagnetic wave with 
lA-\-ke pt+ax , satisfies the equation H =0 only if n is perpendicular to K. 

Take, l+JI, j+tf, k 

K=*i i +K t j+tf 8 k 
n=n t i +«2 j+«s k 
and f=* i+y i+zk 

n r=n 1 x+«^+n 3 z and J (p,+lnt) -»i e , '^ ,+n t) 

and div H=(i. ~~+l -|r+k -|-) (*i i +H S j+tf»k) 


dtfi 3 H 3 

dx + dy + dz 


=^'+n.r)- { „ i Ki+ „ iKt+ „ 3 Ki ) 


=n.Ke^ ,+nr ) 


div H=0s»n.K=0 i.e., vector n is i_ r to K. 


ADDITIONAL MISCELLANEOUS PROBLEMS 
Problem 4. Show that Maxwell's equations for free space are satisfied by 

+ 1 (grad*) 

where kisa unit vector along z-'axjs and<f> satisfies V ? ^=J- \ f • 

c dt* 

Problem 5. If k is a constant vector and </> is a scalar function of pc sitivn and the 
time t, show that c® E=c® (k.V)V^-k* cH«--^tV*Xk) satisfy Maxwell’s equa- 
tions in free space provided that 
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SPECIAL THEORY OF 
RELATIVITY 


14.1. INTRODUCTION 

We know that all the physical laws deal with the characteristic# 
of certain objects in space in the course of time, while the 
location of an event or the position of a body is dtscnbed by 
a suitable frame of reference which constitutes a conceptual frame 
work rigidly connected with some material body or a well defined 
point. Since all the bodies cannot become suitable reference sys¬ 
tems, therefore the choice of the reference body always played an 
important role in the development of science. The heliocentric frame 
of reference introduced by Galileo was not accepted until the time 
of Newton who gave a rather comprehensive presentation of it, with 
the help of his pail experiment. He filled a pail with water and twisted 
the rope supporting the pail, around its axis, so that the water 
gradually came into rotation with its plane surface shaped into a 
paraboloid. Ultimately when the water gained the same speed of rota* 
tion as the pail, he stopped the pail so that it gradually and even¬ 
tually came to rest to resume the shape of a plane. Evidently the 
surface of water is not influenced by the state of motion of the pail, 
but the deviation from a plane increases with the deviation from the 
particular state of motion. This whole process is based on the frame 
of reference connected with the pail while the angular velocity of 
the pail is related to a more suitable frame of reference say earth. 

There are frames of reference known as inertial system with 
respect to which the law of inertia takes its familiar form i.e. in 
absence of forces, the space coordinates of a mass point are linear 
functions of time, whereas there exist another class of frames of 
reference in which the space coordinates are not linear functions of 
time. According to laws of mechanics all the frames of reference 
which are inertial systems are equivalent for describing the nature 
and for formulating its laws. Such a notion leads to the ‘Principle 
of Relativity*. 

The development of Maxwell’s electromagnetic field equations was 
found apparently incompatible with the principle of relativity, 
according to which electromagnetic waves in empty space should 
propagate with a constant velocity c=3 x 10 10 cm./sec. But _ it was 
not found true with respect to both of the two different inertial 
systems, moving relatively to each other. Consequently several 
experiments failed to find such a frame of reference with respect to 
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which the speed of electromagnetic radiation would be constant in 
all directions so that absolute rest absolute motion etc., might be 
defined and with respect to which Earth’s motion could be deter¬ 
mined. One such an experiment is due to Michelson and Morley. 

Lorentz conceived the existence of one privileged frame of reference 
which could not be demonstrated experimentally and he had to 
introduce several assumptions in the support of bis theory. Finally 
Albert Einstein recognised that the revised fundamental concepts 
about space and time would be capable of resolving the impasse 
between theory and experiment. This is that revised concept of 
Einstein, which is now known as Special theory of relativity and which 
establishes the fundamental equivalence of all inertial systems. 
According to Einstein there is nothing like absolute motion, but all 
motions are relative and hence the physical laws are independent of 
the motion of observer. Einstein also ruled out the concept of 
'absolute time' and time varies from one inertial system to another 
iuertial system. He also ruled out the concept of 'absolute space', 
since the time is not absolute and therefore the distance between two 
points measured in two inertial systems cannot be absolute as is 
evident from the Galilean Transformation. 

Suppose S, S' are two frames of reference, one at rest and the 
other moving with uniform velocity v. O, O’ are two observers at 
the origins of 5 and S'respectively, observing the same event at? 
whose coordinates are (*, y, z, t) w.r.t. 6 and (x\ y', z', t') w.r.t. 
0'\ S, S' being supposed to be parallel to each other and their 
origins being coincident at f=0, f'=0. There arise two cases: 

Case I. Let the frame S' have the velocity v w.r.t. S in the direc¬ 
tion of X’ only. Then O' will have velocity v along Jf'-axis only so 
that both X and X' axes coincide and consequently the two systems 
can be combined to each other by the equations 

x'=*x—vt, y'—y, z'=*z, t’=>t .. (1) 

. Case II. Let the frame S' have the velocity v along any straight 
line in any direction. Then i£v„ v„ v, be the components oft along 
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Fig. i4a 
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x, y, z, axes, the two systems can be related by the equations 

(1) and (2) constitute^he^Tra^formatioDT* ’' ‘ (2) 

In either case the distance being expressed in terms of time which 
is not absolute, it is clear that the space is not absolute. * 

The theory of relativity is studied under two heads- 

, -° ry °.{ 1 relati : i ‘y- Which deals with inertial systems 

/.£. systems moving with uniform velocity. 

™ , theory of . rela .‘ ,vlt y- Which deals with non-inertial 
systems /.e# systems moving with accelerated velocity. 

relativity* Chapter we have onl y t0 deal with special theory of 

142 ^ICPOSTULATES 0F SPECIAL THEORY OF 
RELATIVITY 

T . . # (Agra, 1969) 

mere are two basic postulates of special theory of relativity: 

I. The principle of relativity. The natural physical laws preserve or 
retain their form for all inertial frames i.e. they retain the same form 
relative to all observers in a state of relative uniform motion. 

This postulate is an extension of the conclusion drawn from 
Newtonian Mechanics i.e. the velocity is not absolute but it is 
relative as is evident from the failure of Michelson-Morley experi¬ 
ment performed to determine the velocity of earth through ether. 

11- The principle of constancy of velocity of light. The velocity of 
light in vacuum is independent of the velocity of observer or the velocity 
of the source i.e. tt has the same value in all inertial frames. 

This postulate is not true according to Galilean transformations, 
but is verified experimentally that the velocity of light calculated by 
any means remains constant. It is this postulate, which draws a 
demarkation line between the classical theory and the theory of 
relativity given by Einstein. Of course, the constancy of velocity of 
light requires the following axioms as to introduce the transforma¬ 
tion laws: 

(I) The velocity of light c must have the same value in all inertial 
frames. 

(ti) The transformations should be linear and approaching to 
Galilean transformations for low velocities i.e., v < «?. 

# (iff) The transformation laws should be independent of 'absolute 
time* and 'absolute space’ notions. 

14.3. LORENTZ TRANSFORMATIONS 

(Agra, 1962, 67, Kanpur, 69) 

H.A. Lorentz introduced transformation equations relating the obser* 
vations of position and time taken by two observers in two different 
inertial frames, in order to satisfy the above axioms. 
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Take S, S' two inertial frames of reference such that S' is moving 
with uniform velocity v along Af'-axis relative to S. Let O, O’ be two 
observers in two systems, situated at their origins. If we consider the 
two sets of axes AT, Y, Z and X,' Y,' Z' parallel, then the choice of 
the origins of the two systems falls in taking their origins coincident 
at f=0, f'=0. It is also convenient to take X, X' axes of two systems 
coincident, so that the velocity of S' is permanently along Af-axis. Let 
the two observers O, O' observe the same event at P whose coor¬ 
dinates are (x, y, z, t) w.r.t. 5 and (x', y', z', t') w.r.t. S' (see 
Fig. 14.1). 

With these assumptions clearly, points which are at rest relative to 
S' will move with speed v relative to S in Af-direction. Particularly 
the point at x'=0 will move with speed v in Af-direction i.e. x'=* 0 
will be identical with x=vt, so that the first of our transforma¬ 
tion-equation is 

*' = <* (x—vt) . . . (1) 

where a is a constant to be determined later and \t is the distance 
traversed by S’ in time t along Af-axis. 

Now velocity of S' being along Af-axis only, it follows from 
symmetry that 

y'—y and z'=?z ...(2> 

This set of equations is not complete, unless we formulate an 
equation connecting t' the time measure in S', with the space and 
time coordinates i.e. x, y, z, t in S. Due to homogeneity of space and 
time, t’ must linearly depend on t, x, y, z but for reasons of symmetry 
we assume that t' does not depend on y and z, otherwise two clocks 
in S'-system in x'=0 plane would appear to disagree as observed 
from S and hence we take 

/'=3r+YX ... (3) 

where p and y are not merely constants but are functions of v and are 
to be determined along with <x. 

Let us now assume that the event P is a light signal, produced 
when both t and t' are zero and when origins of two systems 
coincide. Also let the light pulse produced at f=0 spread out as a 
growing sphere such that the radius of wave front so produced grows 
with speed c. But the velocity of light in both the systems being the 
same i.e. c in all directions, the progress of the spherical wave front 
is described by either of the following equations: 

x*+y i +z 2 =c i t* ... (4) 

x' 9 +y' a +z'*=c*t'» ... (5) 

Substituting values of x’, y', z\ t' from (1), (2) and (3) to (5), we 

get 

** (x— vr)*+y*+z*=c* (Pf+Yx)* 

or («*—e , Y , )x*+}’*+z , —2xr (a*v+ c*Py)= (c- p 2 —aV)/ ! ... (6) 

The equations (4) and (6) representing the same motion are 
identical and hence comparison of various coefficients, yields 
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**- c V=l ...(7) 

«*v+c 2 Pr=“0 ... (g) 

c*P 2 —a 2 v*=c* ... (9) 

Multiplying (7) by v* and then subtracting (8) from it, we have 

v (1 +c 2 y*)+c 2 Py=0 ...(10) 

Again multiplying (7) by v* and adding it to (9), we get 

-p , (l+cY)+«*P , -«* ...(li) 

Now multiplying (10) by v and adding it to (11), we find 

'-*■ ...02) 


P*—1=» — vPy i.e. Y ! 


vp 


Elimination of y between (10) and (12) gives 

or v 2 p*+e*(p*-l) 2 +c 2 p*(l-p 2 )=0 
or p* £ v*+c*—2c* J+c 2 =0 giving P*= — 


1- 


7* ...(13) 


With the help of (13), (9) yields (on taking positive roots only) 


«*=» c /_ t ,g ^P 2 so that *=P= 

In view of (14), (8) gives 

-oc 2 v — av — Pv 


7-7 


Y— 


C‘P 


From (12), (14) and (15), we get 

l-p*_pv _ r _V 


1 VP 

Also by (8), 

a 2 = 


7-7 


—/*A* 


£§!x-=p*= 


. a4) 

. (15) 

• (16) 

.(17) 


v. 

In view of these results, the transformation equations (1)» (2)» (3) 
become 




vx 


x—vt 


y'ssy, z'=z and /'■ 

it 


" 7-7 

These are known as Lorentz transformation equation*. 


7^7 


... ( 18 ) 
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Inversely, we have 

x'+vt' , , . 

x>= — „ g , y=*yz**z and 

J >--£ 


/= 




VX* 



• • • (19) 


These are known as Lorentz inverse transformation equations. 

A look at the transformations (18) and (19) reveals that S has the 
relative velocity—v w.r.t. S'. This conclusion is not trivial since 
neither the unit length nor the unit time is directly comparable in 
S and S'. 

In case v is very small then v/c-+0, so that by (14), P-*-l and then 
Lorentz transformations reduce to the Galilean transformations i.e. 

x'—x v/, y'*=y, z'=z, /'=/ .. . (20) 

If v>r, then Lorentz transformations give imaginary values of 
x' and t' leading to an absurdity and hence v cannot be greater 
than c. 

Again if v< <c so that — 5 - is negligible, the Lorentz transforma¬ 
tions take the form 


x'=x— vt, y'—y, z'=z and t'=t— ... (21) 


In view of the transformations y'—y and z'=z so that 
y 2 +z 2 =y' 2 +z' 2 ; (4) and (5) yield 
x 2 -c 2 t 2 -x' 2 -c 2 t ' 2 ...( 22 ) 

We may also write 

x 2 +(ict)*=x' 2 +(ict') 2 , where i—V —1 .. . (23) 

Now using the conceptions of four-dimensional geometry and 
imaginary rotations, we can determine a necessary connection between 
two sets of coordinates (x X) x 8 , x 3 , x,j and (X/, x t ', x 3 ', x t '). 

Setting x—x u x'—xi and ict*=x t , fcr'=x 4 ', (23) can be written as 
xS+xf-x^+Xi* ... (24) 

Geometrically interpreted if x lt x 4 and x/, x 4 ' form two rec¬ 
tangular sets of coordinate axes, with the same origin, then L.H.S. 
and R.H.S. of (24) separately give the distances of the points (x lt x t ) 
and (xi, x 4 ')from the same origin. Consequently either the two sets 
of axes coincide or are inclined at an angle 0 (say) with each other. 
In later case we can express 

Xi^Xi cos 0+x 4 sin 0, x t '=* —x 4 sin 0+x 4 cos 0 ... (25) 

Of course, as is evident from (24) and (25) a circle in original set 
retains its shape in the rotated set and the coordinates in two sets are 
connected by circular functions sin 6 and cos 0. 
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If we conceive of an object at rest in S, moving with velocity v 
w r.t. S' then we can write p-=0 and -~-= v , so that 

dxj _ dxl Idxl _l£t cos fl + sin 0 

dx; dxj dx t rtc, . . ~~° 

' — sm 0+cosfl 

OT - ,an9 ...(26) 

Jy 

But when and x 4 =/ct,-™=p gives 

dxi dXj dt 1 iv 


dx A dt dx t 


V ‘ ic 


(26) and (27) give tan 0= 


Accordingly 


sin 0 cos 0 V cos* 3+sin 2 0 


c V c 2 +(»V) s 


v/^ 


sin 6= 


7 - 


and cos 0= 


'J^r 


The substitution of these values in (25) yields Lorentz trans¬ 
formation equations. 

The coordinates x and t in (22) may also be related with x’, t' by 
hyperbolic functions such as 

x'*=x cosA Z—ct sinA %; ct'= —x sinA C+cl cosA K, ... (29) 

corollary. The above transformations have been derived in a 
particular case when the frame S' is moving with uniform velocity 
v along -Jf-axis. We can generalize these results by taking the motion 
of S' w.r.t. S, along any straight line, so that its velocity 
v=»v„i+v # j+v,k 

where v e , v*, v, are the components of v along X, Y, Z axes 

respectively. 

Taking r=xi+yj+zk as the position vector of an event its resolved 

(t v)y 

parts along and perpendicular to v may be given by ' and 

Denoting them by P and Q respectively so that r*=P+Q and 
applying the transformations of (18), we have 

Q'-O-r- 
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,„d f— 

7‘--5 </*--£ 

Thus r'=P'+Q'a»r (Y-D+Y* 

i • 


where 


v>-? 


Also we have the transformation 


... (31) 
... (32) 


<'-y( <~ £ jr) •••<»> 

<32) and (33) give the general Lorentz transformations without 
rotation. Their inverse transformations may be obtained by replacing 
v by —v whence we have 

r=r'+-~r- (Y-O+Y**' and *“y(/+-^t-) • • • (34) 

Problem 1. State the fundamental postulates of special theory of 
-elatlvity and deduce the Lorentz transformations. 

(Agra, 1954, 56, 62, 67) 

§§14.2,14.3 constitute the answer. 

Problem 2. Show that Lorentz transformations x'=^ 1— ^ 

(.v—w), y'=y, z'=z and t=^ 1—^ t—-~p^may be obtained 

from the two basic postulates of the special theory of relativity. 

(Agra, 1960) 

This is the same as Problem 1. 

Problem 3. Show that x 3 +y*+z*—c 2 / 2 is invariant. 

U(x,y,z,t) and (x',y',z',t) be the coordinates of the same 
event observed by two observers in frames S and S' where S’ is 
moving with velocity v relative to S, then we have to show that 
&-b-y*+z*— c*/*■-x' 2 +,y' 2 +z' , —cV* 


Lorentz transformations are 


x' 

where 


P(x— vt). 



y 

1 


=»*. z' 


V* 


—z and t 




We thus have 

Jc'*+y , +z'*-c 2 l' 2 -p*(x-v0 1 +y*+z 2 -c 2 p 2 ^ t-~~y 
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■ a*T x'+M-lvxt-f f 1’+ ^T— 

.?’(1-£)*’-<**( i-£) ?+*+<• 


=**— c*t 2 +y*+z* V p 2 =-- 2 " 

=x?+y i +z i —c z t i 

which shows the invariance of x*+;v*+z 2 —c*<*. 
Problem 4. Derive Lorentz inverse transformations. 
Lorentz transformations are 


*'=p(x-v/), y'-=y, z'—z, r'=P ( I— 

where p = , ~ • 

a/ 1 --? 

Solving them for x, y, z, we find 

x =*-+v(i' + ^>| ( -'+vO+$ 

r ( (*'+»Oie. x-P (*'+*#') 

As such, f'=p( *“ ^ g> ves 

<=f+£ P (*'+ v, '> =f( 1 + S P: ) + ^ P 

? r ^ b= _ , * , . ~ ^+ v ji 


t' , v*! a 
v 2 \ ‘ c 2 p 


rA __ 

+7 <>-?) 




Hence Lorentz inverse transformations are 

x=P (x'+vf'). y=y’, z—z\ l=P y* c* ) 

14.4. THE KINEMATIC EFFECTS OF THE LORENTZ TRANS- 
FORMATION {Agra, J969) 

[A] Lorentz-Fitzgerald Contr * ct ‘°“ s s > sucb that S' is moving with 
Consider two frames of reference ^ s “ c t z inverse tranrfor- 
velocity v along x-axis relative to S. Then Loren 

mations are 
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x=p (x'+v/'), y-y‘, <= 


where 





... ( 1 ) 


Suppose that there is a rod of length / placed parallel to 7-axis in 
system S, which is at rest. Then if y lt y a be the 7-coordinates of the 
end points of the rod, we have 

l=y»-yi 


But from (l), y*-~yi‘=y t -yi=i 
which follows that the length of the rod remains unaltered when 
measured by an observer in S'. Conclusively the lengths perpendicular 
to the direction of motion are unaltered. 


Further suppose that the rod of length / is placed parallel to 7-axis 
in system S, which is at rest. Let x„ x 2 be the 7-coordinates of the 
end points of rod, measured at the same instant tin 5 so that ti—t a 
=/ and /«x t —x x . Also let xf, x,' be the 7-coordinates of the two 
ends of the rod, measured by an observer in system S' at the same 
instant t', so that t 2 =^t a — t'. If /' be the length of the rod in the 
system S', then /'=x 2 '—x x '. 

Now, /=x t —x x =p (xg'+v/*')—p(x 1 '+vt 1 ') by (1) 

-Kxs'-x^+vP (r.'-r,') 

_q;'___ L_ 

V>-?- 


••• '=V 

which follows that /'</ and /'=/ 



c* 


+• 



Here / is the length of the rod for an observer at rest w.r.t. the rod 
while to an observer in S' which is in relative motion w.r.t. the rod, 
the rod appears to be of length /'. Actually speaking to the first 
observer the rod appears to be at rest while to the second observer it 
appears to be in motion, the length of the rod being measured in the 
direction of motion. Clearly the length of the rod appears to be 
longest in the reference system w.r.t. which it is at rest. The length 
I of the rod measured by an observer which is at rest w.r.t. the rod is 
said to be the proper length of the rod. 

Thus Lorentz-Fitzgerald contraction follows: 

Every rigid body seems to be of maximum dimensions when at rest 
relative to the observer while its dimensions appear to be contracted 

( v* \ lrt 
i—-prj , when 

it moves with velocity v relative to the observer, whereas its dimen - 
sionS perpendicular to the direction of motion are unaffected. 
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Consequently the length is not an absolute quantity. An interesting 
consequence of this fact is that a moving sphere seems to be a prolate 
, ellipsoid. In case v=c, from (2) /'=0 i.e., the rod appears to be of 
length zero to an observer in system S' moving with velocity of light 
relative to S. Also if v>c, /' is imaginary, leading to an absurdity. 
Hence v>c i.e., v<c always. 

Problem 5. Determine three dimensional volume element dx dy dz 
under Lorentz transformations. 

We have by Lorentz-Fitzgerald contraction 

( v * ,\ i /-i 

l —) dx, dy'—dy, dz'=dz 

( i >2 \ 1/2 

1 dx dy dz. 


Problem 6 . A rod of length 100 cm. is placed in a satellite moving 
with velocity 0.8c relative to a laboratory. Determine its length as 
observed by an observer {a) in the satelHte (b) in the laboratory. 

(a) The observer being in the satellite is at rest relative to the rod 
and hence the length of the rod measured by him is 100 cm. 


(i b ) The length of the rod as measured by an observer in the labora¬ 
tory is given by 


/'=/ 



where /=100 cm, v=0.8c 


/'=ioo J =ioo 


\/l— 0.64 =100x0.6=60 cm. 


Problem 7. The length of a rocketship is 100 metres on the ground. 
When it is in flight its length appears to be 99 metres to an observer on 
the ground. Determine its speed. 

We have /'=//\J 1-^ 


where /=100 metres=10 4 cm.; l'=99 metres=99 x 10 s cm. 

••• 

So that ^-=l-(.99)*=(l-0.99) (1+0.99)=0.01 x 1.99 

c =199x 10~ 4 

r=c(199xl0- 4 ) 1 ' 2 «(V''i99 x 10~*) x 3 x 10“ 

199 x 10 8 =3 x 14.1 x 10 8 =4.23 x 10» cm./sec. 

. Problem 8. Determine the length of a rod (j proper length 100 cm) 
r moving with a velocity of 0.8c in a direction inclined at an angle ofOir 
«to its own length. 

Taking I, j as unit vectors along * and Y axes respectively, the 
proper length l of the rod moving with velocity 0.8c along Jc-azis is 
given by 
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1=/ cos 60° 1+/ sin 60° j=y i+/ j. 

Now the motion being along Af-axis, the contraction will take place 
along Y-axis and the component of length along T-axis will be un¬ 
affected. 

Thus if /»' and 1* be the components of length of the rod when in 
motion along Af-axis, we find 

V 1-p =1 cos 60°^ !-( -|^) 2 »yx0.6=0.3/ 
and /,'=/sin 60’=-^-^ *0.866 /. 


.*. Length of the moving rod= 

=1 -\J (0.3) 2 -f(0.866) 1! =/ -\/.09+0.7o approx. 
=/ y/ 0.84 =0.92 / approx. * 

=100x.92 =92 cm. 


1 8] Time-dilation or Apparent Retardation of Clocks 


Consider two frames of reference S , S' such that S' is moving with 
velocity v along A'-axis relative to S. Conceive of a clock placed in S 
at x=x u giving a signal at time I„ such that 1/ is the time measured 
by an observer in S’ corresponding to it. Then Lorentz transforma¬ 
tion gives 




.. . (3) 


Suppose that the clock gives another signal at time t t in S, such 
that its corresponding time in S’ is f a '. Then 



Putting t x =*t and t t ' —t x ’—t' and then subtracting (3) from (4), 
we get, (r 2 - t x ) 


i.e. 






So that t’>t and t=t' ( i- n ... (5) 

which follows that the time interval t appears to be dilated or 

( v * \-i'» 

1-f J to the moving observer. 


If we reverse the process ie. put the clock at a point x' l in S', 
giving signals at times t\, t' t while the corresponding times in S are 
h and t t respectively then by Lorentz inverse transformation, we 
nave 
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*i'=p('i+7r) and * 2 + v -~~y 

So that I'i—P(? 2 — h)=Pt implying t’>t as above. 

If follows that the time interval t' appears to be dilated by the 

factor (-sr to an observer moving with velocity v relative 
to S'. 


Conclusively a moving clock runs more slowly than a stationary one 
i.e., every clock seems to go at its fastest rate when it is at rate 
relative to the observer and if it moves w.r.t. the obstrvtr with ulocity 
v, its rate appears to go at its slowest rate by the factor 



It should be noted that the time recorded by a clock moving with 
a giveij systejn is said to be the proper time for that system. 

Problem 9. Show that four dimensional volume element dx dy dz 
dt is invariant under Lorentz transformation. (Agra, 1967, 70) 

Lorentz-Fitzgerald contraction gives 

( v 2 \i* 

1 1 dx, dy'^dy, dz'=dz 


Time dilation gives dt'=- 





So that dx' dy' dz' dt'—dx dy dz dt. 

Which shows the required invariance. 

Problem 10. Write a short note on Clock Paradox. 


We have already discussed in time-dilation that according to an 
observer in S , a clock in S' is going slow while from the point of 
view of S', it is a clock in S which is moving fast and hence when the 
observer comes back from S' to S, he finds just reversed phenomena. 
We use to call it as a Clock Paradox. 

To be more explanatory an observer posited in either frame of 
reference finds that the rate of clock in other system is slow. There 
ijr complete reciprocity between the two frames S and S'. 

Problem. 11. In the laboratory the life-time of a particle moving 
' with speed 2 8xI0 10 cm.! sec. is found to be 2.5xl0~ : sec.. Calculate 
the proper life-time of the particle. (Agra, 1969) 

Time-dilation gives t'- 


where f'=2.5xl0~ 7 sec., v=2.8x 10 10 cm./sec., 

c=3xl0 10 cm./sec. 




1038 


MATHEMATICAL PHYSICS 


••• '“'V V >-(t&pT 

=2.5X 10-y 1 —(0.93)*=2.5 X 10~ 7 X Vl -0.87. approx. 

=2.5 X 10" r x .36=9 x 10~ 8 sec. 

flC] Relativity of Simultaneity (Agra, 1964, 66,67) 

Consider two frames of reference S, S' such that S' is moving 
with velocity v along X-axis relative to S. Let the two events in $ 
with space and time coordinates fo, y u z u /,) and (x a , y t , z 2 , / 2 ) 
respectively, occur simultaneously, so that 
but t 1 ~ti 

Let ti, tf be the corresponding times in S'. Then by Lorentz 
transformations we have 



tj tj P (/ 2 O + P £i( X l X t) 

=~T (*i-* 2 ) V /i=/ 2 


In view of x^x it this follows that tf&tf f.e. the same two events 
are not simultaneous in S'. 


Conclusively two simultaneous events at different points, for an 
observer at rest in S remain no longer simultaneous to an observer in 
S' which is moving with velocity v along X-axis relattve to S. 

In case Xi=x a , then however the events are simultaneous since 
than t t '=ti- 

[D ] Relativistic Composition of Velocities (Agra 1964,65,68, 71) 
Consider two frames of reference S, S' such that S' is moving with 
velocity v along X-axis relative to S which is at rest. Let the space 
and time coordinates of a moving particle P be (x, y, z, t) and 
(x', y', z\ t') w.r.t. S and S' respectively. Also let u», u«, u, and 
uf, uf, u,' be the velocity components of P w.r.t. S and S' respecti¬ 
vely. Then 


«.= 


(h 
dt ’ 



, «.= 


di_ 

dt 


and 


u; 


dt' ‘ 


a,' 


dz' 

“ar 


Lorentz inverse transformations are 
x**p(x’+vt'),y**y',z=z' md f=p( 
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where 


Their differentiations give 


V 1 -* 


«*« 


dx 


dx=$(dx'+vdt'), dy= 

-dy', 

dz=dz'; 


dl 

~P( dr +-~t dx J 

, so 

that 




(dx' 

+ ') 



$(dx'+vdt') 

w 

R'x+r 

Pi 

(*’+^) ( 

1+- 

< 

v dx‘\' 
: 2 dt' ) 

II 

+ 

c 

1 




dy' 


dy 

_ _ dy' _ 


dt' 


‘dt 


tssi - 

f 

{«*+ 

rfx' \ 
dt') 


“'v 

__ 




•+ C T- «*' 







dz' 


dz 

dz' 


dt' 


'dt 

“ *•] 

f" 


dx' \ 
dt’ ) 






( 6 ) 


... ( 7 ) 




...( 8 ) 


(6), (7), (8) give the velocity components a*, a„ a, as the composi¬ 
tion of velocities (a,', a,', a,') and (v, 0, 0). 

COROLLARY 1. The relativistic law of addition of two velocities in 
the same direction say .Y-axis, is given by putting a,'=a', a,'—0, 
a,'=0 in the above components whence we get 

a' + v 

a*= 


l+JT 


... (9) 


COROLLARY 2. The velocity of light is an absolute constant, quite 
independent of the motion of the reference system. 

Putting a'=c in (9), we get 

c+v (c+v) 

*- C ...( 10 ) 

which follows that the velocity of light c remains unchanged if 
compounded with a velocity smaller than c. 
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corollary 3. The resultant of two velocities each being less than 
c , is also less than c. 

Take p, v—c—q where p, q> 0 and p, q are constants. 
Then (9) yields 

„ c-p+c-g 2c-p-q 

’ I , (C-P) (c-g) , , c a — (p+q)c+p q. 

-Z ' 


f 2 c-p-q 1 

A 

—— f* 

2c- (p+q) 1 

2 c a —(p+q)c+pq 
c 

— c 

2c~(p+q)+~- 


which follows that u a <c V 2c—(p+q)<2c—(p-\q)+~ 

for p, q> 0 and ^—->0. 


corollary 4. The addition of any velocity to c the velocity of 
light results in c. 

Taking u'—c and v—c, (9) gives 


u x - 


c+c 


2c 


1-f 


c.c 


c -—c. 


c- 


corollary 5. The velocity of light t.e. c is known as fundamental 
velocity due to the following facts. (Agra, 1975) 

(0 c is constant in all directions. 

(//) c remains the same for all observers irrespective of the veloci¬ 
ties of the source and the observer. 

(///) c is invariant for any two systems related by Lorcntz trans¬ 
formations. 

(iv) c remains unchanged by adding any velocity to it, which is 
less than c. 

(v) No velocity can be greater than c. 

Problem 12. Deduce Fresnel’s coefficient of drag from Lorentz 
transformations (or in particular from relativistic velocity composition 
law). (Agra, 1958, 66) 

Assuming that the frame S' is water moving with velocity v along 
X-axis relative to another inertial frame S which is at rest, and tak ing 
I* as the refractive index of water, the velocity of a light particle 
(photon) relative to water (i.e. S'^ 

£ 

is -«' (say) towards X-axis. 

If Ux be the velocity of the light particle w.r.t. S, then we have 
by relativistic velocity addition law 
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v<<r 


1+ ^ _r-(7 +v X 1+ i) 

-(■* +1 ') 1 V-V - -1 

^ 1— * neglecting squares of-y- v<<r 

_neglecting as v<«r 

=y+-( I -i3-)“"'+ , ( ,+ l^) 

which follows that the velocity u' is increased as observed from S 
due to drag of water or system S' moving with velocity v by an 

amount vf 1 —J 

{>-£) , 

Coefficient of drag =-- 6=1 ^2 

which is known as Fresnel's coefficient of drag. 

Problem 13. If a photon traverses the path in such a way that it 
moves in X' — Y‘ plane making an angle <f> with X-axis of system , 
Then P Ze that ffirthe frame S, ^e S' is moving, uh 

velocity v relative to S. , . 

r ,Sl t ■? S&.“ i 

to 5. 

We have 


u x '+v _ccos^+v 
i+ c ; uf i+4-cos </> 


c sin <f> 


V‘v 


l'+pr«- 


v i 

14 --- COS 9 


Squaring and adding these expressions, we fi 

- 1 --J(' “ s + +vY+C < '-?^J 

(h-j-cw*) L 

' . * njE—S M 


( l + fcos*) 


_ j c £_{_ v*+2''v cos r* fin* <f>] 


■; sin-' 4>-rCos" + l 
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[c 2 +2cv COS ^+v* cos 2 $ 


1+—cos 
c 


V 1 —sin 2 <f> =»cosV 


k ,+ T cM# y , 

= (. + >4 “• 

[£] Relativistic Composition of Accelerations 

Consider two frames of reference S, S' such that S' is moving with 
velocity v along .Y-axis relative to S which is at rest. Let the space 
and tipae coordinates of a moving particle P be (x, y, 7 , t) and {pc', y', 
z', t') w.r.t. S and S' respectively. Also let u M , u,\ a M , a v , a, and 
u y , a x \ a y , a t ' be the velocity and acceleration components of P 
w.r.t. S and S' respectively. Then 

„ du x du„ du, , ,_du m ' du„' _ ,_du.' 

a * = ~dt * a * ~ dt'’ a * dt' ’ a * dt' 

Lorentz inverse transformations are 

x=$(x'+vt') t y=y' t z-z', f=p (t'+ where p- jL== f . 

y 1 c 2 

These give on differentiation, 

dx^(dx'+vdt'), dy=dy\ dz=dz\ (dt'+ dx ') giving 

^p=p ( l + ~ u„’ y so that by (6), (7) and (8), we have 

**dt u -~dt I 7TT“, \-di\ 7. vT7 \dt 


W*' + v 


1 + 


1 + ^T «•' 
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du; 

dt' 


?- d <- u > 
c* df ’ 


li'+Z+TO+M 


.( 12 ) 


Equations (10), (11), (12) give the acceleration components a x , a„ 
a t in terms of af, n*', a,'as observed in system S'. Evidently the 
components of acceleration in S' are constants, but the components 
of acceleration in S are not constant, ia general owing to the fact that 
they contain velocity components along with acceleration compo¬ 
nents. 


corollary 1. In particular if the particle is instantaneously at rest 
relative to frame S', then i/*'=0 so that (10 (11) and (12) 

reduce to 


*«=( l-*r) * a *=( i-J) *'• a *=( • • • (13) 

which follows that unlike Galilean transformations, the acceleration 
is different in two inertial frames. This is due to the relativity of space 
and time. 


corollary 2. Sets of instantaneous direction cosines of the motion 
of the particle P in frames SandS'. 

Let /, m, n and /', m', n' be the instantaneous direcion cosines of 
the motion of P in frames S and S' respectively. Then we have 


»« w _ 

\/ U m * + uj + U,** V M » 2 + U , 1 ’ 


U lg_ 

V U» i +W|r a -l-“. i ‘ 

.. • (14) 


_ ( 15 ) 

It 

Using Lorentz transformations, we have 

«.'+v 


1+ C T 


7—-z^/ («»'+v) 8 +-r K'+«*' 2 ) 


1 + 7 “* 


k.'+v 


«.'*+2«.'v-l-v*+(l-p-) 


U.'±V 


(K,' a +«.' a ) 


/^/ (u m ' i +u,'*+u,' 2 )+2u m 'v+ (C* «** “.*) 
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Dividing numerator and denominator of R.H.S. by 
vV'+a/'+Wi'' and using (15), we get 

v 




/= 


Vu K ia +u;*+u;* 


T. ■ 2iv _. v* ( c* \yi* 

L 1+ 7&+us+u.'*+* U'*+v 2 +h. ,1! JJ 

Similarly m and n can be expressed. 

Problem 14. A particle P instantaneously at rest in frame S' expe¬ 
riences an acceleration a'=3i+4j-f /2k. Determine the acceleration 
measuredfrom an observer in frame S when S' is moving with velocity 
.98c relative to S along X-axis. 

Let Ox, a t , a, and a x ', af, a x ' be the components of a' in systems S 
and S' respectively. Then as we are given, 
a x —3, Oy *=4, o* =12 

By Cor. 1, a»=( 1 -(^ £ ) 2 }- 3 =0.024 

(on simplification) 

«.-( "•-] >-( v)’l 4 =°1584 

“■-( '-?)“={ i -' 9 f 7}- ,2=04 ” 2 ” 

Hence u=a*i+fl,j+o*k 

=0.024 i+0.1584 J+0.4752 k. 


14.5. ENERGY—MOMENTUM RELATION 
If a particle of mass m is moving with velocity v then its momentum 
p in classical Mechanics is given by p=mv .. . (1) 

and the law of conservation of momentum states (/) the mass of a 
moving body is the same as that of the stationary body and (ii) the 
total momentum of a body remains unaltered unless an external force 
is applied. The first hypothesis does not stand true when examined by 
the help of Lorentz transformations, whereas the Lorentz invariance 
of law of conservation of momentum states that the mass of a moving 
body does not remain constant but it changes with velocity and given 
by 



(Agra, 1969, 70, 71) 

where m 0 is the mass of the particle when at rest and m is its mass 
when moving with velocity u. 

In order to prove (2), consider two frames S, S’ such that S' | 5 
moving with velocity v along .Y-axis relative to S. Suppose that m i is 
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the mass of the particle moving with velocity «, in S along X-axis 
and its corresponding mass and velocity in S' are m,' and u,' respec¬ 
tively. 

Let P= - .. . Pi=— - and p,' = 1 ... (3) 

7--I4 v-p- 7>-“P‘ 

Velocity-composition law gives 

w/4-v . . i/t — v 

"i** 1 -~-giving Wl ' = —L-- . . . (4) 


1+^- < 


So that 


_ (Ml — V) C _ 

[«* ( 

_ («i-v)c _ 

’[<■ {1+5- ]“ 

3 _ («i-y) __ 

-1 [ c *+f« l 2 -2vK 1 -« 1 *-v*+2v« l ] ' 

•PPi(«!-v) by (3) 


or ?L. . J ....aap(g 1 — v) ---(5) 

Pi ... 

Assume that there are a number of such particles moving along 
JK~axis and their masses and momentums being invariant in S 9 so 
that 

SufxMconst., const. • •. (6) 

But p and v being the same for every particle, (6) yield 
Srt*! Pv«»const., 2m t u t p=const. 
which on subtraction give S/w x p^—vj^const. 

or 6Li*L«const. by(5) 

Pi 
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In frame S’, applying law of conservation of momentum, we get 

2m/ u/=const. ... (8) 

tn B* 

Comparison of (7) and (8) renders — L =m/ 

Pi 

or (say) as absolute constant giving 

Pi Px 


m 0 
— T= 

V 1 - 


== a and m/« 

J 


m n 


c 2 V c* 

We conclude from these results that for a 
with velocity u relative to that system 
m 0 


1 


«/* 


m- ■ 


J 


1 


~c 2 


with the help of (3). 
body of mass m moving 


which is the result (2) showing that the mass cf a body increases with 
the increase of velocity. 

When u=0, (2) gives m=m 0 i.e., mass of the particle at rest is 
m 0 and hence m„ is known as the rest mass. 

u 

In case u< <c i.e .,—< <1 then also m=m 0 . 

c u 


Now we establish the mass-energy relation i.e., 

E—mc 2 . . . (9) 

(Agra, 1969, 71) 

We know that the increase in energy of the particle by applying 
a force F is given in terms of work i.e., if dT be the increment in 
Kinetic energy T due to an increase dr in the displacement r, then 

dT= F.dr=F. .dt---- Fv dt ... (10) 


dr 

V v=-^- (velocity) 

But the force being defined as rate of change of momentum we 

have 


F— (mv) or F dt—d (mv) 
with the help of (11), (10) yields 
dT~v Fdt**v.d(mv)=vdl 


...(H) 


by (2) 




7 



(on differentiation) 
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m 0 v dv 


Differentiation of (2) gives 
dm _ a.’* 


‘■('-■sr 


e‘ dm-— 


(*-fr 


Comparing (12) and (13), we find 
dT=c t dm 

If we consider the body initially at rest whence its rest 


(13) 


• (14) 
mass is m„ 


« i * . v * ..—iia icm mass is m 0 

a j ? n a PPv 1D 8 this force as it acquires velocity so its mass increases 
and becomes say m=m 0 +dm. Now the total Kinetic energy acquired 
by the body is given by 


T ~\ dT ~\m/ 

=c 2 [m—m 0 ] 

or T+m 0 c 2 =mc 2 _ _ t (J 5 ) 

Total energy ,£=Kinetic energy of moving body-)-energy at rest 
i.e., E=c* (m—m u ) + m a c 2 —me 2 
which establishes the relation (9). 

In the last we prove the energy-momentum relation or Einstein 
relation: 


E 2 =dc t p 2 +m 0 2 c* . .. (16) 

where E is the energy and p is the momentum of a particle of rest 
mass m 0 . 

Using (1) and (9), we have 
E 2 —c t p , =(mc 1 ) 1 —c 2 (mv) z 
—mV—m 2 c 2 v 2 



by (2) on replacing v by u in the existing case. 

(c J -v ! )=m 0 2 c 4 

Hence E 2 = c 2 p 2 + m 0 2 c l 
which establishes the relation (16). 

Problem 15. Formulate the energy-momentum transformation tn the 
space time of special relativity. (Agra, 1975 ) 

Consider two systems S and S' such that S' is moving with velocity 
v along Jf-axis. If m and m' are the masses of a body in S and S' 
respectively, such that it is moving with velocities u (u t> u v , u z ) 
and u' (u m f u 9 \ «/) respectively. Then we have 
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where m 0 is the rest mass of the body. 

Here «*»«.-+w, a +«» a and m' 2 =m, , s +«,'*+«/* 
The velocity-composition law gives 


• • • ( 2 ) 


, «*—v 

Mx ---, h„ 


. ^o-iT... *(-sr 




Now from ( 1 ), 


... (3) 


i ' 1 \ J /* 


where l—~ = 1 —(w,' a +«/,'*+«.'*) 


=i-[(«.-v)*+«/( i-5-)+h.*( i— 


~- -7 -— 1 — 7 T (on simplification) 


So that 


-v-K-::)' 


t t> 

* ' "o' tim 


. . (-5)“ . (*~».) , , 

” ^— iZZ — ie ’ m=sm 7 — v ^Y^= mP v l ~^ Ux ) 


...( 4 ) 


where —— 

v-* 

Also from (3), 

1 —«. 


• • • ( 5 ) 
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Let P; Pi. P» aQd P*> P*’ P* be the com P° acnts of momentum p 
of the particle, acquired due to velocity in frames S and S 
respectively. 

Then, p x — mu *> Pi— mu i> p* ssmu t in frame 5. 
and mv) P by (4) and (5) 

=( p.-jr^)f :E-mc< 

Similarly, />*'=»*'«*'— mu » —P* 
and p t '=m'Ui=mu t =p, 

Hence if E' corresponds to E, in frame S, then 

£'_ m ' c * = (3 (me*— mv u x ) by (4) 

=P (£— vp x ) 

Hence the required transformations are 

p.'-^p.--*-) e-w-v.) 

1 

where P— <- ’ 

V 1 -? 

Problem 16. Show that p- -5 “ L ° rm,z ‘" a,ianL 

Using notations of Problem 15 , we have „ 

p * =Px 2 +p f +p * and />'*=P*i 2 +p, +*. 

• jr P <*-»•>’ • £ '- f ‘ (£ ' V * ) 

(E-n-jv? 


=p. 2 +p» 3 +p. 
a 


a_ 


£ 2 

c 8 


V P (I-?-)" 


*FWbuTIT mitia * mt $ t nM6,67.70, 75) 

US, S' be » 'SitS !SS"-E” 
velocity v along A%axis reiauve ( vx \ 

x'^(x—vt),y'^y, *””**" / 


where 


... ( 1 ) 
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Take two events with coordinates (x x , y u z u f x ) and (*,, y it z. / \ 
in S, then we have *' 

*i2 a =—[(*2-*i) a +(?2->’i) a +(*2-*i) a ]+^(Wi) a • • • (2), 

[Since in Minkowski's four dimensional space, the interval between * 
two events (x, y, z, x 4 ) and (x+dx, y+dy, z+dz, x t +dxj is given 
by ds*=dx i -\-dy 2 +dz i -\-dx£ 

On setting x t =ict where we use to say the coordinates of an event 
(x, y, z, ict) as (x, y, z, t), we have 
ds 2 =dx t -\-dy 1 + dz 2 —c 2 dt a 

For the system S', (2) becomes 

=- [P a ((* 2 -x x ) - v(f *—fj)} 2 + (y» -Ji) 2 ]+(r* - r x ) 2 ] 

+ C 2 P 2 | (Wl)—(**-*!)j 

- l(x i -x 1 r+(y t -y l ) 2 + (z i -z i r-[-^c\t 2 -t i y 

£ on simplification and using (3 2 ^ 1—^-^=1 J 
by (2) 

^12 1= ^I2 ... ( 3 ) 

which follows that the interval s u is Lorentz invariant. 

Now ifs X2 *=0, the interval given by (2) is known as singular inter¬ 
val and then we have 

-[(x 2 -x 1 ) 2 +(.v 2 -y 1 )*+( Za -r 1 ) 2 ]-|-c 2 (/ 2 -/ 1 ) 2 =0 
which in the form of elements dx, dy, dz, dt, reduces to 
- [</**+ dy 2 + dz 2 ] + c 2 dt 2 =0 

This is termed as the equation of a null cone. 

Now if we assume that the two events occur at the same point 
in S' and the first event occurs after the second one, so that 

*s'-*i'. I fs'Xi' 

then, we have j n '=c 2 (f 2 '— 1 1 ')*>0 

or s X2 '>0 

But s 12 =J| 2 ' by (3), therefore s 12 >0 i.e. the interval s x2 is real. 
Such intervals which are real are known as time like intervals, because 
contains only time component. 

Hence the condition for time-like interval is 

<? a fts-*i)*>(*2-*i) a +0'i—J'i) a +(^2-^i) a - 

Conclusively if an interval is time like, then ‘it corresponds to a 
frame of reference in which the interval between two events is 
real. 

Again if two events in S' occur at the same time so that f x '*=f 2 ' 
then we have 5«' a =*-[(x 1 '-x J )»-(-(yi'-yi') a +(r 1 '-z 1 , ) 2 ]<0 
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i.e. Su* <0 and hence is imaginary 

Such imaginary intervals are known as space like intervals, because 
s n ' contains only space coordinates. 

Hence the condition for space like intervals is 

c\t t -t l ) t <(x t -x 1 f+(y i ~y 1 y+(z t -z 1 y 

Conclusively if an interval is space like, then it corresponds to a 
frame of reference in which the interval between two events is imagin¬ 
ary and the two events occur at the same instant of time. 

Problem 18. The rest mass of an electron is 9xl0~ :& gm., what 
will be its mass if it were moving with velocity 0.8 c. ( Kanpur, 1968) 

Given v=0.8c so that j = 0.64. 

Also given that m 0 =9x 10~ 28 gm. 

. ... m„ 9xl0 -s8 

y*~ (f-o:64j*« 


15x 10 -s8 gm. 

Problem 19. Find the velocity that an electron must be given so 
that its momentum is 10 times its rest mass times the speed of light. 
What is the energy at this speed. (Agra, 1970 ) 

We have 



9 X10~ 2S 
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ADDITIONAL miscellaneous problems 

Problem 20. Apply the law of relativistic composition of velocities to derive the 
elementary formula for aberration of light. (.Agra, 1964\ Banaras, 1970) 

[Hint. Taking 0,0' as angle between X-axis and the direction of motion of a light 
signal, in S, S' take u t =c cos 0, «,= -c sin 0, u t '**c cos 0', uf**—csin6\ 

tan 0 

«,'=»0 and use Lorentz transformation to prove tan 8'*- 

/+ — sec 8 
c 

which in classical treatment takes the shape 6 J 

Problem 21. Give relativistic treatment of Doppler's effect and distinguish it 
from the classical treatment . (Kanpur, 1971', Agra, 1965) 

Problem 22. How much electric energy could theoretically be obtained by anni¬ 
hilation of 1 gm. of matter. (Agra, 1961) 

[Ans. 5.885x10 e.v.] 

Problem 23. What is the annual loss in the mass of the sun, if approximately 2 
calories of radiated energy are received by each square cm. of the earth's surface 
per minute ? (Agra, 1954) 

[Take distance of sun from the earth 150 X10* k.m .] 

[Ans. 6.915 XlO u kgmlyear} 

Problem 24. Suppose that total mass of 1 kg is transformed into energy, how 
large is this energy in kilo-watt hours. (Agra, 1959) 

[Ans. 2.5xm K.W.H.] 

Problem 25. Calculate the Kinetic energy of an electron moving with a velocity 
of 0.98 times the velocity of light in the laboratory system. (Vikram, 1967 ) 

’Ans. 3.25 XlO~* ergs.) 


('-?) 



CHAPTER 15 


STATISTICAL PROBABILITY 


15.1. INTRODUCTION 

While reading newspapers and magazines in our daily life, we 
come across the word ‘statistics’, the use of which is not new, but 
its use in the present meaning is older than the year 1839 when the 
American Statistical Association was founded. The words ‘statist’, 
statistics’ and ‘statistical’ seem to be derived more of less indirectly 
from the Latin word ‘ status' means at political state’. 

The'dictionary meaning of statistics is ‘numerical data collec¬ 
ted systematically’, or ‘the science of collecting and interpreting 
such information’. According to its conventional use the word 
statistics may be defined as follows: 

“By ‘statistics’ we mean quantitative data affected to a marked 
extent by multiplicity of causes, the ‘statistical methods' mean elucida¬ 
tion of quantitative data affected by a multiplicity of causes and ‘theory 
of statistics’ means the exposition of statistical methods .” 

As a historical account Mr W. Hooper, M.D. (1770) while trans¬ 
lating ‘The Elements of Universal Erudition’ written by Baron J.F. 
Von Bielfeld. defines the word ‘statistics’ as “the science that teaches 
us what is the political arrangement of all modern states of the 
known world." The German philosopher E. A. W. Zimmermuann 
(1787) defines the word ‘statistik’ (statistics) in the preface to ‘A 
Political Survey of the Present State of Europe’ as “that branch of 
the political knowledge, which has for its object the actual and re¬ 
lative power of the several modern states, the power arising from 
their natural advantages, the industry and civilisation of their in¬ 
habitants and the wisdom of their Governments 

In early years statistics was supposed to be the science of kings, 
used for the purpose of administration while in later stage it was con¬ 
sidered as necessarily a branch of economics. Now a-days the meanings 
of statistics are interpreted in different ways by different classes. To 
a layman ‘statistics’ is nothing but a collection of figures and a 
statistician is no more than a computer who always counts the num¬ 
ber of things. To an economist the field of statistics lies in quantita¬ 
tive analysis. To a physicist statistics is a probability distribution 
which forms the basis of the theory of errors. 

The ‘statistics' which was primarily regarded as a branch of econo¬ 
mics has now become so popular and its application has become 
so wide that no branch of human knowledge escapes its approach. 
The prediction of H.G. Wells that “statistical thinking will one day 
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be as necessary for efficient citizenship as the ability to read and write’ 
now seems to become exactly true. In fact the statistical knowledge 
is going to become an unavoidable part of general education which 
provides the student according to George W. Snedecor ‘an awareness 
of, and harmony with, the statistical content of the society” as men¬ 
tioned in his article ‘A Proposed Basic Course in Statistics. 

Today the naturalists, the biologists, the astronomers, the adminis¬ 
trators, the businessmen, the economists, the chemists, the physicists, 
the photographers, all make frequent use of statistical methods 
of which the probability, because of the nature of statistical data 
and models, is the fundamental tool in statistical theory. Regarding 
probability as an idealization of the proportion of times that a 
certain result will occur in repeated trials of experiment, a probability 
model is the type of mathematical model. Consequently an astronomer 
uses statistical methods in making predictions about eclipses, a bio¬ 
logist utilizes them to generalize the laws of variations and heredity, 
a meteorologist uses them for weather forecasts, regarding tempera¬ 
ture pressure and rainfall, etc. Due to the wide scope of statistics, it 
is almost impossible for any statistician to be expert in all branches. 

The statistical probability cad be successfully employed in finding 
the possible configurations of the birthdays of people in a year, in 
classifying the accidents according to the weekdays, in firing to get 
the number of hits at a number of targets, in sampling to classify 
people according to age or profession, in irradiation in biology when 
the cells in retina of the eye are exposed to light, in cosmic ray ex¬ 
periments to find the number of particles hitting the Geiger counters, 
in an elevator to find the different arrangements of discharging the 
passengers, in dice-rolling to find the possible outcomes of throw, 
in chemistry when a long chain poylmer reacts with oxygen, in 
theory of photographic emulsions to find whether a grain reacts if 
it is hit by a certain number of quanta and in finding the possible 
distributions of misprints in a certain number of pages of a book. 

The dictionary meaning of probability is * likelihood ’ or ‘anything 
that has appearance of truth.. It seems that it has been derived from 
the Latin word ‘ probare ’ meaning ‘to prove’. For instance if we draw 
99 balls out of an urn containing 100 balls and it is per chance that 
all the 99 balls are of green colour, then it is always possible or 
probable that the remaining one ball may be of some other colour 
say red, white or black. Though the uniformity of the colour of 99 
balls is unable to confirm that the remaining ball is also green in 
colour unless we are told that all the hundred balls are of the same 
colour, but the conclusion that the balls are all green is not based 
on certainty rather than it is based on ‘likelihood’ or ‘probability*. 

In dealing with the mathematical theory of probability we give a 
numerical measure to the probability. For example if we toss a coin, 
then the probability of falling the head or the tail up is equal, or 
mathematically speaking, the probability of falling the head or the 
tail up each is half i.e., As another example, the probability of 
drawing a heart from a pack of cards is i as there are four colours 
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(heart, diamond, spade and club) in all. 

In fact the probability plays the same role in mathematics as the 
mass in mechanics e.g., the motion of the planetary system can 
be discussed without knowing their individual masses. But in statistics 
we are concerned much with physical or statistical probabilities which 
do not refer to judgements but the possible outcomes of a conceptual 
experiment. 

Initially R. A. Fisher and R. Von Mises developed the statistical 
or empirical attitude towards probability. 

15.2. DEFINITIONS OF PROBABILITY 

Based on classical concepts, we give two definitions of probability. * 

[A] The mathematical or ‘a priori’ probability. If there are q 
number of exhaustive, mutually exclusive and equally likely cases of 
an event and suppose that p of them are favourable to the happen¬ 
ings of an event A under the given set of conditions, then the mathe¬ 
matical probability of the event A is defined as 

JVO-f * 

We sometimes put this definitions in the words ‘the odds in favour 
of A are p to ( q—pY or ‘the odds against A are (q—p) to p\ More 
precisely if we assume that the odds in favour of the event A are m 
to n tor n to m against A), the probability of happening the event 
A is defined as 


P(Ah 


e.g. The probability of drawing a white ball from a bag containing 

'l 1 


3 white and 4 red balls is 


3+4 


,,± 


Note 1 . The word ‘ exhaustive ’ used in the definition assures the 
happening of an event either in favour or against and rules out the 
possibility of happening of neither (in favour or against) in any trial. 
The word ‘mutually exclusive' is a safeguard against the probability 
of two simultaneous happenings in a trial, e.g., in tossing a coin, the 
head and tail cannot fall together, but falling of either excludes the 
other. The word 'equally likely'means equally probable, i.e., no hap- 

pening is biased or partially bound to occur. 

IB] The statistical or empirical or ‘a posteriori’ probability. If in 
a large number of trials performed under the same conditions, the 
limit of the ratio of the number of happenings of an event A to the 
total number of trials is unique and finite when the number of trials 
tends to infinity, then this limit measures the probability of the hap¬ 
pening of the event A. 

Thus if in a large number of trials performed under the sameset 
of conditions, p is the probability of happening of an event 
that of its failure, then the probability of its happening m the next tnal 
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is , being assumed to determine the empirical probability 

that there is no known information relative to the probability, of thi 
happening of the event other than the past trials. 

In other words, if an event A happens on pN occasions when i 
large number N is taken out of a series of trials, then the probability 
P(A) of the event A is p defined as 

N-*-co yv 

Precisely if m is the number of times in which the event A occur; 

ip a series of n trials, then P(A)= Lim — • 

«-> oo n 

Note 2. If p is the probabiVty of happening of an event A, i.e., 
P(A)—p and q that of not happening of that event denoted by P(A) jj 
given by P(A)—q—l—p, so that 

P(A)+P(A)= 1. 

Conclusions. (/) The probability P(A) of an event A lies between 0 
and 1, i.e., 0<P(^K1. 

(ii) The probability of an impossible event is zero, i.e., 

P( 0)=0. 

(Hi) The probability of a certain event E is one, i.e., 

P(E)*= 1. 

Problem 1. Discuss the meaning and scope of statistics anil show how 
it can be applied to social and physical sciences. 

It seems that the word ‘statistics' was derived from the latin word 
‘status' which means a political state. The dictionary gives the mean¬ 
ing of statistics as ‘numerical data collected systematically’ or ‘the 
science of collecting and interpreting such information’. According to 
its-popular use, by statistics we mean quantitative data affected to a 
marked extent by multiplicity of causes. 

Primarily statistics was supposed to be the science of kings used 
for the purpose of administration, but later on it was regarded as a 
branch of economics. Nowadays the meanings of statistics are inter¬ 
preted in different ways by different classes, e.g., for a layman statistics 
is nothing but a collection of figures, to an economist the field of 
statistics lies in quantitative analysis and to a physicist statistics is a 
probability distribution which forms the basis of the theory of errors. 

Statistics, which was accepted for some time as necessarily a branch 
of economics has now become so popular and its application so wide 
that no branch of human knowledge escapes its approach. Today 
the naturalists, the biologists, the astronomers, the administrators, 
the businessmen, the economists, the chemists, the physicists, the 
photographers, all make frequent use of statistical methods of which 
probability is the fundamental tool. An astronomer uses statistical 
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methods in making predictions about eclipses, a biologist utilizes 
them to generalize the laws of variations and heredity, a meteoro* 
logist uses them for wheather forecasts, tegarding temperature 
pressure and rainfall, etc. 

So far as the applications of statistics to social and physical sciences 
are concerned, the statistical probability can be successfully employed 
in finding certain inferences in social and physical fields. Dealing with 
probability, we are able to show that the distribution of r balls in n 
cells has n T different ordered samples with replacement of size r and 

n f 

without replacement it has n Pr= ^-~- different ordered samples of 

size r. Thus to find the possible configuration of birthdays of people 
in a year, take r the number of people and n the number of day* in 
a year; to classify accidents according to the week days, take r the 
number of accidents and n the number of days in a week; to classify 
people according to age or profession, take a group of r people and 
n will be the number of classes; to observe irradiation in biology 
when the cells in the retina of the eye are exposed to light r is the 
number of light particles and n the number of cells; in cosmic ray 
experiments, r is the number of particles hitting the Geiger counters 
and n is the number of counters function: in an elevator to find the 
possible arrangements of discharging the passengers, r is the number 
of passengers and n is the number of floors; in dice throw r is the 
number of dice and n is the number of faces i.e. six; in tossing coins 
r is the number of coins and n= 2 ; in coupon collecting r is the 
number of coupons collected and n are the kinds of coupons; in 
chemistry when a long chain polymer reacts with oxygen, r is the 
number of the reacting oxygen molecules and n is the number of 
polymer chains, etc. 

. Problem 2. From a pack of 52 cards two are drawn at random ; find 
the chance that one is a knave and other a queen. 

Total number of ways of drawing 2 cards from 52 cards= M C a . 

The required cards a knave and a queen appear in different four 
colours, therefore each card can be drawn in 4 different ways. But the 
two events happen simultaneously and hence the number of favour¬ 
able ways— 4x4=16. 

. 16 16 8 

required probability= 57 ^-= j 2 .51 ~663 

IT 


Problem 3. What is the chance that a leap year , selected at random, 
will contain 53 Sundays ? 

There are 366 days in a leap year. Dividing 366 by 7, the number 
of days of a week, we conclude that the leap year consists of 52 
complete weeks and 2 days more. These two days can be combined in 
7 different ways as under: 

(0 Sunday and Monday, (i0 Monday and Tuesday (id) Tuesday 
and Wednesday, (/v) Wednesday and Thursday, (v) Thursday and 
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Friday, (<v) Friday and Saturday, (W/f) Saturday and Sunday. 

Of these seven combinations only (/) and (vli) are favourable so 
that the required chance—{. 

Problem 4- From a bag containing 4 white and 5 black balls a man 
draws 3 at random-, what are the odds against these being all blackl 

Total number of ways in which 3 balls can be drawn=®C a . 

Number of ways in which 3 black balls can be drawn—*C*. 

. , 8 C, 5.4.3/9.8.7 5 

Required chanc e-icJ-j.jj/nT “42" 

Problem 5. A card is drawn from an ordinary pack and a gambler 
bets that it is a spade or an ace. What are the odds against his winning 
thiSbetl 

Number of ways in which a card can be drawn from 52 cards 
= S2 Ci=52. 

There are four aces so that the number of ways in which a card can 
be an ace is < C 1 *=4. 

Now there are 13 spade cards of which one is an ace. Out of the 
remaining 12 spade cards, a spade card can be drawn in 1 ®C 1 , i.e. 12 
number of ways. 

the number of ways in which the drawn card may be a spade 
or an ace= 12-1-4=16. 

Hence the required probability =^=^='9 _j_ 4 * 

i.e. the odds against the gambler’s winning are as 9 to 4. 

Problem 6 . The chance of an event happening is the square of the 
chance of a second event but the odds against the first are the cube of 
the odds against the second. Find the chance of each. 

Let the chance of the happenings of the first and the second events 
be p and p' respectively. Then according to the first condition, we 
have p=p’ 2 . • • • 0 ) 

According to the second condition, we have 



Substituting the value of p from (l) to (2), we get 

!— El ( l -P'Y 

P n \ P' ) 

(1-^0+^) (i-p')a- ip’+p' 2 ) 

or — p 't 

or 

or p'+p'^l-lp'+p'* 

or 3p , “l* l> e ' P'~x 

and then from (1)» P**r- 
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Problem 7. Three cards are drawn at random from an ordinary 
pack. Find the chance that they are a king , a queen and a knave. 

Total number of ways in which 3 cards can be drawn from 52 
cards^ 3 * 52 ^. 

The pack of cards consists of 4 kings, 4 queens and 4 knaves and 
therefore each of a king, a queen and a knave can be drawn in *C» 
i.e. 4 ways. But all the three events happen together, hence the 
number of ways in which a king, a queen and a knave can be drawn 


=4x4x4*64. 

• j u kT , 64 64.1.2.3 16 

re£ l u,red probability**^-*-^, jo =5525. 

Problem 8. Eight letters, to each of which corresponds an envelope, 
are placed in the envelopes at random. What is the probability that all 
letters are not placed in the right envelopes. 

Total number of ways in which 8 letters can be placed in 8 enve- 

lopes=81. 

Also there is only one way in which all the letters are placed in 
their right envelopes. 


•. Probability that all the letters are placed in the right envelopes 
1 


Hence the required probability that all the letters arc not placed in 
their right envelopes=l—grp 


Problem 9. A and B stand in a ring with 10 other persons If the 
arrangement of the persons is at random, find the chance that there 
are exactly 3 persons between A and B. 

In a ring 12 persons can stand in 11 ! ways and 3 persons between 
A and /can be selected in ln C 3 ways. A and 5 interchange thear 
positions in 2 ! ways. Also 3 persons between A and B can stand in 
3 1 ways and the other 7 persons in 7 ! ways. 

Number of favourable ways=2 13 17 1. 10 C 3 

*2 1-317 !. 7 , 3 j 


Required probability 


=2 1 101 . 

21 10 1 2 _ 

—rrr“ir 


Problem 10. A number is chosen from each of two sets 
(1 2 3 4 5 6 7.8, 9)', ( 1. 7, 3, 4, 5, 6, 7, 8, 9). 

If p denote!the probability that the sum of the wo numbers be 10 

andp,‘theprobabllVS <*<# th, ‘’ **" ff af 

eS> «t consist. of 9 numbers and hence the tom! number of way. 

of choosing one from each** w x Ci 
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A sum of 10 may be found in 9 different ways, like (1, 9), (2, 8). 
(3, 7), (4, 6), (5, 5), (6, 4), (7, 3), (8, 2), (9, 1) so that 

Similarly a sum of 8 can be found in 7 ways so that 
.*• •Pl+/> 2 = s T+Tr =s lT- 


15.3. EVENTS 

A collection of all possible outcomes of an experiment is said to be an 

event. 

If such a collection contains the outcome of an event, then that 
event is said to have occurred. 

An event is said to be simple or compound according as it cannot 
or can be decomposed. 

e.g. if we toss a coin, it will turn up either a head or a tail. Thus 
there are only two possible outcomes giving a simple event. 

If we throw a pair of dice, then to have a sum of 5 is a compound 
event as a sum of 5 can be obtained as (1, 4), (2, 3), (3, 2), (4, 1). 
Thus this compound event consists of 4 elementary events. 

Mutually exclusive events. Two or more events are said to be 
mutually exclusive if the happening or occurrence of any one of them 
excludes the happening of the others. 

For example, if we toss a coin, and it falls with head up, then the 
falling of the head up excludes the simultaneous happening of the tail 
up t.e., the two events of the falling head and tail up with a coin 
cannot happen together, but the happening of one excludes the 
happening of the other. So the two events are mutually exclusive. 

Compound events (Joint occurrence). The simultaneous occurrence 
of two or more events in connection with each other is said to be a 
compound event. 

For example, if we have an urn containing 100 balls of different 
colours say red and green and suppose 60 are red and 40 are green. II 
then it is proposed to draw 10 balls each of red colour, it is a simple 
event. But if it is proposed to draw first 20 balls of red colour and 
then 10 balls of green colour, then it is a compound event. 

Dependent and independent events. Two or more events are said to 
be dependent or independent according as the occurrence of one does 
or does not affect the occurrence of the other or others. The dependent 
events are sometimes known as contingent. 

For example, if from an urn containing 10 balls, it is proposed tc 
draw 2 balls, then if a ball is drawn and it is not replaced unless the 
second ball is drawn, the event of the drawing of the second ball is 
dependent on that of the first. But if first ball is replaced and then the 
second ball is drawn, the event of drawing the second ball is indepen' 
dent. 
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15.4. THEOREM OF TOTAL PROBABILITY l» 

ADDITIVE LAW OF PROBABILITY ’ 

LbitiZs "are "pmT/?^ 
^hnhiliiv thnt™: fflr P< <i*\- p (A») respectively , rA«i iAe 

p^mJ!Te. t f m happen is the Sum oftheir s ‘P arate 

1 "JT “I" ■"») denotes the probdbility of occurrence of at least 

one of the n events A u A t , A 3 ,...A n . 

Suppose there are N total number of exhaustive, mutually exclusive 
and equally likely cases of which m 1 , m 2 , m„ are favourable to the 
events A x , ^ A a ,...A n respectively. Then the total number of cases 
favourable to either A , or A z or A a or,..or A„ is m l +m i +m 3 + ...+nu 
so that the probability of happening of at least one of these events is 

N 


,n i , m% , m n 
- V i ' +"N~ 

= PUi)+P(A 2 ) + P(A 3 )+... + P(A n ). 

Conclusions. (!) In case an event A is comprised by n mutually 
exclusive forms A u A 2 ,...A„, i.e. 

A ap A j + A 2 +... + A n , 

then probability A, i.e. P(A) is the sum of the probabilities of A x , A t , 
■ ■•A„ separately, i.e., 

P(A)=P(A,)+P(A i )+...+P(A„). 

(ii) In case the n mutually exclusive events are exhaustive also, so 
that there is certainty of happening of at least one, i.e., P(/4 1 +^s+-” 
-hA„)—l, we have 

P(/L)+P(^)4 ...+P04„)=1. 

Note. We generally use the following notations : 

P(A) denotes the probability for an event A to happen, 

P(A) „ 

P(A+B) „ 

P(AB) „ 

P(AB) „ 

P(AB) „ 

P(aB) „ 

If A and B are two events such that AB and A B are two exhaustive 
and mutually exclusive forms in which A can occur, then we have 


„ A not to happen, 

,, occurrence of at least one 
of the events A and B 
occurrence of both the 
events A and B, 

happening of A and not of B, 
,) B „ A, 
happening of neither of A 
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P(/4)=P(^fi)+/ (AB) from conclusion (ii) 
Similarly, P(B)=P(BA)+P(BA) 

= P(A£)+P(AB). 

to that P(A)+P(B)=P(AB)+{(AB)+P(AB)+P(AB)}. 

But from the above theorem of total probability, we can write 


P(A+B)=P(AB+P(AB)+P(AB), 

i.e., probability that at least one of A and B happens—the sum of 
probabilities that A happens B not, B happens A not and A, B both 
happen. 

Thus, P(A)+P(B)~P(AB)+P(A+£) 
or P(A + B)=P(A)+P(B)—P(AB). . . . (1) 

Generalization of this result. To prove that the formula for the 
probability of occurrence of at least one of the n given events A 1 , A.,,... 
A„ is 

P(A l +A 2 +...+A n )=S 1 -S 2 +S a -...+(-l)''- 1 S n 
where S r stands for the sum of probabilities of simultaneous occurrence 
of exactly r of n events, the summation extending overall possibte 
combinations. (Agra, 57, 62) 

For two mutually exclusive events A t and A 2 the result (1) gives 
P(^i-M 2 )=P(^HPM 2 )-~P0M 2 ). 

Similarly, 

P(A l +A 2 -A-A z )=P(A 1 )+P(A 2 -^A i )-P{A 1 (A 2 +A 2 )} 

=P(Ai)-\- P(A t )-\- P(A 3 ) — P(A 2 A a ) — P(A 1 A t -\-A 1 A 3 ) 
=P(/tj) + P(A 2 ) + P(A 3 )-P(A 2 A 3 ) 

-P(A 1 A 2 )-P(A 1 A s )+P(A 1 A 2 A 3 ) 


= 2 P(A { )~ 2 P(A i A J )+P(A 1 A t A 3 ). 
/=1 ij= 1 


( 2 ) 


Thus it follows from induction method that if there are n events 
A u A t , A 3 ,..,A n , then the generalization of the result (2) gives 

P(A 1 +A 2 +...+A a )^ 2 P(A t )- S P(A ( A,)+ 2 P(A t A,A *) 

t=i t,;=i /,/,*=i 


-...+(-l) n " 1 P(A X A 2 ...A n ) ... (3) 

Denoting by S u S 2 ,..., S n the sum of the probabilities of simul¬ 
taneous occurrence of exactly 1 , 2 ,..., n of the n events, the sum¬ 
mation extending over all possible combinations, we have 


P(^ a +^ g +...+^n)»S 1 -S*+S 8 -...+(-l)*- 1 ,S’.. 
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corollary. In case the events A lt A 2 ,...,A n are mutually exclusive, 
en 

P(A t A,)= 0, 

P(A,A,A k )= 0, 


P(A 1 A t ...A n )—0, 

so that (3) reduces to the theorem of total probability, i.e., 

2 P{A i )=P{A l )+P(A l )+...+P(A n ). 
f=l 


Problem 11. If the probability of a horse A winning a race is £ and 
the probability of a horse B winning the same race is -J, what is the 
probability that one of the horses wins. 

Let p x and p 2 be the probabilities of A and B respectively; then 
Pi=r and p,=|. 

The two events being mutually exclusive, the probability that one 
of them wins —P 1 +P 2 

— i 4- 1 — 11 
T ' T — *?' 

Problem 12. Six cards are drawn at random from a pack of 52 cards . 
What is the probability that 3 will be red and 3 black . 

Total number of ways of drawing 6 cards out of 52= 52 C 6 . 

There are 26 red and 26 black cards; therefore the number of ways 
in which 3 red and 3 black cards can be drawn 


Required probability= 


_ 26 /^ v 26 /^ 

— L 3 A ^ 3- 

v 28 /^ 

v_^3 ^ L3 




26.25.24 .. 26.25.24 
1.2.3 X 1.2.3 1 3000 

= — 52?51.50.49.48.47 — 39151 
1.2.34.5.6 

Problem 13. The first twelve h tiers of the alphabet are written down 
at random. What is the probability that there are four letters between 

the letters A and 2»? 

Denoting the positions of letters as 

1,2,3,4,5,6,7,8,9,10,11,12, 

when A is kept at 1, B should be placed at 6 to have four letters m 




f) 

>9 


99 


2 

3 

4 

5 

6 
7 


j > 


>> 


7 

8 

9 

10 

11 

12 
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Thus A and B can be placed in 7 ways so as to have four letters in 
between. Also A and B can interchange their positions in 21 ways. 
The four letters between A and B can be chosen in 10 C 4 ways out of 
remaining 10 letters when A and B have already been placed. More¬ 
over, these four letters can be arranged in 4! ways and the re¬ 
maining 6 letters in 6! ways. 


.*. Number of favourable ways=7.2!. 10 C 4 41 6! 
and total number of arrangements in which 12 letters can be put=12! 

7.2!. 10 C 4 41 6! 

121 


Hence the required probability= 


7.2!-10!-41.6! 14 

416112! = 12.11 


— TT* 

Problem 14. One of two events must happen', given that the chance of 
the one is two-think that of the other, find the odds in favour of the 
other. 

LelPnPs he the probabilities of the two events and suppose that x 
is the chance of happening of either, say 
/>,=* so that Pi—ix. 

But we have Pi+p 2 ^= 1 for a sure event, 
i.e., x+{x=l or |x=l giving x=|. 

Pi=r and as such p t — M=r- 

Thus odds in favour of the other=£:|, i.e., 2: 3. 


15.5 THEOREM OF COMPOUND PROBABILITY OR 
MULTIPLICATIVE LAW OF PROBABILITY 

If there are two events A and B, probabilities of their happening being 
PyA) and P(B ) respectively, then the probability P(AB) of the simul¬ 
taneous occurrence of the events A and B is equal to the probability of 
A multiplied bv the conditional probability of B (i.e., the probability of 
B when A has occurred) or the probability of B multiplied by the 
conditional probability of A, i.e., 

P(AB)=P(A) P(BIA) 

—P(B) P(AIB), 

where P (BjA) denotes conditional probability of B and P(AIB) that of 
A and that if the two events are independent, then the theorem of 
compound probability is 

P(AB)=P(A) P(B). 

Suppose there are N total number of mutually exclusive and 
equally likely cases of which m are favourable to A. Let m, be the 
number of cases favourable to A and B both, while m t is included in 
m Thus 

P(BIA)= ^ and P(A)~-fi. 
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Now P(i4£)«»the probability of happening of A and B both 
/Mi nh m 
N ~ m 'N 

=r(A)ntiAi ...(,) 

The interchange of A and B will yield a similar result 

P(AB)=P(BA)=P{B) ( A\B ). ... (2) 

In case the two events A and B are independent, i.e., the occurrence 
of one does not affect the other, P(B/A) is the same as P(B) and 
P(A/B) is the same as P(A\ so that the results (1) and (2) both 
become P(AB)=P(A) P{B). 

Generalization. The result (3) may be generalized as, if there are 
A u A 2 ...A n , n mutually independent events, then the compound 
probability is given by 

P(A U A t , A a ...A H )=P(A } ) P(Ag) P(A 3 )...P(A n ) ... (4) 

Fn case of n mutually exclusive events A lt A t ,...A„, the result (l) 
may be generalised as 

P(AiAg...A„)=P(A ]) P(A 2 IA]) P(A 3 IA 1 Ag)...P(A a IA 1 A a ...A n ). 

Conclusions, (i) If p be the chance that an event will happen in 
one trial, the chance that it will happen in any assigned succession 
of r trials is p r ; for in this case 

P(A 1 )=P(A 2 )=...=P(A r )=p 

.'. required probability =P(A 1 ') P(A 2 )...P(A r ) 

—p.p...r times—p r . 

(//) If Pi, Pz, Pi-Pn are the probabilities that n e/ents happen, 
then probability that all the events fail is 
(1 -PjX 1 -p 2 )(l -p 3 )...(1 -p n ) 

Hence the chance that at least one of these events happens 

= 1-(1-Pj)(1-P 2 )...(1-P„) (MS, 51) 

Problem 15. In shuffling a pack of cards , three are accidentally 
dropped', find the chance that the missing cards should be from different 
suits: 

The pack consists of 52 cards. 

5 “C, 

The chance of dropping a card=57gr= : l. 

When one card is dropped, there remain 51 cards of which 39 
cards are of suits different from that of dropped one. Thus the 
chauce of dropping a card of different suit in second draw 

39 c 

_ 39 

= 5 1 C l ”• 

When two cards are dropped, there remain 40 cards of whfch 26 
cards are of suits different from those of dropped cards. Thus the 
chance of dropping a card of different suit in third draw 

26/~ 

<-"! _3 3 
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The events being dependent, the required chance 

__ t y •• 

“ 1 * VT x TT III 1 

Problem 16. The face cards (three from each suit) are removed 
from a full pack. Out of the 40 remaining cards, 4 are drawn at 
random: 

(а) What is the probability-that they belong to different suit ? 

(б) What is the probability that the 4 cards drawn belong to different 
suits and different denominations. 

Having removed 12 face cards, the remaining 40 consist of 10 cards 
of each suit: 

40 Q 

(a) Chance of drawing a card in first draw~ 40 £~==*l. 

Having drawn 1 card, there remain 39 cards of which 30 are of 
suits different from the drawn one. 

the chance of drawing a card of different suit in second draw 
“C, 30 

““C, "39 ‘ 

Having drawn two cards, three remain 38 cards of which 20 are of 
suits different from the drawn cards. 


zo/7 20 

chance of drawing a card in third draw—sigr-=jg 

Having drawn three cards, there remain 37 cards of which 10 are 
of suits different from drawn cards. 

lo c 10 

chance of drawing a cardin fourth draw =- , - 7 ^' ' ”37 ' 

All the events being dependent, the required probability 

— 1 vy y 10 — 1000 
1 X YT — TIB'- 

40 

(b) Chance of drawing a card in first draw=j~- =»1. 


Having drawn one card, there remain 39 cards of which 9 cards 
are of the same suit and 3 of the same denomination (value) so that 
27 cards out of 39 are such that they are of different colours and 
different denominations from the drawn one. 


27 C 27 

Chance of drawing a card in second draw=j 5 £r 

16 C 

Similarly chance of drawing a card in third draw=j 57 r = 


16 

38 


and chance of drawing a card in fourth draw= 


All events are mutually dependent. 

The required probability = 1 T V=-rrri- 

Problem 17. From a pack of cards two cards are drawn, the first 
being replaced before the second is drawn. Find the probability that 
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the first Is a diamond and the second is a king. 

Let A. denote the event of drawing a diamond and B denote the 
event of drawing a king in the second draw, when the first card has 
been replaced. Then 

7 > (^)=Probability of drawing a diamond 
“C, _1 

4 ' 

P(B)= Probability of drawing a king 

_ 4 Cj ± 

~ i *c~r 13 ■ 

The two events being independent, we have 

P(AB)=--P(A)P(B) 

_ l v ’ 1 _ 1 

Problem 18. Find the chance of throwing a 6 at least once in two 
throws of a single die. 

Let A denote the event of throwing a six in the first throw and B 
that in the second throw. Then probability of throwing a 6 at least 
once in two throws may be represented by + 

Now P(/i)=Prob. of throwing a 6 in first throw. 

_ 1 
"T 

and jP(P)=Prob. of throwing a 6 in second throw 
- 1 

But we have 

P(A+B)=P(A)+P(B)- P(AB) 
where P(AB)=P(A)P(B), A, B being independent events 

P(/<+B)=4+W* 

=Wt=U- 

Problem 19. A coin is tossed three times. Find the probability of 
getting head and tail alternately. 

Let P(A) and P(B) represent the probability of getting head and 
tail respectively. Then 

P(A)=*l—P(B). 

The alternate occurring* 1 of head and tail may happen in two 
ways: 

(») starting with head, 

(/>) starting with tail. 

In case of first, the probability of the event 

=P(A)P(B)P(A) 
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In second case the probability of the event 

=P(B)P(A)P(£) 


But the two events being mutually exclusive, the total probability 
of happening any one of them=i+i=i. 

Problem 20. Four persons are chosen at random from a group 
containing 3 men, 2 women and 4 children. Show that the chance that 
exactly two of them will be children is $•$. 

Given Men Women Children Total no. of persons 
3 4-2+ 4 =9. 

4 persons out of 9 can be selected in ®C 4 ways, 

2 childern out of 4 can be selected in l C 2 ways. 

When 2 children have to be selected, we are left with 5 persons 
(3 men and 2 women). To make the company of four including 
the two already selected children we can choose 2 persons out of 5 in 
*C, ways. 

Number of ways of selecting 4 persons= 4 C 2 X B C 2 , the two 
events being independent. 

Hence the required probability= — 

Problem 21. In a bag there are 6 balls of which 3 are wh ; te and 3 
are black. They are drawn successively without replacement. What is 
the chance that the colours alternate '? 

Suppose the first drawn ball is white. Then probability of its 
drawing is *C 1 / 6 C 1 ={-. In the second draw, probability of the ball 
being black is then 3 Ci/ 5 C!=k (because there remain only 5 balls 
after first draw). Thus 


probability of white ball in third draw 

_ *"1 _.2 
~ t C l T * 


black 

„ fourth* „ 

JC, 

-3 c l “*• 

» J 

white 

„ fifth „ 

2 C, *’ 

»1 

black 

„ sixth „ 

1 c 1 


Total probability of this event=|.4.|.l.J.x=rV- 

Similarly the probability of the event with a start of black ball 

_ 8 • 2 1 1 1 _ 1 

— -t.-T-Ty- 

Hence the two events being mutually exclusive, the probability of 
happening of any one of these events= I 1 T +rV' =s TT- 

Problem 22. Three groups of children contain 3 girls and 1 boy, 2 
girls and 2 boys, 1 girl and 3 boys. One child is selected at random 
from each group. Show that the chance that the three selected cousist 
of 1 girl and 2 boys is j|. 
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aiS^lXw? ^ ** " lec,ed in ,h ~ dife "”' «*>» - 

probability of selecting girl from 1st and boys from 2nd and 3rd 

, .... ... . , p groups=| x | x f=,V, 

probability of selecting girl from 2nd and boys from 1st and 3rd 


groups= ! X J x }=,* T » 

probability of selecting girl from 3rd and boys from 1st and 2nd 

groups=J X i x 

All these events being mutually exclusive, the required probability 

= TI + TV + = if. 

Problem 23. A can hit a target 2 times in 5 shots; B, 2 times in 
5 shots ; C, 3 times in 4 shots. They fire a volley. What is the 
probability that 2 shots hit ? 


There arise three cases, probabilities of which are as follows: 

(/) Probability that A hits, B hits and C does not hit 

T T I Tb*o> 

(ii) Probability that A hits, B does not hit, C hits 

_3.8.8 27 

— IT T 4 LOO* 

(tit) Probability that A does not hit, B hits, C hits 

_a . 2 a i a 

JT ‘8 4 To"5• 

All these events being mutually exclusive, the required proba¬ 
bility = + T Vo + tW = tVtS — Vo • 


15.6. PROBABILITY: A NEW STAND POINT 

[A] Sample space or outcome space. A set consisting of the elemen¬ 
tary events as its elements is said to be a sample space. It is generally 
denoted by S. 

A sample space provides a mathematical model of an idea! experi¬ 
ment in the sense that every conceivable outcome of the experiment 
is completely described by one and only one sample point. 

In fact an element in S is known as a sample point or sample and 
an event e.g. event A is a subset of the sample space S. The event 
A*=*{a} consisting of a single sample point a £ S is said to be an 
elementary event. The null sets <j> and S itself are events. The null set 
^ is said to be an imposible event while S is said to be a sure or 
certain event. 

[B] Correspondence between sets and events. Let there be two events 
A and B. Then 

(i) A\JB denotes an event which occurs iff (if and only if) A occurs 
or B occurs (or both occur). 

(ii) A C\ B denotes an event which occurs iff A occurs and B 
occurs. 

(tit) The complementary event of 4 denoted by A' or A is an event 
which occurs iff A does not occur. 
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B—A will be the event consisting of all points not contained in the 
event A but contained in B, i.e., 

B-A =B H A' 

A-A'=<f>=A DA'. 

Also A U A'=S. 

A complementary event A' is always mutually exclusive and 
exhaustive. 

(iv) Two events A and B are called mutually exclusive or disjoint 
if A n 

Problem 24. A coin is tossed and it is observed whether a head or 
tall is up. Describe the suitable sample space of the experiment. 

Denoting by H the event in which the coin turns up head and by 
T, the event in which the coin turns up tail, the sample space of the 
experiment consists of only two elements i.e., S—{H, T). 

Problem 25. If a die is thrown and the number of spots on the 
uppermost face is observed, describe, the suitable sample space for 
this experiment. 

The spots on the six faces of a die are 1, 2, 3, 4, 5, 6. When the 
die is thrown any of the six numbers will appear on the uppermost 
face; therefore 

S={ 1, 2, 3, 4, 5, 6}. 

Problem 26. Let there be a pack of cards. Describe the suitable 
sample space for drawing a red card. 

There are 52 cards in all out of which 26 are red and other 25 are 
black. Denoting by e x , e 2 , e s , .... c 2e the events of drawing a red card, 
we have 

S—{e x , e 2 , ..., Cjs}. 

Problem 27. There is a box containing 4 chits numbered 1, 2, 3, 4. 
Describe the sample space of drawing two different numbered chits one 
after another. 

Every outcome will be an ordered pair such that 1 < x < 4, 
1 < y < 4 but x*£y where x denotes the number of first drawn chit 
and y that of the second. 

Possible outcomes may be tabulated thus: 


l\y 

X\ 

1 

1 

2 

3 

4 

X 

1,2 

1,3 

1,4 

2 

2,1 

X 

2,3 

2, 4 

3 

3» 3, 2| x 

3,4 

4 

4. lj 4. 2j 4. 3 

X 
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the sample space consists of 2 ordered pairs. 

Hence, y); 1 < x ^ 4, 1 < y < 4 and x?ty}. 

Problem 28. An urn contains three red and two white balls. Two 
balls are drawn and their colour is noted. Set up the sample space of 
this experiment. 

Let the red ball be numbered as R u R 2 , R 3 and white balls as 

W v w 2 . 

Denoting the event of drawing ball R y in first draw and R 2 in 
second draw by R t R 2 , the sample space consists of 20 outcomes 
as given below : 


S*={RiR 2 , R x R 3 , RJVx, R,W 2 , R 2 R lt R 2 R 3 , R s w lt R,W 2 , R 3 R u 
R 3 R 2 , R 3 W u R 3 IV 2 , W,R u W,R 2 , W 1 R 3 , W x W 2 , fV t R u 


W 2 R 2 , W 2 W 3 , W 2 W x }. 

[C] The modern concept of probability. It is a well known fact that 
the concept of probability developed from evil habits of games of 
chance or gambling used in France in 17th century. In this connec¬ 
tion the French nobleman and gambler Chevalier de m6r6 consulted 
the well known mathematician Blaise Pascal (1623-1662) who began 
to think over the problem how and to what degree of accuracy a 
gambler can be assured of his chance of success. Pascal solved the 
problem of de mere and had a correspondence with Pierre de Fermat 
(1601-1665) who became interested in this and other similar 
problems. 

The phenomena occurring in nature or any secrets can be either 
Deterministic or Probabilistic, e.g , if a train moves at the rate of 
20 km./hr., it is deterministic that it will travel 100 km. in 5 hours, 
but if a coin is tossed, then it is probabilistic to say that the chance 
of each either ‘head up’ or ‘tail up’ is equal. 

Actually the theory of probability deals with the things likely to 
occur and their chance or probable values. It is a measure of degree 
of uncertainity rather than accuracy. 

The concepts of probability ard connected with the events or 
occurrences and the Repeated trials. 

[DJ Probability of an event. If in a series of n trials all made under 
the same conditions an event A is observed m times, then m is said 

to be the frequency of success and the ratio —is said to be the 


relative frequency of success. 

The probability of the event A is defined to be the limit p of the 

ratio — when n tends to infinity (if it exists), i.e., 
n 


W=p=Lim 

rt-roo n 

This is sometimes known as the frequency definition of probability . 
In other words, if the event A consists of r clear events out of n 9 then 
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. Xf _ Number of elementary events in A _ ^(A) 

” ' n Number of elementary events in sample space S N(Sj~- 
In terms of sample space S associated with 2 the class of events if 
P be a real-valued function defined on S, then P is said to be the 
probability Junction and P(A) the probability of the event A which 
satisfies the following conditions: 

(0 For every event A, 0 < P(A) < I. 

(««) P(S)=l i.e. £ P(A { )=1 
1=1 

where 5={i4i} U {^g} U ••• U {A n }. 

n 

If S—4> (a null set), then 2 P(A f )=0 i.e. P(<f>)— 0. 

/= 1 

(iit) If A and B are two mutually exclusive (i.e. disjoint) events 
ie.A D B=f, then P(A U B)=P(A)+P(B). 

(tv) If A lt A t , A t , .... A n are n mutually exclusive events then 
P(A X U A t U ••• U A^=P(A{i J rP(A^)-\-...-{■ A(A^). 

[E] Some theorems. THEOREM 1. The law of total probability. 

If A and B are two mutually exclusive events, then 
P(A U B)=P(A)+P(B) 

or in general if A x , A z , A 3 , .... A„ are n mutually exclusive events, 
then 

P(A X U^U ... U A n )=P(A 1 )+P(A^+...+P(A n ). 

Out of m mutually exclusive and equally likely cases, let a 
correspond to the occurrence of event A and b corresponds to the 
occurrence of event B, so that the event A U B occurs in (a+b) 
cases due to the nature of the events A and B. Then, 

P(A)~-2-,P(B)=± 
m tn 

and P(A U B)=~l- 


m m 

=P(A)+P(B). . ..(1) 

To generalize the theorem by mathematical induction, since the 
theorem is true for n=2, let us assume that it is true for any positive 
integral value n i.e. 

P(P t U A t U ... U A„)—P(A l )+P(Af)+...+P(A n ). ...(2) 

Let A x , At, A a , .... A n , A n+1 be («+1) mutually exclusive events, 
then 

P(A X U^U ... U An U A n+l )=P(A x U At U ... LM»\ 

+i»(^»+ 1 ) by (1) 

+P(A n+1 ) by (2) 
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This follows that the theorem is true for n+1 and hence the 
theorem is true for any integral value n. 

THEOREM 2 For any two events A and B, the probability that 
either A or B or both occur is given by 

P(A U B)=P(A) + P(B)-P(A D B). 

A U B can be decomposed into two mutually exclusive events A—B 
and B t.e 


AUB=(A-B)UB. 

Then from theorem 1, we have 
P(A\JB)=P[(A-B)\JB] 
—P(A—B)+ P(B) 

Now A can be decomposed into two 
mutually exclusive events A — B and 
Af\B i.e. 



A=(A-B)\J(AC\B ), Fig. 15.1 

so that P(A)—P(A—B) + P(AC\B) by theorem 1 

or P(A-B)=P(A)-P(ADB). 

Thus P(AUB)=P(A)-P(AC)B)+P(B) 

=P(A)+P(B)-P(AHB). .. . (I) 

Allter. AUB=AU(B-ADB) where A and B-AtlB are disjoint. 


P(A n B)=P(A) + P[B- A O B] 

we have B—[AC\B]\J[B—AC\B] where A(1B and B—AC\B are 
disjoint. 

P(B)=P(AC\B)+P(B—AC\B). 

Hence P{A\JB)=P{A)+P(B)-P{AC\B). 


corollary. For any events A, B, C applying this theorem twice we 
may easily get 

P{A\JB\J C)^P(A)+P(B)+P(C) - P(A f| B)-P(A n C) 

-P{BCiC)+P(AnBC\C) ...( 2 ) 
THEOREM 3. Let A be an event then its complementary event 
A will be disjoint to A, then P(A)= l—P(A). 

Since A, 2 are mutually exclusive events, 

P(AU2)=P(A)+PCA)' 

But we know that % P(S)— 1 —P(A)+P(2) 
giving P(A)=1— P(2). 

THEOREM 4. If A and Bare two events such that ACB, then 
P(A)<P(B). 

Since ACB, therefore B can be decomposed into two mutually 
exclusive events A and B—A i.e.. 
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Fig. 15.2 


B=A U(B-A), 
so that by theorem 1, 

P(B)=P{A)+P(B-A) 
P(B)>P(A)asO^P(B-A)^l. 
THEOREM 5. If A and B are two events, then 
P(AUBXP(A)+P(B). 

By theorem 2, we have 


P(A\jB)=P(A)+P{B)-P(AnB) 
P(AUB)^P(A)+P(B) as 0<P(i4riB)<l. 


corollary. This result may be generalised in case of n events 
A u A z , A 3 ..., A„ as 

P(A 1 \JA t U . . .LM„)CP(<4i)+PMa)+. . . + PM*). 

[F] Borel-field. We assume that a family B of certain subsets of S 
(outcome space) is given, which will be called events and that this 
family satisfies the following axioms: 

Bj. The outcome space S and the empty set ^ are in B i.e. 

SE.B, ^£11. 

B 2 , If each set of finite or countable sequence a u a 2 , .. ., a<,... is in 
B, then their union and intersection are in B i.e., 

A t £B for i=l, 2,...,=SLM<€ B 
AiGB for i’=l, 2,...,=> B. 

B,. AEB=>A=r--S-AE.B. 

The family B satisfying these three axioms is defined to be Borel- 
field B on the outcome space S. 

[G] Probability measure of a Borel-field. Given a outcome space S 
and a Borel-field B, we consider a set-function P(A) on B i.e. a rule 
which ascribes to every A£B a real number Pi A), then this P(A) is 
called as probability measure on B provided it satisfies the following 
axioms: 

P,. v (for every) A£B, P(.d)>.0 i.e. a non-negative real number. 

P t . P(S)-1 

P 3 . If A x , A t ,..., A t ,... is a finite or countable sequence of 
mutually exclusive events, then , 

P(LM,)-2P(,4,) 1 
J 

Illustration. P(A) J rP(A)—\ and /<U^=5. 

Axiom P, gives P(/4u2)=P(S)=l 
,, P t gives 0^P(>4X1 from P*. 

Also P(^)«*0, SU+=S, P(S)+P(<f,)~P(S) i.e., P(4)=0. 

Problem 29. Let A and B be events wtth P(AUB)^, P(AHB)~i 

and P(IW*. Find P(A), P(B) andP(Af\B). 
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We have P(A)=*\ —P(A) 

— 1_« _ a 

— 1 b — B- 

Again we have 

P(A U B)=P(A) -hP(B)-P(ADBj 
i.t; l = T~t~P(B )— 

i.e„ P(5)=J-i+J=». 

Further we have A—B~AC\B, so that 
P(4nB)=P(d-fi) 

i.e-, P{A—B)=‘P(A)—P(AOB) by theorem 2 

P(AnB)=P(A-Bi)=i. 

Problem 30. In an experiment of tossing fwo dice, if A denotes the 
event that the sum of the spots on uppermost faces is 7, find P(A). 

A seven can be found in following 6 ways 

(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1). 

While two dice can be thrown in 6 2 i.e., 36 ways, 
chance of throwing a 7 with two dice= T *T e= r- 

If «i, e 2 , e *> e i> e » denote the events of throwing a seven as 

(1, 6), (2, 5), (3, 4), (4, 3) (5, 2), (6,1) respectively, then the event 
A €%, €$, Ci, e®, ej, 

so that P(A) = P(eJ +P(e 2 ) +P(e 3 ) 4- P(e 4 ) -f P(e t ) + P(e t ) 

But P(e 1 )=P(e 2 )=. . .==P(e e )=,V 

.’. P(v4)=tA+»V+- * -6 times. 

_ 1 
"T* 

Problem 31. For any two events A and B prove that 

P[{AC\E)\J(BC\A)]=P(A)+P(B)-2P(AC\B) 

A can be decomposed into two 

mutually exclusive events ACiB and 
AnB i.e., 

A=(AnS)U(AHB) 

Similarly 

B^(inB)\j(AnB) 

P(A)-P(A n B)+p(a n b) Fig. 15.3 

and P(B)=P(XnB)+P{AnB). 

Adding the last two results 
P(A)+P(B) -P(A n B)+P(An B)+2P(A 0 B) 

-mPKAnS)u(BnA)]+2P(AnB) 
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as A(\B and Bf\A are mutually exclusive events, 


P[AnE)\J(BnJj]=P{A)+P(B)-2P(Ar\B). 

Problem 32. From a pack of cards one card is selected at random. 
What is the probability that the card is a spade, an honour or a deucei 
Denoting by A, B, C respectively the events of drawing a spade, an 
honour and a deuce, we have 


P{A)= 

P(ADB)= 


139 13 

“Ci ~ 52 

3 Cx _3 

52 


, P(B)= 


1 S C, 12 
6 i C, ” 52 




■ P(C}— — _ — 

’ 62Q - 52 

-L, P(5nc)=0and 

p(^nnnc)=o. 


Required probability 

p(a\jb\jc)=p(a) +p( b) +p(C) - p(a n b)-p(a n c> 

-p(Ruc)+Pun5nc) 

13 • 12 ,_L _1__J_o+o ^ 

1* c ** CPI U I 'i'l 


52 T 52 ^ 52 52 52 


32 


Problem 33. integer is chosen at random from the first 200 
positive integers. What is the probability that the integer chosen is 
divisible by 6 or by 81 

Let + denote the event that an integer selected is divisible by 6 and 
B denote the event that an integer selected is divisible by 8. Then the 
sample space is 


iS— {1, 2, 3. 200}. 

F(A)= m- P(B) -io5 -“ d 


Required probability P(A\JB)=P(A)+P(B)-P(AnB) 

-nttm voi 

.BO _ 1 

‘ *Tff T - 

Problem 34. A coin and a die are thrown together. Find the chance 
of throwing a head and 5 or a tail and 6. 

Let A denote an event of throwing a head and 5; 
and let B „ „ ,, a tail and 6. 

The two events being mutually exclusive, we have 
P(AUB)=P(A)+P(B). 

The sample space consists of 12 points as follows: 

S={(H, 1), (H, 2), ... (H, 6); (T, 1), (T, 2),. . . (T, 6)}. 

For the event A*={(H, 5)}, there is one sample point, so that 
P(A)=c r \ and for the event B={(T, 6)}, there is also one sample 
point, so that P(R)= ,y. 

Hence ^(^U^) s »Sr+TT = T* 

Problem 35. A has 3 shares in a lottery in which there are 3 prizes 
and 6 blanks and B has 1 share in lottery in which there is one prize 
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and two blanks. Show that A's chance of success is to B's as 16 to 7 

P(A) 


We have to show that 


P(B) 


.10 

TT* 


We have P(A)+P(A)=1, A being the event that A fails to win a 
prize. 

Sample points <= 9 C,. 

Event points=«C 3 . 

so ^at P(A)=* 1-^ 

Similarly P(B)=£ i = 2 so that P(B) = 1 - 2 = 1 


PM) 


A-®) 


16/1 _ l< 
“21/ j _ 7 ‘ 


Required ration 
Aliter: Let 

A X =A wins a prize when 1 share wins but other two fails, 

A »— .» ,, 2 shares win „ one fails, 

A 3— „ „ 3 „ 0 fail. 

TK». D/ a \ *Ci X n/ y \ *Cs X 6 C, j t >/ 4 \ S CjX*Co 

Then / , (A,)=—- 3 , P(A 2 )= - , c — and PM 3 )=—»£-- 

P(^)=P(^ 1 ) + p (/4? ) + p( / 4 3 ) 

3 C, x ®C 8 4-*C 8 x 9 C,+*C 3 x 6 C„ 

•c 3 

16 

= 2r 

Similarly P(B) can be found to be J and hence the required ratio. 

[H] Conditional probability. If A and B are two dependent events in 
the sample space S, then the conditional probability of A given B (i.e. 
the probability of occurring of the event A on the assumption that B 
has already occurred) is defined as 

P(AIB)=%j^f- ) •••(!> 

provided P(B)^0. 

Similarly the conditional probability of B given A is defined as 
P(BIA) ‘ * (2) 

provided P(A)^0. • - 

Note. In first case if P(B)=0 or in second case P(A)—0, the condi¬ 
tional probability is undefined. 

[I] The law of compound probability. In the previous article we have 
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P(A/B) 


defined the conditional probability of A given B as 

PjACYB) 

3 P(B) • 

Multiplying both sides by P(B), this becomes 
P(B)P(AIB)=P(ADB), 
i.e. P(AC\B)—P(B) P(A/B). 

Similarly P(BnA)=P(A) P(BIA). 

But BC\A=AnB. 

P(BnA)=P(AnB), 

so that P(ADB)=P(A). P(BIA)=P(B).P(A/B). 

This gives the law of compound probability. 

corollary 1. In case of three events A, B,C, this law becomes 
P(A n B n C)= P(A).P(B/A).P(CI A n B). 


corollary 2. In case of n(>2) events A lt A 2 , A 3 , ... A„ for which 
PfA^A.D ... O A „)> 0, then the compound probability 

p(A 1 nA t n ... n^„)=PU 1 )./ , (v4*M 1 ).p(^ 3 Mn^ 2 ) 

... P[A n /AiO A 2 (~) . . . 

This may be proved by the method of induction as follows: 
Denoting by S n the statement given above and denoting by N 
the set of those integers n for which S n is true, we have by the method 
of induction for N> 1, 

(/') 2&N for S 2 is the statement which is true, 

(ii) k£N, k being assumed an integer>l. 

If we prove that k+\E.N, then the statement becomes universally 
true. 


For St the statement is 
P(A,C\A t C\ . . . O A k )=P(A 1 ) P(AJAJ 

. . . PiAtlA^AtH . . . n A k -J. ... (1) 
It may be verified by using the definition of conditional probability 
and properties of set-intersection, that 

F n}?nTn ' ~^ p ^' IA ' n ^ • ■ ■ ® 

Multiplying (1) and (2) together, we get 

p^n^n ... n ^* +1 )=p(^ 1 ).pm ! /^ 2 ) 

• . . . . . O 

which shows that if kE.N, then &+l£N, i.e. the statement is true 
for all values of k and hence the result holds good for any integral 
value n. 


corollary 3. Since B can be decomposed into two mutually ex¬ 
clusive events AC\B and ~AC\B i.e.. 
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B=(AnB)\J(AC\B) 

we have, P(B) =P[(4 n B) u (3 O B)] 

=PMnp)+P(^nP) as p(pup)=p(£)+p(p) 
=P(A).P(BIA)+P(A) P(B/A) 

Problem 36. Prove the following cases, assuming that in each case 
the conditional probabilities are defined. 

(i) For any event A, 0^P(AjB)^l, where P(B)>0, B being another 
event. 


(li) For a certain event S, P{SjB)^l, where P(B)>0. 

(Hi) P{A l U A t /B)^P(A X !B) + P(A t /B)-P(A x nA.JB). 

But A 1 and A g are mutually excluiive and P(B)>0, 
P(A 1 \JA,IB)=P(A 1 IB) + P(A 2 1B) 

or in general if A lf A 2 , . . . A n is a sequence of n mutually exclusive 
events, then 


P{A x VA g \J . . . UA„IB)=(A 1 IB)+P(A 2 IB)+ . . . +P{A n lB) 
(iv) If A and B are mutually exclusive and P(A UB)^0; then 


P(A/AUB) = 


P(A) 


P(A)+P(B ) 


(i) We have AHBC.B, so that B can 
be decomposed into two mutually ex¬ 
clusive events AC\B and B— BC\B i.e. 
B=(AnB)U(B-AnB) 

:. P(B)^P(AnB)+P(B-AnB) 
>P(AClB) as P(B-AHB)>0 
or P(AnB)^P(B). 

Thus, P(^/B)=^gp<l 

Also P{AjB^0. 

0^P{A/B)^l. 



(ii) We have SDB=B, S being a certain event 
i.e., P(SnB)~P(B). 

P(SnB) P(B) 


P(S/B)= 


P{B) " P{B) 




(iii) We have 


P(A t UA t IB)= 


P HA,UA 2 )DB } 

~ P(B) 


p[(^xnB)u(^".nB)i 

- P(B) 
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fU 1 ng)+fU,n^)-f[UinB)n(^ t ng)] 

P(B) 

P(B).P(A 1 IB)+P(B).P(A,IB)-P[A 1 ^A t )r\B] 

P(B) 

or P{A l ^A i IB)^P{A l lB)+P{A 1 lB)- P{B > P ^ AllB) 

=P(A 1 IB)+P(A i IB)-P(A 1 C\A i IB). 

In case A t and A t are mutually exclusive events, then A 1 DB and 
A 2 DB are also mutually exclusive, so that 

. -P[UiU^ s )n5]=i’M 1 n5)u(^ 2 n5)] 

=P(A 1 DB)+P(A t r)B) 

P(A x UA t /B) = Pl( AiUA^ry Bi 

PCAjJl^+PiMTB} 

P(B) 

p(A,nn) p(a 2 db) 

~ P(B) + P(B) 

-PiAJBHPiAtIB). 

Again if A u A u .. ., A„ arc mutually exclusive events, then 
AxOB, A S (~)B . A n C)B are also mutually exclusive, so that 

... u/i„)n5]=?MinB)u(^n5)u ... uu„ni?)] 

=p(^ 1 nB)+p(^ 2 nB)+ ...+P(A n c\B) 
••• ^(^lU^aU- • -U A n IB)= rl(A ' UA *Vjj . -AsiO*l 

p^ 1 nB)+Pf/i 2 nB)+.. .+P(A„r\B) 

P(B) 

PfA.DB) ,P(A t riB) , P(A n r\B) 

~ P(B) + P(S) +•••■’' P(B) 

=P(A t I B)+P(A 2 1 B)+. . .+P(A n I B). 

(iv) Since A and B are mutually exclusive events, we have 
AUB=f 

and v40(i4U5)=(^U^)n(/<UB) 

^AD<f>=A 

so that P\AC\(A\JB)]=P(A) 

and also P(A\jB)=P(A)+P(B) 

Hence P(A 1 

P(A) 

~P(A)+P(B) 


Hence P(A | Aufl)* 
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Problem 37. If A and Baretwo events such that P(A)=** PtBU 
and P(A\jB)=},find P(A | B) and P\B | A). W " ' * 

We have P(A\JB)=P(A)+P(B)—p(A n B). 


ue. f 

giving 


P(AHB)= i. 

> P(B) ~ I ~ 


and P{B A)= ^^- ,1,} as BDA=Ar\B. 

Problem 38. If A and B are two events such that P(A)—^, P(B)=± 

and P(AUB)=*t, find P(A | B), P(B | A),P(AnB) andP(A | B). 

We have P(A\JB)=P(A)+P(B)-P(AC)B) 
t.e., i =1 +l-P(AriB) giving P(ADB)= r \ 

P(A I B)= - P( ^ } B) = 

ns i -t 

Now, P(B)=.l-P(S)=l-i=f 

A can be decomposed into two mutually exclusive events AC\B and 
ADB, so that 

A=(AnB)U(ADB) 

P(A)=P[(ADB)U(A{1B)] 

=p(AnB)+p(AnB), 
so that P(ADB)=P(A)-P(An3) 

=i-rV=i 

also P(A | B)= P ( An ~ t = 4 — i* 

P(B) T 

Problem 39. A bag contains J black and 4 white baits. Two balls are 
drawn at random one at a time without replacement. 

(0 What is the probability that the second ball selected is white? 

(ii) What is the conditional probability that the first ball selected is 
white if the second ball is known to be white ? 

Let W u W t denote the events of drawing a white ball in first and 
second draw, then 

PiWi)^ 1 — P(Wi )=1 T s 
P(W t | 


so that 
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W. I iF,)«- 

Also P(W t I irj-. wnpl , 

i.e., i=J P(^nV t ) 

r WfW,W. i-l_ 

(0 P( * f ,)=[(^ nwjuwn w 2 )] 

=iWn ^ 8 )+P(#inw,) 

=/W- /w* l w'iHW)./’^, 1 IP,) 

T•! 4“t^ T* 

(a)p(w 1 1 ^)=^feQrf- 


T 

[J] Partition of a set. Let there be a set A; 

A {Ah A^ 9 ...» ^rt}* 

Then, the partition of the set A is the set {A lt A t , . A„} provided 

(/) AjQA for j= 1, 2. n i.e., A lf A 2 , ... A n are subsets of A (i.e. 

they are inclusive). 

(if) AjHA k ==^ for j—1, 2, .... n, k= 1, 2, ..., n and /#* i.e. they 
are disjoint. 

(Hi) Ai(J A 2 KJ ■ •.U A n —A i.e. they are exhaustive. 

We can see that every element of A is a member of one and only 
one of the subsets in the partition. 

Further we can see that if S be a sample space, S={A, A), 
where A={ADB, AC\B) 

and A\JB=*{AC\B, AC\B, InB} 

then S={A, 4={itns, AHB, ACiB, ACiS) 

lllustratioD. Suppose there is a pack of cards, then 
S=(52 outcomes) 

={As, Ah, Ad, Ac}. 

where S, H, D, C stand for spade, heart, diamond and club respec¬ 
tively and As*=Ah=Ad—Ac= 13. 

It is clear that 

(i) A,QS for j=S, H, D, C, i.e. As, Ah, Ad, Ac are subsets of S. 

(if) AiHA^t for j=*S, H, D, C, k=S, H, D, C, but,/#*, i.e., 
they are disjoint. 

(iif) AsUAhUAdUAc=S i.e. they are exhaustive. 
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All the three conditions being satisfied the set {As, Ah, Ad, Ac) 
represents the partition of S. 

[K] Baye’s theorem. In order to prove the theorem given by Thomas 
Baye, let us first introduce a Lemma, required for its proof. 

Lemma. Let {A u A g , ..., A n ) be a partition of the sample space S 
and suppose that each of the events A lt A 2 , ..., A„ has non-zero 
probability, i e., P{A f )>0 for j—1, 2, .... n. Then for any event A, 
we have 

P(A)^P(A 1 ).P{A | AJ+PtAJ.P^A | A 2 )+... + P(A n ). P{A \ A n ) 

= 2 P(Af) P(A | Aj). 

Its proof. As A u A 2 , . . . , A„ are partitions of S, therefore 
{AnA u AHA 2 ,..., ADA n } 
will represent the partition of A. . 

Thus A={AnA 1 )\J{Ar>A 2 )KJ...V(AnA n ). 
so that P(A)—P {A n A ,)= P(A H A 2 ) +... + P(A n A n ) 

= 2 P{AnA t ) 

7 = 1 

Applying the result of the conditional probability, i.e., 

P(A | giving P(ADA,) 

(A,). P(A | A } ) 


we have P(A)= 2 P(/t y ). P(A \ A,), ... (1) 

7=1 

which proves the lemma. 

Statement of Baye’s theorem. If an event A can occur only if one of 

n 

the mutually exclusive events A lf A 2 , . . A n , i.e AC U A kt A k Ci 

k~ 1 

A^^ when k^A j and suppose we are given the probabilities P{A k ) i 
k=l 9 2, . . n and the conditional probabilities P(A j A k ), then we 
are required to find the probability of A k when it is given that A has 

already occurred and P(A)>0 for each integer k (T^k^n) then 
Baye's formula is 

P(A k \A)= 

2 P(A,) P(A | A,) 

7=1 

Proof. By the definition of conditional probability, we have 

p( , . A\ 

P(A k | A)- p ( A ) 

i.e., P(AC\A]i)—P(A) P(A„) I A) 

=P(A k ) P(A | A k ) 
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and by (1), P(A)= 2 P(Aj). P(A | A t ). 

P(A* | A)= L4 L. 

2 P(A,).P(A | As) 

M 

Problem 40. There are three coins, identical in appearance, one of 
which is ideal and the other two biased with probabilities 1 and 4 
respectively for a head. One coin is taken at random and tossed twice. 
If a head appears both the times, what is the probability that the ideal 
coin was chosen. 

Let A x , A if A 3 denote the events of choosing the 1st (ideal) 2nd and 
3rd coins respectively. Then 

P(A t )=P(A t )=P(A,)= i. 

Let A be the event of obtaining 2 heads in two tosses of the selected 
coin. 

Probability of getting a head in a toss=J. 

P(A | A x )~( i)*=i 

Probability of turning head up with 2nd coin is £ and that with 
3rd coin is £ ; therefore in two tosses, 

P(A | ^)=(|)W and P(A | 

Using Baye’s formula, 


2 P(Aj).P(A | A,) 
/= 1 

U 

J-i+i-T+i-T 


1 

Ta 


101 _ 9 

W TV* 


TV 1 y : 

l i i i 4 ‘ " a 9 1 T 'a^ 

Tfl + VT + VT ToT 

Problem 41. In a bolt factory, machines A, B, C manufacture 
respectively 25, 35 and 40% of the total. Of their output, 5, 4 and 
2% are defective bolts. A bolt is drawn at random from the procedure 
and is found defective. What are the probabilities that it was manu¬ 
factured by machine A, B or Cl 


Here P('<4 )=tW * P(P) == t , jV > Pi€)— AV 

Let E denote the event of drawing a defective bolt. 

P(E | A)^, P(E | B)—riv, P(E \ C)=^. 


Using Baye’s formula. 

P(Airi _ PiA) P(E | A) _ 

' I P ( A) p(£ | A )+P(B) P(E | B)+P(C).P(E | C) 

98 V * 

_ TTTX TTT 

At *T77+AV XTTS+At XtSv 
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125 

'l25+140+180~* 7 *' 


s o 

tnr- 


Similarly P(B \ E)=i±$ and P(c | E)—^ 

[L] Independent events. The two events A and B are said to be 
stochastically independent if and only if P(A | B)=P(A), i e the 
happening of the evert B does not affect the happening of A. ' " 

We have 

f(A | and HB \ 

The two events are independent to each other when 
P(A | B)=P(A), P(A)>0, 

P(B 1 A)=P(B), P(B)> 0. 

Thus the two events A and B are stochastically independent if and 
only if P(AnB)=P(A).P(B). 

In general, m(m> 2) events A u A 2 , . . ,,A m are independent if 

p(A 1 nA 2 n...nA m )=p(A 1 ).p(A 2 )...p(A m ). 

Problem 42. If A and B are two independent events in a sample 
space S, then prove that 

(i) A and B are independent, 

(it) A and B are independent, 

(tii) A and ~B are independent, 

(iv) P(A\JB)=\-P(A) P(B). 

(i) We have P(A\J 5)= 1 —P(A\JB) 

= l-[P(A)+P(B)-P(AnB)] 

= 1 -P(A)-P(B)+P(A).P(B) 

as A and B are independent 

^ [1 —/>(>!)] [1 

=P(A).P(B) 

showing that A and B are independent. 

(ii) We ha veP(Ar\B)=P(B)-P(AnB) 

=P(B)-P(A).P(A) 

=/(*) [l-PO*)] 

= P(B).P(A) 

showing that and B are independent. 

(tii) We have A=AC\B\JAC\B. 

P(A)=P(ACiB)+P(AC\B) 

~P(Ar\$)+P(A).P(B) 
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P(AC\3)=P(A)[\-P(B)] 

—P(Al.P(B) 


showing that A and B are independent, 
(iv) We have 04UB)U(-3nI)=S. 

P(A U B )+PCA H 5)=P(5)=1 
or P{A\jB)=\-P(ADff) 


= 1 —P(A).P(B) as A and 3 are independent by (/). 

Problem 43. From a pack of cards, if the event of drawing a spade 
card is denoted by A and that of drawing an honour card by B, then 
show that A and B are independent events. 


We have 


Then 


\3r 

P(A)=J^ L=i 

12 C 1 


6 -c x T ’ 


P(B)= 
P(AC\B) 
P(A | B) 


1 9 . 
Tl* 


_r 8 
“ x*> 


82 Cj 

. ,C J._. 

52 C 2 

PUKE) 

P(B) m 
= i=P(A). 

Since P(A | B)=P(A), the events A and B are independent. 


* 

Tff 

*7 

XT 


15.7. REPEATED TRIALS: BINOMIAL AND MULTINOMIAL 
EXPANSIONS 

[A] Binomial theorem. If the probability of the happening of an 
event in one trial is known, then it is required to find the probability 
of its happening once, twice, thrice ... exactly in n trials. 

Let p be the probability of the happening of the event in a single 
trial and let q be the probability of its failure such that q** 1 —p. 
Suppose we have to find the probability of exactly r successes in n 
trials. 

There are n trials in all. Out of these n trials r can be taken in n C, 
ways. 

Now the chance that the event happens in r trials and fails in the 
remaining (n—r) trials=p.p.. .r times xq.q ... (n—r) times=/ > Y’~ r . 
the chance of exactly r successes in n tnals= n C T .p r qP~ r . 

Putting r=l, 2, 3,... in succession we get the probabilities of 
exactly 1, 2, 3, ... successes. 

But we know that n C r p r tf~ is the (r+l)th term in the binomial 
expansion of (q+p) n \ hence the probability that the event will happen 
exactly r times in n trials is the ( r+l)th term in the binomial expan¬ 
sion of ( q+pjT. 
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[B] Multinomial theorem. If then are n dice with faces marked 
from 1 to f and these are thrown at random , then we have to find the 
chance that the sum of the numbers exhibited on the uppermost faces 
is equal to p. J 

Since a die has / faces, it can fall in f ways. Similarly the second 
die can fall in / ways. Thus the two dice can fall together in fxf 
i.e.,P ways. Similarly we can show that when the n dice fall together, 
they can fall in /" ways. 

Now the number of ways in which the numbers thrown will have 
p for their sum is equal to the coefficient 0 f x p in the expansion of 

tx 1 +x a +* 8 +.. .+*')" 

because this coefficient arises out of the different ways in which n 
of the indices 1,2, 3■,...,/ can be taken so as to form p by addition. 

Hence the required probability 


Coeft. of x v in (x 1 +x‘+,..+x')" 
/" ' 


Coeft. of x v in x n 


[wj 


fn 

Coeft. of in (l-x') n (1-*)"" 

- -T 5 

Problem. 44. What is the chance that a person with two dice (the 
faces of each being numbered 1 to 6) will throw aces exactly 4 times tn 
6 trials. 

Probability of throwing an ace with a die = 4 . 

probability of throwing an ace with two dice in a single throw 

_ 1 v* 1 - _ 1 

“t x t* ~tt* 

so that the probability of not throwing an ace in a throw 
=1 


'XT' 


.IS 

*IT* 


The required chance of throwing exactly four aces in 6 trials is 
(4-j-l)th i.e., 5th term in expansion of (fr+iV)** 

the required chance= 6 C 4 ({4)* (tV) 4 - 
Problem 45. An experiment succeeds twice as often as it fails. Find 
the chance that tn the next six trials there will be at least 4 successes. 

Let p the probability of success and q that of failure. Then 
p—lq andp+?=l 
which give p—\. q=i- 

The probabilities of 4, 5 and 6 successes are the 5th, 6th and 7th 
terms in the expansion of (i+»)* Le., they are c * W » Citt)* 
(i) fi 4nd a Cj (i) 6 . 

The three events being mutually exclusive, the required chance 
= e C 4 (*) 2 (i) 4 + 6 Q (i) «) # + 6 Ct (i) # 
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=^ 9 (15+6x2+4)=ig- 

Problem 46. An ordinary six-faced die is thrown 4 times. What are 
the probabilities of obtaining 3; 2,1,0 aces ? 

Let p be the chance of obtaining an ace in a single throw and a 
that of not obtaining an ace. Then 

P=*i and 5=1—£=£. 

When a die is thrown 4 times, the chances of 4,3, 2, 1,0 aces are 
the 5th, 4th, 3rd, 2nd and 1st terms in the binomial expansion of 
(q+p)* i-e., G+}) 4 . 

Probability of 4 aces= 4 C 4 

»• 3 »» — *C 3 (4) (t) 3= T4TT- 

O _ 1C /i\2_ Bibo 

»* Z »• — '-'2 It/ —TTTT- 

1 _ if /'B\8 1_ 800 

>» 1 >» — '-'l It/ t—tttt* 

_4/^ /b\ 4__°« at 

» — ^0 \t) ■ a=r T'5‘TT- 

Problem 47. If m things are distributed among a men and b women, 
show that the chance that the number of things received by men is odd, 

i. 1 (h+a) n -(b-a) m 

4 ( b+aT 


The probability that a men get a thing* 


a women „ 

If out of m things ‘o’ men get only one thing and * b' women get 
the remaining things, then the probability for men is 2nd term in the 

expansion of (;—-+—■)' l-e-, it is -C, (~f' 

Similarly the probabilities that * a' men get three things, five things, 
... are respectively 

Hence the probability that the number of things received by men 
is odd, is 


> (&)‘ 


■^-hruy 


l n C 1 ob m - 1 + n C t a t b— , + m C,a*b m -*+...] 


(«+b)~ 1 

-1 (b+a) m -(b-a) 

"*• (b+djr 
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Problem 48. Ifn biscuits be distributed at random among N beggars, 
what is the chance that a particular beggar receives r(<ri) biscuits. 

The total number of ways in which n biscuits can be distributed 
among N beggars=A r ”. 

The-specified beggar getting r biscuits in "C r ways, the remaining 
(n—r) biscuits among (N—l) beggars can be distributed in (N—l) n ~ r 
ways. 

Number of favourable ways="C r (N— l)" _r . 

Hence the required probability—- —. 


Problem 49. A, B and C in order toss a coin. The first one to throw 
a head wins. What are their respective chances of winningl Assume 
that the game may continue indefinitely. 

Probability of throwing a head with a coin=$. 

Probability of not throwing a head with a coin 

A will have to win if he throws head in 1st, 4th, 7th,...throws. The 
probabilities of these events are given by ($) 3 . i, ($)*.$,...respectively. 
A’ s chance of winning=i+(J)*.i-H$) 8 i+...oo 

1 ± 

~ l-(i) 8 ~7 

B will have to win if he throws head in 2nd, 5th, 8th.throws. 

B's chance of winning==(±).i+(i) 4 .i+(i) 7 .i+...<» 

2 

~ 1—(i)* *” 7 * 

Similarly C will have to win if he throws head in 3rd, 6th, 9th,... 
throws. 

C’s chance of winnings -h(i) 5 -i+(i) 8 -i+.• • 00 

(m _ i 

"i-(i ) 8 r 

Hence the chances of A, B, C are 4, £ and 4 respectively. 

Problem 50. A, B, C and D cut a pack of cards successively in the 
order mentioned. What are their respective chances of first cutting a 
spaddl 

The chance of cutting a spade=ri=i- 

.*. the chance of not cutting a spade=l—i=£. 

A wins if he cuts a spade in 1st, 5th, 9th,...throws. 

.*. A' s chance of cutting a spade 

=i+(i) 4 -i+(i) , l+- 00 

i 64 

»—®r“l6r 

B wins if he cuts a spade in 2nd, 6th, ‘10th,...throws. 

B’s chance of cutting a spade 


-U+W-H <*)*•*+• 
T-i . — ^ 
“l-<*) 4 175 


.00 
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Similarly C’s chance of cutting a spade 

(|£j _ 36 
- !-(!)* 175* 

and D 's chance of cutting a spade 

=(!)».i+(i) 7 .i+(i) u .i+... 

(f) 8 j _ 27 
~ 1 —U)* 175 ' 

Problem 51. Find the chance of throwing 10 exactly In one throw 
with three dice. 

Three dice can be thrown in 6 s , i.e. 216 ways. 

The number of ways of getting 10 by throwing 3 dice 
=coeft. of at 10 in (x+x 2 +...+*•)* 

=coeft. of x 10 in 1 - J 

(1 ~xy 

=coeft. of x t0 in (l-lx'+ix^-x 16 ) (l-x)~* 

=coeft. of x 10 in jc 8 (1— 3x®+3x w —x 18 ) (1+3 x+6jc*—10x 8 

+ 15;<*+21x 6 +24x«+36x 7 +...) 


=36-9=27. 


the required probability **= T y T =|. 

Aliter. Favourable number of ways may be found out as below. 


Dice 

1 I 

1st 2nd 3rd 

6 2 2 

6 3 1 

5 3 2 

5 4 1 

4 3 3 

4 4 2 


Number of ways 


L'„3 

21 5 

3 1=6 

3 1=6 

3 !=6 

L ! «3 
2! J 

3 ! 


2 1 


=3 


Total 27 

required chance= T y T =i- 

Problem 52. Four dice are thrown, what is the probability that the 
sum of the numbers appearing on the dice is 181 
4 dice can be thrown in 6 4 ways. 

Favourable, number of ways to give a sum of 18 with 4 dice 
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=coeft. of x 18 in (x+x 2 +...+x 6 ) 4 
” ” * v l-x ) 

— „ „ X* (1— X 6 ) (1-X)" 4 

= „ „ x* (1—4x*+6x 12 ...) (1+4 x+10x 2 +...+165x 3 

+ ...+680x l4 +...) 

=680-660+60=80. 

/. required probability = 

Problem 53. Find the chance of throwing 10 with 4 dice. 

Proceeding just as above, the required probability is 
104 13 

6 4 “ 162 

Problem 54. Determine the probability of throwing more than 8 with 
5 perfectly symmetrical dice. 

Total number of ways in which 3 dice can be thrown=6*=216. 

The favourable number of getting the sum as 3, 4, 5, 6,,7, 8 will 
be equal to the sum of coefficients of x 3 , x 4 , x 5 , x 6 , x , x* in the 
expansion of (x+x 2 +...+x 6 ) 3 , 
i.e., of x 2 (l-x*) 3 (l-x)- 3 , 

l.e., of x 3 (l-3x*+...) (l+3x+6x 2 +10x 3 +15x 4 +21x s +...) 

= 1+3+6+10+15+21=56. 

56 7 

The probability of getting the sum<8— == 27 ' 

Hence the probability of getting the sum >8=1— 3 V=tt- 
Problem 55. Counters marked 1. 2, 3 are placed in “ba&one is 
withdrawn and replaced three times. What is the chance of 8 

total of 57 

Total number of ways of drawing a counter three times=3 =z/. 
Favourable number of getting a sum of 6 
=the coeft. of x* in (x+x 2 +x*)? 

„ X 3 (1-X 3 ) 3 (l-x)" 3 

= ” ” x * (i—3x*+...) (l+3x+6x 3 +l 0 x*+...) 

= 10-3=7. 

Required chance=,V , 

Problem 56. Nine cards are drown q or —i m d it is 

Each card is marked with one of the be ’ drawn. Find the 

equally likely that any of the three numbers will be drawn, nna 

hance that the sum of the numbers drawn t • .-awn=3* 

The total number of ways in which 9 cards can be drawn=3 . 

The favourable number of ways of getting a sum of z 
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=the coeft. of*® in (* _1 +*°+jc 1 )* 

“ „ „ (a^+I+x)* 

- „ „ •^■(l+x+**) 9 

- „ ,, -^-(1 -x»)®(l+x)-® 

- „ „ jr(l-9* 8 +36*®-84x®+...)x(H-9* 

+45**+165**+...+3003**+...+24310*®+...) 

=24310-9x3003+165x36-84 

=3139 

3139 

Required chance =- ^, • 

15.8. MEASURES OF CENTRAL TENDENCY 
[A] Arithmetic mean or simply mean. Let *,, *„ x 8 , .... *» be the n 
values of a variate (or variable) *; then their arithmetic mean denoted 
by m or M or x is defined to be 

- *!+ *t 4- X 8 +. ..+X« 

or using the sigma (2) notation, 

n 

- Xi r 

x— - - or simply —— ... (1) 

n n 

In case the ‘weights’ w lt w t , w 8 . w n are attached to the n i 

variate-values x u x 2 ,^t 8 , ...» *„ respectively, then the ‘weighted mean ' 1 
is defined to be 


H ' l X,+W 2 * 2 +...+W,.X n f= i _^SW>* 

*‘'i+ M ’*+ M ’*+”- + M '»i » “ “Sic 

2 » t 
/-I 



In other words if the value x 2 occurs/] times, x 2 occurs f% times, 
and so on, then 

n 

„.... /i*1 +/«*» + • • ■ +/»*n Ml * jtfx 

*2/, ^ 

Ml * 


or 


t * 

5=-rr 2 ftX t 
N /_i 


y* 

N 


where JV=/ 1 +/ 1 +...+/,=total frequency. 
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If we assume that ,4 is any assumed mean, whose deviation from the 
variate x is %, then if M is the arithmetic mean, we have 

Z—x—A and M—~~I fx by (4). 

Consider -J^r2fZ=-jyEf(x—A) 

-v**~s* A 


=M—A since from (5) 2/=JV. 

M-.4+~-S/5 ...(6) 

This result used as a short cut method for finding the arithmetic 
mean, often facilitates calculation. 

Again if h be the width of equal clals-intervals in a frequency table 
and u be the new variate defined as 

x—A . . . . 

u— —r— i.e., x=A+uh. 


then, we have 

2 fx=2f(A+uh) 

=2/A+A2/w. 

Dividing either side by If, we find 

2 /(*) AA.U 2 /“ 

___ .A + h-yr 

i.e. x or M=A+hu 

**— the arithmetic mean for values of the variate u. 

V 


(7) 


where u- 


Propertles of tne Arithmetic Mean 

I. The algebraic sum of the deviations of the variate-values from their 
mean is zero. 

Let £ be the deviation of the variate * from the mean *, then the 
sum of the deviations of the variate-values from the mean 

-2:/(*-*) 

*2/x-2/* 

=N.x—Nx from (4) and (5) 

= 0 . 

II. If x, x. ... x T are the arithmetic means of r distributions with 
respective frequencies N,, then the mean x of the whole disiri- 

r 

button with total frequency N= 2 N t is given by 

i=l 

2 Ni x t . 

N 1 



1094 


MATHEMATICAL PHYSICS 


Let fn denote the frequency of the observation x t} of the /th 

n 

distribution, so that N,= 2 f (t ; then 

J=1 


2 fa xi f 
-> =1 
n 


2 fnXu 

J_ _. 

N { 


i-i 


Now * being the mean of the whole distribution, we have 

22 foxy 2 N t .Xi 

N { x t . 


- U 


1 


'22 f it 
ij 


2 N t 
i 


i 

V 2 
N i= 1 


Problem 57. The following table gives the population of males at 
different age groups of the U.K. and India at the time of the census 

of mi. 


Age group 
(years) 

U.K. 

{in lakhs) 

India 
(in lakhs) 

0-5 

IS 

214 

5-10 

19 

258 

10-15 

20 

222 

15-20 

18 

157 

20-25 

16 

145 

25-30 

14 

161 

30-40 

27 

257 

40-50 

25 

184 

50-60 

19 

120 

above 60 

17 

100 


compare the average age of males in the two countries and account 
for the difference, if any. 


Take the assumed mean as 27.5. 


Age group 
(years) 

Mid-values 

(x) 

Deviation from 
assumed mean 
27.5 «) 

U.K. 

India 

Popular 
tion in 
lakhs (fi) 

hi 

Popula¬ 
tion in 
lakhs (ft) 

hi 

0—5 

2.5 

flRHMp 

18 

-450 

214 

—5350.0 


7.5 


19 

-380 

258 

—5160.0 

10-15 

12.5 




222 

-3330.0 


17.5 


18 

-180 

157 

—1570.0 

20-25 

22.5 


16 

-80 

145 

-725.0 

25-30 

27.5 


14 

0 

161 

0 

30-40 

35.0 


27 

202.5 

257 

1927.5 

40—50 

45.0 

17.5 

25 

437.5 

180 

3220.0 


55.0 

27.5 

19 

422.5 

124 


—wm 

65*0 

37.5 

17 

637.5 

100 


Total 


■ ■ 


m 

Pjllj 

-3937.5 


■ 

■ ■ 

■Sal 

msm 
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For U.K., average age of the people 
2/r 

~A-\ 2^T“=27.5+4t|=27.5+2.12=29.62. 

For India, average age of the people 
_27.5-Mi 

W% 1818 


=27.5—2.17=25.33. 


These averages show that the average age of the people of U.K. 
is higher than that of the people in India. 

Problem 58. If a variate x is expressed as a linear function of two 
variates u and v In the form x—au+bv, show that 


x-au+bv. 

Let the number of variables for each u and v be n. Then 


so that 

or 


x^adi+bvi, 

n n n 

2 x f =a 2 u t +b 2 v, 
/=! <=1 1=1 



2uy 
n 



i.e., x—au +bv. 

Problem 59. Show that if x is the arithmetic mean of the values 
x it it=l, 2, .. . ,n. then 

2 f (*,-*) 2 =2 fXi-m* 

/=1 /=! 

where N= 2 f. 

/=1 

% fat 2 f ( Xi 

We have ••• (1) 

Now 2/< (x t —x) 2 —Zfi (x 4 t +x ? —2x f x) 

I i 

=2 f iXi *+r- 2/,-23 2 f,x, 
i i i 

=2 f iX ,*+x 2 .N- 2x.Nx from (1) 

Jlf iXt *-NT-. 

i 

Problem 60. A distribution consists of 3 components with fre¬ 
quencies 45, 40, 65 having their means 2, 2.5 and 2 respectively. 
Prove that the mean of the combined distribution is 2.13 approxi¬ 
mately. 

Using the property II of arithmetic mean, the required mean is 
given by 
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where 


1 3 

*“ "v 2 N { Xi. 

/-1 

#=45+40+65-150. 


and ^ 2^ #,*,+#,*, 

=45 x 2+40 x 2.5 +65 x2 

-90+100+130 

-320. 

»'• fn ~tt =2.13 approx. 

Problem 61. Supposing the frequencies of values 0,1,2, 
variable to be given by the terms of the binomial series 


^ i ^ Pj ~—^ Jt* i * * ’ If i 

where p+q=*l, find the mean. 

Let 11/ be the required mean; then 

„ 2/x Q.g"+1 ."C 1 g"- 1 p+2.”C t «r- 2 P i! + - »P" 

-(- "Ctf-'p+ n C t q*-‘p 2 +...+up" 

I .nC 1 9 B-1 p+2.”Cj^ n_I p 2 +...+wp" 

(?+/>)" 

But (9+p)*~i as g+p—1 (given) 

J»f=-C 1 g"- 1 p+ B C 8 g»- ;! p*+...+np» ... (1) 

Wow wc have 

(g+P)"=g" +"C 1 g"- 1 p+"C 1 g"- 2 p 8 + ...+/>". 
Differentiating both sides w.r.t. p and then multiplying through¬ 
out by p we get 

n(p+q) n - 1 p=’ , C 1 q n - 1 p+ n C l q n - 2 p 2 .2+...+np n 
—M from (1). 

Thus M=np asp+g=l. 

Problem 62. Show that the arithmetic mean of the series 1 , 2, 4 , 

>+i_ r 

A «. •••■»•* „ +; - 




nof a 


Required mean 


l+2+2 : +...+2* 
n+1 
2* +1 —1 
«+l 


Problem 63. 5ftow> that the weighted arithmetic mean of first n 
sutural numbers whose weights are equal to the corresponding numbers 
ts equal to § (2n+/). 

If 5 be the required arithmetic mean, then 
s 1»1+2.2+3.3+...+w.h 
1+2+3+..,+n 
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»(»+!) (2w-j-l)M (n+I) 

2n “ 6 / 2 

2n±l 
“ 3 * 

Problem 64. The arithmetic mean of n numbers of a series is i. 
The sum of the first (n—1) terms is k. Show that the nth number is 
six—k. 

Let t n be the »th term of the given series; then 

S=*±i 

n 


giving t n =rix—k. 

[B] Geometric mean. Let x u x t , x„ be the n values of a 

variate x; then their geometric mean denoted by G is defined to be 
G—(x l .x l .x i ...x n y ,n i 

2 !<>g x t ... (l) 

. ^ 1=7 2log x \ 

or log G=-= —~— « 

5 n n j 

If the value x, occurs /, times, x t occurs/, times and so on, then 
G a *(Xifi.x t f t ...x n ' n ) 1 " > where N=fi+f 2 +...+/« 1 


or 


logG= 


2 ft log*, 

/=! _ 2/log X 


AT 


AT 


I 

J 


... ( 2 ) 


which show that the logarithm of the geometric mean of a series of 
values is the arithmetic mean of their logarithms. 

Properties of Geometric Mean 

I. The geometric mean of a series is less than its arithmetic mean, 
i.e., if A be the arithmetic mean and G the geometric mean of a series, 
then A>G 

We prove the result for a series having two numbers only and the 
result may be extended to any number. 

Let x„ x 2 be the values of a variate x. Then 


A=- !±2L and G=VM. 


Consider 


A —{*= —— y/ ( x i x t) 


-ttV* \-Vxtf 

=a +ve quantity as (V x i—y/ *,)*>0. 


showing that A>G. 

II. IfGi, G . G r be the geometric ms arts of r distributions with 

respective frequencies N lt N t . N r , then the geometric mean G 


Of 


the whole distribution with total frequency AT— * JVi is given by 
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N log G*=Ni log G x +N 2 log G$+...+AV logG r 

i.e., log G — \r 2 N { log G { . 

■" /“I 


Let f {i denote tbe frequency of the observation x ti of the Ah distri- 
n 

bution so that 2 f it , then 
y-i 

n 


log G<= 


2 


fa log G it 


n 

2 /« 

/-I 


23 


/«log Gn 
~~Ni 


But G being the geometric mean of the whole distribution, we have 
22 fif log Gtj 2 Nf log Gi 

log G= ~ 2 If u ~~ Tn { 

i 1 i 

=4 2 N { log Gi. 

" t~l 


III. If G x , G t are the geometric means of two series of observations 
and G the geometric mean of the ratios of corresponding observations, 
then G is equal to the ratio of their geometric means. 



Let xi, x t , be the two variates corresponding to the two series of 
observations with frequency n each, and let x be the ratio of the two 
variates; then we have 



so that log x=log xj—log x 2 . 

2 log x—2 log x x —2 log x t . 
Dividing throughout by n, 

2 log x S log x/ 2 log Xf 
n ~ n ~ n 
i.e., log G=log G x —log G t 

giving G*=~~ 


IV . The geometric mean G of the product of r sets of observations 
with geometric means G lt G x ,..G r respectively, is the product of the 
geometric means of the component series, i.e., * 

G=G i G t ...G r . 

Let x u . . . . be the variates corresponding to r sets of observa¬ 

tions and x their product, i.e.. 
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then 

or 

or 

giving 


log x=log x l +log X 2 +...+log x r 
l log x=2 log x,+l log x,+...+2 log x r 
2logx _ Slogs, Slog*, Slogs, 
n n r n +, " + n 

log G=log Gj+log G a +...+log G, 

- G=G 1 .G»...G r . 

Problem 65. Find the geometric mean of the series- 

1 , 2 , 4 , 8 , 16 . .. 2 ". 

G=* {1.2.2*.2*.. .2*} 1 ,(#+1) 

== J21+2+3i...+«JX/(n+l) 

= {(2) n(n+1} /2 } J /{n+1) = 2 n /2 . 

[C] Harmonic mean. Let x^x^x^ x n be the n values of a 
variate x; their harmonic mean denoted by H is defined to be the 
reciprocal of the arithmetic mean of their reciprocals , 

1 JT + ^ + '" + i,ii 

^ /«{ \ / n x 


or 


H~ 


n 

n 




n 

2 

i 3 *! 


Xi 


n 

■*T 


If the value x a occurs /i times, x a occurs / a times and so od, 


then 


H 


T+T+-+Y 

Xl -?-=- where 2 /, 




(=1 




S/ 


n 

S f< 

i-=l 


= JV 


..( 2 ) 


Property of harmonic mean. The harmonic mean of a series of 
quantities is less than the geometric mean of the 
fortiori (Latin phrase, means ‘with strongeror greater ^onijess 
than the arithmetic mean of the same quantities, £,ifA£,Hbft* 
arithmetic, geometric, and harmonic means ofasertes, thenA>G>tt. 

In property / of geometric mean, we have already proved for two 
quantities s lt x a that /t>G. ^ 0 

Now consider G—H= V (*i*») 

yto) 


- as H-- 

X^X, 


Xj ** 


x a +x, 


[xi+Sj—2V(XjXi)] 
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or G-H= ^"■- iVW-VW} 2 

=a +ve quantity. 

G>H; also A>G 
A>G>H. 

This result can be extended to any number of values of x. 

Problem 66 . A variate takes values a, ar, ar 2 ,..., or * -1 each with 

frequency unity. Show that the A.M., A is —77 -f, the G.M., G is 

n ( i—r) 

ar («-l)/2 and the H.M., H is -■ w(/ ~ r IT" * . Prove that AH—G*. Prove 

I—r n 

also that A>G>H unless n=l when all the three means coincide. 


We have 


and 


A _ a-faH-ar*-K..+ flr l 


n-1 


[l+r+r s +...+r- 1 ] 


G={a.ar.ar *.. .or" -1 ) 1 /" 
=[a".r 1+2+ ' • ! n 

1)/2*nJ.l/n- sas ^(n-l)/2 

n 


H 


'4+ 1 


ar ar 


V+-+ 1 


ar " 


Now 


i[ 1 + i + ^ + ...- + 7 i r ] 


an 


C^-O/K-0 


if r<l, /.e .,—>1 
r 


gw (1—r) f"- 1 
1 —r" 

a ( 1 —r") an(l—r)r n_1 

n(l-r) x 1 —r" 

— «}* 

=G*. 

Again to prove A>G>H, consider 
a 1—r" 


i— G= 


n l—r 


- or ** -1 */ 1 
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_£(l+ r +r s + . +r"- 1 )-flr (n_1,/2 


= £ni+r+r 2 +...+r’ v ' 1 )-”- r< "" im l 
n 

——[{ 1— r in ~ u ,2 )+(r— r in ~ 1} 1 0 + (r‘—r (n ~ 1> '*)+••• 

_£[(! — r («-»/*)+r (1—r (n “* , ' 4 )+»‘ 2 (1— 

-a +vc quantity, since every factor in the bracket 
~ M 0 f R.H.S. expression is +ve wnen r«^». 


A>G. 

But.i 

Also, "-Pr - ^ 

anr*~ l _ 

.«*•-«/*• -i +r+r i+77+r "- 1 

as ^L=l+r+r 2 +...+r^ 

_flr (l> ~ 1),a _ m —yto-ri/s+r (l-r'-** 1 *) 

+r n-i 

as above 

sa +V e quantity as above. 

• G>H. _ u 

But if—l. O-H- 0 ' '£? ^'hichcssu X-G-H. *“ U “* 
Hence A>G>B unless n=l 10 wmc 

thKo lke VStlfi 

we have 3 3xl20, _ 360^^7.66 m.p.b. appro* 

.. H rss«"* ““ obei °‘ *“ "“* a " rwe ' 

(0) Foe this OSS*' tw 8 

" eh *” 6 _(20 X 25 X 44>-. 
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log G—i [log 20+log 25+log 44] 
[1.30i 0+1.3979+1.6435] 

=4 X 4,3424=1.4475=log 28.02. 
<7=28.02%. 


[D] Median and quartiles. The median is defined as the middle-most 
or central value of the variate when the variate-values are arranged 
in ascending or descending order of magnitude i.e., it is the value 
of the variate for which greater and smaller values occur with equal 
frequency or in other words the total frequency above and below 
this value is divided into two equal halves. 

In case the total frequency n is an old number, then the value 

of -^th item gives the median, but if it is an even number then 

^-j- ^th and + l^th are the central items so that their arithmetic 
mean gives the median. 


For grouped data, the median is formulated as 


Median=/ 1 + 



/ 


xh 


where / x =the lower limit of the median class. 

JV=the total frequency, 

/=the frequency of the median class. 

/i=the cumulative frequency before entering the medL*. 

A=the size of the class-interval of the median class. 

For a continuous series, the median is formulated is 

Median=/ 2 + 

where 4=the lower limit of the median-class, 

/j=the upper limit of the median-class, 

/=the frequency of the median-class. 

/j=the cumulative frequency before entering the median class, 
m=the size of the middle item. 

The quantiles or partition values are defined to be the values of the 
variate which divide the total frequency into a number of equal 
parts. Quartiles , deciles and percentiles are the worth-considerable 
among partition values. 

The quartiles are the values of the variate that divide the total 
frequency into four equal parts. 1st, 2nd, 3rd quartiles are denoted 
by Qi, Q t , Q t respectively, while Q t is the median. We have 

(iN 
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where /^the lower limit of the class, 

JV=*the total frequency, 

A=the size of the class, 

fi =»the cumulative frequency upto and including the class 
preceding the class in which the particular quartiles lies. 
/=the frequency of this class. 


Inter* quartile rang e=Q 3 —Q 1 . 

The deciles are the values of the variate which divide the total 
frequency into ten equal parts and given by 


1+ 


f 


xA,y'=l, 2,. 


the other quantities having the same meanings as in quartiles. 

The Percentiles are the values of the variate which divide the total 
frequehey into hundred equal parts and given by 


(w-*) 

- - x ft, A-1,2,. ..99 

the other quantities having the same meanings as above. 

Problem 68. Show that for J-shaped distribution with the maximum 
frequency towards the lower values of the variate, the median is nearer 
to Q x than Q 3 . 

In the adjoining diagram, let M t stand for 
the median; then we have to show that M < is 
nearer to Q t than to Q 3 i.e. 

Let y=f(x) be th- equation of the curve 
(J-shaped) under consideration and Q u Q a , 

M t locate the positions of first quartile, third 
quartile and median respectively. 

Now according to the definition of quar¬ 
tiles, the area between Q x and median is equal 
to the area between Median and Q a and each 
is equal to 1th of the area of the entire 
curve i.e., 

Area=» f ^ f(x) dx=1 th of the entire area 

-]%***■ 

The curve y—A x ) being continuous, we have 
f{x)>J{Mi) for Q^x^Mi 
and f(x)<AMi) for M ( <x^Q 3 . 

Also fix) is positive as y is positive. 
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* dx<W,) 

l.e. RM,) (C.-M,) 

or 

which shows that Af< is nearer to than to Q t . 


Problem 49. Determine the quartiles and the median for the follow¬ 
ing table. 



Income 

No. of person* Cumulative frequency 

Below 

Rs 30 

69 

69 

Between Rs 30 and below Rs 40 

167 

236 

st 

Rs 40 „ „ Rs 50 

207 

443 


Rs 30 „ „ Rs 60 

65 

508 • 

s# 

Rs 60 „ „ Rs 70 

58 

5 66 


Rs 70 >1 n Rs 80 

27 

593 


Rs 80 and over 

10 

603 

Total 603 


Median— size of the th, i.e. 302nd item 

=between Rs 40 and below Rs 30. 
Applying the formula. 


2 Jl 

Median=4+ -=-j — xA, where 4=40, .4=236, /=207, A-10 
and JV=603, we have 

• OJt_ 

Median=40+ ~ - , - 2Q y-- x 10 

_40+im«X.0 

=4#+ 65^10 _ 40+HJ 


=40+3.2=43.2 approx. 
N 


Also, 0i=/,- 


-A 


x h, where 4“30, / x =69, /= 167, 


1304 


A—10, JV—603 and JV/4 lies in second group 


X10 


167 

■30+— j~ 6 ? xlO, taking y = 151 approx 
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=30+ttt= 30+4.9 approx. 

=34.9 

^ /t 

and e,=/ 1 -f-_ x ^ > where /i=:50j ^ 1== 44 3> y =65> A=:10> 

JV=603 and JN lies in 4th croup 

. 50 + 1 ^-443 x , 0 

<n , 452-443 

=50+-—gj—- x 10 approx. 

=504-^=30+1.7 approx. 

=51.7. 

[E] Mode (or Model talue). The mode is that variate-value of a dis¬ 
tribution for which the frequency is maximum. 

It may be found by following three methods: 

(/) By inspection. When the measures of all the items are given in 
a frequency table, then the mode is the size of the item which occurs 
most frequently or in a frequency curve it is situated on the x-axis at 
the position of greatest ordinate, i.e. the peak of the curve. 

Of) By grouping. The items are grouped and regrouped until the 
point of greatest frequency is unaltered by adjustments of grouping. 
The mode is then situated at the smaller group common to each of 
the larger groups. Such a grouping is affected by writing the actual 
frequencies before their respective size, adding the frequencies in 
two’s, adding again in two’s leaving out the first frequency, adding in 
three's leaving out the first frequencies and then adding in three’s 
leaving out the first two frequencies, 
v/ff) By using the formula (in a continuous series). 

Mode=^4 xh. 

where /,=the lower limit of the modal-class (i.e. class having maxi¬ 
mum frequency), 

/ 1= =the frequency of the class preceding the modal class, 

/,=the frequency of the class following the modal class, 

A=the size of the modal class.. 

Note. Sometimes the formula used is 

n<*-h+ ipyPi*" 

where 4«the lower limit of the medal class (i.e. class frequency)! 

/,=the frequency of the class preceding the modal class, 

/,=the frequency of the class following the modal class, 

A=the size of the modal class. 

/■■the maximum frequency. 
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Problem 70. Evaluate the values of mean, mode and median for the 
following grouped cumulative data: __ 


No- of days absent 

No- of students (F) 

Less than 5 

29 

SS 10 

124 

ft 15 

349 

20 

442 

„ 25 

478 

30 

487 

st 35 

495 

„ 40 

497 

50 

500 


These results can be tabulated as follows: 


No. of 
days 
absent 
(doss) 

Mid-value 
< x) 

No- of students 
(frequency) (/) 

Cumulative 

frequency 

Deviation 
from 
assumed 
mean (225) 
(5) 

a 

0-5 

2.5 

29 

29 

—20 

-580 

5-10 

7.5 

95 

124 

—15 

-1425 

10-15 

125 

225 

349 


-2250 

15-20 

17-5 

93 

442 

-5 

-465 

20-25 

22.5 

36 

478 


0 


27.5 

9 

487 

+5 

45 

30-35 

32.5 

6 

493 

+ 10 

60 


37.5 

4 

497 

+15 

60 

40-50 

45 

3 

500 

+22.5 

67.5 

ToUl 

S00-Xf-N 1 


-4488.5-ZA 


Mean=v4+^rS/5 


- 22 . 5 +- - 4 ^ 8 ' 5 = 22 . 5 - 8.977 


=13.523 i.e. 13.5 approx. 

Median — A.M. of sizes of -H-th and ( i | i +l)th items 
=A.M. of sizes of 250th and 251st items 
=12.5 as both items lie in the same group. 
This gives a rough value. 

We calculate it by using the formula 


Median- 
where /j= 10 , 


m h+ 

If 

2 


JL_ f 

0 j 1 


/ 

250, /». 


Xh 

-124./-225, A=5. 


Median-10+ 2 ^~Ii 4 

= 10 + 2 . 8 = 12 . 8 . 


x5=10 


630 

225 
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This method gives rather accurate value. 

By inspection, the value of the mode is 12.5 which is the size of 
the items of maximum frequency. 

By grouping method this can be calculated as follows: 


Size of the item 
(mid-value) 


2.5 
7-5 

12.5 

17.5 

22.5 

27.5 

32.5 

37.5 
45 



IV 


VI 


349 


> 138 


1413 


}» 
13 1 


jj54 

} 19 


Analysis table: 


Columns 

Size of item having 
maximum frequency 

I 

12.5 

II 

12.5, 17.5 

III 

7.5. 12.5 

IV 

2.5. 7.5, 12.5 

V 

7.5, 12.5, 17.5 

VI 

12.5, 17.5, 22.5 


Here 

12.5 occurs 6 times 

17.5 „ 3 ,, 

7.5 „ 3 „ 

2.5 „ 1 „ 

Since 12.5 occurs 

number of times, hence 
Mode=12.5. 


maximum 


By using the formula, 
where /^lO./i.—95,/*=93, h== 5 


mode-»/ 1 + x * 


we have 


mode= 10- 


93 
95+93 
465 


x5 


Using the other formula, 


=i°+rlf - 10+2 - 47 

*12 47. 

mode=/i+ y-fSj: x h 


where /i-10,/i~95,/.-93 h-5 

225 —95 __ y 5 

we have mode== i0 +2 x 225—95—93 

- - 650 

r 62 


io+-^4o-= 10+ lr ==20 ' 5 approx * 

IU+ 250—188 ®2 
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which gives very high result as compared to the previous results. 

[F] Empirical relation between mean, median and mode. There 
exists an approximate relation between mean, median and mode 
for a moderately asymmetrical distribution and this is 

mode=mean—3 (mean—median). 


15.9. MEASURES OF DISPERSION (OR VARIATION) 

The measurement of the scatter of the size of the items of a series 
about the average is said to be a measure of variation, or scatter or 
spread or dispersion. (Agra, 75) 

' [A] The range. This measure of dispersion known as range is the 
simplest possible measure to compute and the easiest to understand, 
but it is the least useful and informative. 

The range is the difference between the greatest and the least values 
in the series. 

If x t and x, denote the greatest and the least measurements of a 
series, then 

Its range=x»— a-j 

and the coefficient of the range or the scatter or simply the ratio of 
the range is defined to be the ratio—— - 1 -. 

Problem 71. Find the range and coefficient of range for the follow¬ 
ing set of observations: 

10, IS, 20, 37, 58, 60, 90. 

Range=x,—x,=90—10= 80. 


Coefficient of range 


x»— x, 90-10 80 

x.+x, — 90+10 ~100~- 8 ' 


[B] The qnartile deviation or the semi-interquartile range. We have 
introduced the interquartile range as the difference of upper and 
lower quartiles, I.e., Interquartile range=(> # — 

Half of this difference is said to be semHaterqnartRe range, i.e. 


Semi-interquartile 


range’ 




The qnartile deviation or semi-interqoart lie range is a better 
measure of dispersion than the range. Its coefficient is defined by 


2 

Coefficient of quart ile deviation—— 



Note. The difference between the ninth and first deciles are similarly 
called as taterdecile range which contains 80 % of the total frequency 
while interquartile range contains 50% of the total frequency. Thus 
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the ranges give a fairly good idea of the scatteredness of the distribu¬ 
tion and are commonly used in elementary descriptive statistics. 
Problem 72. Calculate quart He deviation for the following data : 
Farm size (acres) No. of Farms 

0-40 394 

41-80 461 

81-120 391 

121-160 334 

161-200 169 

201-240 113 

241 and over 148 

The given data may be arranged in a cumulative frequency table 
as follows: _ 


Farm size (acres) 
(x) 


0-40 
41-80 
81-120 
121-160 
161—200 
201-240 
241 and over 



Cumulative frequency 


394 

855 

1246 

1580 

1749 

1862 

2010 


»N=-°-?--=502.5. 
Q l lies in the class (41-80). 


Thus, Q^l i+ *— 7 ^ xfi where / 1 =41./ 1 =394,/=461, h~ 40 

J and £AT=*H b '“502.5 


=41-f 


502.5 — 394 x4Q 


~ 461 

41 + I«*^» =41+^-41+9.4-50.4 


Again J/V= 3 x 502.5—1507.5. 

• Q t lies in the class (121-160). 

I jf-Lsrk where 121. /i«1246, /-334. 

A=40, JAT= 1507.5 


Thus whe " 


1507 : 5^1246 )< 4o 
* 12 H- 334 

261.5x40 , 10460 

= 121 + 334 - ,21 + 334 

= 121+31.02 
= 152.02. 
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Quartile deviation=$ (2s — Qi) 

=$(152.02—50.4) 

=*X 101.62=50.81. 

[C] The mean (or average) deviation. The mean deviation is defined 
as the sum of the absolute values of the deviations from an average 
(median mode or arithmetic mean) divided by the number of items i.e., 
if X{ («'=/, 2, 3,..., n) are the variate-values of x with frequencies 
ft (/=!, 2, 3, .... n) such that N=2 f and M be the average (mean, 

i 

median or mode), then 

Mean deviation—-^ 2 f t | x t —M | or simply ~ ^ 

. If we denote the difference x—M by then 

2 e | p | 

Mean deviation=- - .. • 

N 

Problem 73. Find the mean deviations from the median and the 
mean of the following data: 

Size of items: 4 6 8 10 12 14 16 

Frequency: 2 4 5 3 2 1 4 


These data in tabulated form are as follows: 


Size 

(x) 

. 

I 

Frequ¬ 
encyf 

, Cumu- 
j la five 
frequ¬ 
ency 

f.x 

j Deviations from 

/i 

Cl 


median 
i.e.. 8 1 5il 

mean i.e., 
9.7 | 5* 1 

mu 

/I 5*1 

4 

2 

2 

8 

4 

1 5-7 

8 

1 11.4 

6 

1 4 

6 

24 

2 

3.7 | 

8 

148 

8 

5 

11 

40 

0 

1.7 

0 

8.5 

10 

3 

14 

30 

2 

0.3 

6 

0*9 

12 

2 

16 

24 

4 

2.3 

8 

4.6 

14 

1 

17 

14 

6 

4.3 

6 

4.3 

16 

4 

21 

64 

8 

6.3 

1 

22 

25.2 

Total 

21-AT 


204 

-V* 


■ 1 i 

6S 

-smiii 

69.7 

=sm, i 


Median—size of ^ ^th item 

—size of — y — th i.e., 11th item—8 


and nwan—^^—^y-—9.7 approx. 

Mean deviation from the median— — • ■—4^- —3.238 

N 21 
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and mean deviation from the mean=iLLM 69.7 

jy =”2j—=3.319 

Note. Median coefficient of dispersion 

__ mean deviation from the median 
median 
3.238 . JA 

== —g—=-0 40475 

and mean coefficient of dispersion 

Mean deviation from the mean 
mean 

3.319 

== ~ 9 j ~ 13 0-34 approx. 

f evh “ ,on - , W f de fi"e the standard deviation of a 
Jf JfJ™ the s fi uare . root of the arithmetic mean of the squares of 

denote Uhl™ ° f * fr ° m tht arithmetic mean of the observations and 
aenoie u by o. (^ ra , 1975 ) 

.TZ&’S5gi£ M v,lu “ 

i 


a ~\/(jqffi or simply j 

giving e*«-jLz/(;c_j|/) 2 . 

The quantity o 2 i.e., the square of the standard deviation is termed 
os variance and denoted by n 2 , which is the second moment about the 
mean - (Agra, 1975) 


The ratio — x 100 is known as the coefficient of variation. 

When the deviations of x are measured from an assumed mean A , 
then the square root of the arithmetic mean of the squares of all 
deviations from x is termed as the root-mean square deviation and 
denoted by s i.e., 

s==/ \/(l7 Y* {X, ~ AY ) or simply \Z[J/ - } 

The square of this quantity s i.e., r is termed as mean square 
deviation and denoted by h/| which is the second moment about the 
assumed mean A, i.e., 

Relation between standard and root-mean square deviations. 

Let M be the mean and A the assumed mean. 
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Also let M—A—d and x—A=*£; then 
x-M=x-A+A~M=*(x-A)-{M-A)=l-d 

Now, a- «~'Lf(x-Mf = ip 2/(5 -df as x-M=*\-d 

~±m i ~2ld+d)= 12/?-2rf.~ 2/5+rf* ^2/ 

= ~Z/(x-^) 1 -2rf. as 2/=AT 

=?-2d(¥f- ~Ajf)+d> as ^ 2 =-~ S/(a-^)* 

=r 2 -2«f (M--4)+rf-=s 2 - 2rf. d+ d-=s 2 -d- 
i.e., s'=e’+d i or tV=H 2 -M* 

which gives relation between j and a or between n a ' and f* s . 
Calculation of standard deviation. 

(/) By short-cut method. 

We have, s : =is/(^A/)- = il/{ 

= J^2/{i;—(/tf— A)} 1 where c,=x—A 

^~lfV-2(M-A). L.2fZ+2(M~A?-~Zf 
~±2f¥-2d~lfZ+d> as 2/=M 
But d-^s- -e 2 ={2/(*- -4) 2 -2/(.v-A/)=> 

** [2/ {(x-A) 2 —(x—Af) 2 }] for the same distribution. 

id+jf-A/) (.v—A-x-f-Af)}] 
-■jfZ/{(Z+Z-d).d} as M—A—d and x-M^-d 

-^/{2W-rf-1=2rf. l2/5-^.^2/ 
or 2d 2 =2d.-Q- as 2/«=Ar 
giving d**M~A —• 
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-N/tirW-CTO 

00 By step deviation method. Taking u=— A 


= x-, re.. 


we have 


or 


o t ! =A ! 




/.e. v 

Properties of the standard deviation. The standard deviations of two 
sets containing A\ anJ A ^ 2 members are a* and o 2 respectively, being 
measured from their respective means M 1 and M 2 . If the two sets are 
grouped together as one set of Nj+N* members, then the standard 
deviation a, of this set, measured from its mean is given by 
IWV N,N, 

N,+N, + (Af,+W,) ! 1 

If fi* and s., 

the mean square deviation of the combined set and A be the assumed 
mean; then 

i Ni+N, 

1 - f(x t -Ar 


-m 2 )\ 


2 be the mean square deviations of the two sets, s * be 


JM-'V, i=i 

i Jii 


At 


1 


1 


N!+N 2 

-[ 2 f( Xi -Af+ 2 /(*,- 

: ; I 1 

“ ‘ a)*+n 2 . 


{ i . 


Af\ 
1 

I 

2 j 


Nt 

At 1 ( Xr 

JV* /»! 


/ 0 2 ] 


[Afj. Si 2 + N t .s t 2 ] 


Ni+Nt 

-xr-^-rH^i W+ffl+Nt W+df)] as j»-o*+rf* 

iVi + /V« 

Ni+Nt + ^i+^s %a 

nT+n^ + n <+ n > 


If the assumed mean A be„reaarded as th e mea n Met the combined 
set, then by the propertie's of arithmetic mean, we nave 

.. NMi+N t M t 
N^+N t 


and then s becomes identical with a, i.e. s—o, 

Ni*l±lW , -- [#, { M x - 


N\+Nt + Ni+Nt I 


+N\ 


{m 2 - 


N,Mi+N t M t Y 
N 2 +N 2 J 
NiMi+NtM iTl 
N x +N t J J 
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_N l a l *+N t a t * , 1 T NfN»* (Mj—M,)* 

N t +N t + N,+N t L (Ni+Ntf 


(Me—Afi) 2 

(Ni+N t y 

t (W 


Mf (jW 

” tfj+JV, + iVi+iV 2 *'' (Nx+Nt)* 

ATi+JV* + M+#*) 15 1 *' V ' 

which is the required result. 

This result can be extended to a combined series of observations 
consisting of r component series containing N lt N 2 , .... N r members 
with standard deviations a lt a t> .... <r r and means deviating from the 
mean of the combined series by d u d 2 , d T whence the standard 
deviation a of the whole series with component series having means 
M u M it ..., M r respectively, is given by 

. JW+AW+-+W 8 ,_L_ 


Ni+Ni+...+N r 


(N 1 +N t +...+N r )- 


x{NiN t (Mx-MJ'+NiNi (M 2 -M,y+... 

...+N r -iN r (M r -i~M r Y-}...{2) 
Using 2 notation, the result (2) can be expressed as 

2 JW , 

ct 2 =I —7-S N t N k (M,-M k )*. ...(3) 

2 N t (ZNt) J >fe l k 

i-l \ = 1 / 

In case M|=Af s =M 3 =..., 

* 0,*+...+^ q f~ (A\ 

N k -{-Ni-\- ...+N r 

Problem 74. Sfaw that if the variable takes the values 0, /, 2.^ n 

with frequencies given by the terms of the binomial series q n , n Cif , ~"p, 
n C 2 <f*~*p i , ..->p n wherep+q=l, then the mean square deviation is 
n 2 p 2 +npq and the variance is npq. 

By Problem 61, the mean M for such a distribution is given by 

M=np 


Now a* 


where ^—x~A, A being assumed mean. 


Assuming that A=0, we have 

+»C 1 .$*->. u+»Crf"- 1 .p 2 .2 *+... +p n M 2 ... (1) 

But (q+p) n = : <r+ n C 1 q”-'p+ n C t q*- t p l +... +'p n 
Differentiating w.r.t. p and multiplying both sides by p, we find * 
niq+pf^ 1 P‘°‘ n C 1 q"- 1 .p+*C t .q m - t .2p , +...np n 
Again differentiating w.r.t. p and multiplying throughout by p, we 
have 
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Plnp(n-\) (q+q)*-*+ n (q+p) n ~ l ] 
~ n C l .<r-*p.V + »c 2 q*-y .by ( 1 ) 

s 2 **p[n(n-l)p+n] as q+p=\=*np[np-~p+\\ 

~np{np+q) as q+p= 1 gives 1—/?=:^ 

*=n 2 p 2 +npq. 

Also 0 l:=s J 2 ~^ 2 =*V+ npq-(npY as M—d—np when >4*0 

~*?ipq. 

Problem 75. Show that if deviations are small compared w ith the 
mean M so that a*d higher powers of may be neglected t 

W • e-M(,- 1 g p ) 

(«) M*-G 5 = o 2 . 

'("« 

(fv) M//=G- 

(v) H+M=2G. 

(vi) Afecn Vx=*VM j 

where a is the standard deviation. A, G, M are respectively arithmetic, 
geometric and harmonic means of the variate X. 

We have X— M=x so that X— M+x . . . (1) 

Let N be the total frequency of the distribution. Then 

(i) v G=(X 1 fi, Xfi ,.... Xj«f' N where N— If. 

. log G=~ If log X~jf If log (M+X) by (1) 


ft 2/log,M ( l + ~)=^[S/log M+Xflog 

( >+£)] 


expanding the 
log-function 

log M. = ~ 2 neglecting higher powers of x/M 

l - aad hfx—0 by first property of A.M. 

N 

a 2 


...(2) 

“( 1 1M* + "* ) 
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or g=M^ 1~ 2 Jfr ) “ejecting higher order terms. 

(«) By (2). G i =*M 2 e~ at /M 2 

=A/-| 1—neglecting higher order terms 

{tit) We have i-^/( 

11 ( X X 2 \ 

= M ‘M *^1 1 ne S ,ectin 8 higher order terms 

_I 1 Z A , 1 I* 8 ! 

"Jl/'U Af JV + Af 2 iV J 


M N ~ M- N 

=^[ 1+ ^] asZ/, - 0,nd tt -"' 


terms. 


i.e., //==Af £ 1+^r-J —M £ 1—neglecting higher order 

(n») From the above relation H—M ( 1 M*) , we have 

MH—M 2 ( l-^-)=»M J -o 2 =G 2 by (/») 

(v) We have M-\- H = Af-\- Af ^ 1—^ j =21 

-2J/[ l-j£i ]=2C by (0 
(y!) Mean \t*=\ 2 / V(M+X) 


q- 

A/ 






j t ^neglecting higher powers of 

fx 11 

iV J 

VA/[ i-g ^7 J as X/x-0 and ^ 


VA/.[^ 


j _i_£_ 

1 * 2 Af ~WM* y^« v 5 ,vvk,u 8 pvwviw ' 

1 'Lfx 1 Zfx- 
2M N ~8A/* 
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Problem 76. Show that for any discrete distribution the standard 
deviation is not less than the mean deviation from the mean. 

With usual notation we have to show that 

\/{j7 ~Ax-MY\>{^f\ x-M | ], 

i e., ^ V(x 2f\x-M\ j* 

or N 2 f¥>{ 2 f | 5 | y where \~x-M 

or (/!+/,+ ...+/•) (AV+f* ?*+.~+f*W) 

>{f\ I Si I +/a I ! + '• +/n I I } 2 

or A/t (^i 2 +^+...> 2 / 1 / 2 ^ 2 -»-... 

or /1/2 (?i“~y 2 +.--^0, c . 

which is true, since being the sum of perfect squares, the L.n.d. is 
never negative. Hence the proposition. 

Problem 77. From a sample of n observations , the arithmetic mean 
4 ind variance are calculated . It is then found that one of the values , x u 
is in error and should be replaced by xshow that the adjustment to 
the variance to correct this error is 

Xj 

where T is the total of the original results . 

If K be the variance, then V being the square of the standard 
deviation, we ha\e 

IS Xi*x 2 ~... ~f~*"»i 


n 


_ Xi 2 +X 2 2 + ..»+ *yi 


^ xi+x 2 +...+x n y 


If V' be the corrected variance, then we have 

’ r s^+x^+.-.+Xn* y 

xS'+W-x!*) x/+r-x v y 




fr-x.+xi , *r i 

»L‘ " 

The required adjustment to correct the error is 

{(Zx^ ^+x l '*-x 1 *) ■- 2 x< 2 }— : ^ J 
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Problem 78. A distribution consists of three components with 
frequencies 200, 250, 300, having means of 25,10 and 15, standard 
deviations, of 3, 4 and 5 respectively. Show that the mean of the 
combined distribution is 16 and its standard deviation is 7,2 approxi¬ 
mately. Find also C. V. 


The mean M of the combined distribution, is given by 


M= 



3 

2 

=■1 


xt - #i*i + l^t x t +#«*a 

il ~ #,+#,+#, 


where JV, 

/. M= 


200, #,=250, #,=300, *,=25, *,= 10, *,-15. 

200 x 25+ 200x10+300x15 5000+2500+4500 


200+250+300 750 

-tyt— i0 - 

Now, the standard deviation a of the combined distribution is 
given by 

» # t 0i 2 +#,0, t +AW , 1 (M -MV 

~ #,+#,+#, + (#,+#,+#,)* '" lNi Ml) 

+#*#a (Af,—A/,)*+ N a N,{M a —A/, )*} 
where #,=200, #,=250, #,=300, 

0i=3, e,=4, o,=5 

M a —25, M a —10, Jlf,«15, 

200 X 9 +250X16+300 X 25, 1 




750 T (750) 2 

{50000 x 225 +75000 x 25 +6000 X100} 

1800+4000+7500 , 1-[U250000 

+ 1875000+6000000] 


750 


'750x750 

X19125000 

_ 510 ‘ 

<75 “ 15 + 

giving 0—7.2 approx. 

The coefficient of variation (C.V.)=^ x 100 



»51.73 


-|^xl00«=45 

PuMta 79 . The first of two samples has 100 items with mean 15 
and standard deviation 3. If the whole group has 250 items with mean 
15.6 and standard deviation \/(13.44),find the standard deviation of 
the second group. 

We have # 1 =10Q, #,=250-100-150, M,=15, 0,-3, 

M—15.6, V13.44 
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i.e 


N t +N t + (N 1 +N t / Ml Mt) 
^^H- lOOx^+lSOXa^ 100x150 
250 + (250) 2 

AUo M . g.w 

ATi+AT, 

100x15+150 <A/ 2 

2 ^> 

150M 2 =250x 15.6—1500=2400 giving A/ 2 =16 
Substituting this value of Af 2 in (1), we get 
900+150 <t 3 * 6 

’ 25 


15.6= 


13.44=^i^+^-x(15-16)= 


9004-150«*» 
s 250 


-(.24) 


• . ( 1 ) 


or 900+150<v=250 [13.44-.24]=250x 13.20=3300 

or 150a 2 2 =2400 i.e. c 2 2 =16 or « 2 =4. 

Problem SO. Calculate (a) the quartile, ( b) the mean, and (c) the 
standard deviation wages from the following data: 

Weekly wage in dollars —35 — 36 — 37 —38 —39 —40 —41 —42 
No. of wage-earners 14 20 42 54 45 18 7 


Weekly wage 
In dollars 
class 



Cumu¬ 

lative 

frequency 

Deviation 
from assum¬ 
ed mean 

(l) 

5* 

/5 

fV- 

35—36 

■ 


14 

-3 

9 

—42 

126 

36—37 

36-5 

20 

34 

-2 

4 

—40 

80 

37—38 

37.6 

42 

76 

-1 

1 

-42 

42 

38-39 

38.5 

54 

130 

0 

0 

0 

0 

39—40 

39.5 

45 

175 

1 

1 

45 

45 

40-41 

405 

18 

193 

2 

4 

18 

72 

41-42 

41.5 

7 


3 

9 

7 

63 


1 

200=1/ 




-54 

428 

Total 





-*/ 

-*/«* 


*#=-*« *=50 0i lies in group 37-38 
tad \ |Ar=l50, 0, lies in group 39-40 

0 2 =Mfcdian=Mean of the sizes of and (*r+l)th) items 

=38.5 


Q 1 —I 1 + 



Xh 


where /|«=37, TW»50 t /i®34 f /**42 f A«*l 
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=37+~!i X 41 

=37+A=37+.38 

*=37.38 

Q 3 =li + —y xh where 1,-29, ™ -150,/ 1 =130,/=45 > A«=l 
^9+Mxl 
=39+t=39+.44= 39.44. 

Mean=.4+--j^ 2/5 when; ,4=38.5, 


=38.5+ 


-54 


200 

=38.5—.27*= 38.23 

-ft »>-(¥)’] 

- vm-i A\) s }=V(2.14-.0729)=VC2.0671) 

= 1.4 approx. 


15.10. MOMENTS 

For a distribution having variate*values x u x n with frequencies 

n 

fuftt—fn respectively such that N = 2 /, (or simply 2/), the rth 
moment about any point (or assumed mean) A is defined as 

Pr'=J^ £ fi(Xi—A) r or simply— 2 f(x-A) r , ... (1) 

where p/ represents the moment about any point A (other than the 
mean). 

As such rth moment can be regarded as the arithmetic mean of 
the variate (x—A) T . 

If we now consider the rth moment about the mean M of the 
distribution, then it is denoted by p r and given by 

J ft(xt-M)', i.e. ir 2 f(x-MY. 

The definitions (1) and (2) give that 

. 1 v. . 


...( 2 ) 
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“17 ¥*-A where y~N snd ^r=M 


<=M—A=*d (say)' 
When A=0, h'=M=x 


Vi~jjWx-M)=± 2/-M.i2/=M-M= 0 


I V— B 


AT ^—" 

=^-2/5*, when jc—A=!; 

es 52 = 0 * 4 . Cf 2 . ...( 6 ) 

^-^if( X -My=<p. ... (7) 

Thus, ^'-^=i 2 -o 2 *=</ 2 . ...(8) 

[A] Moments about the mean in terms of moments about any point 
and conversely. 

Taking x—A=% and M—A—d, we have 
x—M=(x—A)~(M—A)—l—d 

so that n,= } m-<Q r 

= ~PM r - r C t Z r - 1 d+'C s Z r - t d l -...+(- 

~~ w-J- r Ci ^ y^+Mtjr wr*-~ 

+(-lr*. Vr-l-tf ¥5+(-l 

=(iZ-'Cx ^Vl+'Cjd*. t^r-l ••• 

+(-irv ^Vi'+c-i)'- <mo 

But we have <f*= n/ by (4) 

Putting r-2, 3,4,... successively, we get 

[Ajssp,'— & •••(*) 

(i 3 =H,'—3(i 1 V«'+2s i i ,1 l x i ,a ‘! 1 « ,— 8rf|*i'+2d* ... (4) 
( i t =(t 4 '-4(*,'|t'i+6m'H l ''-3(* l ' 1 ... (5) 

»n«'-4rfm , +6rf , (H-3^ J 
etc. 

••• ... v * v ’ 

cwi>. *■-? « *-xr-^iAx-u+H-Jr 


r ,-j i v.x-ur-f. 
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=i- 2f(X+ciy, when X=x-M 
=^ l-/A' r + r C 1 ^"/-^ r + r C. t d^fX'-~+...+d Zf] 


• ••~\~d r . . . . ( 6 ) 

Putting r— 2, 3, 4, ... successively, we get 

[V— !**+«(' as ^1=0, ..-(7) 

^'--=^3+3^2 -M 3 , • • • (8) 

f-4 , =f i 4+4</n 3 +6^- , H. a +</' 1 , ... (9) 

. etc. 


[B] Change of origin and scale of moments. If we introduce a new 

Y_ 

variate u related to jc, such that h=—^—, where h is the unit or 
scale of moments, then 

x—A—im and x — A—hu, ...(1) 

where x and ii denote the means of variates x and u respectively. 

NOW, ~f{X-x) r 

y{{A + hu)-(A + fa)Y by (I) 

= 77 s/(«-«p. ...( 2 ) 

Also (x r ’=^S \f{ x -AY=± mhuY~~?fu'. ... ( 3 ) 

Here (2) and (3) show that the rth moment of the variate x is h r 
-times the corresponding moment of the variate x. 

If h— 1 , then (2) becomes Ft= 2f(u—u) T 

which follows that “a change of origin does not tiffed the moments 
about the mean." 

Again if we take A=x and h=o x then the distribution of x has 
zero mean and unit variance and is said to be the standaid 

°X 

form of the variate. 

[C] Sheppard's corrections for moments of grouped data. The 
approximation of assuming the frequencies to be concentrated at the 
mid-values of class-intervals in a grouped frequency distribution is 
corrected in case of moments by W.F. Sheppard as follows: 

P» (corrected) 
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f* 8 (corrected) =|x 3 
(a 4 (corrected)=n t — Wv-t+thh* 
where h is the width of the class-interval. 

These results may be used in cases where the frequency distribution 
is continuous and the distribution tapers off to zero in both directions. 

Problem 81. The first three moments of a distribution about the 
value 2 of the variable are 1,16 and —40. Show that the mean Is 3, 
the variance 15 and \j- 3 ——86. Also show that the first three moments 
about x*=0 are 3, 24 and 76. 

Moments about A— 2, are tV=I, p 2 '=16, 40 

We have fV=-^ ?-f{x—A), i.e. \ — ~^fx—2 as lf**N 

-jfr 2/x=mean=3 
N 


and 


fx 2 =CT 2 =[V~fV 2 =16—1 = 15 

=—40—3X 1 X 16+2.1’=—86. 

Again when A=0, let the three moments about x=0 be v 3 ', v*, 

V. then 


Vl '=JL2/(x—0) 2/x=mean=3 


Here t*»—15 and d—M—A— 3 
v,'= 15+9=24. 

Aiso v 3 '=p. 3 +3</p- a +rf 8 

= -86+3x3xl5+(3)»=76. 

[D] Factorial and absolute moments. About theori gin i.e. x , 
a distribution, the rth factorial moment is defined as 

H' (r) = jfl f ( Xi {r) or simply ~ 2/x«« * * * (l) 

where tf» 2 / ( = 2 /and x lr >=x(x-l) (x-2)...(x-r+l) 
and the rth absolute moment is defined as 

v f =4I * > f or S '“ ply ~N lf 1 * r 


where 


hr=2/<- 

i 


=2/ 


mere 

[E]Moments for bivariatef5££erofthepapd* 
characters say * and y cotrespondi g e*® gufV 0 f the pop®*** 
tion e.g. heights and weights of stu ~? n '* v. f w a 7 number of pair 
tion of a class of students, then each m total assemblage of 

of values like (x u y t ), (*., Vt) .<** . 
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such pairs of values of x and y along with their frequencies constitutes 
what is called the Bivariate frequency distribution of x and y. 

If fi (i=l, 2,..., n) be the frequency of the pair (x t , y t ), /■» 1, 2,..., 
n, then the moment about the origin of the distribution, of the order 
r, s with regard to x and y respectively (t.e. order r in x and order s 
in y) is defined as 

2 1 2 fx T y* •••(!) 


n 


where 

2 /<-2/. 



1 = 1 


Thus, 

(a 10 '=-jjr 2 /<*<=*, the mean for 

Hoi'=^ 2/<>>,• =j, the mean foryj 

... (2) 


2 z ;*, 2 | 

2 / 4 y<*= v (X,' j 

... (3) 


Hn'=-^ 2 

... (4) 





In a similar manner the moment n„ about the means may be 
defined as 


Hr.=4 2 Mxi-xnvi-yy ... (5> 

" /= i 

So that fi lo «=n ol «.0 

Hn= -jj 2 fi{x,—x) (y t -y) 

" jy 2 f ( x t y<—x.~jyr 2 ftyi—yt.'jf 2 /fo+Sy 

— ... ( 6 ) 

The quantity ji n is known as the Covariance between the variates 
x and y and denoted by Cqt (x, y), i.e. 

Cov (. x , jO-Pu-Pu'-9 ... (7) 

Also t‘i#-=o«*- s 4f 2 /<(*<—*) 2 •“(**«'—3?* ^ ‘ 

V ' l ...(8) 

-jj- 2 fiiyi-yy^n-y* 




STATISTICAL PROBABILITY 


1125 


Problem 82. Show that the first four factorial moments are related 
o ordinary moments by the relations 

(*(!)' = (V=* 

(*( 8 ) —* 
t t (s)' = ! A 3'^-3( i »'+2* 

V-U)' — (V ~ 6 ^ 3 ' + 111 *’* ~ 

For assumed mean A= 0, H!'=mean=S by (4) of §15.10 
Now V-M ,ms jf^fiX t w gives 

f*(l) ,= jy' 2 fiX< (1) = jy 2 fiXi — V-l' — X 

H’( 2 ) , “ jf 2 /fX< l2) = ~ 2 fXi (x<-l) 

2 fa*- L 2 

2 fa m — ~ 2 fa (xt-1) (*<-2) 

=(x 3 '-3^'+2S. 

Similarly, ih , moments 

Problem 83. Sto. <*«. 

about the mean are invariant for the change J S 

SSiSSSSi-'-!- 6 *. 

x— j 4+*» so that X=i4+A« 
ywm A'+hv y^A'+hv 

u, v being the new variates. 

2 ffa-x) (y<-y) ^en N=2f< 

=~ 2 /,(«,-«) (v<—"v) 

z /)W , -is* UrS.\r 

_j.[^Z r-S7+Vr]-»{-y* >.r.-s r] 
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A=l, yields, t* u =^ 2 f t u t Vi—u v 

By 2S fiUtVi-u v. 

Conclusively the moment of order 1 in x and order 1 in y about 
the mean is invariant for the change of origin but not for the 
change of scale. The similar results may be shown to hold for other 
moments also. 

[F] p and y coefficients of Karl Pearson. It is observed that in statis¬ 
tical work, there are certain quantities calculated from moments 
about the mean, which are found very useful. Such quantities are p 
and y coefficients introduced by Karl Pearson. He defined p-coefficients 
as follows: 


Pi- 


fV 

1-7 


ty 


a __ 1*1 


... 0 ) 


The other two coefficients Yi and y 2 are defined as 


__ ,/d __ (*a . .. 3(x, 2 f* 4 —3a 4 

Y 1 - + VP 1 ==-r. Y*—P* 3=- - - - - 


... ( 2 ) 


All these coefficients are pure numbers, since has the dimension 
n. Their importance lies in giving information regarding the shape of 
the curve obtained from the frequency distribution. 

p x gives a measure of departure from symmetry i.e. of Skewness. 

Pa or its derivative y 2 gives a measure of flatness or peakedness of 
a distribution and known as Kurtosis. 


[G] Cumulants. T.N. Thiele introduced a set of quantities similar to 
moments, which have a comparatively little theoretical and practical 
importance. Such quantities are known as cumulants. Their definition 
constitutes a complicated mathematical structure and hence for the 
elementary purposes, we mention the first four cumulants as follows: 

} . . . ( 1 ) 

As a particular case, about the mean, they are defined as 

*1 = 0, *2 = t*3, *3 = 1*3. *«=f*4 — 3[A2* ... (2) 


15.11. EXPECTATION 

[A] Univariate probability distribution. If a variate x assumes 
x lt x n (denoted by x t for /= 1, 2,...«) values, with'their 

respective probabilities p u p t , ... p„ (denoted by p ( for 1, 2,...n) 
corresponding to the n exhaustive and mutually exclusive cases 
which may result from a trial, then since the values taken by 
x depend on chance, x is called a chance or random variable * 
(variate) or stochastic variate (a greek term) and the set of values x t 
together with their probabilities p< constitutes what is called the 
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univariate probability distribution of the variate of that trial. In such 
cases since the variate takes a finite or enumerably infinite set of values 
(i.e. discrete set of values), the distribution is sometimes known as 
Discrete Probability distribution. 

[B] Mathematical expectation or expected values. 

Suppose <f>(x) is a function of variate x such that it takes values <f>{x,) 
(i l—l, 2 i.e. <f>{xi), </>(x t ),..., <j>{x n ) when x takes values x, 
(i—l,2,...n) with probabilities p, (/=/, 2 the expected or 
probable value of <f>(x) denoted by E{<j>[x)} is defined as 
£#(*)} or simply E(+)~p l Kx l )-\-p. i t,x t ) + .n +p»<l>[x n ) 

n n 

2 p t <f>{Xi) uhere 2 />, — 1 . . .(1) 

/=1 j=l 

Assuming <f>{x)-=x r , we have 


E(x T )=P l X J r +p. i x/+...+PnX, l r z= 2 p t . V, r 

1=1 


.( 2 ) 


*-X 

which is said to be the rth moment of the discrete probability d stribu 
tion about x=0 and denoted by iV i.e. 


fx/=£(x r )=2/>,x, r . 

i 


This gives {i l '—E(x)=2p l x { =x by (4) of §15.10 


. . .(3) 
. . .(4) 


< 

which is said to define the expected value or the expectation of the 
variate x. 

Again the rth moment of the probability distribution about the 
mean x is defined as 

(J. r ~E(Xj x) r =2p,(x l x) r , • ■ 4» 

i 

so that jj. 2< the variance of the distribution of x denoted by Var (x) 
is given by ^ =E{x _ E{x )y- a s x=E(x) from (4). . . .(6) 

Problem 8 f. For a stochastic variable x, prove that 

Variance=E(x-)—{E(x)$~ 


and deduce that ft (ar )>{£(*)}"• 

We have, Var (x)—E{x—E(x)}~ 

ss 2 pi (Xi—'x) 2 wlierc x—E(x) and using 
/==1 of [B) 

= 2 p ( (x,~— 2xx { +x ) 

= 2 Pi.xf-2x VpiXi+x' as 2 p,=l 
i 1 

=E(x°-)-2x E(x)+x 2 
=£(x 2 )-2 {£(x)F+{ £ W> as x=E(x) 
=E(x ! )-{E(x)}* 
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Thus, Var (x)-=S p t (x,-*)*«■ £(x*)-{£(x)}* 

i 

But 2 pi (x<—*)* > 0 as p t are positive 
i 

i.e. E(x*)-{E(x)} a > 0 

or E(x 2 ) > {£(x)} 2 . 

Problem 85. If a pair of fair dice is tossed and x denotes the sum 
of the numbers on the two dice, then find the expectation of x. 

The x may be at least 2 and at the most 12. 

Let x lt x,,...x n be the values of x corresponding to x=2, 3,...,12 
respectively and let p u Pi,...p n , denote their probabilities; then, the 
probabilities with the variate-values may be tabulated as below: 
x:23456789 10 11 12 

. i a a 4 b e b * 8 a l 

IT IT IT TT TT TT TT 'ST TT TT TT 

Required expectation E(x) is given by 
E{x)=p lXl +p 2 x t +... +p n x n 

■"vir* 2+TfV- 3+iT' 4 +tt. 5+-b* t . 6+-g* T . 7+-jrj-.-8+'/j-. 9 

■f it- 10+jV- 11 + »t- 12 

_ 2+6+12+20-1-30-1-42+40+36+30+22+12_ 252 
"" 36 36 

(—l) k 2 k 

Problem 86. If a random variable x takes the values x k — -—^—, 

k—1, 2,...with probabilities Ph=-^ k , find E(x). 

We have E(x) -=p lXl +p t x t +/> 3 x 3 +... 

• <~ 2 >+ i ( t) + iK“-t) + - 

—1+i—i+^.=—[1-i+i...] 

=—log (1 + 1)-— log2. 

Problem 87. iSfanv /Aaf r/ x is a stochastic variate and a is a 
constant, 

(/) E(a)=a 
(ii) E(ax)=a£\x) 

(Hi) Var (ax)=a 2 Var (x). 

It follows from the definition that 
(0 E(a)-2 p it a, 

I 

=a2 p t , a being constant a,—a for i—l, 2, 3,... 

—a as 2 p t =* 1. 
i 

(ti) E(ax)=2 pt (ax t ), a being a constant 
i 

"•a 2 PiXf*a E(x) 
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(Hi) E(ax)=* 2 p, ( axi ), =»a E p,x { =aE(x) .. .(1) 

i i 

and Var ( ax)=*E { ax—E (a*)}® =E {ax—a E(x)}* from (1) 

=a* E (x— E(x)} 2 =a 2 Var (x). 

[C] Mathematical expectation of a sum of stochastic variates. The 

expectation of two stochastic variates is equal to the sum of their 
expectations. 

If x any y are the two stochastic or random variates, then we have 
to show that E(x +y)=£(x)+ E(y ). 

Let the variate x take m values x< (i— 1, with probabilities 

p t (/= 1, 2,...m) and y take n values y* (j— 1,2,...») with probabilities 
pf (j—\, 2 As such the sum x+y is a stochastic variate taking 
mn values Xi+y } (/= 1, 2with probabilities (say) 

denoting the probabilities of value x { of x and at the same time, of 
value jtf of y. Thus if x assumes a definite value x<, y assumes one of 

the vafues y u y 2 ,...y„ so that the sum^ 2^ p it represents the probabili¬ 


ty Pi of x taking 


n 

the value x, i.e. 2 />«=/><• 
j -1 


.. .( 1 ) 


Similarly 2 p <3 represents the probability pi of y taking the 

i=l 

.. .( 2 > 


m 

value yj, i.e., 2 pa—p/. 

1 = 1 

Now, £(x+y)= 2 2 p it (x,+y,) by definition 
f=l /=1 

m n J? 

l-U-i 1 

m n n ™ 

= 2 (x,(2 /»«)}+ S (y,( S />«)} 

/=i 7=1 ,=1 

= 2 *,/?<+ S yrf>/ by (1) and (2) 

i=i /—i /it 

=£(x)+£(y). , . 

, 7! a - - 

• - (4) 

Sto« £(x+^+z+..0-«*+^+^, by (3) 

=£(x)+^+ z +-> ... 

by (3) 


=£(x)+£O0+£(*)+- 
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Problem 88. If n fair dice are tossed and x denotes the sum of the 
numbers on the n dice, then find the expectation of x. 

Denoting by x„ the number of /th dice, we have 

so that E(x)—E(x 1 +x i +...+x n ) 

=E(x 1 )+E(x t )+...+E(x n ) by (4) of [C]. 

But for the ith dice, the variate being the number of points on the 
dice its values are 1, 2, 3, 4, 5, 6 each having the probability 4, 
therefore 

£(*,)=!• 1+4-2+4-3 + 4.4+4.5+4.6=V-=4* 
E(x 1 )=E(x t )=...=E(x i )=l. 

n 

Hence E(x)=—+ — + y +.. n terms* • 

Problem 89. If an unbiased coin is tossed n times, find the mathe¬ 
matical expectation of the number of heads in ail the n tosses. 

Let x denote the total number of heads in all the n tosses and let 
Xi be the variate-value which takes 1 when at the ith toss head turns 
up and takes the value zero when it is not so. Then, 

*=Xl + *2+.-. + - r m 

so that J?(jc)=£’(^ 1 +^ 2 +...+x 0 ) 

=£(*,)+ E(x 2 )+ ...+£(x n ) 

Now Xi takes the values 1, 0 with probabilities 4, 4 respectively. 

/. £(x < )=i.4+o.4=4, 

i.e., £(*,)=£(*,)=...==£(*,)= 4 . 

Thus £(x)=l+4+--« tiiness=-y. 

Problem 90. Thirteen cards are drawn simultaneously from a deck of 
52. If aces count 1, face cards 10 and others according to denomina¬ 
tion, find the expectation of the total score on 13 cards. 

If x t is the number corresponding to the ith card, then x, takes 
values 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 10, 10, 10 each having the proba¬ 
bility iV Hence 

jE(x<)=* 1 V [1+2+3+4+5+6+7+8+9+10+10+10+ 10]=-?■§. 
required expectation 

E{x )=*£(*! )+E(x 2 )+...+E(x 13 ) 

=?£+-?! + ••• 13 times==85. 

Problem 91. A box contains a white and b black balls', c balls are 
drawn. Fimtthe expectation of the number of white balls drawn. 

Let s be the number of white balls among the c drawn. Then 
defining a variate x t , such that 

x<«=l if /th ball drawn is white, /*■> 1, 2,..., c 
=0 if /th ball drawn is black. 

We have s—x i=x,+...+*« 
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so that 


But E(Xi)=1 . 


E<s)=E(x 1 +x i +...+x e ). 
°E( Xl )+E(x t )+...+E(x e ). 


- 0 . 


<*+b ‘ a+b a+b * 


since the probability of x,= 1 is and that of **=0 is -5-_ • 

a+b a+b 

Hence 

Problem 92. /4 fcox contains 2 " tickets among which "C, tickets bear 
the number i(i=0, 1, 2, ..., «). /! group of in tickets is drawn. Let S 
denote the sum of their numbers. Find E(S). 

Let the variates x„ x t , ...x m represent the numbers on the first, 
second, ...mth tickets. 

Now, x t being a stochastic variate assume values 0, 1, 2, ...Hand 
. ... n C(% n C n C 

have probabilities ...-— respectively, so that 

E( Xi )=~ [1 »Cx+2."C S +...+n."C„] 

=£r U + n - 1 c 1 +”- 1 c 2 +... 

“ 2 " '' + ' 2 " 2 


S=Xi+x 2 +...+x m gives 
£(£)=£(*,+x 2 +...+* m ) 


. n mn 
=£(x,)+£(x 2 )+...+£(x m )= 2 E(x i )=m.-2= - • 

[D] Mathematical expectation of a product of independent stochastic 
variates. Two stochastic variates are said to be independent if the 
probability assumed by either of the variates does not depend upon 
the value taken by the other. 

The expectation of the product of two independent stochastic variates 
is the product of their expectations, i.e. if x, y be two independent 
stochastic variates, then 

E(xy)=E(x) E(y). 

Suppose the variate x assumes the m values x„ x ? , .... x m and 
assumes the n values y t , y 2 , >V Let the probabih les of 
y B v. be Vi and pf respectively. Now the variates x and y being 
independent, the compound probability of x taking the falue x t and 
y taking y,=*PiPi, 

Now, E(xy)= 2 2 PtPiWt by definition 


= 2 XiPi 2 p/y,=E(x).E(y) 
i=l /=l 


( 1 ) 
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This result can be extended to any number n of variates x, y, z, 
...as 


E(xyz...)=E(x) E(y ) E(z)..., ... (2) 

where x; y, z,... are n independent stochastic variates. 

Problem 93. Find the expected value of the product of points on n 
dice tossed all together. 

Denoting by x< the number of points on /th dice, we have 

E(. x i x t •••*«)“ E(Xg ) £(X|).. .E(x n ). 

But E(x { )=l by Problem 89. 

• » E(x^Xg... T.-y .. .n times=( , J) n . 

[£] Covariance. The covariance between two variates x and y whose 
expected values (or means ) are x andy, is defined as 

cov (x, y)=E[(x-x) (y-y)] \ 

=E({x-E(x)} {y-£(y)}]S * * 1 W 

i.e. the covariance of two variates x and y is the expectation of the 
product of their deviations from their means. 

Problem 94. Show that the covariance of two independent variates 
is always zero. 

Let x and y be two independent variates with their expected values 
(or means) x and j respectively. Then we have 
cov (x, y)=E{(x-x) (y-y)) 

=E(x—x).E(y—y), the variates and so their means being 
independent 

={E(x)-E(x)).{E(y)-E(y)} 

=(*-*).( 0. 

Problem 95. Show that the converse of Problem 94 is not true, i.e. 
if the covariance of two variates is zero, it is not necessary that they 
are independent. 

Let us introduce two variates u and v with same variance, such 
that 


x=u+v, 
y=u—v. 


so that 


5=0-)- 

y=u- 


Now cov (x,y)=ff{(x-5) (y-j)} 


V 

V 


» 


=E{(u—Q+ v—v) £«— U— v4-v)} 
or cov(x, y)=E((U—u) 2 —(v— v)*} 

=E(u-ay —E(v —v)* 

==var («)—var (v) 

=0, since u and v have the same variance. 


Here though cov (x, y)—0, but x and y are not necessarily inde¬ 
pendent; for, if u and v are taken as the number of points on two 
dice, then their sum and difference, i.e., u 4-v=*x and u—v=y are 
tidier both even or both odd and thus are dependent to each other. 
Hcoce the converse of problem 94 is not true. 



STATISTICAL PROBABILITY 


1133 


Problem 96. Show that cov (x, y)—E(xy)—E(x) E(y). 

COV (x, y)=E{(x-x) {y-y)}=E(xy-xy-xy+xy) 

=E(xy)—xE(y)—yE(x)+xy as E(xy)=xy 
—E(xy)—xy—yx+xy=E(xy)—xy 
—E(xy)-E(x) E(y). 


Problem 97. Prove the following: 
(0 cov ( x+a, y+b)*=cov (x, y), 
(il) cov (ax, by)—ab cov (x, y), 

( x ~x 2z2V 1 


(Hi) cov 


cov (x, J'), 


where a and b are any numbers. 

(i) cov (x+a, y+b)~E[{(x+a)-E(x+a)} {(y+b)-E(y+b)}\ 

~E[{x-E(x)} {y~E(y)}] as E(a)=a etc. 

=E{x-x) (>>-.?)} 

—COV (x, j). 

(ii) We have cov (ax, by) = E[{ax — E(ax)) {by—E( jO}] 

—E[{ax—aE(x)} {by-bE(y)}) 
=abE{(x-H) (y-j)) 

—ab cov (x, y). 


(Hi) We have 

cov (x-1 . -ZzZ.'U -i—cov (x-x, y-y) 
\ o* ' 


= _L_. £!{(*-*)-«*-«) 


1 


O s 
1 


■E{(x-x) (y-y)} 


o* <T» 


cov (x, >0- 


Problem 98. Prove that cov (x, x) „ 

We have cov (x, x)=E{(x—x) (x )} 

r *-.**--■ 

[FI Variance of n vartoteS.rae van y 

" 5/liS»+(Sy+a (*-*> &-J)! 

O’-r) (1) 

=var (x)+var 0')+c° v 
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But by Problem 93, the covariance of two independent variates is 
zero, i.e. y cov (x, y)=0. 

var (Jc+y)—var (x)+var O'). ... (2) 

corollary 1. It is easy to show that 

var (x—y)=var (x)— var (y). . . . (3) 

corollary 2. If Xj, x 2 ,...x„ be n independent /ariates then the 
result (2) can be extended as 

var (x 1 +x,+...+x„)=var (x a )+var (x 2 )+...+var (x„), 
i.e.y the variance of the sum of any number of independent variates 
is equal to the sum of their variances. 


COROLLARY 3. If x„ x 2 ,...x„ be n random variates with finite vari¬ 
ances Oj*, o 2 2 ,...c B 2 , then the variance of a variate u defined as 
u'=a 1 x 1 +a a x t +... +a„x„, 
a 1( a t .. a n being constants, can be found out. 

We have E(u)=E[a 1 x l +a t x i -\-...+a n x n ] 

—£(a 1 x,)+£(a 2 x 2 )+...+(<*»*«) 

=o 1 E(x i)+ a t E(x z ) +...+ a„E(x n ), 

so that 

u—E(u)—ai [x,— E{xj\+a t [x 2 —£(x 2 )]+...+fl« [x„-£(x n )]. 
Squaring both sides, 

[u-£(«)] 2 =o 1 * [x 1 -£'(x 2 )] 2 +a 2 ‘ [x 2 -E(x 2 )] 2 +... 

...+a n * [x„-£(x.)] 2 +2a 1 fl 1 [Xj-fCxj)] [x 2 -£(x 2 )]+... 

{x n _j—^x*-!)} {x.-£(x,)}. 

Taking expected values, we get 
£[u-£(«)] 2 =fli i! £{JC.-£(x 1 )}*+...+fl, 8 £{x n -£(xJ} 2 
+2fl 1 a 2 £[{x, £(Xj)} {x 2 £(x a )}]+ 

... + 2fln-lO» [{X„-i £(X„-i)} {x„ £(X»)}]» 
i.e„ var (u)^* var (Xjl+a** var (x,)+...+o» 2 var (x„) 

+ 2 ^ 0 , cov (x lt x 2 )...+2a»- 1 fl» cov (x„_ 1( x n ) 


n n 

2 a<* var (x,)+2 2 a ( a, cov (x ( , x,). 
/-I i,J~\ 

/#/ 


... (4) 


Deductions 

(i) Iffli==flt=l, « 3 -=fl«—.=a,«=0, (4) reduces to (1), 

var (xj+x^^var (x,)+var (x 2 )+2 cov (x„ x 2 ). ... (5) 

(ii) If a x =\, a 2 =—1, 0, (4) reduces to 

var (x 2 —x,)«=var (x 1 )+var (xj)—2 cov (x u x t ). ... (6) 

(«/) If Xj and x, are independent variates, then cov (xi, x,)-0 so 
that results (3) and (6) reduce to (2) and (3), i.e., 

var (xj±x 2 )o.var (x^ivar (x t ). ... (7) 
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(* v ) If a 2 —... — On 5 *— so that x=x, and if x/s be the inde¬ 

pendent variates and also if var (x,)=a 2 , then (4) reduces to 

var (*)= - + times=— ...(8) 

Problem 99. An urn contains pN white and qN black balls, the total 
number of balls being N, p+q=I. Balls are drawn one by one (without 
being returned to the urn) until a certain number n of balls is reached. 
What is the dispersion of the number of white balls drawn ? 

Let Xt (i=l, 2, 3, .... n) be n variates such that 

Xi =1 if the ith ball drawn is white 
=0 if the ith ball drawn is black. 

Then, E(x t )=pM-q.0=p. 

If m be the number of white balls drawn, then 
W = *,+*2+•••+*„ 

E(m)~ £(x, +x 2 + ... +x n )=E(x 1 )+E(x t )+ ...+E(x n ) 
—p+P+-- n terms = np; 

and the dispersion of the number of white balls drawn is 
var {m)=E[{m — E{m)}*]=E{(m—np) 1 } 

=£ , [{(x,- 1 -* 2 +* < - A-x n )—np}-] 

— E[(Xi +x 2 +...+x„y-2np (x,+x 2 +...+x n )-f n 2 p 2 ] 

=£[(Xj 4-x,+... ■+ x n ) : *] - 2np (x x +x,+...+x,)+ n 2 p 2 ] 

= E[X* + X , 2 + ... + ^n 2 ) 

+2(x 1 x 2 +*iX3+... + *,x,+...)]-2 n P‘ np+rfp* 


■■ 2 E(x i i )+2 2 £(x,x,)-nV l 

‘fii 


• ..(» 


*y“ * 

where E(x t *)—p. 1 + 9 . 0 = 71 , as the possible values of x, 2 are 1 and 0 
with probabilities p and q. 

P(x *A=P(xA (xi\Xt) as x,x, assumes values 1 and 0 according as 
rth ^d j h balls are both white or not. The probability to attain the 
valw l is riven by ?(¥/) which is the product of probability of 
*]£d t£e ^conditional probability of *, when * has .tad, 
happened. 

„ % pN —1 
Here P(x,)=*/> and P(x, f *<)- jq-f 


so that P(XiX,)* 

. pN-l , , » p(Np-l) 
and therefore £(*<**)=/’• ^—1 * l+U N— 1 

Thus 2 E(x i t )=P+P J r~.n times 
1=1 
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2 E(x t xi)—- ^j^rs times 

Ui *1 ** * 

w 

"(«-0 p(pN-l) 

~~n 

With these values (1), yields 

var (m)**np+2 . ■ ^~ 1 - — w*p» 

- ^-{(Ar~i)+(i»-i) o>yv-i)-np (y^-i)] 

{i+p («—i)—«/»}+{—l—(«—1)+»/>}] 

^ 0-y>)-« (!—/»)] 

= N li (I—P) (N—n)— — as 

15.12. CONTINUOUS UNIVARIATE PROBABILITY DISTRI¬ 
BUTION 

The distributions considered so far are the discrete distributions in 
which the variate assumes a finite or enumerably infinite set of values, 
but there are the distributions in which a variate tike height or weight 
can take a non-enumerably infinite set of values in a given interval 
a^x^b. Such variates ares aid to be continuous variates and then 
probability distributions are known as continuous probability distri¬ 
butions or simply continuous distributions. 

[A] Probability density function. If f(x) is a continuous function of 
x defining the probability distribution of the stochastic variate x such 
that the probability of the value of the variate lies in the infinitesimal 
Interval (x—\dx, x+\dx) and is expressible in the form fix) dx or 
symbolically 

P(x-ldx^X^x+{dx)=f(x) dx 

then the function fix) is said to be the probability density function or 
simply density function and/(x) dx is known as probability differential. 

The continuous curve given by y a f(x) is said to be the probability 
density curve or simply probability curve. In case this curve is 
symmetrical, the distribution is said to be symmetrical. 

Though the range or interval of the variate may be finite or infinite, 
but it is convenient to consider it always infinite even if it is finite 
whence the density function outside the given range may be assumed 
zero. Suppose that X assumes values in the interval (a, b) and let its 
density function there be #x); then its distribution is that of a variate 
with density function defined as below 

Ax)~* 0 for x< a, 
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=<f>(x) for a^x^b 
=0 for x>b. 

T m fllTio f“ nC<i ° n/W Sat ‘ SfieS thc followin S two Properties: 

( /) /<*)>0 for every *, as negative probability is meaningless 

J—oo dx—\ t ie., the probability of a sure event is 

unity. J 

Thei probability that the variate X falls in an interval (a' bj is 

given oy 1 


Note. 1. The geometrical interpretation of property (//) of density 

function namely <**=7 is that the total area under the curve 

is unity. In case it is not unity, it can be so by multiplying a suitable 
constant , e.g. 


x ( l—x)dx—i. 


Multiplying both sides by 6, this gives 
| 6jc (1—at) efx=l. 

Thus the probability density function may be so defined 
f(x)=0 for .*<0 

—6x (1— x) for Os$x<l 
=0 for x>l. 


Note 2. The variate is said to have a rectangular distribution of 
probability when fix) is constant throughout. 

[B] Cumulative distribution function. Let the function F(x) be the 
probability that the value of the variate X is <x, t.e. 


F(x)=P(X^x)-- 
such that F(b)=P(X^b)= 


—oo 
6 

— oo' 


f(x) dx, 
fix) dx 


and F(b)-F(a)=P(a^X<b)-- 


■L“ m 


dx. 


Then Fix) is said to be the cumulative distribution function of x 
or simply the distribution function . It has the following properties: 

(/) F(jc)=/(x)> 0, so that Fix) is ton-decreasing function. 

(if) F(- oo)=0. 

Note F( VeZhy function fix) is related to distribution F(x) by 
f(x)-F’(x). 
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Problem 100. If fix) has probability density kx % , 0<x<I, determine 
k and find the probability that $<*•<$. 

Since f(x) has probability density kx 2 , therefore 

^fix)dx-l, 

i.e., | kx* dx*=\ 

or £fc-y-J «=1 giving k=3, so that/(x)=*3x*. 

1 1/2 rx /2 r v» ni/i 

fix) dx= \ 3x* dx=* 3 I —I 

i/s Ji/i L J Ji/j 

— 4 IT—-TYT- 

Problem 101. If a function fix) of x is defined as follows: 
fix)—0 for x<2 

"tt (,2~\~2x) for 2^x^4 
=0 for x>4, 

then show that it is a density function and find the probability that a 
variate having this density will be within the interval 

In order that fix) is a density function, it must satisfy the two 
conditions: 

(0 fix) >0 for every x. 

(«) j^/W dx= 1. 

Here (t) follows from the definition of fix). 

Now for (//), consider 

***“ Jloa A*) <&+ J* /(*) <**+ J*/(*) <** 

"I-. 0 0M+ l w jx+ J> 

- 0 + -re[ 3 * +x, I +0 

"IF [3 ( 4 ~2)+(I6-4)l—i(6+12)«l 

which satisfies the second condition. 

Hence the function fix) is a density function. 

Now, P(2<x<3)= J*/(x)dx« r ^yr ^ 

-TrO^I = "iT I 3 + 5 * _ ll" - T 
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Problem 102. Verify that the following Is a distribution function, 
r 0, x<—a 




i (—• + /) . —a<*^a 


Li, x>a. 

The function F(x) to be a density function, must satisfy the follow* 
ing conditions. 

(0 F(x) >0, 

(It) F(-°o)«0, 

(ill) F(+ oo)=1. 

Here the first condition is obviously satisfied, i.e., F(*)>0 from 
the given definition of F(x). 

From P(*)=0 for x<-a, it is clear that F(— oo)*0 
and from F(*)=l for x>a, it follows that F(oo)—1. 

Problem 103. Supposing the life in hours of a certain kind of radio 

tube has the density fix)=~ when x>100 and zero, when x<100, 

what is the probability that none of three such tubes in a given radio 
set will have to be replaced during the first 150 hours 
What is the probability that all three of the ortginal tubes will have 
been replaced during the first 150 hours. 

We have fix)= 

=0, x<100. 

The function f(x) will be a probability density function if 


i.e., if 


or if 


•or if 


r>-H 

Iioo foo 100 

0 jx+ 1 -33T 

—oo Jim ■* 


•1 


fix) dx=\ 


dx=\ 


-00 

0+1 


• 1 


which is so and hence/**) is a density function. 

r»w 100 . 

Now P( 100 <*<l 50 )= a J -p~ dx 


* avw . 


, SO 1. 

100x150 3 . 

(*,» .be probability of More aorio, .be W .00 boor... aero,. 



1140 


MATHEMATICAL PHYSICS 


Probability that none of the three bulbs shall have to be 
replaced=ii.i=TT- 

Again, the probability that one tube fails during the first 150 
hours =1— 4 =s v- 

Hence the probability that all three tubes fail during the first 150 

hours=|.|-T=*V 

Problem 104. A bomb-plane carrying three homes flies directly 
above a rail load track. If a bomb falls within 40 feet of the track , 
the track will be sufficiently damaged to disrupt traffic. With a certain 
bomb sight, the density of the points of impact of a bomb is 

M-wm- 


100-x 

10,000 ' 


0 


<x</00 


=0, elsewhere. 

If all three bombs are used what is the probability that the track 
will be damaged where x represents the vertical deviation from the 
aiming point which is the track in this care. 


Since a bomb falls within 40 feet of the track, it therefore follows 
that in order to disrupt traffic the track will be damaged when the 
bomb falls within 40 feet either side of the track. Thus the probability 
of one bomb damaging the track is given by 

P (-40<x<40)= \*° f(x) dx 

J —40 


J O 1*40 

fix) dx+ f[x) dx 

-40 JO 


f ' 


100+x 


10,000 


dx+ 


1 


40 100—x 

o 10,000 


dx 


io,ooo[ 


I00x+ 


i0 


2 L 


+ 


40 


I00x— 


■« (40 


] 


: fi)Joo [+4,000- 800+ 4,000 80]- J() ^ 25 • 


So that the probability that the track is not damaged by one 
bomb “1 —tt ~ vV • 

The probability that the track is not damaged by any of three 
bombs=(,**) 3 

"Hguce the probability that the track is damaged by at least one 
bomb*® 1 1 —(-jV)®* 3 1 —tvJ vv~ttt SI • 

[C] Mean, median, mode, moments etc. for a continuous univariate 
probability distribution. (/) The Mathematical Expectation. 

The expected value (or mean value) of any function $x) of a 
random variate x having probability density function/(x) and cumu¬ 
lative distribution function F(x), is given by 
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E [#*)]= [® <f>ix)f{x)dx=[^ ftx)dF(x) ...0) 
J —00 J *”00 

(if) The Arithmetic Mean 

The mean (arithmetic mean) is obtained from (1) by putting ft*)-; 
whence 

M=x=E(x)=ti l '=j_ oo xf(x)dx 


.. .( 2 ) 


jYi —a— j-j j — rl j __oo J v 

which represents the x-coordinate of the centre of gravity of the area 
of the curve bounded by x-axis. 

(Hi) The Geometric Mean 
The geometric mean 0 is defined as 

log G = 1®^ log xf(x) dx—E (log x) 

(iv) The Harmonic Mean 

The harmonic mean H is defined as 

the total frequency into two equal parts i.e., 

P{x ^a) = P(x>a) 

is defined as 

(° f(x) dx= [®/W <**=* f_oo (x) dX ~* 

J —00 * a 


. . .(3) 


. .(4) 


..(5) 


(v/) The Quart iles 
The lower quartile Q x is defined as 

fOi 




and the upper quartile Q, is defined as 
foo - - 


[°° fix) dx=\. 

)Qz 


.. . ( 6 ) 
... ( 7 ) 


iviii) The Mode , of a variate * for which 

The mode or modal £ defined as 

the probability density fix) is maxim (8) 

A*)-® ? df . be within the range of 
provided that the values of x given by / (*) 
the variate x. 

(viii ) The Mean Deviation is dcfinc d as 

The mean deviation from th ... (9) 


111C ill van uv — 

f« I I .f{x) dx 

Mean deviation*]^ I 
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, (lx) The Moments 

The rth moment about any arbitrary point 4 a ’ is given by 

f * (x—a) r f(x)dx ... (10) 

J -oo 

and the rth moment about the mean x is defined as 

f® (X—x) r f(x) dx. ... (11) 

J—oo 

Problem 105. Iff(x)—e~ x , show that it is a probability 

density function and hence evaluate mean n 2 , |x 8 , (t 4 . 

It is clear that/(x)>0 for every x 
and dx=j°^f(x) <fc+J®/(x) dx 


=0+ \ —e~ x dx=0-\\ —e - *"] 00 =1. 


Jo 1- Jo 

Both the conditions being satisfied, f(x) is a probability density 
functions. 

Now mean=| °° xer a xer* J^° e~* dx (integrating by parts) 

• 

ii 

V 

i 

i_i 

+ 

o 

8 

... (1) 

*«{; (X-Iy r* dx 


=[*— (x— l) 4 e~* "]°°+2 [® (x— 1) e~ x dx 


(integrating by parts) 

“l +2 U“ ( * _1)e Jo + Jo ***] 


=l+2[0-l+l]=l from (1) 

... (2) 

(*,=*1^° (jc— l)*e"* dx 


P»=£— (x— 1)* +3 |°° (x —l) 2 r* dx 


=—1+3=2 from (2) 

... (3) 

and n«= |® (x— l) 4 e~" dx 


•=£—(x—l) 4 r* J°°+4 j® (x —1)* r* dx 
=1+4 (2)=9. 

from (3) 


Problem 106. A frequency function in the range (—3, 3) ls*dqfined 
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by J'—t* ( 3+x)\-3<x<-1, # 

y=>r, (6-2x i ),-l<x<l, 
and . y => T \ (•?—*)*. l<x<3. 

Find the mean and the standard deviation of the distribution. 

We have first to test whether the given function y(=f{x) say) is a 
density function and it will be so if J f[x) dx—\. 

Now l # < 3 +*> 2 dx+ \\^ (6_2jc,) dx 

+J 3 tt (3-x)*ix 

=i+i+i=l- 

Hence /(x) is a density function. 

Now, mean=^ x '= f* (x-0)./(x) dx (about the origin) 

= » 1“ [ -1 x (3+x) 2 dx+ f x. (6-2x 2 ) dx 

U-» J_1 r i n 

+ J x.(3—x)* dx J 

-A {[^4]>KfX. 

«*-*+»-« - 54+ 4(V-«+¥)-«-*+»)>! 

- 4 a>-— -i 

+j* **. (3-x)* dxj 

<=1 (integrating and simplifying), 
standard deviation 2== *’ 

15.13. TOTOYCHEFF’S INEQUAIITTj^ E(x) ^ ( te . mean) and 
Ifx be a random variatewithW“ td ™ e JJber €. we have the 
standard deviation o, then for any pan 
inequality 



1144 


MATHEMATICAL PHYSICS 


P(x<( l x)> 1 —{known as Tchebycheff's lemma) and the proba¬ 
bility that the chosen value does not differ from the mean by more than 
(a does not exceed is represented by Tchebycheff's inequality as 

P( | x-Tc | >€<T)<-|r 

If x be a non-negative variate, then we have 

x= f°° xf{x) dx 
Jo 

= fo * dx+ \%x x ^ dx 

> xffx) dx V J* * xffx) dx> 0 

>ex dx=ex P(*>€‘*) 

i.e., x>e* P(jc>€ ! 
or (*>€**)=1 —P(jc<€ 2 *) 

P{x<ex)> l-~r ...(1) 

which is Tchebycheff’s lemma. 

If we replace x by (*—*)*, then x {i.e. E(x)} will be replaced by 
variance of x i.e. a*. As such (1) becomes 

or P( | x-x | <€«t)>1 --— ... (2) 

«r 1-P( | x-x | 

or P( | x-x | >€oK-^f • ...(3) 

This proves Tchebycheff’s inequality, which restricts the upper limit 
of the probability. 


corollary 1. Law of large numbers. 

If we put in (2), 

s— &±*s+-+*» !l±f!±^±!» and € \/(%)“ X ’ 

where X is an arbitrary positive number and E n is the mathematical 
expectation of the variate, 

^4" •.•+x* ... 
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Then, we have 
pH *!+*«+•»• + X n 


*i+**+---+5 


\]> 1 ~ 


>1—S provided <6. 


This gives the law of large numbers, stated as below: 

Under the assumption that the probability approaches unity or 
certainty as near as we please, it is expected that the mean ( arith- 
matic) of the values actually taken by n random variates will differ 
from the mean of their expectations or less than any arbitrary positive 
small number when the number of variates is sufficiently large and 
E n „ 

—y —>-0 as H-+-CO. 

COROLLARY 2. Bernoulli’s theorem 

For given positive numbers X and S, however small, if m be the 
number of successes in n independent trials, constant probability of 
success being p, then a number N depending on X and 6, can be found 

such that the probability in order that the inequality | ™ —p |<X holds 

good. Is greater than l— 6, provided n>N. 

Let us associate with trials, 1, 2, random (stochastic) variates 

Xi, x t . x n such that 

jc<— 1 when i-th trial is a success 
=0, when i-th trial is a failure, 
then m=x 1 +xg+...+*«. 

Now trials being independent, the variates x u x t , x„ are also 
independent. 

E{x t )*=>\.p+q.0—p where p—\—q 
E(m)=\ + \+...n times=/!/> 

E(xt*)=P.l+q.0=p as the posable values of xf are 1 and 0 
* ' p with probabilities p and q. 

Var (*<)=£[{*<-£(*<)}’] 

=E [ (Xi-pN^E [xf-2px t +p*] 

«2(x ( 2 )-2p2(x j )+P i 

=p-2p'+p^p-P 2 

=p (l—p)—pq asp+ 9=1 

n 

and var (m)= 2 var (x<) 

/-1 


As such 


2 pq=npq. 
i -1 


—£(m)=»p i SeeProblcm 87 
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Var ('n‘) = «* Var (W)= by Problem 87 («9 -** (say) 

Also let A—Ge. 

Then an application of form (2) of TchebychefFs inequality for 
— variates, yields 

'Of 

>1—6 when n>iV= j-L • 

This completes Bernoulli’s theorem. 

Problem. 107. For the number of points x on a dice , prove that 
Tchebycheff's inequality gives 

P[ I x-E(x ) | >2.5o] <.47 
while the actual probability is nearly zero. 

V £(*)= -|-.1+ |-.2+-|-.3+-i-.4+-|-.5+-| .6 by Problem 88 



.*. Var (jc) =o*=E[{x —£(*)}*)=£(*’)-{£(*)}* 

= i-[l*+2*+3‘+4*+5*+6*]- 

- {[1+4+9+16 +25+ 36]-V 
„ 91 _ 49 _ 182—147 35 

6 " 4 12 " 12 

=2.9167 
o=1.7 approx. 

The maximum deviation of x from E(x) is 6—3.5=2.5«|a. The 
probability of greater deviation is zero, whereas Tchebycheff’s 
inequality asserts that this probability is smaller than 0.47. 

Problem 108. Let x ( assume values i and —t with equal probabi¬ 
lities , show that the law of large numbers cannot be applied to 
variables x u x t , x 3 ...x n . But if x ( assumes values i* and —/*, the 
law of large numbers can be applied to x x , x . . provided «<{. 

We have -1) 

£(*,)=*./+* (—/)=0,1-1, 2,...n 
and E(x i *)=li*+li t ~i i . »= 1. 2... 

E(x)=E (*i+x,+...+x») 

=£(xj)+ E (x,)+...+ E (x„) 

= 0 + 0 +...+ 0=0 
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£»=£ (x, 4-**+...*„)*= i 
' / ! =l*+ 2 * 4 -...+n* 


so that 


= -£-«(«+l)(2n+l) 


• Lim E n 

** n-*oo^~ cc ^^ ac ^ hence the law of large 
applicable to this case. 


numbers is not 


Further when x, assumes values i«, — i«, we have 

(—;*)=0 as P(x,=i' , )=l—P(x i ——i*) 

&W )=i i 2 *+i.i 2 *—I s *, /-l, 2,..., n 

So that £■„= 2 f'(x j 2 )=l*»+2 2o ‘+...+w !! * 
i=l 


~ 2^pi by Eulers sum ffl a t'on formula 

is. „ 

n* 2a+1 




Lim 

n -+oo „j 


nS«-l 


c n 1 l®'£pr =0 iff 2«-l<0 ».e., «<i 


Hence in this case the law of large numbers holds only if a< J. 


15.14. CHARACTERISTIC FUNCTION 

The characteristic function for a continuous probability distribution 
having/(jc) as its density function is defined as 

#0=£ («“■)-|^oo e “*-K*) 
where t is a parameter. 

4>(t) has the properties: 

(0 <K0 is continuous in t, 

(U) <Kt) is defined in every finite t interval, 

m m=i, 

(iv) f(t) and f(—t) are conjugate quantities, 

(v) I ftt) | < [°° | «“* | /(*) dx < 1=^(0). 

J -oo 



1148 


MATHEMATICAL PHYSICS 


15.15. FOURIER’S INVERSION THEOREM 

If F(jx) and tft) denote the distribution and characteristic functions 

respectively of a random variate *, then 

m-m- * 

-''[fc-fc.-Tr***} 

where P T denotes the principal value of the integral. 

In case F(x) is everywhere continuous and dF(x)—f(x) dx, we can 
express 

which is equivalent to Fourier’s integral 

Ax)°=4r f°° dtV° dy 

in J —oo J —oo 

and can be easily deduced from (1) by the substitution 

f 00 e-* iv f(y) dy. • . .(2) 

J -oo 

Problem 109. Show that the distribution 



has the characteristic function 

m=i-\ 1 1,111 < /, 

1 1 1 >;. 

It is evident from calculus of residues that 


fooj- 

Jo 

/(*)= 


-cos x . n 

—5— dx= — or 
xr 2 


oo i —cos x 


i_[°° 

71 j-oo' 


dx** 1. 


1 1—cos* 


, — 00 <*< 00 . 


the characteristic function is given by 
Too l—cos* 


* Jo 


oo ** 
—cos * 


e itm dx 


cos tx dx 


-i-M m<i 

=»0 | I | > 1 . 

Problem 110. Show that the distribution for which the characteris¬ 
tic function e~ ] * I has the density function 

j^L, - oo<*<oo. 
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We have /(*)= ^ e e ~ u * dt 

“4f[1_oo C< e ~ i<X dt+ e~«* dt ] 

= dt+ \™ e ~ ( e ~‘“ dt ] by replacing 

/ by I in the first integral or putting r=-z etc. 

1 rQQ 

= 2Sj ( eit "+e tu ) dt 

- 1 f 00 -* 

~ I e * cos tx dx 
'• Jo 

“cos tx J“- — j°° e~* sin tx dx 

(integrating by parts) 

1 , rf . . Hoo x 2 roo 
=—+— sin tx J ~ ~ J ^ <r* cos tx dt 

giving -oo<x<oo. 

15.16. THEORETICAL DISTRIBUTIONS 

Having started with certain general hypotheses, if it is possible to 
deduce mathematically the frequency distributions of certain popula¬ 
tions or universes, then such distributions are said to be theoretical 
distributions, which constitute three types of distributions. 

(») Binomial distribution. It was discovered by James Bernoulli 
((1654-1705) in the year 1700 and was first published in 1713, 
eight years after the death of Bernoulli. 

(it) Poisson distribution. It was discovered by the French mathema¬ 
tician and physicist Simeon Denis Poisson (1781-1840) who published 
it in 1837. 

(Hi) Normal distribution. Though it was first discovered by De 
Moivre as early as 1733, but associated with the names of the distin¬ 
guished French mathematician Pierre Simon, Marquis de Laplace 
(1749-1827) and the German mathematician and physicist Carl 
Friedrich Gauss (1777-1855) who discussed it independently at the 
close of 18th and the beginning of 19th centuries. 

Here below we shall discuss these three distributions taking one by 

one. 

[A] The Binomial Distribution 

If we toss a coin which is a uniform, homogeneous circular disc, 
then nothing is biased to make it to tend to fall more often on the 
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one side than on the other. It is therefore expected that in a series of 
throws the coin will fall heads-up and tails-up an approximately equal 
number of times and so the chance of throwing heads or tails with a 
coin is i. Similarly the chance of throwing an ace with a fair die is 
Instead of considering the particular instances we generally use to 
say that the chance of success of an event is p and chance of its 
failure is q such that p+q=4. Assuming the events in a number of 
trials to be independent, the chances p and q may be supposed to 
remain constant throughout. 

If we take a number of sets of n trials and count the number of 
successes in each set, then there will be some sets with no success, 
some with one success, some with two successes, some with three 
successes and so on. The classification of the sets according to the 
number of successes which they contain, will give us a frequency 
distribution. 

Suppose there are N sets of n trials in which the chance of the 
success and failure are respectively p and q. We have to find the fre¬ 
quencies of 0,1, 2, 3,...successes in cases of one event, two events, 
three events and so on. 

When 1, i.e., in case of a single event, out of N sets of 1 trial 
each we expect Np successes and Nq failures. 

When n=»2, i.e., there are N sets of two events or N sets of two 
trials each, the event which has taken place once is repeated again. 
We have Nq failure of the first event or trial and the events being 
independent among these Nq there will be Nqxq failures and Nqxp 
successes of the second event on the average. Similarly among the Np 
successes of the first event there are Npxp successes and Npxq 
failures of the second event on the average. Hence there are in total 
Nq* failures of both events, 2Npq cases of the two events with one 
success and one failure and Np* successes of both events. Thus the 
frequencies of 0, 1, 2 successes are respectively 

Nq*, 2Npq, Np* 

When n=3 i.e., there are N sets oflhree events, we see that of the 
Nq* cases in which the first two events were failures, we have Nq*xq 
a third failure and Nq* xp one success, of the 2 Npq cases, 2 Npq* will 
give two failures and one success and 2 Np*q one failure and two 
successes and of the Np* cases, Np*q will give one failure and two 
successes and Np* a third success. Hence the frequencies of 0,1, 2, 3 
successes are respectively 

NqP, 3Nq*p, 2Nqp*, Np a . 

From the foregoing discussions we conclude that the frequencies 
0, 1, 2,...successes are given 
for one event by the binomial expansion of N{q+p) 
for two „ » » » » N(g+py 

for three „ » » „ » N(q+p) a . 

In general for N sets of n-events (trials) the frequencies of 
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«pindM tfSfrS by •«“ i» «* tonomial 

«(_«-!) . Mn—l) (h- 

1.2.3 


{ 


iV q n +nq n - 1 + 


1.2 


<rv*+- 


- 2 ) 


-v+... ] 


*SW«SSLSS .KSL2E5 (SttSrj t>g 

parameters of Binomial distribution. to “ 

Characteristics of Binomial Distribution 

(1) Its general form depends on parameters p, q and «. 

(2) The probability that there are r successes in n independent trials 

C,p qn ~' and hence in a11 <he N sets, this is given by 

(3) The numerical coefficients of the binomial expansion can be 
found by Pascal s triangle. 


Exponent 
power of 
(p+q) n 

Coefficients of terms 

Sum of 
coefficients 

1 

1 1 

2 

2 

1 2 1 

4 

3 

13 3 1 

8 

4 

1 4 6 4 1 

16 

5 

1 5 10 10 5 1 

32 

io 

1 10 45 120 210 252 210 120 *45 10 7 

1024 

ii 

1 11 55 ... 


etc. I 




(4) It is chiefly applied when the population being sampled is infi¬ 
nite so that 'p' remains unchanged by sampling. 

(5) It can be applied to finite populations also if they are not too 
small. 

(6) It is used under the conditions: 

(f) The variable is discrete. 

(ii) A dichotomy (i.e. process of classification of collected indi¬ 
viduals into two classes according to whether they do oi do not 
possess a particular attribute) exists. 

(Hi) Statistical independence is assumed. 

(fv) The exponent power n is finite and small. 

(v) For symmetrical distribution p=q and for asymmetrical 

Constants of the Binomial Distribution 

Let us take an arbitrary origin at 0 (zero) successes so that the 
successive deviations are 0, 1, 2, 3,...n. 

1. The Mean. 

We have 

the mean=»fV (about the origin) 

= I *C T .p r <?- r .r 

fSB-O 
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“(«.0)+(*C 1 9- 1 /»l)+("C’t9""^ 9 .2)+...+(/»".») 

=»P [n9" _1 +«(n—1) g^p+.-.+np"- 1 ] 

—np [9" _1 +(«—1) 9"~ 2 J p+...+/>"~ 1 ] 

=r>P (q+p)*" 1 
=np since g+p=l. 

2 . The Variance and Standard Deviation 
We have, p 2 ' (about the origin) 

n 

=S n C r p T q n ~ r .r t 
0 

=(9".0)+("Crf- l p. 1 *)+(»C 2 g"- 2 p 2 .2 2 )+... +(p".n 2 ) 
or t*t'=np q n ~ 1 +2(n—l) g"- 2 p + 3( -”~*^”~ 2 V ~V+ .••+wp"~ 1 J 
=«Pl(«-l)P+l] 

since the bracketed expression is the first moment of (g+p)" -1 about 
origin —1 and hence is equal to (n—1) p+ 1. 

As an alternative, 

(V=2"C r />Y’" r .'- s =2 n C T p r q n - r [r (r-l)+r] 

0 0 

=*n (n—1) p 2 2"-*C r _iP r_2 g B-, -l-/;p2 ,, - 1 C r _ 1 p ,w, g*" r 
=n (n—1) p 2 (p+gr^+np (p+g)" -1 
=n (n—1) p 2 +np as p+g=l 
-*np [(«—ljp+1]. 

The variance=e 2 =(x s ={x 8 '—(x x ' 2 

=»p t(«-l)p+l]-(«p) 2 
=np (1-p) 

=npq, 

so that standard deviation — e=V( A 2 = V( , ?P?)* 

3. Third Moments about the Origin and about the Mean 

Ps-S •CVpV-V* 
o 

=2 •C r pTf~ {r (r- 1) (r-2)+3r (r-l)+r} 

0 

=»(n—1) (n—2).p s 2 n ~ s C t - t p r ~ s q n ~ r 

+3« («—1) p 2 2* r ■‘ J C T - t p r - t q ,, - r i■r;pI n - 1 C f - 1 +p r - 1 CJ r •" 
—« (n-1) (n-2) p* (p+g)"“*+3n (n—l)p* (p+g)" - * 

+np (P+4) n 

*=*« («—1) («—2)p s 4-3»(«—1) p 2 +np as p-f g=l 
=*«P {(»-!) (n-2)p*+3 (n-l)p+l> 
and p,-p 8 '-3p t V 1 '+2p 1 '» 
vmnpq (g-p). 
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4. 


Fourth Moments About the origin and About the Mean 

jt 4 '=S n C r p r q n ~ r . r* 

0 


n C r p r (T- r .{r (r— 1) (r—2) (r-3)+6r (r—1> (r—2> 

47r(r— 1 )-[-/•} 

=np {(«-J) (w—2) («—3)p a +6 (n—1) («—2)/> 3 

47 (n— l)p4l} as above 

and (i«=^*'~4ix> 1 '46|x )i V 1 ' 2 -3n,' s 
=3 p-q'rp+pqn (1-6 pq). 

Problem 111. A perfect cubic die is thrown a large number of times 
in sets of 8. The occurrence of a 5 or a 6 is called a success. In wluit 
proportion of the sets would you expect 3 successes. 

Number of faces in a die—6. 

a ‘5*4 a ‘6’=2 successes. 


p=l—\, so that q=\— p—\ and n=8. 

The binomial distribution is therefore JV(-54j) 8 . 
Probability of 3 successes in one set of 8= 8 C\ />V 


8.7.6 
~ 1.2.3 


(i) 3 (5) 3 = 


8 X 7 X 32 
81x81 


Probability of 3 successes in 100 sets= 


8x7x32 


81x81 

179200 


X100 


6561 


= 27.31%. 


Problem 112. An irregular six-faced die is tin own and the expec¬ 
tation that in 10 throws it mill give 5 even numbers is twice the 
expectation that it will give four even numbers. Now many times m 

10,000 sets of 10 throws would you expect it to give no even membetsl 
if,, is the expectation of getting an even number then the pro¬ 
bability of 5 even numbers in 10 throws of a die is tw.ee the probabi¬ 
lity of 4 even numbers in 10 throws of the die, t.e. 
1B C 6 pV=2x 1# C>y. 

»n= ? =l-/) giving p= | and q=\. 

. Freauency for no even number in 10.000 sets of 10 throws 
— inno3fl 1# =10000 (4) 1n =l nearly, 
plwem 113. Shot. of >*>•»»»«<*'■ ,m “ 

Probability of sucess of falling 4, 5 or , i 

q=*\-p=h 
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Success 

i 

Frequency 

Success 

Frequency 

0 

__ 

7 

847 

1 

7 

8 

536 

2 

60 

9 

257 

3 

198 

10 

7! 

4 

430 

11 

11 

5 

731 

12 

— 

6 

948 




Total 4,096 


Binomial distribution is 4096 
Frequency of 0 successes=4096 (i) 12 = 1, 

1 succeess =4096. ll C l q' l .p = 12x-™ =12. 

,, 2 successes -4096 q lo p-~66 

,, 3 successes~ l “C 3 ^V 3== 220 

,, 4 successes = 4096 12 C 1 .^ 8 / >4 =495...etc. 

Now, expected mean-=«p=l2.^=6, 

a 2 ==npq— ] 2i. J = 3. 

/. standard deviation <i=\/3 —1.732. 

Problem 114. If a co n is tossed N times, yhere N is very large 
even number , show that the probability of getting exactly \N—p heads 
aftd A- p tails is approximately 

Since the coin is unbiased />=g=£. 


Required probability^Cj^pP 2 

N\ 


+P 


1 


as p=q—i 


“ &N-p)'. (hN*rp)\ 2 N 
Applying String's theorem i.e., 

n\ = \Z(2-nn).n n e~ n approx. 

=e-*.n" + V(2^), n being large, 
we have the required probability 

_ V<2-K).N N +le » _.. 1 

“iVa*)]* (lN-p)* N -P+*e-U N -P) (iJ tt+p)W+P+*e-W +p > ' 2/V 
_ 1_ N n+ 1 1 

’ v<2 "' «Nr’( » 

2 i , , ipw-'W, _ i£.y w+ ' ,+1 

, i vW N*\ + «/ \ N ) 
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/ 2 \i f, 4p*\)V/2 . 

=1 ^y -1 I 1 — -jtt 1 neglecting other terms 

when N is large, for then 

Lim Lira (,- 2l fjf l-e -2 '*,* 

N-+CO V ^ / N-^ooV ** / 

|B] Limiting furm of the binomial distribution when n is large. 

We know that for large values of n, each term of the binomial 
becomes small, but we consider the sum of the terms lying within 
certain ranges. It is observed that as n increases and becomes infinitely 
larae. the curve representing the binomial distribution becomes 
smooth and continuous and approaches the normal curve which is a 
symmetrical curve such that the maximum frequencies are clustcre 
Sound the mean and the deviation below the mean are equal in 
number and magnitude to the deviations above the 
normal curve isa standardized and special case>of the!bmom aland 
the distribution giving this particular curve is said to be the normal 
distribution. We consider it in two cases. 

Case I. Normal distribution as a limiting case of binomial distribu¬ 
tion where p~q. 

When p=<7= i, ^e terms of the series N{\ ft) are 


N (4)"£l+n+ 


n (n—1) , «(«-!)(«- 


*+-] 


T2~ T 1 2.3 

The frequency of m successes is 

N (t T- n C m i e m N (tr-^Z^T 
and the frequency of (m+1) successes w 

= iV (t) fl -^ OT _j_i)i 7n—»»— lTl 
r „! 1 n-nt 

= jW (n—m)\l m+1 

( ”- m \h times the frequency of m successes. 

' W f + /Liil successes is greater that of m succ- 
So that the frequency of («+ » successes 8 
n —m _ j 

cesses if '«+1 " 

«-m>/«f 1 

or tl 


or if 


m<- 


n— 1 


. , i e t us suppose that u— 2k', then the 

For the sake of conveni tffrV1 and t he frequency of 

frequency of k successes say *-*»> k\ kl 

(jc+x) successes ( k—x ) 
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y x _ At! A:! k\ k (k- 1) (lfc-2)...(Jt-*+l) (it-*)! 

** y% (*+*)!(*-*)!“ k\ (&+1) (*+2)...(*+x).(fc-x)! 


KizilMlzOiS) 

‘•( 1+ T)( ,+ f )•('+V-)('+f) 


or 


k 

108 108 ('-T ) +k> « (*-f ) + - , °* 

-' 0 «( i+ l)- io *( i+ -! )--'»* 0 +^r 1 ) 

-log(l-f ). 

Supposing k to be very large as compared with x so that ^ - j ^ 
may be negtected, expanding the logarithmic functions as log 
(l+z)=z-4- +4-... and log (1 


O ' 1 

v /xY 

neglecting the squares of j-t.e., I -g J , 


2 '* 2 ® 

z)——z — 2 — *^ en 


we find 


. y x _2 _3_ x—l .l_ 2 _ x— 1 

O *y 0 ~~k~k~~k ■" k ~ k~ k x ~k 

= —| (1+2+3+...+*=!)—p 

2 x(x—1) x 
* 2 ~ it 

“ >0 


or 2a= e ~ xt l k 
’ e., yx=y 0 e~ x * lk . 

But for a binomial distribution with p=q=\, n—2k, we have 
Y=npq—2k.^.\—\k i.e., k=2a t 
Hence y a =y 0 e-(x 2 j2a 2 ) 

which gives the normal distribution and the equation y—y t e~ xZ l 2 ° i 
represents normal curve. 

Case H. Normal distribution as a limiting case of binomial distri¬ 
bution pj^q but pssq. 

The frequency of m successes is 

n.-c. <r- p --N. M 

and the frequency of (m+1) successes is N. n C m+1 q n ~ m ~ 1 p m + l 
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(m+1)! 
Sxr nl 




= fv. — - w! 

I ml (n—m)l H m+1 

( n~m p\ . 
m+1 ‘ g J** 1 tiracs frequenc 


m+1 ^ J** 1 ^ racs the frequency of m successes. 

So that the frequency of (m+1) successes is greater than that of m 
. r n—m p 

successes if ^ - - •— > 1 or if (n—m) p>(m+l) q i.e. if m<n p—q . 

Assuming that np is a whole number, since there is no lo$s of 
generality as n ultimately tends to infinity, the frequency of np 
successes may be taken as maximum frequency. 

The frequency of np successes (say) 

y°- N - - ^i~ ^--<r- nv p n ? 


npl ( n—np)\ ** 1 

as 1 -p~< 


npl nql ' 

and the frequency of ( np+x ) successes (say) 

»“"• W^Unp-Hf ,r ^ P ‘ n ’ 

— N. ^—~q nq p nv as 1 —p=q 

npl nql 

and the frequency of ( np+p ) successes (say) 

Pit 

v --V- - - M-Xpfip+c 

y * ' ‘ (np+x)! (nq—x)l T 


)’* M ! (nq)l _ x . 

Vii (np)+xj\(nq—xY * 

Applying the Striling’s theorem that when n is large 

nl — x'd-r.n) n n e- n =e- n n n+1 l’V(2-r.) approx. 

we have 

y a e -»p ( np) np+lu v / (2^) X e (w?)" 9+1/ V (2*) _ 

~ c v(2") X c- ,n9 - J ‘ , (nq—x) n9 "' +1 '“V(2^0 

V*«? / 

(Ttp) np+1 ' 2 (nq) nQ+1 'i _f V 

«=» -- 7~ ' v 1 f .v Jf+l/ " V nq ) 

(np)«»*«+ 1 ;*|l+—{ ^ i. 1 nq J 


;rr*/- 


7 .V \nl>+*+l«/ X \ 




or log •— = — (>y; + 


x+i) log f l+^-inq-x+i) log ( ^ ) 
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= --(/i/>+.T+i)|* 


np 


-I 


= —x 


X* 


X s 


~ 2n* p* 

+ (/i 9 ~x+i)£ 

x . . x* 

+X- 


nq 


S/»V +-] 


2/i*? 

x 


+ 


2np np 2np r * T 2nq nq ' 1 ~ 2 nq 

neglecting the terms containing -jjj- 

= ^./J 1 + J_Ll_ *J±_A 1. 

n l 2p p x 2q q J 2 w (. /» 9 J 


_ (p -l- q) x (q—p ) 

2npf 


x* 

2npq “ ~ 2 np 9 2 n /»9 
Since 9 and p both are less than 1 and very nearly equal, therefore 


(9-/>) 


x asp+9=l- 


a—p 

2 npq Can ^ rie 8 ' ecte d an d then we are left with 


log 


y* 




y 0 


2npq ‘ 2 o s 


as a 2 —npq 


or 


i.e.. 


i^2- = p-A 2 /2<j2 

y r =y n e~ x!l2ot 


Note. The curve given by y=y n e x °t 2a ~ is said to be the normal 
curve. 

A normal curve is symmetrical about the point x~ 0 where the 
ordinate has its maximum value. In a normal curve, the mean , the 
median and mode coincide. 

[C] The Normal Distribution 

We have just introduced that the equation to the normal curve is 


y—)’o e 


• ,v-'2o* 


Its 


area— f°° y l ,c~ x2 l 2al dx 

J —00 

=2.y 0 j' 00 e~ x ~l 2 ° 2 dx, being symmetrical 

* foo _ a t 
r — as 1 e ax c 

• Jn 


U) 


=2y 0 .- 


2a 


if a >0 


V2o 

... ( 2 ) 

=2.506627 > 0 o by putting the value of \'(2~). 

In order to make (1), the normal probability curve, the value of y 0 
be so determined that the total frequency is one i.e., the area of the . 
normal curve is unity and this will be so if from ( 2 ) 
ay 0 \Z(2n)=l 
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Substituting this value of > 0 in < 1), the standard form of the 
normal curve becomes 


V----— (’ ' 

y <jy/(2n ) r 


(4) 


which is the normal distribution. 

In deriving the form (1) of normal curve, we have taken the 
mean at the origin, but if however we take another point as the 
origin such that the excess of the mean over the arbitrary origin is 
m, the form of the normal curve is 

y= —J_ e —(x-- m) 2 /2o 2 . . . \5) 


ay'(2«) 

which represents the standard form of the normal curve with origin 
at (m, 0). 

Physical conditions leading a normal curve 

(/) The casual forces that affect individual events are mutually 
independent. 

(it) The casual forces of equal magnitude are very large in number. 
(Hi) The casual forces operate in such a way that the maximum 
frequencies are clustered around the mean value thereby giving a 
symmetrical curve. Conclusively the deviations below the mean are 
equal in number and magnitude to those above the mean. 

(iv) The normal distribution can be used as an error distribution 

by inquiring what law of distribution errors of observation should 

obey in order to make the mean of a set of measurements the most 
probable value of the ‘true’ magnitude. 

Hence according to Gauss, if we call the ‘precision’ h, such that 

the f orm (4) becomes 

*< 7 ‘ 

v== J_ e -AV -< 6 > 

y v* 

It is clear from (6), that as 


h increases, the normal curve would 
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become narrower and as such h is a measure of closeness of the mass 
of observations to the true value. 

Definition of a normal distribution. A normal distribution is a conti¬ 
nuous distribution given by 


. y 


1 

a\/{2n)' 


e~l 


[(•*— 


where x is a continuous normal variate distributed with 


density function /'( x)= 
dard deviation o. 


/ 


ay/(2n) 


.g—l [(*—«»)/o]*, with mean 


probability 
m and stan- 


Properties of a Normal Distribution 

(1) When p~ q or p~q (i.e., p is very nearly equal to q), the 
distribution fitted is symmetrical. Bui a normal curve is distinguished 
from the other symmetrical curves in a markable point that a normal 
curve is symmetrical not only with regard to skewness as are all 
symmetrical curves; but it is also symmetrical with regard to peaked¬ 
ness (i.e., kurtosis). 


(2) The norma! curve is a mathematical abstraction, not found 
in practical work, but used to describe the form of distribution that 
would be obtained by some continuous data in very large numbers. 

(3) The normal curves are based upon regular variation and unifor¬ 
mity conjoined so that no single force playing on each item of the 
distribution is dominating. 

(4) In a normal distribution, items differing from the mean (or 
median or mode which coincide in a symmetrical distribution) by the 
same amount in either direction occur with the same frequency. As 

such above and below 
the mean at equal dis¬ 
tances, there are same 
number of measure¬ 
ments. 

(5) Normal curve is 
a single peaked. 

(6) Normal curve is 
asymptotic to the hori¬ 
zontal base as y 
decreases rapidly when 
x increases numerically. 

(7) The mean, median 
and mode coincide and 
lower and upper quar- 

tilesare equidistant from the median. 

(8) The curve can be completely specified by mean (i.e., origin of 
C*) and the standard deviation along with the value of y 0 found as in 
equation (3). 

(9) The points of inflexion of the normal curve aje obtained by 
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• d*y . (Py 

putting ^=0 provided -~g #0 for these points. 




These are found to be 

Note. The points of inflexion are the points where the curvature 
changes its direction . 

Constants of Norma! Distribution 
1. The Mean 

Mean=*(V (about the origin) 

= . * [°° clx 

ay (2 k) J -oo 

x-m 


Put X i.e. dx=>\/2<* dz 

V2ff 

-vs SI'-' * + V(* * 


V' - J — w T 

_?"L the second integral vanishes, being at 

x/ ~ J 0 odd function of • 


2m V* 


=m. 


~ y/n 2 

2. The Standard Deviation and Variance 

We have Pj (about the origin) 

_ 1 f» x2 [(x— m ) 2 /2°*] dx 

or | 4 '-- 4 r[" (m+V 2 «) 2 ^ z ' V**™ ^ ' 

<sV(2^) J -oo i e dx ^^2a dz 


V" J-°° roo 


" r V 75 J -00 


dz 


> ' 0 . . l-«. rVin rifWnftrtV of 


V" 71 i 0 . , i_ v t u. orooerty of definite integrals 

the second integral vanishes by the property 

2m* V* , 4q - (°° zV - ** rfz 
= -y^ •“2" + V 77 3o 





1162 


MATHEMATICAL PHYSICS' 


=m*—^ z e~ zi y°— j°°e~* 2 dz ") integrating by parts 
2a* \/« 


+ =m2+a*. 

V n 2 

The variance ix 2 =^ t '—[Ji 1 '* 

=/n*+o a —m a =a 2 

Standard deviation™ v't t * 5 *=°* 

3. The Mean Deviation from the Mean 
The mean deviation about the mean 


m- 


■n, 


x—m | .- L e -n(x->»)l°¥dx 

00 1 ®V(2*) 








=o 00 ~ ze 2 * j°° ze~ z ~ dz J, i.e., d.x=\/2o d: 

~£& ia 4 ri 


= <7 


J |-{i+i}=a J~ -0.7979 a=$a approx. 

4. Moments about the Mean 

Let us first consider the odd moments about the mean 

r<*> 

i U 2n+i — J 

X m z 9 i.e., ilx~V 2a dz 


(x-mT** — / 4-r«"( JC " m,2/202 dx. 
-oo ay (2«) 


Put 


V 2<j 

— f 00 (v / 2oz) !n+1 e~~ 2 ' 2 dz 

w J —00 


V . - . 

=0 being an odd function of z, by the properties ot 
definite integral. 

P3=i i 5=( A 7= — =0 

i.e., ail odd moments about the mean are zero. 

Let us now consider the even moments about the mean 

—L—(°° (x-m) tH . e~ (*- w )*/\ /2 ° d.x 
cV2* J -oo 

Put - v ^ m =z, dx—\'2a dz 




2“o*» roo _ 7 J 


y/2a 


V* J- 

2" +1 .c 


oo 


z tn .e z dz 


V* 


- j°V* 4 * 2n_1 - * * Put 2 '-=/, 2z 



statistical probability 


116) 


2"<t*» foo 


e -t f (in—1) it J t 


_foo 

“ VS-J, 


2"o 3n 


g-t f (n+l/*)-l 


In particular. 


^-r(n+J) by the definition of Gamma integral. 


2*'*e* _/*+l \ , „ 

,i *=-^^ I \-2 _ ) whcnA: = 2,, 

i__ 2<X* , . 


Now we have (a,=-^- rj ly'wsso*, 

2V 4<r 4 . , , , . 

«*•“ v^ r|=3 V^- fiV,c=3a - 

5. The Normal Probability Integral or Error Functions 
It has been shown that the total area of the normal carve being 
unity, it is given by 


>•= 


1 


1 


o \'2^ 
this becomes 


-x"/2°‘- 


or putting 2(j j 

v= -5— e~ h ’ xl 

y y/* 

where h is known as precision. 

Thus the probability that a deviation lies between x and —x is 


V 

2 ft 


MV 


'/i 2 * 2 


dx 


V e 1)2x2 dx 
Jo 


V n Jo 

\ /lc Jo 


or 


my- 

1 


/i d* 

e —h*x 2 /, d x 

e~ yl dy 


so that ft 

which is known as error function or the probability integral 

Note 77re proZ>a£/<? error A or guortf/e *v/otio« is defined to be the 
error such that the chance of an error lying within 

m-f A , 5 oxocf/y r/te as chance of an error lying outside these 

limits i.e. Y _.„ 

l__r +X e -il<x-m)W dx ^l Put ^~r~= = 


or 


a\/2w Jn 

_L_f X "e-Wdz=i 

V 2w J o 


whence from table ± =0.6745 le. A-MW3.-* approx. 
Q^m—\ Jo and 
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TABLE I—AREA UNDER THE NORMAL CURVE 


Area being measured from mean 
(x=0) to distance xja. 


Fig. 15.7 


*/o 

0.00 

0.01 

0.02 

003 

0.04 

0.05 

0.06 

0.07 

0.08 

0.09 

0.0 

.0000 

.0040 

.0080 

.0120 

.0160 

.0199 

.0239 

.0279 

.0319 

.0359 

0.1 

.0398 

.0438 

.0478 

.0517 

.0557 

.0596 

.0636 

.0675 

.0714 

.0754 

0.2 

.0793 

.0832 

.0871 

.0910 

.0948 

.0987 

.1026 

.1064 

.1103 

.1141 

0.3 

.1179 

.1217 

.1255 

.1293 

.1331 

.1368 

.1406 

.1443 

.1480 

.1517 

0.4 

.1554 

.1591 

.1628 

.1664 

.1700 

.1736 

.1772 

.1808 

.1844 

.1879 

0.5 

.1915 

.1950 

.1985 

.2019 

.2054 

.2088 

.2123 

.2157 

.2190 

.2224 

0.6 

.2258 

.2291 

.2324 

.2357 

.2389 

.2422 

.2454 

.2486 

.2518 

.2549 

0.7 

2580 

.2612 

.2642 

.2673 

.2704 

.2734 

.2764 

.2794 

.2823 

.2852 

0.8 

.2881 

.2910 

.2939 

.2966 

.2956 

.3023 

.3051 

.3078 

.3106 

.3133 

0.9 

.3159 

.3186 

•3212 

.3238 

.3264 

.3289 

.3315 

.3340 

.3365 

.3389 

10 

.3413 

.3438 

.3461 

.3485 

.3508 

.3531 

.3554 

.3577 

.3599 

.3621 

1.1 

.3643 

.3665 

.3686 

.3708 

.3729 

.3749 

.3770 

•3790 

.3810 

.3830 

1.2 

.3849 

.3869 

.3888 

.3907 

.3925 

.3944 

.3962 

.3980 

.3997 

.4015 

1.3 

.4032 

.4049 

.4066 

.4082 

.4099 

4115 

.4131 

4147 

.4162 

.4177 

1.4 

.4192 

.4207 

.4222 

.4236 

.4251 

.4265 

4279 

4292 

4306 

.4319 

1.5 

.4332 

.4345 

.4357 

•4370 

.4382 

.4394 

.4406 

4418 

.4429 

.4441 

1.6 

.4452 

.4463 

.4474 

.4484 

.4495 

.4505 

4515 

4525 

.4535 

.4545 

1.7 

.4554 

.4564 

.4573 

.4582 

.4591 

4599 

4608 

4616 

4626 

4633 

1.8 

.4641 

.4649 

.4656 

4664 

4671 

.4678 

4686 

4693 

4699 

.4706 

1.9 

.4713 

.4719 

.4726 

.4732 

4738 

.4744 

4750 

4756 

4761 

.4767 

2.0 

.4772 

.4778 

.4783 

4788 

•4793 

.4798 

4803 

.4808 

.4812 

4817 

2.1 

.4821 | 

.4826 

.4830 

.4834 

4838 

.4842 

4846 

.4850 

.4854 

.5857 
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TABLE II—ORDINATES OF THE STANDARD NORMAL CURVE 



Ordinates (y) being obtained 
on dividing by o, the values 

° f V^W e ~ x2 * 2ai B'ven by the 

following table, origin of x 
being at the mean. 


z — x/oj 

000 

j 0.01 

0.02 

003 

0.04 

0.05 

006 

0.07 

0.08 

0.09 

0.0 

.3989 

3989 

.3989 

3988 

.3986 

.3984 

.3982 

.3980 

.3977 

.3973 

01 

3970 

.3965 

.3961 

.3956 

■ 3951 

.3945 

.3939 

.3932 

.3925 

.3918 

0.2 

.3910 

.3902 

.3894 

.3885 

.3876 

,3867 

•3857 

• 3847 

3836 

.3825 

0.3 

.3814 

.3802 

.3790 

.3778 

.3765 

• 3752 

.3739 

.3725 

.3712 

.3697 

04 

.3683 

.3668 

.3653 

.3637 

.3621 

.3605 

3589 

.3572 

.3555 

.3538 

0.5 

.3521 

.3503 

3485 

.3467 

.3448 

.3429 

.3410 

.3391 

■3372 

.3352 

0.6 1 

. 333 ’ 

.3312 

.3292 

.3271 

.3251 

.3230 

• 3209 

.3187 

.3166 

.3144 

0.7 

.3123 

.3101 

.3079 

• 3056 

.3034 

.3011 

.2989 

2966 

.2943 

.2920 

0.8 

.2897 

.2874 

2850 

• 2827 

.2803 

.2780 

.2756 

.2732 

.2709 

.2685 

0.9 ! 

.2661 

.2637 

.2613 

.2589 

.2565 

• 2541 

.2516 

.2492 

.2468 

.2444 

1.0 

.2420 

.2396 

.2371 

.2347 

• 2323 

.2299 

.2275 

.2251 

.2227 

.2203 

1.1 

.2179 

! .2155 

.2131 

.2107 

.2083 

.2059 

.2036 

.2012 

.1989 

.1965 

1.2 

.1942 

i 1919 

i 

.1895 

• 1872 

.1849 

.1826 

.1804 

.1781 

.1758 

.1736 

1.3 

.1714 

| .1691 

.1669 

.1647 

.1626 

.1604 

.1582 

.1561 

1539 

.1518 

1.4 

.1497 

• 1476 

1456 

.1435 

.1415 

.1394 

.1374 

.1354 

1334 

.1315 

1.5 

.1295 

.1276 

. 125 ' 

.1238 

.1219 

.1200 

.1182 

.1163 

1145 

.1127 

1.6 

.1109 

.1092 

.1074 

.105 

.1040 

.1023 

.1006 

0989 

.0973 

.0957 

1.7 

.0940 

.0925 

.0909 

.0893 

.0878 

.0863 

.0848 

.0833 

.0818 

.0804 

1.8 

.0790 

.0775 

.0761 

.0748 

.0734 

.0721 

.0707 

.0694 

.0681 

0669 

1.9 

.0656 

.0644 

. 063 ! 

.0620 

.0608 

.0596 

.0584 

.0533 

.0562 

.0551 

&0 

.0540 

.0529 

.0519 

.0508 

.0498 

.0488 

.0478 

•0468 

.0459 

.0449 

2.1 

,0440 

.0431 

.0422 

.0413 

.0404 

.0396 

.0387 

0379 

.0371 

.0363 
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. innii.itoii within +«, ±2a, ±3<j of the mean 
proportions of items [ / d ea d Qt a normal curve being treated as 
ia normal curve.The tot nding t0 a ny interval in the range of 

unity, the probability P under the curve w * t thin that 

the variate » “““"f ifw is the mean of the normal 

valu ' x ° f 

variate is given by 




r.« 


-(x-m)V2'* dx 


Put 


x—m 


-z i.e., dx^o dz 


_L_[V* 2 / 2 <fc 

~ V(2") Jo 
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This value of P is known as the Probability integral or Error 
function. Thus 

P [m-e<x<m+( t]=- - \ n+ *e-l t (x-m)W dx 

o y (2^) J 


PUt —- ^ — Z, dXemO dZ 

a 

_? f 1 e ~ z -l 2 dz 

~ vW J/ 

= 2x.3413 since from table I, for z=l, 

•=.6826 

which follows that 68.26% of the items in the normal distribution 
fall between the range ±o of the mean. 


Now 

i r ft 1 4" 2 ^ 

P[m—2a<x<m+2a]= — ... - I e~l l(x—m)/of 

®V \2 n ) J m-*» 


Put 


x—m 


-z, i.e., dx~c dz 


I 


VO *) 

2 


>| e z *l 2 dz 


» s “/ 2 dz 


=2X.4772 from Table I for z=2 


=.9544. 

So that 95.44% of the items in the normal distribution fall within 
the range ±2<r of the mean. 

Again 

3a<x<m+3a]=-.- ; 7 v-r f e-U*-«)/°] 2 dx 
e\ / (2«) J ra - S c 

Put ——— *z, .*. dx=odz 

o 


2 

V(2n) 



=2 x.49865 
-*.99720, 

99.72% of the items in the normal distribution fall within the 
range ±3<r of the mean. 
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Conclusively a normal curve can be used to find 

(i) The number of cases at any given distance from the mean; 

.. number of cases lying within certain range of values in the 

distribution; 

(///) the probability that a case selected at random lies above or 
below a given point. 

Problem 115. If n is large and neither of p and q is too close to 
zero, then show that the,binomial distribution can be closely approxi 
mated by a normal distribution with standardized variable given by 

Z ~~\ /JJtpq) ' W ^ erc x Me binomial variate with mean np and standard 

deviation \/{npq). 

From the given properties of x, we conclude that z is a variate with 
mean zero and variance unity. Also as * goes from 0 to n, z takes 

values ./— to so that the total range of z is 

y/inpq) V(npq) 

nq ( -np \ n (p+q) _«_ , : umos __i_ 

*f(npq) \V( W M / Vl n pq) V (npq) ’ * V(npq) 

at each stage. 

Now * „ -* 0 as ”- >00 


so that the total range of z is 


V(npq) 

nq 

y/(npq) 


►0 as n-> oo 


*+ oo as n-> oo, P, q^O 


——— > — oo as r.-rco, p, q^O. 

V (npq) 

As such the distribution of z is a continuous distribution from 
— oo to +oo, with mean zero and variance unity. 

If Pin, x) denotes the probability for the variate taking the value 

x, then ’ P (», x)= n C x p x q n -“ 

- ‘-. p»q n ~" 

= x 1 (n-x)! P 9 

Applying Stirling’, theorem U„ n we get 

W(2n).e~". n" +1 '*• P‘g " r 

P.« Lim P(n, x)= Urn (n-x)"-"''* 

n-K» n -*oo v v / 

r\ l \ 


where 


= B V(2 *npq)J 

/ x \*+i/s f n—x \" 

Mv) 


Now given substitution is z= y/(npq) 

x**np+z\/(npq) 
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le.. 


np 


*l+z 


-i(i) 


and 


n—x 

nq 


1 

nq 

1 


[n-np-zV(npq)] 


= —N-zV("M)] 

Taking logarithms of both sides of (1), we have 

log B~(x+ i) log-^ +(»-*+*) log -2— 
Making substitutions from (2), this becomes 

log B=[np+Z\/(npq)} log £ 1+z \J )] 

+[ nq~zy/{npq)\ log 


■ • 2 ) 


**? 

np 


I'-Jii)] 
.} 

-27„(\/f-\/fhf-4j(7 + f) +urm 

containing'higher power of (1/n) 


=[np+z\/(npq)){z J(~^) 

+[nq—z*/(npqj\ 


Z* 

when n-*oo, log B-+-J- i.e. B-*e +2 *l2 
Now as x takes integral values, z jumps through 


1 


i.e.. 


y/(npq) 

(, npq)~ lli so that increment in z i.e., dz=(npq)~ lli when n-*- oo. Thus, 
if represents the probability for the variate z to lie within the 
range z—\dz to z+\dz, then 

dp ~^ m e ~ 2 ' ndz ' -°°^ 00 

which is the required normal distribution for z. 

Hence /(z)= — as dP=f(z) dz. 

If m be the mean and a the standard deviation of the normal 

distribution, then we can replace z by and dz by — dx, 

0 o 

whence we have 


dP= 


eV ( 2 *) 


L_ e -H(x-m)/<.] dx 


fix) = - - — e ~i C(x—m)/a] J 

m oV( 2 «) 


giving 
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so that y=*f(x) i.e. 

gives the normal probability curve, 

Problem 116. If skulls are classified Ann 4 . 

as m t & 

ISJ ,'*■>' '*• distribution is normal) she mam 
and standard deviation of a series in which A are 58 per cent B are 
38 per cent and C are 4 per cent being^iven that if 

f{t ''=vh )\ 0 e ~ {xV:) dx > 


then A0.20)=0.08 and f( 1.75)=0.46. 


Let m be the mean and a 
the standard deviation for 
the given distribution. 

As given the area between 
1=0 and 1=0.20 is 0.08, so 
that the area to the left of 
this ordinate is 0.5+0.08 
=0.58 which corresponds to 
x=75. 



. ' 75—m 


= 0 . 20 . 


( 1 ) 


Fig. 15.9 


Also the area to the right of the ordinate at x=80 is 0.04, so that 
the area to the left of this ordinate is 1—0.04=0.96 i.e. the area from 

0 to t= ^J m - is 0.96—0.5=0.46, which corresponds to 1=1.75. 


80- -m 


= 1.75. 


• • - ( 2 ) 


(1) and (2) are 

0.20e=75—m, 1.75e=80—m. 

Subtracting, 1.55c=5, i.e., cr=y^j =3.2 approx. 

and then m=75 —0.20 x 3.2 

=75 -0.64= 74.4 approx. 


Problem 117. In a normal distribution 31 per cent of the 
under 45 and 8 per cent are over 64. Find the mean and standard 
deviation of the distribution. 

Utmbo ,hc mean u,i u <h« .unteJ d ^oKte dmbufcop. 
Since 31 per cent of the items are under 45 therefore 19 per cent 
of the items lie between 45 and m. Thus u 

r/.\ 1 r ~t 2 l2 where t= 

W)=7(2W 


x-m 
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then P tfr) *-.19, i.e. f (m_45)/o #,) <*=.19. 

J (45-m)/o Jo 

ro»* 

From Table I, we have J f(t) <ft«=.1915. 

So — ■— gg.5 approx. .. • (1) 

Again since 8 per cent of the items are over 64, therefore 42 per cent 
lie between m and 64, so that <5(0 df=-.42«=J dt 

nearly from Table I. 

^- 1 . 4 . ...( 2 ) 

a 

Solving (1) and (2), we get m=50, o=10. 

Problem 118. If x is a normal variate with mean x and S.D. o, find 
the mean and variance of variate y defined by 



For the normal variate x, we have 


A *) *• 


(i) 


ifj—i (•£=!)*. u,*- 

then (1) becomes 

/!» 


x—* dx , o , 


_!- g-v _ ® - y/y«- - L_ y-1/* g~V Jy 

«V(2*) 'VWjO ^ 2 V** y ' 


so that 

mean=»(V (about the origin), for a normal distribution 
-2 J* yf(y) y llt e~» dy 

r| (by gamma integrals) =^r. $ /«=* 
and H*'«=2 J °° y* fiy) dy 

.*. i*=i» variance. 

Problem 119. If a normal distribution is grouped tn intervals of total 
frequency N and S is the sum of squares of the frequencies, an estimate 

N* 

of the standard deviation a is given by * 

The normal frequency distribution with mean m and standard 
deviation o is given by 
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dF**flx) dx=*y dx— — £L— e -ll( x - m ')M 2 


~<*V(2n) 

where the ordinate of the normal curve is 

N 

y 


oV(2tc) 

square of the ordinate is 

. N 2 


e -i [(Jt-m/oP. 


: . 2 « 


.e 


-[(x-m)loY, 


as such the distribution function for y 2 is 

dx 

>e -iU-m)*/(o/V2)* dx. 


dP=y 2 dx= 2 ^ -[(je ~" ,)/<,]2 


N* 
= 2a\7rc 1 


1 


(72W 


which gives a normal distribution with S.D. o/V2 and total frequency 
JV 8 /(2 <t-v / 7C )* Hence taking 5 as equivalent to this value, we have 

AT* . A ra 

S= l^ ,Ue ' 

Problem 120. 77ie local authorities in a certain city total 200 
lamps in the streets of the city. If the lamps have an average life of 
1000 burning hours with a standard deviation of 201 
number of lamps might be expected to fail in first 700 burn g 
and (ii) after what period of burning hours would we exp 
Tent of the lamps would have failed! Assume that the lives of the 
lamps are normally distributed. You are given that 

F(L50)=0.933, F(1.28)=.900 where F(z)= ] Z 

(i) We have the average life of the lamp i.e., w=1000 hour and 

standard deviation o= 200 hours. .. the area of the 

*=(2000-700)=1300. 

x—m 1300 1000_ ^ 5 q 

" 200 

and area to the left of x= 1300 isiF= v /(2ti)| -oo* 

J 1 ^ KYI <m=0 933 which gives the probability of 

=2000 X.067=134. 
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(//) The failure of 10 per cent of lamps gives that a value of x is to 
be so found that the area of the standard normal curve to the left of 
it is T W i «., 0.1. But the area to the left of z=1.28 is .900, hence by 
symmetry in the distribution of a normal curve it follows that the ™ 
area to the left of z=—1.28 is equal to the area to the right of 
z=1.28, i.e., 0 . 1 . 

tt _ i aa x-m x —1000 

Hence z=-1.28--- - m 

giving x= 1000- 256= 744. 


Hence after 744 hours, it is expected that 10 per cent of the lamps 
fail. 

[D] The Poisson Distribution 

We have shown in the preceding sections that the normal curve is 
the limit to the binomial, whether p is or is not equal to q provided 
that n becomes sufficiently large in order to make (q—p) negligibly 
small as compared to y/{npq). Now we have to consider the limit to 
the same series if p (or q) becomes sufficiently small and n is increased 
sufficiently to keep ihe product np (or nq) a finite number say m i.e., 
np**m. 

The probability of r successes in the binomial distribution is given 
by the (r+l)th term in the binomial expansion (q+p) n , i.e., 

m-vstr- 7T1 £ rr *~ 

n! 




np*m, i.e., 


_ jm y ( i—— v - * 

r 1 (n-r) !\ n ) 1 n ) 

P =~~and so q=i— p=l— — asp-+?=l^ 
m T ( m_ 

r\\ n ) 


<„—r) !.»'( 1 -i)' 

Here Lim ( 1 —V = Lim{( i-£)"'T=r" 
n +oo ' n / .»-*oov\ n / J 

and applying Stirling’s approximation i.e., « !=n"e"'V(2’ c n), when 
n is large, 

, m T e~ m n"e~*V(2«n) 

W—71 - 


m'c m r T 
s rl 


TtCe~ m 


(n— r)"- , e“ < *“ , V{2 n (n-r)}xn'| 1 — ^-) 

* ■ -Kr--{KrT- 


1 and Lin/ I- 7 J-) * 

n-* 0 O' n ' 
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Hence successive terms in the expansion of (q+p) n are 


and the limiting value of ( q+p) n is 


m* 

TP etc ' 


1 +iw+ ( 


-+-+ 1 
!! + 3! + J 


v ” ■ -J 

This expression is known as Poisson’s distribution or Poisson’s 
Exponential limit. 

Note 1. The limiting form of N (q+p) n is 

.J 

Note 2. The quantity m introduced in Poisson distribution is said to 
be the parameter of binomial distribution. 

Note 3. Characteristics of the Poisson distribution. 

(i) This is the limiting form of binomial distribution when n is large 
and p (or q) is small. 

(i H ) Here p or q is very close to zero or unity, but if p is close to 
zero , the distribution is J-shaped or unimodal. 

( iti) Since it consists of a single parameter m, the entire distribution 
can therefore be obtained by knowing the mean only. 

Note 4. Sagie examples of Poisson distribution are: 

(i) The number of defective screws per box of 100 screws. 

(ii) The number of typographical errors per page in typed material. 
(Hi) The number of cars passing through a certain street in time t. 

Constants of the Poisson Distribution 

Assume that o„gm is located at the firstare 
SO that the values of the deviation from the assumeo origin 

0 , 1 , 2 . 

1. The Mean 

CO _ m r 

Mean= fV (about the origin) 2 e~ m .- , • r 

»^[0 +m +gx2) + (^x3)+... ] 

-»r-(l+n+5T + - 

2. The Variance 

We have (V (about the origin) 

m r , 

“ l‘ T\- r 


[„ +m+ (=l X 2.) + (Sx3.) + ...] 
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=«<-"[ 1+^j (1 + 1)+^ (2+1)+...] 

[(«+ff+n+--)+(- + n+li+-)] 
['•+- ('+."+£+•••)] 


—me~ m 

=me~ m [e m +me m ]—rn (m+1) 
variance=iAj=cr 2 =tx 2 '—ft 1 ' 2 =m 2 +m—m*=m 
so that standard deviation, o=“\/m. 

3. The Moments 
(V (about the origin) 

v ~ m ' t 

—z e~ m —. r 3 

-r- Sm'. ^( f -l)(r-2H-3,(,-l)t . r | 

1 ( 7 Sri + ^“ 3, ”‘ 2 <Arr + ‘ r *-'” 2 An 

or (i a '»=m 3 +3m 2 +m 

so that ~3p.j .(*i +2Hi * 

=m s +3m a +m—3m a —m 3 +2m*=m 

and u 4 '=2 e~ m .^r. r 4 

f r (r-1) (r—2) (r-3)+6r (r-1) (r-2)+7 (r-1) r+r | 

r 1 J 


2m 


{ : 


-tr m .nt *2 (r _ 4) ! +^ m - 6m * 2 ( r *_ 3 ) j +£ ’~"‘- 7m 2 (r-2) 


+<r m .m 2 


m* 1-1 

( r ~l) ! 


=m 4 +6m*+7/M a +m 

so that {*4 =(a 4 '—4(*,'(x,'+6{ij+ 1 ' a —3tAj' 4 

=m 4 +6m*+7m a —4m (m*+3m i +m)+6m a (m*+m)—3m 4 
=3m 2 +m. 


Problem 121. Define a Poisson random variable and give some 
physical situations illustrating it. Find out its mean and variance. 

If x and y are independently distributed as Poisson random variates 
with parameters A and n respectively find the probability distribution 
of X+Y. 

We know that a random variable is a function defined as a sample 

space. A random variable x assuming values 0,1,2.r,...with 

probabilities 
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m‘ 


m T e~ n 
* r\ ' 


1.e., 


er™, 

P(*= r ) = ^, ,=0,1,2, .. 

is said to be a Poisson random variable . 

In order to illustrate it with the help of a physical situation, let us 
consider a random variate X denoting the number of calls during a 
time I at a telephone switch board. Let us assume that the calls are 
independent and the probability of a call in time dt is X dt. 

Denoting by P m (t) and P«(/+S/), the chance of x calls in times t and 
f+5/ respectively we have two mutually exclusive possibilities, (/) 
there are x-calls in t and no call in time dt, (if) there are (x— i) calls 
in t and one call in dt, neglecting the possibility of more than one 
call in dt, for it would be of order 2 (i.e., dt 2 ) and higher. 

Thus, P x (t+St)=P x (t).{l-\ 8 t}+P m . 1 (t) X St 

=p«(0-p«(0.x S /+P._ 1 (/).X St 

or P.(t + St)-P.(t) =~/VO}.X 8/ 


or 


St 


=x [P„_ 1 (0-i > 40]. 


Proceeding to the limit as 8f->0, we have 

Lim ^Lim X [P^O-P-Wl 


Sr-^0 


S /->0 


^-=X [/>*_!(/)— 




i.e.. 

Putting 
so that 
We have 

or M- Xt ^ 

X ®/* -1 

Dividing throughout by ^^ ^-, 
X / 


■ M 


P»(t)=A0 and P o (0)=/(0)=l, 


£ 

dt 


Bf *> ]-[&'>- 

. x- x*r* _1 /v,\_Xr 


(x-n 


^ /«>] 
m 


x 
X ®/®- 1 


1) ! -,w x ’(x—1) I 
/(/), this reduces to 


™ + l = b-^or m 

m + * 


m 


X . 


or 


.( 1 ) 


Integrating with regard to t, this yields 

log f(t)--^t+A, A being constant of integration. 

Initially when /=0, /(0)-l, from (D, giving A =0 
log/(/)=-Xi or f(t)=er“ 
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oo CO iXt) a 

where 2 P.(0=e" A ‘ 2 —f-==e- A *.e-*‘=l. 

x«=0 *«=0 1 

It follows that the number of calls in a fixed time t is a Poisson- 
variate with parameter X/. 

For the second part, we .have 

P(X=x)=<rK P(Y=y)=e-*y^ 


so that P(X=x, Y=y)=P{X=x).P(Y=y) 


.-x^e-rVL^e-tx+n 
x ! ‘ y ! 


A*f*v 

IJLlZ 


Since the variable take values 0, 1, 2, 3,...; let us find the Proba¬ 
bility that their sum i.e.x+y takes value r so that y=r—x. Summing 
for all values of x from 0 to r, we have 




P(x+y =r)=e _a+ '* ) 


i *e_: e 

*-o I *l r ~ x 'Ll 


r r 

L T— H - 

*=0 l£|Zz? 



[' C .+- C ,. i +' C ,( i )’ + - +' C , (~ )’] 

r-x+y 


which is a Poisson distribution with mean (X+(*-). 

Problem 122. Find the probability that at most 5 defective fuses 
will be found in a box of 200 fuses if experience shows that 2 per 
cent of such fuses are defective. 

Here /;=200 ( 9=r§*=.02, so that m—nq*=4. 

Hence P (x<5)= 2 «r*. ■—y 
x*=0 * ! 


-e 


.-4 


—e~* 


At At At At -1 

1 + 4 + 2 -I+ 3 -T+ 4 T+ 5 t ] 

1 + 4 + 8 + ¥ + V +-TTT-1 


■=*-+¥¥-=0.0183 x -¥ t -=-785 approx. 

[V *"*-0.0183] 

Problem 123. Fit a Poisson's distribution to the set of observations: 


Deaths 0 1 2 3 4 

Frequency 122 60 15 2 1 

and calculate the theoretical frequencies. 



STATISTICAL PROBABILITY 


1179 


Wc have, Mean— 122- f 1 x60+ 2x 1 5 +3x2+4x 1 

122+60+15+2+1 

=Ki-0.5 

«-®-‘=l-(0.5)+i (0.5) 2 - i (0.5)*+... 

= 1 -0.5+0.125- 0.0208+... =.61 approx. 
The theoretical frequency of r deaths is given by 


Ne^, 


nr 
r \ 


*200. <r°+ 


(05) r 

r ! 


= 122 . 


(0.5)' 
r ! 


which gives for r=0, 1, 2, 3, 4 the theoretical frequencies as 122, 61, 
15, 2 and 0 respectively. 

Problem 124. In a certain factory turning out razor blades, there 
is a small chance for any blade to be defective. The blades are 
supplied in packets of ,10. Use Poisson distribution to calculate the 
approximate number of packets containing no defective, one defective 
and two defective blades respectively in a consignment of 10,000 
packets, given that e _,02 = 0.9802. 

Here #=10,000, m=np= 10x^=002 and <r° 2 =-9802. 

m 2 

Required frequencies are given by Ne~ m , Ne~ m .m, Ne m . -yy 


i.02)* 

ie., 10.000x.9802; 10,000 x.9802 x 0.02; 10,000 x.9802x^-2^- 

i.e., 9802; 196, 2 packets. 

Problem 125. If x is a Poissonian variate with mean m, 

(a) What would be the expectation of e~ kn .kx where k is a constant. 

(b) Show that, expectation of (<r* c )=e -m ( 1-< . 

00 

(a) We have, E(kxe~ kx ) = ^ kx.er **. —f 


CO 

=mke~ {m+k) 2 


x=0 (JC—1> t 

mke ^=o(x-l)! 


A — w V" 

=mke~ <m+k) e me ~ k =mke m< ~ e ' k ~ 1 'l~ k 
00 f~ m m x „ (me~ k ) x 


00 e~ vl m x 

(«-*")= 2 c- te -~rr- 
*— o * • 

_ jne~ k 


00 

=e~ m S 

x=0 


x ! 


_W 1 - 


17 OTHER DISTRIBUTIONS 
x =w, such that P (x^u) 
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P (x*»f)s=0 when t*£u, 

P (x^t)=0 when t<u, 

= 1 when f>u. 

Problem 126. Show that the moment generating function for a casual 
distribution is «“*, i.e., Af 0 (/)=«“*. 
oo 

We have A/ 0 (/)= 2 P (x=u) e“* 

«=0 

00 

= 2 e“‘ as P (x=u)=l 
u =0 

=e ut asP (.*=/)=0, 

[B] Rectangular or uniform distribution. A distribution in which the 
variate takes values x t , x t ,..., x n (or 1, 2 ,..., n in particular) each having 
the same probability lIn, is said to be a rectangular or uniform 
distribution. Thus, 

P(x=Xi)=-^, i— 1, 2,..., n. 

n 11 

2 P (x=Xi)= —-(-f-„.n times=*l 

i=l n n 

In tossing a coin or throwing a die, this type of distribution 
appears. 

Problem 127. If f[x) be the probability law of continuous random 
variable x in the interval a^x^b, so that f(x)=0 for x<a and x>b 

r 6 r* 

and f{x) dx**l, show that the variable P** fix) dx has a red- 
. a J ° 

angular distribution. 

Given fix) dx=P (X^x), so that dP=f{x) dx. 

Assuming u—F(x), where F'ix)—f(x), we have 
dP—fi*) dx=fx) ~fadu * 

=/(x)^T du=du > 

Since u is a distribution with unit range, therefore u=*P is a 
rectangular distribution. 

Problem 128. A variate x has uniform distribution over the unit 
interval. Find the function of x having the distribution 
dP—er* dx, 0<x<oo. 

Here dP=e~ m dx. 


Suppose u=Fix) where F'ix)—fix)=er m 

=fW 
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giving x—l°g« 


[C] The negative binomial distribution. In a succession of Bernoulli 
trial (Binomial distribution) let P(r) denote the probability that 
exactly r+k (k> 0), trials are required to produce k successes. This 
will so happen when the last trial, r.e., (r+k)ih trial is a success with 
probability p and the previous (r+k—l) trials must have {k— 1) 
successes with probability T+k ~ 1 C k - l p l ~ 1 q r , where q—l—p. 

P(r)=prob. of (k—l) successes in (x+k—l) trials 

X probability of (x+fc)th success 

-r+i-l^ iPY . . . ( 1 ) 

„ El 2)..-{fc-fr+l-(r+l)} ^ 

” r ! 

p* (k+r—1) (k+r—2)...(£+!)•& ^ 

= r 1 


= P *{-\y 


(-k) (-k-\)...j-k-r+l) ^ 

v 


=/>*. 

=-*C,p* (-ff) r . 


.. ( 2 ) 


00 

2 P(r). 
0 


=/ f -*C r (-$)' 

r= 0 


whence 

=/> k [1 1- • * • (3) 
The distributions given by (1) and ( 2 )for *> 0 e if * is not an 
integer are known as negattve binomial distribution. 

Deductions .. . 

(1) Pascal’s distribution. The distribution 

jv)=- 'CrP *( 7 ?) r • v 

when regarded as one havin 6 two parameters p and It is sard to be t e 

P CT , ^«“°dis.r l b..i«. In (I) if we put *-!.«. *— 

W ;^f.0. 1 ,2....and,-I-, •: l) 

This is known as 

directly by considering that r is the n probability of success 

first success in a Bernoulh-seque e of ^ ^ ’ a P ran dom variate with 
being p, so that r may be reg 
probability distribution 

P (r) _,'.p,r= 0 , 1 . 2 .-and«->-f' ( 

t (3) Polya’a distribution. If we put k-J 
in (1), we get 


P^T+ffc’ q ~ H-Pt 4 
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PM 0+P)(l+2p)...[l+(r-l)P]/ 1 Y'*( (i V 

n, ~, r\ \i+iw n+srj’ 

which is known as Polya’s distribution with two parameters p and t*. 

(4) Second form of geometric distribution. In Polya’s distribution 
given by (6), if we put p=l, we get 



(5) General term in the binomial expansion of (Q—P)~*. Putting 
1 P 

P~~Q>V—'Q' so tbat P=1 asp+$=l, (l) gives 
P(r)=Q t / + *- 1 C*_ 1 j 

—Qr k r k C r . , r=0, 1, 2, ... for the form (2), which 

gives the general term of (Q—PY k . 

[D] Hypergeometric distribution. From an urn containing m white 
and n red balls if r balls are drawn at a time without replacement, 
then the probability that x out of r are white is given by 

P( JO— — , «=0, 1, 2 ...r, r*km, r^n . . . (1) 


where 2 P(x)=l since 2 m C x n C r _»= m+n C r 
x=o x—o 

which is evident by equating the coefficients of x f on either side of 
(l+x) m (x-H)*«“(l+*)**•. 

The distribution given by (1) is said to be the hypergeometric 
distribution. 


Another form of hypergeometric distribution. From an urn con* 
taining Np white and Nq red balls such that p+q~l, if n balls 
containing x red and (n—x) white are drawn, then their probability 
is given by 

/(*H NPC Zc-— ..(2) 


where f(x) represents a probability density function known as 
hypergeometric function. 

•f v »> 

As above it is evident that 2 /(*)= 1. 

x=0 


Consider 


Lim 

N-+CO 


N *C a "'C„- 


t; _ (Np)\ _ (N q) 1 n 1 (AT-/,) 1 

N-Joo x 1 (Np—.x) 1 ’ (n— x) ! (Nq—n—x) 1 N\ 

{Np (Np-l)...(Np-X+l)} Nq(Nq~ 1), 

t n!_ ...(ATg-n+x+1)} 

* U»^x) 1 N(N-l)...(N-^n+l) 
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= Lim 

N-*co 




— n C x p x q n • 

which is binomial frequency distribution. 

Problem 129. Find the mean and variance of hypergeometric 
distribution. 

Case I. Using the form (1), we have 

f Mean=£(*)= 2 x.P(x)~ 2 I^£l2^zrJL 
X q o ‘ ,l+n C r 


m2 *- , C«- 1 "C T - 
jr—1 _ 

r/i+ n £ 

PL nt-l+n/^ 
m+n^ • ^r-1 

m (r !) (m-f n— r) ! 
(m+n)’. 


» iC,"C r _ v , (if x-l=y) 


(m—1+n) ! _ mr 

(i— 1) ! (m+n~r)! “ m+n 


and fiV^-Efx 2 ^ 2 x 2 P(x)— 2 x (x— 1) P(x)+ 2 xP(x) 
x=0 x=o x—o 

V x 2 ={x(x-l)+x} 
m (w—I).r.(r— 1) mr (so , ving M a5ove ) 

^ (m+n)(m+n-1) ‘ w+n 

f . - m (m—1) r (r — 1) mr _/ mr V 

.. (m+n) (m+n— 1) **" m+n \ m+n J 

ie variance mnr (m+ n^j) (simplifying) 

/.e. variance (m+n js ( TO+B _|) 

Case II. Using the form (2), we have 

,51 Np Cr N <C n « ) £ 4 1. N *C r N *C n -, l 

Mean-^. -J q j* — c. -5 


i.e. variance 


(simplifying) 


-Np 2 r’-’C,-, *'C n - x l N C n } 

x -0 

Np. NvlrNq ~ 1 C n -\l N C n =np 

n'= 2 x 2 /(x)= 2 (x(x-l)+x}/(x) 
* x =*=0 X ~0 

np (n—1) (Afo—1) 

=_ N-l 


(simplifying) 


\ 


(on simplification) 
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, . • » ( N—n ) pq 

« lves !*•—- JjZ If- 


IE1 Multinomial distribution. If there are balls of r colours in 
orooortions given by p lt p t —Pr such that p x +Pt+—+Pr— \> then th ® 1 
probability of drawing x x balls of the first colour, x a of the second 
colour and so on without replacement is given by 

, Npi C Xi Np * C Xi . ■ NPt Cx t 
f{xif *c n 

where n=Xx+x a +•••+*» Xi^Npi, x a <JVp a ,..., x r ^Np r . 

If the drawings are with replacement, then the distribution given by 

/<*i’ *.*'>“ Xa ! x” l...x7T P *' p *'” p *' 

is said to be the multinomial distribution. 

Problem 130. From an urn containing 7 black and3 white balls, 
5 balls are drawn with replacement-, find the frequency function for 
the number of black balls obtained. 

Let x balls drawn be black out of 5 drawings. 

5 1 ( 7 C X W !gi 

Then /(*)“ - j (5 _^ «c x ) \ “C a ) 

5 1 n Y(A\ b -° 




• x! (5-x)l V 10 ; V 10 / 

[FI Cauchy distribution. This distribution is given by 

dP= A - f* —, ~oo<x<oo, * 

dr it l+(x-t*)*’ 

Prob lem 131. Find the mean of Cauchy distribution. 
We have, 

1 foo x ax 

Mean =* (Ax'=—J _ 00 1+(x _py 


1 foo (x-f*) dx , t*_ f°° E* 

s TJ-oo I+Cx-iI) 5 + * J-oo 1+(*-!*)* 


1 foo * &4-1*) dx 

It J —00 !+(■* !*)* 


Put x— dx^dy 


1 roo y dx . 1 T; _ f 1 '* ydx 

■ | ‘ + iri_«,i+?“^ + ~ilo 1-u.i+F 

i r "Vi* 1 14-1/C* 

■>‘ + 4hl'j [ lo * (1+ ^L.T + -5r V5 '°‘T+m T 

*p.+ 4“* Lim log 1=1* •*. log 1' =0. 
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15.18. THE PRINCIPLE OF LEAST SQUARES 

the^atof ZS* ° f P™ blems -. th «« arise a situation in which 
of ob«*rv a ^n?T phy . s v cal £ »“ an , t,t,cs involved in mathematical theory 
?n^vT/r areDOtd ' rectlykno - b « t wchave some functions 
mat quantities, then we are required to find the best esii- 

q “ ai ? tl , ties ;, Such an estimation is done by the method 
aS t ' ,e P , ,nc, Pj e of least squares which was originally used by 
Legendre 0 1795 ^ bccame P°P u,ar after publishing in 1805 by 

Let us suppose that there are n independent linear equations in m 
unknown quantities (variables) x lt „v 2 , x 3 ,....; 

''ii *i+*n x t + .-f a lm Xm =b l 1 

’~*i+fli»x 2 +. +a 2m x m =b (J) 

a*i ^i+^ns A- a +. +a nm ,r m =i B j 

where as and b' s are constants. 

In case we can find in general a unique set of values which 
satisfy the above system of equations, liut when n>m be. number of 
equations is greater than the number of variables, then there exists no 
such solution, while in the case when ;;<m, then the best or most 
plausible values of the variables can be determined by the principle of 
least squares according to which these values of unknowns are those 
which render S a minimum, where 

S=R\+R\+ . +R* n \ R* (2) 

«=1 

R u R 2 > . R n being the residuals or errors given by 

R^a*! *2+.+tf*m * w -6« ... (3) 

The notion of maxima and minima in differential calculus leads us 

"dS 

that 5 will be a minimum if ^—=0, a 1, 2, ...m 


8S 05 
dx t ' ' 0x, 


... (4) 


2 2 iS , 

provided g-— > 0 for every «= 1, m. 

Note 1. Equations (4) are known as normal equations. 

Problem 132. Find the most plausible values of x, y, z from the 
following equations: 

x-y-\-2z=3, 3x+2y-5z=5, 4x+y+4z<=21, — x+3y+3z=14. 

Here R^x-y+22-3; R 2 -3x+2y-5z-5 

jt 3 =4x+y+4z*-2l; R t - x+ty+lz-14 are the residuals. 

.% S=(Jc-^+2z-3) , +'(3x+2yT-5z-5)H(4x+y+4z-21)* 

-f(- X+3.V+32—14) 
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Normal equations given by —=0, 
fication 


^=0 and ||=0 are on simpli- 


27x+6>>=88, 6x+15>-+r=70, -y+54z=107 
which give on solving, x=2.47, ^=3.55 and z=1.92. 

These are the most plausible values 

ffiS d'-S 

Note 2. Here it may be shown that ~^r< -g~T ~ all are positive 
for these values of x, y, z. 


Curve-Siting by method of least squares 
The principle of least squares enables us to fit a polynomial of any 
degree i.e., to get a close functional relation between the variables 
x and y. Besides a polynomial, this relationship may be any of 
algebraic, exponential or logarithmic. 

Assuming that we are given n paired observations (x„ j> x ), (x,, y 2 ) 

.(x„, J'n), we have to fit a polynomial of degree p such as 

3’=a 0 +fl 1 x+fl 8 x 2 +. -..(5) 

where constants a 's can he determined by the method of least 
squares. 

Taking (5) to be true, the estimated value of y for (x,, y x ) is 

a 0 +a t Xj-f-aj Xj a +.+a„ x x * whereas the observed value is y u so 

that the error of estimation say E x is 

£ i“(Ti—<» o—*i 2 . —a, V) 

Similarly if E n be the errors of estimation for the other 

paired observations, then we have 

E t *=y t -a„-a 1 x.-a, x, 2 .a, x,» 


En=yn-a„-a 1 x„~a t x n 2 . a, x„* 

S, the sum of squares of the errors of estimation is 

£=£,*+£,*+. +EJ= 2 E** 

«=1 

=2(y— a 0 ~ a x x-*9i X s . —a, x p ) 

The normal equations given by 

M.o -o .a®., 

ja 0 v ‘ oa x * 0a,. da n 

Ey=na 0 +a 1 Xx+a t 2x 2 +. +a t Xx v 

Xxy=a 0 Xx+a 1 2x*+a 2 2x*+.+a, 2x p+1 

2x*y=na 0 2x 2 -J-a 1 2x*-f a % Tx 4 ^. +a„ 2x*’ +s 


>0 are on simplification 


...« 


2 x*y*=a 9 2x*+a, 2x JI+1 +a 2 2*»»*-H..+a, S**>„ 

These Cp+1) normal equations can uniquely determine the (p+ 
constants a 9 , a u a^.-.a,. 
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IS 


.( 8 ) 


stSSute't i In* P° ,ynomial < 5 > is of ^gree 1 / *., it is a 

8 me ' llle n °nnal equations are (on putting /= 1) 

2y=na 0 -f- ai £x 7 

*xy=a a 2x+a, 2x* 5 • • • CO 

a 2 ‘ In Ca ? e the Polynomial (5) is of degree 2 t.e. it 

a parabola the normal equations (on putting p= 2) are 

2y^na 0 +a t %x+a 2 lx 2 
2xy*=a 0 2x+ ai 2x 2 -fa s 2x a 
o 2x*+a, 2x*+a a 2x 4 

Note 3. /n or</er f© ©are f/ie calculations a change of scale and 

origin may be suggested by putting i< = -~- A v =^—- 

A k 

Problem 133. Fit a straight line to the following data regarding x as 
the independent variable 

x: 0 1 2 3 4 

y : 0 1.8 3.3 4.5 6.3 

we have to fit a straight line say y^a^a x x 
Normal equations are 2jv=mi 0 +a 1 2;c, 2xy= -~a 0 2x+a t lx 2 


jy — 

} 


to 

( 2 ) 


As given. 


x: 

y 

xy : 

■*' 2 - 


0 

0 

0 

0 


1 

1.8 

1.8 

1 


2 

3.3 

6.6 

4 


3 4 

4.5 6.3 
13.5 25.2 
9 16 


2x=10 
2y= 16.9 
2xy=47.1 
Sx*=30 


Substituting these values in (2), we get 

16.9=5a o +10a,; 47.1 = 10a o +30a, 
which give on solving, a 0 «= 0.72, —1.33. 

Their substitution in (1) yields the required straight line as 
>>=0.72+1.33 x. 

Problem 134. Fit a second degree parabola to the following data : 

x: 1 2 3 4 5 

y : 1090 1220 1390 1625 1915 

y -1450 


Using the change of scale and origin as m*=x—3, 


required parabola be v=n 0 +a 1 w+arf v* 

The normal equations are 

2y=nao+ai 2n+a t 2 k*, 2uv=a 0 2 u+a x 2«*+a* 2«* and 


let the 
0) 


2n 4 v= 

Now, 


=<io Sn*+ai 2«*+a f 2« 4 


u: 

-2 

-1 

0 

1 

2 

v s 

-72 

—46 ■ 

-12 

35 

93 

t/v : 

144 

46 

0 

35 

186 

u 2 : 

4 

1 

0 

1 

4 

m 2 v : 

-288 

-46 

0 

35 

372 

m 8 : 

-8 

-1 

0 

1 

8 

m 4 : 

16 

1 

0 

1 

16 


• ( 2 ) 

2k~ 0 
2v—2 
Zkv -411 
2k 2 -10 
2 k * v «73 
2«*—0 
2 k 4 -34 
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Substituting these values in (2), we get 

-2=5a 0 +10a,; 4Il = 10a 1 ; 73=10a 0 +34a 2 
which give on solving a 0 =* —11.4, o 1 =41.1, a a =5.5. 

Hence (1) gives v= — 11.4+41.1 m+5.5m 2 

i.e., 1.4+41.1 (x-3)+5.5 (x-3) 3 

or >>=1024+ 40.5 x+27.5 x a 

which is the required parabola. 

Problem 135. Fit the curve y^ae** to the following data , when 
e=2.71828 

x: 0 2 4 

y : 5.012 10 31.62 

Equation to the curve is >>=oe M 

Taking logarithms, log lf y=logj 0 a+(& logm?) x 

say y=A + Bx .. • (0 

Normal equations are 

lY^nA + Blx, IxY^AZx+Blx* ...(2) 

Now, x: 0 2 4 Sothat2x=6 

y: 5.012 10 31.62 

y=log, 0 y : 0.7 1.0 1.5 (by log table) 2y=3.2 

x* : 0 4 16 2x a =20 

xY: 0 2 6 2xF=8 

/. (2) give 3.2=3/1+65, 8=6/4+205 

Solving A— 0.666, 5=0.2. 

So that a=(10)' < =(10) o - 6afl =4.642and6=-j—■—=0.46 approx. 

(by log table) 

Hence the required equation (1) yields 
>>=4.642 <? 0,4# “. 

15.19. CORRELATION AND REGRESSION 
The two variables x and >> are said to be correlated when they are so 
related or linked that a change in one is accompanied by a change in 
other such that an increase in one brings an increase or decrease in 
the other. In case an increase in one is accompanied by an increase 
in the other, then the two variables are said to be positively correlated 
e.g. volume and temperature of a gas. But if an increase in one is 
linked with the decrease in other, then the two variables are said to 
be negatively correlated e.g. pressure and volume of a gas. 

In 1890, Karl Pearson defined the * Product moment correlation co¬ 
efficient’ or simply * coefficient of correlation* between the two varia¬ 
bles x and y such that 
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E ( x -*)(y-j) Cov (*, j>) (1 x 

vE{x—x)- 4(E(y—y) 3 VVar(x) 4 VarO) «*«»’’* 

since E(x—x) z gives us a measure for the variation in x and E(y—yW 
gives that in y while £(x— x) (y—y) gives us the measure for simul¬ 
taneous variation in x and y. 

Also cov (x y y)=*E{x—x) (y—y)—^^ and <j* and a* are the standard 
deviations for x and y respectively. 


Properties of r, the Coefficient of Correlation 

I. It is purely a number (being ratio) and hence has no unit of 
measurement. 

II. It is independent of the origin and scale. 

Suppose that we introduce two variables u and v such that 


u— 





...( 2 ) 


where (a, b) is the new origin instead of (0, 0). 

(2) can be written as x=a+hu, y=b+kv giving 


x=a-\-hu,y=b+kv 


where u, r are respectively the means of the u and v variates. 
Thus, Cov (x, y)=E{x-x) (y-j) by §15.11 

= E{(a+hu)-(a+hu)} {(b+kv)-(b+k!) 
**E(hu-hu) (kv-kv)=hk E («-«) (v-v) 

Var (x)=E(x-xf=E{(a+hu)-{a+hu )} 2 

=E(hu-fM) 2 =h* E (u—~u) t =h 2 Var («) 

Similarly Var (y)=* 2 £(v-v}*=A; s Var (v) 

Hence from (l). 




Cov (x, y ) 


hk E («- «Xv—v) 


OV \Xi y) - -y-aa a- 3 - — i= 

VVar WVVuly)'~Vw V Var («) V 

hk 


""vW '*• 

In case h and k both are positive or both negative, we get 

^ 

showing that r„ is independent of a. i (/•«• change of origin) and 
of A, A; (f.e. change of scale). 

But if h and k are of opposite sign, then we have 
III When x and y are independent i.e. uncorrelated than 
Cov (x, y) E(x-x)(y-J) - 

*•' r «-^ - x/EU^zFVEiy-y)' 

But x, y being independent, E(x, y) = E(x) E(y) by §15.11. 
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So that E(x—x) (y—y)=~E{x—x) E(y—\) 

~{E(x)-E{x)} (E(y)-E(y)} 

=(x-x) (y-y)=0 

Hence r„=0. ... (4) 

Note. Its converse is not true i.e. if two variates are uncorrelated, 
it is not necessary that they are independent too, e.g. If x is a variate 
with constant density function say 

/(jt)=i, —l<x<l and y=x*, then we have 

£’U)=J_ i x f (*) dx = = \\_ i x </jc== tC“T'1- 1 =!0 

E(x).E(y)=0. £00=0. 

Also E x s -f(x) rfx—x s 

=0 1 

So that Cov (x, y)=E(x-x)(y-y) =E(xy)-E(x) E(y)= 0-0=0 
showing that x and y are uncorrelated but y and x are not in¬ 
dependent as is obvious by the relation y=x 2 . 

IV. Limits for the coefficient of correlation are — 1 1. 

Let us assume that, 


so that 2 X { *- 

i=l 


and Y ( = 


Ox 

y t -y 


n 

so that 2 Y t :*« 
1=1 


* 2 (x<-*) s = 

Ox i=J 

■-4 zOi-y)*' 

Oy 1=1 


na g 2 


~ 2 
ua m 


-=w 


.(5) 

.( 6 ) 


E(x-x)(y-y) _1 


OxO , 




2 (x<-x)(yi-y) 

na x a v | 


= — 2 X ( Y f .(7) 

» 1=1 

Now, since a perfect squared quantity is never negative, therefore 

2 (^+y ( )*>0/.e. — 2 {Xi+YiY >0 
1=1 « 1=1 

or 4- ^ * *+4r 2r,*+-|- 2Y,r < >o 
w /a -1 n n 

or 1 +1+2r>0 by (5), (6) and (7) 

giving 2r>—2 i.e. r>— 1 • • • W 

Again, 2 (*<-^>*>0 and hence -i- 2 (*<-r,)*>0 
1=1 " 1=1 
| R I R <) R 

/. — 2 x?+-±- 2 y,*—=- s y, y,>o 

« 1=1 n tmsl n /=i 

f.e. 1+1—2r>0 by (5), (6) and (7) 
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... (9) 
. . . ( 10 ) 


g mg 2-2r>0 or 2r<2 i e. r<l 

Combining (8) and (9), -i <rs£1 

Various other Forms of r " 

re/^tiw m« ns ' h aJd'„ Via ?”dl th t '7 ’rf** 1 ? *<>“ «“ if 

then we define *’ * be tbe standard deviations of these series, 

r - 3 a P _ P , Sa8 

/ttr x a„ —^7 where *- - •••<U> 

b V!? e tr “ e ™ ea P s ; A *> A * be the assumed means for 
e two series and £, rj be the deviations from the assumed means i.e 

«=Ar-J/ x , 1 i=y-M v 
^= X ~A X , ri-y—A v 
Also let d x =M x —A x and d v =M v -A v . 

Then, *—x—A x =x—M x +M x —A x =<t+dx and similarly 
m ^ n ^ C=2 <x-{-1dx—nd x v Ex =0 by Problem I of Arithmetic- 

giving d x ——~ and similarly d v =-~- 
n rt 

Now, 2;»}=2(a-f < 4) (p ±d v )=la.$-{-d y 1x-{-d x 2y+2d x d v 
='Zr$+r l d x dy V 2a=0=2(3 

.. 2ap=— nd x d v — 2£tj 

“ d ’*=7f 1 -(|-) ! * nd •■■/r-(T)' k,sli ' ,(I,) 

With these substitutions (11) yields 

■2Pvj 


2Pvj- 




l 

n 


Further if we use the change of scale and origin such that 


. . ( 12 ) 


and v s 


y—A $ 


■j , then (12) reduces to 


2«v—— 2 u 2 v 
n 


which for a bivariate frequency distribution yields 

v r 2 u 2 v 
2fuv - 

fae - ■ . dss s s . - ■ —— ■ ■■ — 

y/ 2/«*-^r(2/«)* y/ 2/v’-±r{S/v)» 


(13) 


(14) 



1192 


MATHEMATICAL PHYSICS 


where / is the frequency of a particular rectangle in the correlation 
table, whose mention is not needed in the present volume. 

Problem 136. x andy are two variates with variances <r a 2 and a t * 
respectively and r is the coefficient of correlation between them. If 

u=x+ky, v=x+-?*y, 

<T„ 

find the value of k so that u and v may be uncorrelated. 

V u and v are uncorrelate 1, Cov (u, v)=0. 

0=Cov (u, v)= E(u—u) (v—v) 

E(x+ky-Z+ky)( x+- ? —y') 

E{(x-x)+k (y-y)} { (*-*)+— O'-*)} 
■E(x-x)*+kE(x-x) (y-y) 

+ ^ £(x-*) (y-y)+k ^ £(t -jp)* 

(T v 

«■•+(*+•*)".•.+It 

or k (— a x a ¥ - ra x o y ) —a* 2 -)- ra x 2 

or —ko x (Sy (1 +r)=<r c ! (I-)-/-) giving k= —— • 

Oy 

Problem 137. Show that the coefficient of correlation r between two 
variables x and y is given by 

r—(<3 x t +Oy t —c'' t -y)l2o x ay, 

where af, <x,* and a*,.* ore the variances of x, y and x—y respectively. 
We have o i a _,=« a , 4-<r,*—2 Cov (x, y). 

.’. Cov (x, y) ={a* 2 + <Jy* - a 2 I _ y }/2, 

r Cov (x, y) _ (g/jV-gVg) 

OgOy 2o x Oy 

Probable Error of r 

According to Secrist, ‘the probable error of the correlation coeffi¬ 
cient is an amount which if added to and subtracted from the mean 
correlation coefficient, produces amounts within which the chances 
are even that a coefficient of correlation from a series selected at 
random will fall’ 

Siace in a normal distribution mi.6745 a covers 50 per cent of the 
total area, therefore Probable Error (P.E.) is 0.674S times the 
Standard Error (S.E.) defined as 

1—r* 

S.E. of , (AT being total number of observation) ... (15) 
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P E - °* '•=*0.6745 (S.E.)=0.6745 i —L f!6> 

V N ' 

The significance of correlation is decided as follows: 

If '■<P.E., there is no correlation 1 

But if r>6 P.E., there is correlation J * * * 

Actually the two Unfits within which the coefficient of correlation 
always lies, are 

'•±P E. ... (18) 

Rank Correlation 

Suppose a group of n individuals is ranked according to two 

characters or attributes A and B (say) such as x u x t ...x n and y u 

y» . y n respectively where n ranks for each variable ranges from 1 

to n. Then using the notations introduced in this section, 

we have, B 


So that J 

~ J IJr+s C~r)'} 


Here 2x 2 =l l +2 2 +...+n l 


«(n + l) (2 n+l) 
6 


and Sx =1+2+...+« =y («+l) 

("J*)'} 

Simitaily a,=J 
Let </=«—p, then 

2d 2 =2 (a—P)*=2 a 2 +2 p 2 —2 2 ap 
=2 (x-M,y -+2 (y-MyY-2 2 ap 

__ w (” 2 ^~ I j _|_ n —2 2 ap solving as above 

giving 2 a P= ! jy n ( w *—D — i 
Hence by (11), we have 

r—1 n(n*—1) 

where 


In 1 —l 

V 12 ’ 
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Problem 138. Ten students got the following percentage of marks in 
Principles of Economics and statistics 
Students: 1 23456789 10 

Marks in Economics-. 78 36 98 25 75 82 90 62 65 39 
Marks in Statistics : ■ 84 51 91 60 68 62 86 58 53 47 
Calculate rank correlation coefficient. 

Denoting by x and y the ranks in Economics and Statistics res¬ 
pectively, we have 

Students: 123 4 S 6 7 8 9 10 Total 

x: 491 10 532768 

y \ 391 645278 10 

|x-y|=|i|: 100 412002 2 

d *: 1 0 0 16 1 4 0 0 4 4 30 

Putting 2<f*=30andn= 0 in (19), we find 

Regression and Lines of Regression 

Assuming that there exists an association or relationship between 
two variables x and y for which n paired values (* x , y^, (x 2 , y t )...... 

(x„, y n ) are observed, if we plot these points on a graph paper with 
proper choice of scale then these points are found more or less con¬ 
centrated round a curve termed as curve of regression and the rela¬ 
tionship is said to be expressed by means of curvilinear regression. 
In case the curve is a straight line, then it is known as the line of 
regression and the regression is known to be linear. In fact the line 
of regression gives the best fit or best estimate in the least square 
sense to an assigned probability distribution. 

Whenever such a straight line falls to the choice that sum of 
squares of deviations parallel to y-axis is minimum then it is called 
the line of regression of y on x which gives the best estimate of y for 
any assigned value of x. Similarly if the sum of squares of deviations 
parallel to x-axis is minimum, then the line is called the line of 
regression of xony which gives the best estimate of x for given y. 

Let the form of the line of best fit of y for given x be y=ax+b 
and let be the means of two series. 

Also let R u R t . R a be the residuals for the points (x lt yj, 

(x„ y t ),.. . (x„, y„) with frequencies f u respectively, then 

we have /?<*=/< (y*—axj-b), so that 

S- £ f {yt-axt-b). 

/-l 

Applying the principle of least squares, S will be a minimum 

if ^-=0,ff=0 t.e. if £ /< x< (y<—flx<—b)—0; 
do vo 

£/< (y ( —axi-b)*>a 
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Where 2 f i= =N, Hf iXi =Nx, 2 f t y t =Nj,, S /, jt,*-isr(e.*+* 1 ) 

2 Ji y i i =N (V+J-) and 2 /, x< >><==# ({i n -{-*y) by § 15.10 (£). 
^y+l*n=fl (x i +a t i )+b X and y=*ax+b. 

Solving these give a*= ^-b=y —!ill *. 

c x 9 g x * 

Putting these values in y=a x+b 9 the line of regression of >> on x is 

y-y*-%\ (*-*) ... (2i) 

Similarly the line of regression of x on y is 

*-*-#■!~l O'-}) ...( 22 ) 

Gy 

Here the coefficients -^4 and —~ are known as the regression 

G x Gy* 

coefficients of y on x and of x on y respectively and denoted by 


V VX 


V-ll r _ ^11 

2 * °*V— a 2 

°X Up 


In view of (1), we have n n =ro x a v 


b yx — r— and b xv =r — 
o x a v 


. .. (23) 

. • • (24) 
•. • (25) 

which shows that the correlation-coefficient r is the geometric mean 
between the regression coefficients. 

Using the change of scale and origin such that 

x—a . y—b . 

«=» —^— and v= ~£~» we may have 


Clearly b vx .b xv =r t 


k k 

&„*==-£ b vu and 6 XV =-^- b uv whence o x —ha u etc. 


.. . (26) 


Problem 139. Show that 6, the acute angle between two lines of 
regression, is given by 


tan 0» 


1—r 2 


0 X Oy 


oj+oj. 

Interpret the case when r=0, r=±l. 

V Regression line of y oft x is y—y BS,r ~f (*—*) 


Its slope =»r —,=m l (say) 

Ox 

And regression line of x on y is x-x=r—-(y—y). 
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tan 0=± 


!+/»!»!, 


For fl, acute only, tan 


r g » q » 

a t ~ra t , r a g,g y ~g a q t 

l+ r £» _£? ~ ± "« 2 +»-ff» 2 

«r, ‘ ra„ 

j e q,(r*~l) r~l 0,0, 

^ («**+«»*) r ~~ r 


or 


tan 0= 


1 —r 5 q«g y 

r «**+«** 

(Y r : <l, hence 1 —r 2 is also positive}. 


Case I. When r=0, tan 0=or. 0=90°, i.e., both the regression 

lines are mutually perpendicular. Thus estimated value of x (or y) 
will be the same for all values of y (or a). 

Case II. When r=± 1, tan 0=0. 0=0 or n, i.e., both the 

regression lines coincide and so there is perfect correlation (either 
positive when r=1 or negative when r= —1) between the variables 
involved. 


'Problem 140. Given the following data, find what will he (a) the 
height of a policeman whose weight is 200 lbs., ( b ) the weight of a 
policemen who is 5 ft. tall. 

Average height=68 inches, average weight 150 lbs. 

Coefficient of correlation between height and weight=.6. 

S.D. of heights—2.5 inches. 

S.D. of weights—20 lbs. 

Suppose variable x indicates height (in inches) and y indicates 
weight (in lbs.). Then we have 

*=68 inches, j —150 lbs., o«=2.5 inches, a,=20 lbs., r„=.6. 

Now, we want to estimate y for x=5 ft. or for 60 inches and * 
for y=200 lbs. 


(/) V Regression line of y on x is y -y—r — (x—*) 

g « 

y-iso^xl^x-es). 

or y—150=4.8 (x—68). ... (1) 

(ii) v Regression line of x on y is x—x—r— (y —}) 

g » 

x-68=.6-?£ (y-150) 

or x—68=.75 (y—150). ...(2) 

(a) Since (1) is the regression line of y on x so we shall estimate y. 
Putting x-60 in (1), we get y= 150 +4.8 (60-68) 

= 150-38.4=111.6 lbs. 
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Thus policeman of height 5 feet will have 111.6 lbs. weight. 

(b) Since (2j is the regression line of x on y so we shall estimate x. 
Putting >>=200 in (2), we get *=68+ .75 (200-150) 

=68+.75 (50)= 105.5 inches. 


15.20. SAMPLING DISTRIBUTIONS 

A Population or Universe is defined as the collection or class or 
aggregate of objects or a set of results of an operation. It is finite if 
the number of objects is finite and it is infinite if the number of 
objects is infinite. 

A sample is defined as a part of the population selected from it in 
order to study its properties. The sample is to be random when the 
selection is made at random. A unit of sample or a sampling unit 
included in the sample is known as sample unit. The difference 
between a value of the population and its estimate derived from 
sample is said to be a sampling error, which may arise due to human 
bias or due to some other reasons. Actually the sampling procedure 
is based on the theory of probability as every sampling unit has a 
definite probability of being included in the sample. 

A simple random sampling is one in which every sampling unit has 
an equal chance of being included in the samples e.g. if N be the 
size of a population, then N C„ samples of size n are possible so that 

each sample has a chance jyL, of being selected. Also the probability 

of some rth unit being selected at rth draw is 

N -1 N- 2 N-(r- 1) 1 !. 

N N— 1 * N-(r-l) + l JV-fr-l)” N 

Properties of random sampling 

I. The sample mean is an unbiased estimate of population mean . 
Taking X u X^..-X n as the population values and x l9 x 2 , x n9 ... as 
the sample values, we have 

1 N 

Population mean ~ 2 X4 and sample mean 


1 n . 

Xr=. 2 Xi (0 

1=1 

N 

Let the population total ^Xi—X and the sample total 

i—l 
n 

2 x t ~x 

1=1 _ 

Then we have to prove that E(x)^X 

Now, E{x)^E^ (* 1 + x 2 +...+.r„)} = v £(* 1 +* s +...+*„) 


( 2 ) 

( 3 ) 
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{£(*,)+£(*,)+...+£(*„)} by (4) of § 15.11 (Q. 

ft 

...(4) 

Since x t can be either X x , X t ,...X n each with probability ~, 
therefore 

But being a term free from index i 
E(x x ) ~E(x,)=... —E(x„)==X 

Thus (4) gives, E{x)=~ [X+X+...n terms]=-p nX=X 
which proves (3). 

corollary 1. we have E{Nx)= NE(x)=^N X= X by (1) and (2) 

This follows that Nx is an unbiased estimate of X and we denote 
it by 

X=Nx ... (6) 

IL The variance of the sample mean x from a simple random 


sample is 

Var (x)=E(x-X?J^ ~ 

.. ( 7 ) 

where 

1 N 

1 /= 1 

..(8) 

We have 

Var (*)=£ {S-£(*)}*=(*-^)* 



(x 1 +x > +...+x B )-^J l 

= •••+3c b )— nX)* 



-±l{E(x 1 -Xy+E(x t ~X)*+...+E(x n -m 
+2"s' 1 I E(x { —%) (x,-X)] •■■(9) 

i =1 /-2 
t<J 

But E(x,-xy =1 

+-fi(r*-tyulnL 
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J_ N l 

- Nt^i-Xr-JrW-DS* by (8) 

* and *{(*<-*) (x,-X)} 

1 1 JV—1 AT 

“ N ~N~T l== f (*<“*) (Xj-X) 

n-1 i<J 1 

so that 2 2 E{{x i -X)(x 1 -X)} 


<=lj=»2 

i<j 


n(n— 1) N-\ n 

m- 1) .s .1 2 (*< -*) (Xf—X) 

!<j 


Hence (9) becomes 

Var (x)=-^jn. ~l 5 z +-^fcl> 
V »H AT T JV(JV-1) 


JV 


1) 

JV-1 JV 

i<i 


or 


But NX= 2X t gives (^i-^)+(^,-^)+...+(JT n -JP)=0 

{(iri-X)H*i-X)+-+(X>-Jy-o 

N JV-1 JV 

or 2 (Xi-X)*+2 2 2 (*,-*) (jr,-J?)M) 

/=1 /=1 ;=2 

»'</' 

JV-1 JV JV 

/.e. 2 2 2 (xf—X) (Xj 2 (jf)——(V—1)5* 

/=l/*=2 /=1 v ; 

i<j 

With its substitution, (10) yields * 

N-n 


v " (S)= ^[" t *-!$&%<"-w } 

which proves the result (7). 

corollary 2. With the notation of Cor. 1, we have 
Var (if)=Var (Nx)=N> Var (*)= !Mz. n )s? 

corollary 3. By (7), <r_*» • — 

** tl 


Hn 


- S* 


'J 


• S I N—n 

gives a_ = - r ~~ tLJL 

* V n y N 

which gives standard error of x. 
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corollary 4. When W-<o l.e, the popolatioo become, to be 

infinite, then , „ \ /vZ7 


Lim ~ I 

JV-KXJ ^ iY-*’0O 


,(<- dr)-' JSjnr 




by (7) or (12), Var 00 - ~ « 5 " (l3) 

corollary 5. When tf^co, then JV-lffM 
So i.,, S*sso*or 

a ... (14) 

Hence by (13), o_ ='^- 

whicb gives the standard error ^ population variance 

III Taking 5 s a* «*« ™ P lTfVieE(?)=S-. 

respectively, s* is an unbiased estimate ofS t.e. ( ^ 

We have, s’—j, <*-*>’ e»d S*=Jf=T ,5, 

. , « I «„-*)-<*-*»' {j, <*-*>' 

n-i ,=i _ „ 

+n(*-*)*-2(*-*) ^(xr-*)} 

= _L{ S (*,-*)•+» (*-*>*-2 (*-*)■» <*-*>} 

n-H/«ei 

so that 

,_i.n £(--s)-} 

. ■ {Ua^-tvarw} 

n-l l f«i „ ! 

V *(*-*>■-1 dr'*-** ¥i 


—T"! " * 
w—1 t f~l 




.. • ( 15 ) 
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corollary 6. Unbiased estimate of the variance of x is denoted by 

v(3f) and given as v(jc)— —^ w - — 

N ’ n 
-2 

In limit 


. ...(16) 
... (17) 

Similarly unbiased estimate of the variance of JT denoted by *(X) 
is given as v(A’) =—j* ... (16) 


«0T)= — 


Difference between the menns of two large samples 

Let there be two randopn samples of size tti and n t respectively, 
taken from the same population of standard deviation o. Assuming 
that the samples ate independent, the standard error say € of the 
difference of their means is given by 

€*=€ t *+€ a 2 * • • ( 19 > 
where € 2 are the standard errors of the means of two samples 


given by 
Hence 


o* , rt o 
— and € 2 “=-— 


‘ w (»7 + i) 


... ( 20 ) 


corollary 7. In case the samples are drawn from two different 
populations with standard deviations e x and a t respectively, then 

. • • (21) 


(20) yields 




corollary 8. The values * =F 1 - 96 y^= are knowB M 95 ** T ccnt 

Fiducial limits or confidence limits for the mean of the population 
from which the sample has been taken. 

Problem 141. Assuming that N is large , show that the error in 

writing =-£== is approximately percent of the value 

* V n 

of o _ 

f a a /*-»] (. . . ? ■. IEEK 

Reqd. error-J^-^^i Jj ^JN-l 

-MM'+teT-' 

2(M^0 *W’ r0, ® - 2W 
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n _ 1 

Percentage of error» .50 approx. 

15.21. THEORY OF ERRORS 

We know that an error is a quantity which must be added to the 
true value in order to get the observed value in performing a physical 
experiment i.e. 

Observed value =True value 4-error — (1) 

or Observed value —error=True value 
which is generally expressed by saying that 

Observed value4-correction=True value ... (2) 

It means that a correction is the error with reversed sign. 

In testing a statistical hypothesis, there arise two types of possible 
errors: (1) by rejecting the hypothesis when we ought to accept it i.e. 
when it is true and (2) by accepting the hypothesis when we ought to 
(eject it i.e. when it is false. On the other hand in order to under¬ 
stand what we mean by true value of a physical quantity we first 
estimate the true values from observations (measurements), then try 
to seek what certainty can be attributed to these estimates and 
finally compare estimates found from different sets of observations. 

Since any number formed empirically by .expressing it in units of the 
smallest possible unit say € that can be measured by a phycical 
apparatus, is an integer,, therefore any real number lying in aa 
interval of length € may be termed as true value of the quantity e.g., 
probable values or probabilities may be regarded as the true values of 
the relative frequencies. Since no measuring instrument is perfect and 
also there arise several other disturbing factors, every observation is 
liable to be a random variable as different observations are capable 
of yielding different results. We thus conclude that all such observa¬ 
tions made, are full of errors and deviate from the true values to a 
certain degree of accuracy. We may classify errors into three types: 
(1) Coarse or gross errors, (2) systematic errors and (3) random of 
statistical errors. The coarse errors are mainly caused by the mis¬ 
handling of the apparatus due to carelessness of an observer. The 
systematic errors are caused in a certain direction due to one or more 
reasons governed by a definite rule. Consequently in a repeated set of 
observations made under constant conditions, the same systematic 
errors are bound to occur. Such errors can be rectified by knowing 
the governing rules of these errors. The Random Errors are the un¬ 
certainties not showing any irregularities and having equal chances 
for positive and negative values for such errors. 

In order to find the best estimated value for an observed quantity, 
let us assume that t % and f, are two independent observations for an 
unknown physical quantity t and l (t x , t a ) is the best estimate for t. 
It t u /, are increased by an amouat a, then it may be assumed that 
the estimate + (t lr t t ) is also increased by « i.e. 

i (*i4-«, f«4*«W (*i» *i)4-« ... (3) 
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inmuhipSon o h f?h?eSate% n p°w^hiV e by * COnstant P> result> 

* P*»W 4 (»!. h) (4) 


# (<i. ( 4 , t x ) ... ( 5 ) 

Now keeping r lf /, fixed and setting a =-t t , (3) gives 

°^. = ^ 4) _r « / e - * (*i> *sW fo—f„ 0)+/ 2 ... (6) 

with its substitution (4) yields v ' 

tpji, p/*)=p ^ (r x --l„ O)+pf 2 =p/ 2 +0 { Pdj-/.), 0 > by (4) 
or 0 4 (r lt /,)=p/ t +* 0} by (4) ” ' y W . . (7) 

If we now assume that p= and t^t t , then (7) becomes 




giving /,+(/,-!,) * (1,0)=^ (r lf t 2 ) ... (8) 

Proceeding similarly, we can find 

*i+(f«-0 * (1. 0)=4(t t , t x ) ...(9) 

In view of (5), (8) and (9) yield 

h+(ti—ti) 4 (1> 0)=li+(r 2 —t x ) 4 (1, 0) giving 4 (1, 0)=i 
(«) gives *•+* (t x -t t )=4 (h, h) '>• 4 fa, <*)-i (Ii+I»)... (10) 
Had we taken (6) would have given 

4 (h, t l )=t 1 +4{ 0 . 0 ) ... ( 11 ) 

with the choice (3=0, (8) would give 4 (0, 0)=0 ... (12) 

So that in view of (12), (11) gives 4 (t u ii)=/ 1 =l(t 1 +I,)=J fo-Hs) 
which is the same result as (10). 

Now we know that the best estimate of the true value say v made 
by n observations t v t t _ t„ is defined as 

mssv-7 = il .. . ( i 3 ) 


where m is the expected value of t and [/]= 2 t t . 

' /=! 

Now we define, true error as x<=f(—v, <=* 1 , 2. n ... (14) 

and best errors as €<•■* 1 — t, /= 1 , 2 . n ... (15) 

Further to calculate the probability of best estimate to lie within 
an assigned range of true value take /(*<) as the probability density 
of the random variable x,. /= 1,2By the theorem of compound 
probability, we have 

/(*i, x 2 )=/(x,) f[x 2 ) and f(x u x t , **)“/(*i)./(*»)•/(*•) • • • (id) 

where x lt x t , x t etc. are errors made in first, second and third etc. 
experiments. 
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Thus true value of observed quantity i.e. v-»$ (fi+f|+f») •.. (17) 
in case of three observations only. 

As such fix lt x t , x»)= /(x a ). /(x»). fix,) 

= /(/i—v). f(t t — v). f(t»—v) is maximum and 
so its logarithm will also be maximum t.e. 

log /(fi—v)+log fit»-v )+log (t s -v) is maximum. 

For maxima, its differential w.r.t. v must be equated to zero i.e.. 


f'(h-y) . 
f(h-y) + 

Setting F(x)=j^-. 


fV t -r) 
Ah-v) 


Kh=^) 


-0 


we have FfoJ^Ffo— v) 


fVrz v) 

fit i-v) 


and similarly 


F(x,) 


fVi-v) 
~ fitt-y)' 


Fix,) 


r (tg-v) 
fih-y) 


.(18) 


(18) gives Ffo)+F(x,)+F(x,)—0 . . .(19) 

which is true when (17) is true t.e. 3v=f 1 +f t -M s 
or (l,—v)+(/*-v)+(l,-v)-=0 or x,+x a +x 3 =0 ... (20) 

In case of two variables x t and x t ; (19) and (20) reduce to 

F(xj+F(x 3 )=0 provided x l +*i=0 . .. (21) 

In case of a single variable x,; this condition, reduces to 

F(x,)«=0 when Xi=0 ... (22) 

Setting x 3 =x 3 and x 3 « -x s in (21), we find 

F(x t )- Fi-x,) ... (23) 

So that (19) yields, 

F(x,)4 F(x t )-F(x s )<= F(—x t ) by (4) 

^Ffo+x,) by (20) ... (24) 


Partial Differentiation of (24) w.r.t. x t and x 3 in succession gives 
F'fx^F'fo+x.) and F'(x i )=F'(x 1 +x J ) 
giving F'(x,)-F'(x t ) 

Treating x, as constant, F^x^—F^Xj+x,) will only hold if 
F'fo^constant—Jfc'fsay), so that 

F(x 1 )-A'x 1 implying j^j~^F(x)^kx 

which rives an integration fix)** A , A bring constant of 

integration. 

Now fix) being probability density function, we have by §15.12 
(A), 

I!*,**)*-'-* fZo** *• 
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Setting A=-2A 2 , we have 1=A [°° e~ h ' xi dx Put A*x*-^ 

J-oo 2 


i e - dx ~V2h dp 


V 2 


e~P*l 2 dt 


= r~7= V2rc /.e. A—-p— 

h V 2 


Hence f( x )=^^- e -hW 


. • • (25) 


which is called Gaussian law of error, and asserts that the probability 
for an error x to be p t <\/2hx<p 2 is given by 

[ PilV2h JLe~**dx ...(26) 

Jpi/V2fi V * 

with p=y/2hx, this yields-—= dp=<j>{pi)—<f>{p?) ... (27) 

V 2* Jj^x 

where ^(p)— j_ t* e - P 2 / 2 <//>. 

”V 2^r J 0 

Here A is called precision constant and it measures the accuracy of 
the observer. An error with probability £ is known as the probable 
error and may be determined by the value of x given by 

**-»■*■ _1 U. x- ^ • (2») 

J * n 


-pt=e~ hixi —\ i.e. x= 

V rc 


This renders the most probable error. 
We define the absolute error E( | x |) as 


£(UI ) -}“ oo W/W*= 7 =J o ° **-- “-*77 

= 0^42 (29) 

h 

and the mean square error E(x 2 ) as 

E(x 2 )= f°° x 2 /(x) dx—-~z f x 2 e~ h * xi ^ x ~~2h* = A* ' * * ^ 
J —00 V J 0 

Lastly to discuss the effect of increasing the number pf observations 
n, we have 

X(—U —v giving x-=7—v * • • (30 

1/1 _ 1 ^ 

where #=— 2 x< and t —— 2 *<■ 

W |‘bs] " 1 — 1 

Conclusively the error in the mean is the mean of the errors. Also 

the Stive nejati™ ,0 0UKd m 


2*f" **-*’*• 
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as n the number of observations increases, the value of error 
decreases. 


ADDITIONAL MISCELLANEOUS PROBLEMS 

Problem 142. State and Prove the normal law of errors, and find an expression 
for the measure of precision and the probable error of the arithmetic mean. 

A cylinder has a length “l ” cm ., which is measurable with a probable error ±<t 
and has a radius u a" cm., which is measurable with a probable error ^b. Find 
the area of its curved surface and determine the probable error of this value . 

( Nagpur 1 1965) 

Problem 143. Derive the normal law of errors and calculate the probable error 
of an observation . ( Vikram , 1969) 

Problem 144. (a) Write short notes on the binomial , the Poissonian and normal 
distributions. 

( 6 ) Derive the normal law of errors from first principles and discuss some of its 
applications. (Agra. 1969) 

Problem 145. (a) Define Poisson's distribution and discuss its importance in 
Physics. 

(b) Calculate the mean and the standard deviation for the Poisson distribution . 

(Agra. 1970) 

Problem 146. Write a comprehensive note on the theory of errors . (Agra, 1971) 

Problem 147. If the probability function P(x) of events x is given by the 
Gaussian function 

P(x)=Ae~ kx2 

prove that k~-~ and A= — 7 — where a is the standard deviation. 

2o2 <V2* 

Assuming the errors in a series of observations to have the Gaussian distribution 
obtain expressions for the probable error of a single observation and that in the 
arithmetic mean of the observations. (Agra, 1972) 

Problem 148. Define the error function erf (x) and obtain a convergent expansion 
for it in ascending powers of x correct upto x B . (See Appendix B) 

Use the approximate expression to calculate the percentage of molecules of an 

ideal gas which have speeds less than -™*— -' The speed distribution of the mole- 

b 

cules is given to be b 3 c 2 e~~b ( fl </ c . f being the fraction ofmole- 

h V w “ 

cules having speeds in the range c to c+dc . Given it **3.4 and e l,i **I t 28- 

(Agra, 1973) 

Problem 149. (a) Explain what you mean by a binomial distribution . Find its 
mean and standard deviation. 

(b) The mean number of particles emitted in one second by a radioactive sample 
is 4,5. Write an expression for the probability of just 3 particles being emitted in a 
particular second, (Agra, 1974) 

Problem 150. Explain the meanings of the following terms in the theory of 
errors: dispersion, variance, standard deviation , regression and correlation. 

(Agra, 1975) 

Problem 181. (*) Explain normal distribution and derive an expression for the 
same. 

(b) Explain the Principle of least squares . (Rohilkhand, 1976) 
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[A] SOME FORMULATED RESULTS IN BASIC MATHEMATICS 

(a) Laws of Exponent Rowers 

(x«) 3 =x«»; ^=x*-‘; x alb ~Wx?, 

X 

x°=l. jr “=Jr provided x^O. 

(b) Factors and Expansions 

Taking n and r both as positive integers, we have 

•C=(" ) - ] Tg7 - a ” d L-Ki-1)(i-J)...3A1. 

«C 0 =1=»C„; B C f = B C n _, |L=|0_=1 and |-r=oo 

(x+^) B =xH n C J x"- 1 7+»C 2 x"- 2 >' 2 +...+ n C.>* 


n 

= 2 B C r x B - r >> r 

r=0 

(x" -1 —x B_J >’4-.+^ n_1 ), n being an odd integer 

x"4-y B =(x-f j>) (X" -1 —x n ~ 3 j-f.—n being an even integer 

.+.V"- 1 ). 


(x+y+z+ .)"' 


- 2 
over all r< 


\n_ 

||i \r ± \r ± ... 


x ri yTt ft . 

where 2r ( =n» 


In particular: 

jc»_/=(x-.y) (x+j’); X 3 ±> J =(X±>) (x'Txy+j’*) 


(c) Summations 
2n« 1+2+3+ 

2n*-l*+2*+... 


.+H = 


«(«+!) 


+n 2 = 


«(n+l)(2«+l) 


Sj*« 


**(«+!)* 


n* n* . n 3 


n 


, 2n 4 =- T +—+—-30 


4 » 5 T 2 1 3 

^jP+1 ^ 1 - . H f»l 

»i»-i»+ 2 *+.+ w '“^jT + y + T Cl2,J 

__i- >c, Bj n*- a +-|- ^ «*“*+... 
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where B's are Bernoulli’s numbers and the series ends with n when 
is even and with n* when p is odd. The Bernoulli’s numbers are 


*1 


6 ’ **“* 30 ’ 53 = 1 42 ’ B * s 30 ’ 



691 » 7 _ 

“ 2730 ’ *«••• 


/> 


Taking a as the first term, d common difference and / the last term 
of an arithmetical progression, the sum 

S , =a+(a+</)+(n+2</)+.+{a+(»- \)d) 

-y[2u+(n-l)d]=-l[a+/] 

where /=a+(n—l)rf=»nth term of the series. 

If a be the first term and r the common ratio of a geometrical 
progression, then the sum 

air "_11 

S—a+ar-\-ar*+ ...+ar * r ~ l =— r ' > ^ 


-- ifr<l 

1 —r 

, if n is infinite. 

1 —r 

(d) Ratio and Proportions 

If £_ ^ then P+ l - r+s and *=* ^ 

q s q s 

Also — v 9 - — 7 — (componendo and divindo) 

p+q r+s 

In general if — *=— =——. -k then 

q s u 

p+r+t+... xp+ yr-fr<+.. . 
~q+s+u+...~xq+ys+zu+... 

(e) Logarithms 

We express 10 2 =100 by saying log l0 100=2 and read‘logarithm of 
100 to the base 10 is 2: 

In general, taking the base of the logarithm as e, we express e"=y 
by saying ‘logarithm of y to the base V is x' i.e. log* y&x 

logtX+log^=log,x,y; log,*—log,y=log, y 
log, x^—m log,*; log, x - *=-log, “*=—« log, x 

log. x-log* x log. 6= (change of base) 

(f) Special Series 

(i) Bionomla}series for I x|<| and for any n, positive, negative, 
Integral or fractional. 
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(l±^r"=lTn*+^±^- v»=f ^ + 1 )(b+ 2 ) v» 4 . 

1.2 1.2.3 ' . 

Id particular, 

(l±x)- 1 =iqFx+^TJc*+x 4: F* s +. 

(ft') Exponential series 

e - ii,( ,+ i)’- I+ i+i:+i;+.. 

c“= Lim ( 1 +— V=14-— 4 .~ 4 . -^L+ 

n-Joo \ + + IL + i L + IL + . 

e— Lim(l--iV-l-,+ ^-4+. 

lf->00 V n / \t_ |f_ 

< ,= \+x\ot.a+ { *'^° y + . 

(iii) Logarithmic series 

log (l + x)=*-y-^ +. | i l<l 

l0 , (1 -^-,-i44-. i«i< 

(/v) Other series 

* _! ± , ± J-+ . 

T 3 + 5 7 ^ 

«* ,, i . J_, J.+ 

T _1+ 2 2+ 3» + 4* + . 

= i _L , J_— +. 

12 1- 2 2+ 3 a 4 2 ^"' 

n * . , i , J_ . JL+ 

•y =1+ jiT + y + 7 2 +. 

«• » ,J_ + JL + . 

24“2 r +4* + 6* ^ 

(v) Taylor's series * ^ 

(a+h)=f(a)+hf ’(a) + ^ /'(«)+•••+*jjT /n(x)+ 

/ t ,)_/ t0 ) + (x-o)/w+ < ^/w---+ <J if £/ ' ( “ )+ -" 

MaclaurirCs series 

Ax)~xo)+xf'(o)+£- n o)+-+jr / " (0)+ . 
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(g) Sterling’s formula 
For very large values of n, 

2nn .ri* e~" approx.—e~" tt"* 11 * sj 2n 
log |«_=(«+$) log rt—n log e+log ^ 2 5t 


where ir=3.14159...and e=*2.71828... 


(h) Trigonometric functions 

(f) In a right-angled triangle ABC where B- 90°, and /2MC«»0 
(say) AB is the base, BC is the perpendicular in respect to 0 and AC 
is the hypotenuse. 

. fl perpendicular BC __ a base AB 

sin ~ hypotenuse ~ AC ’ 0 "hypotenuse" 'AC 


tan 0= 


sin 0 
cos 0' 


BC ,. cos 0 AB 
-AB' COt * = ZZT '~BC 


sec 0= * and cosec 6—V-k 


(ii) Signs of these functions in different quadrants 


Quadrant 

sin 

COS 

tan 

cot 

sec cosec 

I 

+ 

+ 

+ 

+ 

+ + 

11 

+ 

— 

— 

— 

+ 

III 

—- 

— 

+ 

+ 

_ _ 

IV 

— 

+ 

— 

— 

+ — 

( iii ) Values of these functions 

(sine and 

cosine 

only others can 

calculated) 




0° 30* 

45° 

60° 

90° 

180° 

270° 360 

SiB 0 y 

1 

VT 

VT 

2 

1 

0 

-1 0 

co, , if 

1 

VT 

1 

2 

0 

-1 

0 1 


sin (9O°T0)=cos 0; cos (90 o T0)-±sin 0 

sin (18O° : F0)= s ±sin 0; cos (18O°T0)»-cos 0 

sin (36O°T0)=Tsin 0; cos (360*^0)=cos 0 

sin* 0+cos 2 0*1; 1+tan* 0=sec* 0; 1+cot* 0=cosec 2 0 

sin (0±^)=sin 0 cos ^±cos 0 sin f 

cos (0±$)=cos 0 cos ^=Fsin 0 sin ^ 

sin 2 0*2 sin 0 cos 0; cos 20=cos* 0 -sin* 1—2 sin* 0 

mm2 cos*0—1 


sin 20* 


2 tan 0 
‘l+tan* 0 : 
2 tan 0 


cos 20= 


1—tan* 0 


1+tan* 0 

2t *° 9 t,„ tan 0±tan £ 

ton 29 I— tan*0 ,tan ^ ^ IT tan 0 tan f 
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sin 30=3 sin 0—4 sin® 0 , cos 30=4 cos® 0—3 cos 6 

sin 6 +sin 4=2 sin cos sin 0 —sin 4=2 cos — 

sin —; cos 0 +cos 4=2 cos-^y^- cos ; 

0 - 4-4 4—0 

cos 0 —cos 4=2 sin —j 2 - sm j—* 

( i ^ 

O'v) sin -1 x=cos -1 V 1 — x 2 —tan -1 — . .. — cosec -1 — 

V 1 —x 2 * 

cos -1 x=sin -1 Vlrx 3 ^tan -1 V - Vr** — sec -i _L 

X X 

X 1 1 

tan -1 x=sin ~ 1 r ■g—:-. =cos ~ 1 . --.- =cot 1 — 

Afl+x 2 V'+x 2 x 

sur 1 x+cos . 

(v) Hyperbolic functions 

_gr-» f e®—* sinfc x 

SinA x ——^—» cosA — 2 —’ taD ” ■ x== e a, +c " = cos/i x 

cort *=d*V****“dr? C0S " A *"33^_ 

sinA“ l x=log {x+V x 2 +l}; cos hr 1 x=log {x+ V**-!} 

tan A -1 x=y log (yrf} 

cosA 2 x—sinA 2 x— 1; sec A* x+tanA 2 x=l, 
sinA 2xp2 sinA x cosA x; 

cosA 2 x=cosA 2 x+sinA 2 x=l +2 sinA 2 x=2 cosA 2 x— 

sin ix—t sinA x; cos fx=cosA x 

(cos #+< sin 0 ) n =cos sin n 0 for all values of n. 

(vf) Trigonometric series 
x* , x 8 

sm x=x j 3 + | 5 _ . 

. X 2 . X 4 „ 

cos *-l—j 22 +-|£“. 

tanx=x+ + . 

• -i j_ 1 **+ . I x | <. | 

sin 1 x«-x+-y "j—r-y 45 ^ 

_1 1 $ , J__~5 i x I < * 

tan 'x^x -j- * + . 
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sinA x==JC +|X+jT + . 

cosAx**14- JJ+14+ . 

Unhx-x- +l x >-.ll x ^ 


tanA -1 x—x+ -y- + -y-+ y-+.I x I < | 

(I) Analytical Geometry 

If Cartesian coordinates of a point P be (x, y ) and its polar coordi¬ 
nates be (r, 0), where x is called abscissa, y is called ordinate, r is 
called radius vector and 0 is called vectorial angle then, 
x=r cos 0, y—r sin 0 


or r— y/ x^+y* and 0=tan -1 -^- 

Distance between two points P(x u y x ) and Q(x t , y t ) is given by 

PQ = ViXt-xj'+iyt-yO* 


The slope (gradient) of the line is given by ^and denoted 

x t 

by m. 

If m u m t be the gradients of two straight lines, the angle between 


them is tan~ 1 . W **~" • 

1+wvw* 

The two lines will be perpendicular or parallel according as, 


and m 1 =w 3 . 

Rectangular transformation (1) New axes parallel to old axes: If 
(x, y) and (x\ y') respectively be the coordinates of a point w.r.t. old 
and new axes and (A, k ) be the coordinates of the new origin w.r.t. 
old axes, then 

x=x'+A, y~*y’+k 

(2) New axes rotated through an angle 0 about the origin from old 
axes: If (x, y) and (x', y') respectively be the coordinates of a point 
w.r.t. old and new axes, then 
x«*x' cos 0—y' sin 0, y=»x' sin 0+y' cos 0 
or conversely, 

x'=x cos 6+y sin 0, y'=—x sin 0+y cos 0 
0) Differential Calculus 
d(ax)*=adx, a being a cynstant, <f(a)=»0 
d(2x—3y+z)=*2dx—3dy+dz 
d( xy)»*xdy -\-ydx 


. ( x \ ydx—xdy 

d \j) y 
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d(x*)-nx~-'dx;d(x')=yx'->dx + x’ ( , 0& x) dy 
d{e*)=<*dx-,d{e ±aX )=±ae ±ax dx 

d{a*)=( a * log,a) dx; d(x*)=x*( l+l og(X ) dx 
d(\oga)^\dx; d{\ 0ga x)^L\ ogad x~ Jl 

a(sin x)=cosx dx; d{ cos x)=~ sin a: dx 

</(tan x)=sec 2 xdx; d( cot *)= -cosec *xdx 

djsecx)~stcx tan* dx; d{ cosec *)= - C0S ec * cot * dx 

d(smh *)=cos hx dx; d(<x>sh x)==sinAx dx 

d(tanh x)—secA** dx; d(coth *)=—cosecA** rf* 

t/(secA *)= -secA * tan* xrfx; </(cosecA x)=-cosecA * cotA xdx 

d( sin- 1 *)= ~L ; d(cos~ 1 x)= - J x _ 

Vl-x* \/l-x* 

1^? i - - jiL; 

*f(sec -1 xl 

<J(sinA _1 *)= — 7== d(cosh~ 1 x)= 


1213 


d (cosec *x)~ 
dx 


dx 


x\/x A —1 
dx 


V*+I'~"~~ m V&—i 

*tanfr-*x)= ; <f(cotA -l x)=— ~Jr~{ 

d(scdr l x)= - - — _ ; rf(cosecA -1 *)= 


dx 


*V(**+u* 


—*V(i~W 

Taking we have 

D"(a*+A) m ==m (m— 1) (m—2)......(m—«+l)a n (ax+A)" 

2>*(ax+A) -1 =(— 1)" |_n_ a fl (a*+Ai“ n_1 
2)"e“=a"e"; Z>"a*=(log a)"a* 

(—l) n " 1 |W—l.a" 

2)-log(a*+A)- 

Z>* sin (o*+A)=fl B sin ^a*+A+ 

D" cos (ax+A)*»fl" cos^a*+A+-y-j 

where r=\/ a*+A* and *5=tan -1 -jj- 


r" <•* (Ax+c+«$ 

COS 


Z>» (kvMD-hJ.v+bC, Z)^ 1 «.Z)v+bC i Z)***i^v+„. 

' 7 ' + n C r D n ~ r u. lyr+.-.+a. Z>V 
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\jtf Integral Calculus: 

sin x dx= —cos x; cos x dx=sin x; jtan x dx——log cos x 

cot * dx=log sin x; sec x dx—log tan +-^-^ 

—log (sec x+tan x) 

Jcosex^logtanf^^-ltan-^;^ 

f dx —r=sinA _1 — 

J-y/a 2 —x 2 a JV fll +* i a 

=log | x +4 x 2 +a 2 1 

Jvlh , " co>#r ‘ t-' 0 * I * +v?z? } ; Ivf=? 


■'5CC” 


e" sin to dx* 


V a l —x % rfx«y\/a 1 —* 2 +-y sin -1 -~ 

y/a'+*dx ~~4 a*+x*+~- sink " 1 — 

2 2 a 

s/iP-a* dx—y V x* a 2 —-yCOsA -1 y 

H£=s sin (Ax—tan -1 —) 

•y/a*+A* V a / 

s . = , cos (ix—tan -1 —^ 

V«*+F \ «) 

sinA x dx—cosA x; jcosA x dx—sinA x; |secA*x dx—tanA x 
cosec A 2 * dx—— cotA x 

b£r4 “» <“+» 

| e"dx-y e~; J sin (ax+A) dx—i- cos (ax+A) 


I 


£** COS to toa 


sintoto* 


sin* -1 ax cos t w— 


wa 


r-i" 


sin * -1 ax d!x,» positive 
integer 
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\> 


I dx 1 qx I 

sin ax ““ a~ og tan lo 8 ( coscc cot ax) 

dx _ 1 ax \ 

1 ±sin ax ^ a t£ \ 4 ^ 2 ) 

sin ax sin fecdx~^j/ a -*>il _jjgj £±*)£ , fca 
2(a-i) 2(a+6) 


I 

Jco.-* *, n positive 

integer 

I dx 1 - A /ax ?t \ i, , 

"cosax “"a ,og Un (“T+4 )= a log (tan a * +8ccax) 

I dx 1 ax T 
1+cosax ~ a ttn 2 ’ JT- 

Jsi 


dx 1 ax 

- = —— COS -=- 

-cos ax a 2 


sin TO ax cos n ax dx* 


sin^ax co snax . w—1 
a {m+n) 1 m+n 

[sin m “ 2 ax cos" axdx ; m, «>0 


sin’^ax cos" ax , n— 1 


a (m+n) 


+ 


m+n 


sin w ax cos"~ 2 ax dx\ m, n>0 


tan w ax dx= 


tan"” 1 ax— jtan*’ 2 ax dx, integral w>l 


a(n~ 1) 

J cot" ax dx=-- fl ^!r x y cot^ax—jcot*- 8 ax, integral «>1 

fs ec «av dx -——r- ? +-^ Z1 f[ sec"-*ax dx, integral 

i sec ax ax coi «-i ax t n-1 J 

J v «>1 

1 - 1 _ COS qx , ^ 2 f«tvegnil“8 IVY dx 

cosec*ax dx=—^ 3 jj sin ,_i flJC + „_i j 

integral n> 1 

| xV*dx= — x"e M - - j |x n_1 e**dx, positive n 
je°’ sin bx dx- -(* sin fcx-i cos foe) 


’c- cos 6x dx= cos foc+& sin foe) 

log o* *=* log «*-» J -1 ° 8 

*■ oo,»*r*-^('og“)- jfrJ*’ “>•"* 

1 f e 0 ® 

Je- log bx dx=~ *“ logfcx--)— dx 
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x" (ax+b)*+ l 


| x"*(ax+A) n <£x> 

— (ax+b) n dx J 

m + n+ \\f* l ( ax + b)n + nb J f'i.ax+b^'d^. 

m>0, m+n+l&O 

’ dx 1 , cx+d , . . _ 

, ( ax+b)(cx+d) bc-ad log ax+b ,be ad *° 

dx __ _tan" 1 ^ c (°*+6) 

, (cx+d)\/ ax+b V c V ad—be ad—be 

c> 0, ad>bc 

Definite Integrals 

foo a dx f ”/ 2 > a> ° 

J, *'+*-{-n/2, a a<0 

J°° X" -1 e~ m <Zx=|£ log i-J dx=\/ n 

fco , j foo x** -1 dx B/ v rm Yn 

J. -( 1 +^ -*»■.»)• 


Ym IVi 
Y(m+n) 


oo y*~ x dx 
„ 1+x 


sm nx 


, 0<n<l 


er** cos bx dx*= --£~p , a >0 
«“•* sin bx dx .Yu , a>0 

fl i-ir 


ir— 


lo a+Acosx i/a*—6* 
•oo cos ax <2x « 

1+3? '7^' ° 

oo cos x . fco sin x 


, o>A>0 


^yr*. a>0and -y e®, <j<0 


j fco sin xdx / w . f*/* dx 

*-]. V* V 2’ Jo a 2 cos*x+fc* 


J°° r** cosA Ax </x— a>0, 

00 r" sinA Ax a*? 6 ** 

-Jr-Kf+; -'*)* 
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1—e~®—e~ 1 /• 


) dx—'{=. 


5772152 


where r is Euler’s constant given by 

1+ T + T+-+-7-log/ ) 

(I) Elliptic Integrals 

Elliptic integrals of first, second and third kinds ait respectively 


de 


V 1 — k* sin -0 


E (k, $= \* V 1 sin2 0 0 ; 0<A:<1 

J 0 

// (*, a). [* , ______ 

Jo (V l-k- sin* 6) (1+a* sin 1 8) 1 

If <f>, the upper limit is replaced by -y, these become complete 

elliptic integrals: 

Jo V 


i f ot^fc 


V\—k 2 sin* 0 


f 75 *2_ 

E (£)= j 1— k* sin* 0 

// (*, «)=J a 


rf8 


I o (V1—A* sin* 6) (1 +a a sin* •) 

(ns) Probability functions 

, l ■** 

If ^ (x) be a normal function s.t. <f> (*)= t ~‘~2 

and *=» | <f> {x) dx i.e. area under <f> (x) from.—* to *, then 

*(!+«)-[* * (x) dx 

Second derivative if t (*) i.e. $ (t> (*)=■(**—1) i (*) 

Third „ „ i.e. (*)=(3*-* s ) ^ (*) 

Fourth „ „ i.e. i (t) (x)=(x*-6x*+ 3)*(*) 


>> 

n 


Now if (/>+?)*=■ 2 *C r p n - r <l r ,P+q=h then 

r—0 

I »C r p“"T= \ Xi f(x) dx+f (x) 

r-a J*i L 

+i-(?-v)' , “‘ w X; ap|,,ox - 
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whore x,= * fl ; x«- . «*■ y/npqind a^r^b. 


,1 'c. rr-J“ *« *+V-V'w 

(n—r-j—np) 


approx. 


where x 


X "C f p*- f 9 r f° 0 ^(x)</x- 
r«r J* 

(r-4-n«7) _ 




approx. 


where x= 


du 


i-V* 


( 2 ) 

(3) 


[B] Asymptotic Expansion of Error>Function 

The Error function is defined as 

erf x ————f c-'-dt ...(1) where f°°e /2 
V w Jo Jo 

(1) and (2) yield erf co =Lim erf x»l 

x-k>o 

Using Maclaurin series of e~* after integrating term by term, for 

2 / jc* x* x 7 \ 
small values of | x | , erf x==x—+ ... J 

~ ...(4) 

For large values of x, the asymptotic expansion of erf x given 
below is used. 

The Complementary error function is defined as 

erfc x« «~=r f 00 *’ /a dt ... (5) 

v « J« 

The relation between error and complementary error functions is 
given by 

erfc x**l— erf x 

or erf x=l—erfc x ... (6) 

Now to find the asymptotic expansion of ert x, let us 

put /•=/> i.e. dt—^—j. dp so that we have 


«* -vMT-vM5 * 

If we go on integrating the R.H.S. by parts, then we shall have 
after it trials, an integral of the form 

(say) 7»(x)-j® er»p-^ dp.n-O, I, 2... ...(f) 
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Now integrating R.H.S. of (7) by parts 

!“• I i _ * * * 
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r 2 »»-n _ ' *—*-• we get 

» (*)“| ~2 (—g~*) n°°_ 2/>-H foo 2n+3 


1 _* 2 _ 2n+l^ 


2“ A»+i W, w—0, 1, 2 t . 


Multiplying both >id« b, *•' . « get Ih , mmtaice 

2w+l 




c**i+i 2 ^ Aw-i W 

Applying this result repeated / t> we find 

<?* 2 /« (*)=- -1 e* F, ( x) (for /i=0) 


(9) 


X 

2 

X 


’2x r + '2 ‘ T** F *(*) (for w = l) 


{4 




2x 3 2 2 jt® 


2n-l 


I 


+(—D B -—^ 4—— «** (*)... do) 

In order to show that this series is an asymptotic expansion. 


consider, e** /„ (x)r 


1 


1 

2x 3 


1.3 


. • .(ID 
-C 


jc 2*.t s 

___ 1 1 , 1.3 , , tvi _! 1.3.5.. (2/»-3) 

and denote T^n -1 — ^ 2 ^> ^ 2 2 x tJ 1) 2 nLl x 3 ”’ 1 

(12) 

As such (10) can be rewritten as 

( O-’ /„ M-r,.-,)-(-!)■ bh^ =^' l, (,) 

Multiplying both sides by x 2 " -1 and putting 

/„—(—!)" , the last relation yields 

* 

( e x '-1 0 (x) - r 2B _, ^ x in ~ l =fn e* 2 x 1 "- 1 /„(*) (13) 

The series in (11) will be an asymptotic expansion, if we can show 
that for each fixed n— 1, 2,.. /n _i '0 as x-*ao. 

Now in (7), we have 




1 


So that, 


__-._ for all 

pin+l it 

r * r ’ 

X s 


, /• (*)- { 
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Thus R.H.S. of (13) i.e. 

| /„ | e* 3 x Sn_1 7„(x)<- ►O as x-»-oo. 

Hence the series on the right hand side of (10) is an asymptotic 
expansion of the function e* 3 J 0 (x). 

Thus erf x= 1 —erfc x=l — - n v — renders the required asymptotic 


expansion of the error function as 

r , 1 1 1 A 1.3 1.3.5 k \ 

erf x~l- t- e--=-s-+ -sx-r — -**—■r I ... (15) 

+/ TC \ x 2x 3 2 2 x J 2 s .r ^ J 


V 

For large values of x, this reduces to 

1 -X 2 

erf xssl- j= e _ _ 

V * x 


(16) 


Note 1. 


1.3.5...{2n- 71 


> 

of the error. 

Note 2. He re-read as asymptotically equal. 


l n (x) | is known as the absolute value 


[C] Character Tables in Group Theory 
Denoting a reducible or irreducible representation of a group 
G={E, A, B,...} by P, its character x may be defined as the set of | 
traces of all the matrices of representation F l.e., 

X (A)=* r„ (A) ...(1) 

I 

where are the elements of the matrix corresponding to A, the j 
matrix of representation. 

It is notable that the character is the same as the representation 
incase of one-dimensional representation and also the characters 
are the same in case of representations of conjugate elements since 
the trace of a matrix under a similarity transformation is invariant. 

Taking A and B as conjugate elements, there may be found an 
element C such that 

A's’C- 1 BC ...(2)| 

which yields on taking traces on either side 

r(/<)«=r(c- 1 ) r(R) r(c) ... (3) I 

But the cyclic property of traces gives for any’three matrices I 

P, Q, R, 

tr (PQR)=-tr (QRP)=tr (. RPQ ) _( 4)1 

A tr (r(4))-ir (r(B))=> x X (B) .. . (5)1 

Now if we denote an irreducible representation of the group G hy| 
F u> and assume that an irreducible representation may occur two or| 
more times in reduction of a reducible representation T, then f 
matrices of representation T are the direct sum of the matrices oi| 
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the components of irreducible representations i.e. 

r-i a, r«' ... (61 

i 

where a/r are non-negative integers. 

’ Taking traces of either side of (6), for A, the matrix of represen¬ 
tation, 

tr r(/t)=Sa< tr *A£G 

which in view of (5) yields 

•/(y4)=Sa, ... (7) 

I 

Now if we-call F^ as the rtepresentation vectors in the group space. 

jk 

then the orthogonality theorem for an irreducible representation in 
the present notation can be slated as 

- s (A -')~o 

AeG 1 y k 

i.e., AtG^jk (A) (y,)=0 ■ • ; (8) 

which means that'Sie* product of (/, k)th element ofthcirreducible 
representation r m with the complex conjugate of the (A: ,j )th elemen 
of the irreducible representation summed over all the group 

elements is zero. 

Also taking g as the order of the group G and m as 'hejimens. 
of the representation, in case of the elements of a single un y 
irreducible representation, we have 

r*»u) C-^' 1)== fr 5 ^' hr 


s 

AtG 


ie„ x »*• V 

Combining (8) and (9) we can write 


s r'k'M) r 

AtG 


^ ^ 8,,' 8,*' 6*, 
w v ’ m 


(9) 


. .. (10) 


ortol'o trantfom. 

summing over j and j we get wim v 

v z w (/0x <, ’ l *M)- jj 6 ./'"”* 6 "' 

r<an-—-<■ “ 

"tsrssssr £- ' 7 > b >- * w an,i ‘ omBi ” 8 

jail the dements^of C.^wejnd ^ 

I AtG >' * G 
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giving cu'=~ S X m *(A)x(A) 

8 AtG 

or replacing i' by i, this becomes 

a<-\ 2 t"*(A)x{A) ( 12 ) 

8 AtG 

which gives coefficient a, as introduced in (6). 

It should be noted that the characters of the irreducible representa¬ 
tions are known as Primitive or simple character whereas those of 
reducible ones are known as compound character. Actually a com¬ 
pound character may be decomposed in to simple characters. 

Again multiplying (7) by its complex conjugate i.e., x*(A) and 
summing over all the elements of G and then dividing by g, we get 

~ 2 X*(A)x(A)=±; 1 2 *«>*(/OX'%0 

8 AtG 8 /, j AtG 

=2 o. | a by (12) (13)' 

I 

rf the R.H.S. of (13) is unity for any representation I\ then it 
follows that all a,s except one must be zero. Let a*#0, then it must 
be unity i.e., a t =l, in which case T must be equivalent (identical) 
with the irreducible representation r w and hence for a representation 
to be irreducible the criterion (i.e., the necessary and sufficient 
condition) is 

2 X*(A) x(A)~g ...(14) 

AtG 

Now to discuss some character tables, let us use the following 
notations. 

Let the entire group consist of s classes say c t , c„ o,...c, with ele¬ 
ments h u h t , h 3 . h, then clearly 

£=A 1 -4-A*+...A,. 

Also, take 

£=Identity operation 

C n — rotation about an axis of symmetry through an angle equal 



CY, C*'—rotation through 180 6 about two axes perpendicular 
to C». 

av=reflection in a plane of symmetry, containing the principal 
axis i.e. the axis having the largest n value in C n . 

os=reflection in a plane of symmetry, containing the principal 
axis and bisecting the angle between C t ' and C%. 

reflection m a plane perpendicular to the principal axis. 
i== inversion in a centre of symmetry. 

r n =rotation about an axis by—, followed by a reflection in a 

It 

plane perpendicular to the axis of rotation. 

Here <r< nod Cn ete... 
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Let R, T denote the irreducible representations of the rotational 
and translational coordinates respectively in addition to x, y, z, coor¬ 
dinates. The reflections are also denoted by m, with subscripts if 
^necessary, in places of av (vertical reflection), o* (horizontal reflection) 
and-ej (diagonal reflection). 

To clearly understand these notations, we give two particular 
examples. 

[1] Symmetry Transformations of an Equilateral Triangle. 

Let A, B, C be the vertices of an equilateral 
triangle with D , E, F as mid-points of sides BC, 

CA, AB respectively and 0 the centroid. 

To discuss the operations (transformations) of 
the triangle such as rotations, reflections, inversion, 
translation etc., leaving the triangle invariant, if we 
take z-axis as an axis through O normal to the B 

2n 

plane of triangle, then rotations through -j about 

z-axis and its multiples leave the triangle invariant. 

The six symmetry operations of an equilateral triangle are : 



.A 


A c 

/ \ 

/ \ 

£->identity operation. 

/ \ 

B' . A C 


A'- . : *B 


(^-►anticlockwise 
rotation through 

-s— about z-axts. 


Fig. C.2 


Fig. C.3 


.B 


Fig. C.4 


C a *-►anticlockwise ro- 

,u A 1 m,-*reflection in 

, , 4* 

tation through -y 

| the vertical plane 
! \ j passing through 

|C 61 AD. 

about z-axis. 


Fig. C.5 


reflection in the vertical plane passing through BE. 


Fig. C 6 




^-►reflection in the vertical plane passing through CF. 


p|g £,7 

It is easy to see that the operation C 3 w, is the same M that of 

m, t.e. C 3 mi**m a etc. Also since (C 3 ) 1 =<V 8' ves . c a(C») =C*C, 
i.e. E**C t . C, a therefore inverse of C 3 is C a and vice versa. E is the 

'Huch a'set* 1 being a group of order six is denoted by C 8 « and 
known as the symmetry group of an equilateral triangle. 
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Multiplication table for group C, 


Second operation 

1 

First operation-*- 
£ C s 

c,* 

m x 


( 

m* 

E 

£ 

C 3 

C 3 * 

Wj 

m t 

m 3 

G-i 


£ 

C 3 

m 2 


m, 

c, 

c 3 

c s 2 

£ 


m, 

m* 

”h 

m, 

m 3 

m 2 

£ 


C,* 

m 2 

nh 

r»i 

m 3 

C s * 

£ 

c, 


m 3 

m, 


C 3 

Ca* 

£ 


The ordering of rows and columns being immaterial, we nave 
chosen an ordering such that principal diagonal contains the identity 
element £ only and this can be effected by choosing an order such 
that an element in the first column (second operation) is inverse oi 
the corresponding element in first row (i.e. first operation). 

Now if G={£, A, B, C,...} be a finite group of order ‘g’ with 
identity element £ and T=*{I\E), T(A), be a set of square 

matrices all of the same order such that 

T(A)T(.B)=*T\AB) ••• 05 ) 

then there arise two cases: (1) All the matrices of the sel T are 
distinct in which case G and T are isomorphic to each other and so 
the representation generated by the elements of ^’j*J cnown f s ? 
faithful representation of G, (2) when the elements of T are not all 
distinct, G and T being homomorphic to each other, the representa¬ 
tion is known as an unfaithful representation of G. 

An identity representation which is actually an unfaithful one is 
the simplest representation obtained by associating unity (which is 
a square matrix of order one) with every element of the group e.g. 
for the group we have 

Element: E C 8 C,* m, m t "«» I ng) 

Representation: 1 1 1 1 1 1 

It should be noted 
representation. 

Now to prepare the character table for group C*», we are required 
to have the following points in consideration: 

Note. I If C be the total number of irreducible representations 
of a finite group G={E, A, £,...} of order g and dimension l t for 


C 3 C 

1 1 

that every 




group has at least one faithful 


■1, 2, 3...C then ± 


(17) 
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,£TJL™ e . Ch r Ct " bein c g ,° funC,i0n °f the classe * W « ’ 

p esmtotion is a function of the group elements, we have number 
9J irreducible representation of G^. number of classes ofG. ... (17a) 
Note III. Taking n k as the number of elements in a class. C k of 
group G and <f> A) as the character vectors in the class space, the 
orthogonality of characters yields for different classes, 

..( 18 ) 

whereas the product of two classes is defined as 

0< 0*«=2 o</» 0* (19) 


Out being non-negative integers. 

Denoting by P* the resulting matrix obtained by adding the 
matrices representing the elements of 0,-, in the irreducible representa- 
tion r<*>, we have 




... ( 20 ) 


Constructing the matrices for all the classes of G in a similar way, 
we have the normalization condition for any BtG. 

rr ( « ) (5)]- i /v«T(2))- 2[r“>(£)]-T ( «>(,or««»(B) 

At& 

= s 2 r ( «>(^) ... (2i) 


Note IV. Conjugate elements and classes. If A, B and C be elements 
of a group such that A~ l BA—C, then B and C are said to be conjugate 
elements and the operation is said to be a similarity transformation 
of B by A. Clearly ACA~ l =B ... (22) 

If we split the elements of a group into sets such that all the 
elements of a set are conjugate to each other, but no two elements of 
different sets are conjugate to each other, then.such sets of elements 
are said to be the conjugacy class or simply classes of a group. 

How to prepare a character table for a group say C sv . 

1. According to the preceding note, we conclude that: 

(E) Constitutes a class by itself in any group, since for any 
element A of the group, A~ l EA=E. 

Also (C 3 , C 3 2 ) is a class of C 3V since m 1 1 C 3 m x —C^ as m x =m, 
renders, (mf 1 C 3 ) m 1 ==/« 3 w 1 =C 3 2 from the table. 

Similarly (m lt m 3 , m 3 ) is a class of C 3 „. 

Hence the classes of C 3t are (E), (C 3 , C 3 S ,) (m lt rn t , m 3 ) say, 

0i> 0*» 0s respectively. Then 0i=(£); 0i“(C»> C 3 *)“2C 3 (sayt 


and g s ! =( WI i. (s^). 

2. Since C 3 . has three classes, it must have three irreducible 
representations say r |l) , r (!, ,T l3) whose dimensions may be taken as 
7j, 4, 4 respectively. 
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In view of (17)'*. here g=6 since C 3 , consists of 6 elements, 

If+l t *+4*«6. 

With integral 4, the only possible solution is that two of It’s are 
unity while the remaining one is 2 say and 4=2. 

3. In view of (16), the first row is obtained by writing unity for 
character of each class. The first column is obtained in view of the 
facts that the matrix of E in any representation is a unit matrix 
having its trace or character as 4 which is the dimension of the 
representation vtz. 4=1=/,, /,=2. 

4. The character table for C 3t . 


Characters 

Classes •+ 

e. 

(E) (C a> Cs*) le. 2C, 

e. 

(mi, ma> m 3 ) 3** 


irH 

1 

1 

1 


X® 

1 

i 

-1 


x <S) 

2 

-1 

0 


Explanation. The Character being identical with one-dimensional 
representation, for T' 11 and r <!) the characters themselves must 
satisfy the multiplication table so that for elements whose square 
equals E such as m lt m„ m, the only allowed characters arc ±1. 

Now the elements in the same class having the same character as 
the character of (C 3) C a *) in r |2) can be determined. 

Also since for C a , C 3 * with (C S :! )*=(C,*)^=£, the one-dimensional 
representation could be the power of i—y/~ i, for, if n is the order of 
an element A so that A n =E, then its only one-dimensional representa¬ 
tion can be powers of e l ' ni '> n as these are only numbers whose nth 
power yields unity because such numbers are- unitary as their in¬ 
verses are equal to their complex conjugate. Again since (C 9 )*=(C»*)* 
=Cj 2 , x (C*) and x (C s 2 ) can only be ± 1 for r ( *>. Now the normalizar 
tion condition (21) can only be achieved by taking +1 in F (>> . Finally 
the third row is determined by using the orthogonality relations (18) 
for the columns. 

[2] Symmetry Transformations of a Square. 

Let A, B,C,Dbt the vertices of a square 
with E, F,G,H as mid- points of sides DA, 
AB, BC and CD respectively and O the 
i 6 centroid. Take OG as x-axis, OF as y-axis 
and an axis through O norma lto the plane 
/0 of the square as z-axis. Then the eight 

symmetry operations of the square are as- 
_ follows: 

H 

Pig. C.8- 
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A . -)B 

F. -^identity operation 

* . 

D C 

Fig. C.9 

D\ . ~A 

C t -^clockwise rotation through 90° about z-axis. 

. B 

Fig. C.IO 

C..0 

C 4 2 -►clockwise rotation through 180° about z-axis 

Fig. C.I1 

*.C 

C 4 s ->clockwise rotation through 270’ about z-axis 

A' * J D 

Fig. C12 

D C 

ft g m x -►reflection in the vertical plane passing through 

EG i.e. x-axis 

A 1 B 

Fig. C.13 

«r 

m v -^reflection in the -vertical plane passing through 
FH i.e. y-axi' 

C ‘ " U ■ i D 

Fig. C.14 

a -► reflection in the vertical plane passing through 

AC 

B‘ . C 

Fig. C.15 

c \ 7f 

i c -reflection in the vertical plane passing through 
\S i ' BD 

0 ‘ ‘ A 

Fig. C.16 
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It it easy to see that o u C t =m x etc. 

Also (C' 4 )~ 1 =C t s i.e. C t C 4 s =C t 3 C 4 =£7.e. C 4 is the inverse of 
C 4 * etc. 

We also have C 4 m«*=c u , a,C 4 s =m*,a u c,*»C 4 2 etc. 

Group multiplication table for C 4 „. 


Second operation 

4- 

First operation-*- 
E C t Ct 1 

Ct 3 

m x 

my 

°n 


E 

E 

Ct 

Ct 2 

C 4 3 

m x 

m 9 



<v 

c 4 3 

E 

Ct 

Ct 3 

<s v 

°u 

ni x 

my 

c t - 

cv 

Ct 3 

E 

Ct 

my 

m x 



Ct 

Ct 

Ct 2 

Ct 3 

E 


"e 

m v 


m x 



my 

a u 

E 

Ct 2 

Ct 3 

Ct 

m v 

m w 

o tt 

m x 

<*v 

C 4 2 

E 

Ct 

Ct * 


°U 

nt x 

<*• 

my 

C 4 

Ct 3 

E 

Ct * 

i 


my 


my 

c<* 

Ct 

Ct 3 

E 


In view of (22), the five classes of C 4 „ are 

(£)i (C 4 )*, (C 4) Cj), (bi», m„), (<r„, o») 

tsince C 4 ^ wij. C 4 -— as (C 4 ^ w 4 )C 4 -— C 4 ^wijj)C 4 *-CyC , 4 -~etc.) 

These classes can also be justified by the following simple rules: 

1. Since rotations through different angles must be put in different 
classes, C 4 and C 4 8 belong to - different classes. 

2. Since rotations through an angle in clockwise and anticlock¬ 
wise sense about an axis belong to a class only when there exists *a 
transformation in the group, such that it reverses the sense of the 
coordinate system, therefore C 4 and C 4 * are put in the same class, 
for, ni m or «r„ operation changes the sense of the coordinate system. 

3. Since rotations through the same angle about two different axes 
or reflection in two different planes belong to the same clam only 
when there exists some element of group, which is capable of bringing 
tha two axes or two planes into each other, therefore m,, m, belong to 
the same class but c,„ m, do not belong to the same class, for in the 
former case f, can bring the line F.F into the' line FH. 
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Characters 

classes -► 

0. 

(£') 

0» 

(Cr) 

03 

(C 4 ,C 4 3 ) 
<>.. 2 c, 

0 4 

{ni t , m,) 

i.e.. 2m 

€. 

**«!» Of) 

(/.e„ 2<s 


1 

1 

1 

1 

1 


1 

1 

1 

-1 

—\ 


1 

1 

— 1 

1 

-1 

r ,4 >->y< 3 » 

1 

1 

-1 

~1 

1 


2 

—2 

0 

0 

0 


Explanation. Since C 4( has live classes, it must have five irreducible 
representations (by 17(a) say r (1) , r' 21 , r (3) , r ,4> , r (5 \ whose dimen¬ 
sions are l u / 2 , l 3 , l lt 4 respectively, such that by (17) 

V+tf+V+VH*-*. 

since C u consists of 8 elements t.e. 8 

with integral A. the only possible solution is that 4=4=4=4=1 and 
4=2. Now in view of (16), the first row is obtained by writing unity 
for character of each class and the first column is obtained by the 
fact that the matrix of E in any representation is a unit matrix having 
its trace or character as A, the dimension of representation viz 
4=4=4=4=i> 4=2. 

Now the character being identical with one dimensional representa¬ 
tion for r U) through r (4) the characters must themselves satisfy the 
multiplication table so that for elements whose square equals E such 
as C t l , w„ 5 U , the characters to be allowed are ±1. But since 
m* m,=C 4 2 or <t u <t e *=C 4 s , therefore /»« and m f both are represented 
by -|-1 or -1, because elements in the same class have the' same 
characters and hence the characters of C t 3 in r (2) , F (3) , T 14 ' are deter¬ 
mined. Also since for C 4 and C 4 3 , with (C 4 ) 4 =(C t 3 ) 4 =f, the one- 
dimensional representation could be the power of Further 

(C 4 ) 2 =(C 4 3 ) 2 =C 4 - imply that #C 4 *) can only be ±1 for r< 2 ’, P 1 ’, 
r< 4 ». Now the normalization condition (21) can be achieved by taking 
+1 for one of the classes g 3 , 04, 0 6 in representations r ( -‘, r ( *>, r t4 » 
and —1 for the remaining ones. We thus determine characters for 
the first four representations and the fifth one an be obtained in view 
of (18) for the columns. 



1230 


MATHEMATICAL PHYSICS 


Character tables for some Symmetry Point Groups 















INDEX 


Absolute 
motion, 1027 
rest, 1027 
space, 1027 
time, 1027 

Addition modula m, 385 
Adjoint of an operator, 440 
Ampere’s circuital relation, 1020 
Analytic continuation, 566 
function, 474, 477 
Angular velocity, 48 
Approximate integration, 653 
Arc 

continuous) 497 
Jordan,497 
regular, 497 
Argand diagram, 451 
plane, 451 

Arithmetic mean, 1092 
Associated function 
first kind, 711 
second kind, 711 
Associated polynomials 
Laguerre, 777 
Legendre, 707 
Augmented matrix, 259 
Ausdehnungslehre, 183 
Automorphism, 411 
inner, 416 
outer, 416 

Axiom of extension, 368 
pairing, 369 
power set, 369 
specification, 370 


Basis, 270 

linear space, 434 
Baye’s theorem, 1083 
Bei functions, 727 
Ber functions, 727 
Bernoulli's theorem, 1145 
Bessel’s equation, 714 
formula, 650 
functions 758,878 
functions of 1st kind, 920 
functions of 2nd kind, 921 
modified functions, 727 
Beta coefficient, 1126 
function, 577 
Bianchi’s identity, 357 
Binary onenttions, 379 

commutative, 379 


Binomial theorem, 1086 
Borel field, 1074 
Boundary point,474 
Bromwich contour, 913 


Canonical matrix. 241 
Cauchy’s 

integral formula, 505 
residue theorem, 522 
theorem, 499 

Cauchy-Riemann equations, 478 
polar form, 480 

Cayley-Hamilton theorem, 268, 27* 
Cayley’s theorem, 414,446 
Central difference formula, w 
Character, 452 
compound, 1222 
primitive, 1222 
simple, 1222 
tables, 452,1220 
Characteristic 
equation, 268 
frequencies, 1002 
functions, 995,1147 
matrix, 268 
polynomials, 268 
roots, 277 ? 

values, 277,995,1002 
vectors, 277 

Christoffel’s symbols, 335,341 
Circulation, 125 
Circular harmonics, »o5 
motion, 47 

Class of the group, 418 



F9USV JMWjrw- - 

Efficient matnxJ59 
lumn matrix, 209 
rank, 270 
vector, 209 

mbination of vecton, 19 
mplex, 421 
—gument, 451 
wffereatial o] 
equality, 458 
modulus, 451,458 
numbers, 451 



101 
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Conditions 

boundary. 603 
initial, 603 
DirichOct, 795 
Confluent hypergeometric 
equation, 753 
function, 755 
Congruence, 292 
Congruent transformation, 292 
Conjugacy, 416 
class, 1225 

Conjugate elements, 416,1225 
functions, 482 
Conservative field, 127 
Consistent equations, 263 
Constant of separation, 631 
Continuity, 796 
Contour integration, 522 
indented, 530 

Contravariant tensor, 307, 308 
vector, 306 

Convolution properly, 890 
theorem, 848 
Correlation, 1188 
Cogets, 397 
left, 398 
right, 398 
Covariant 

curvature tensor, 355 
tensor, 307 
vector, 306 
Cramer’s rule, 261 
Cross cut, 503 
Cross product, 22,24 
characteristics, 24 
Curl, 85,113, 361 
of sum, 86 
of product, 87 
Curvature tensor, 353 
Curvilinear coordinates, 106 
Cylindrical coordinates, 115 
functions, 758,920 
harmonic, 920 


D’ Alembert’s method, 630,995 
Deciles, 1102 
Derogatory matrix, 244 
Diagonalization method, 288 
Differentiation 
operators, 494 
partial, 66 
total, 65 

Differentiability, 476 
Dlfere^oe table, 633 
Diffusion equation, 943 
tone dimensional, 945 
wo dimensional, 955 
three dimensional, 959 
ffhshdty,943 

Durations linear space, 435 

i Sp»< w wfitlOu| 448 '* 
Dkm-de&t* function , 794 


Direction cosines, 11 
Directional derivatives, 70, 71,72 
Dirichlet's conditions, 795 
Discontinuities, 796 
first kind, 796 
infinite, 796 
mixed, 796 
ordinary, 796 
removable, 796 
second kind, 796 
Displacement current, 1015,1016 
Distributions 
binomial, 1149 
casual, 1179 
Cauch’s, 1184 
continuous, 1136 
geometric, 1181,1182 
hypergeometric, 1182 
multinomial, 1184 
negative binomial, 1181 
normal, 1158 
Pascal, 1181 
Poisson, 1174 
Polya’s, 1181 
probability, 1136 
sampling, 1197 
theoretical, 1149 
Divergence, 78,112, 361 
of sum, 80 
of product, 81 
Divided differences, 642 
Domain, 475 
closed, 475 
open, 475 
Dot product. 22 
characteristics, 23 
Dummy suffix, 304 
Dyadic, 302 


Eigen frequencies, 1002 
functions, 995 
roots, 277 

values, 277,995,1002 
Vectors, 277 . _ 

Electro-magnetic induction law, 1020 
Elementary functions, 489 
exponential, 489 
inverse trigonometric, 492 
logarithmic, 491 
trigonometric, 490 
Elliptic integrals, 750 
Equations ^ ^ 

diffusion, 628 
elliptic, 628 
Fourier’s, 628 
homogeneous. 624 
hyperbolic, 628 
Laplace’s 628 


ordinary, 6 
parabolic, 688 


626 
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partial, 616 
wave, 629 
Equivalence, 239 
of matrices, 239 
Error 

absolute, 1205 
coarse, 1202 

functions, 597, 757,880* 1218 
function (asymptotic expansion), 
1218 

Gaussian law, 1205 
mean square, 1205 
random, 1202 
statistical, 1202 l 

systematic, 1202 ! 

theoiy, 1202 

Ether displacement current 1016 
Everett’s formula, 652 
E—waves, 990 f 

Expectation, 1126, 1140 
Extension of rank, 322 ■s 
Extrapolation, 636 


Faltung theorem, 848 
Faraday, 183 
Fermet’s theorem, 401 
Fields 

lameller, 179 
scalar, 69 
solenoidal, 179 
vector, 69,179 
Final value theorem, 874 
Finite differences, 632 
Fourier 

constants, 793 
equation, 943 
expansion, 792 
integral, 821 
inversion formula, 1148 
series, 793 
transform, 836 

Fresnel's Coefficient of Drag* 1041 
integral, 757 
Frobenius method, 674 
Functionals, 439 
linear, 439 
Functions, 373 
analytic, 477 
beta, 577 
bijective, 375 
complex, 374 
conjugate, 482 
complementary, 603 
domain, 373 
elementary, 602 
epimorphism, 374 
explicit, 602 
extension, 374 
gamma. 577 
hannonic, 482 
holomorphic, 477 
implicit, 602 4 


into, 374 
injective, 374 
inverse, 375 
many one, 374 
monogeaic, 477 
monomorphism, 374 
onto, 374 
one-one, 374 
range, 373 
real, 374 
restriction, 374 
surjective, 374 
scalar, 70 
vector, 70 

Fundamental tensors, 327 
velocity, 1041 


Galilean transformations, 1027,1028 
Gamma 

coefficient, 1126 
function, 577, 878 
graph, 580 
transformation, 579 
Gauss' 

backward formula, 648 
divergence theorem, 146,148,150 
equation, 739 
forward formula, 647 
formula, 745 
Pi function, 578 
theorem, 150,187,745,1020 
Generalized Fourier-Bessel Series, 933, 
1006 


Generating functions, 690,716 
Geodesic, 338 
equation, 340 
Geometric mean, 1097 
Goursat lemma, 500 
Gradient, 73,74, 75,111,361 
Grassman, 183 
Green's formula. 163,983 
functions, 982,984 
identity, 151 
theorem, 159,161 
Groups, 381 
abelian, 381 
alternating, 407,419 
automorphism. 412 
commutative, 381 
centre, 397 
cosets, 397 
cyclic, 401 
class, 418 
continuous. 442 
di hedral7432 
endo-morphism, 413 
finite, 382 
factor, 420 


Hamiltonian, 44! 
infinite, 382 
improper, 385 
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isomorphism, 410 
isometries, 427 
left coset, 398 
mixed, 441 
order, 382 
proper, 385 
per mutation 407 
point, 444 
p-primary, 441 
p-prufer, 441 
quotient, 420 
quaternion, 445 
right coset, 398 
regular permutation, 413 
rotation (n—D), 443 
semi, 384 
sub, 385 
simple, 441 
table, 386 
transference, 413 
torsion, 441 
torsion free, 441 
unitary, 441 

Hamilton, W.R., 183 
Hankel function, 727 
transforms, 92i, 922 
Harmonic functions, 482,978 
mean, 1099 
Harmonics, 668 
cylindrical, 670 
spherical, 669 
solid, 669 
surface, 669 
zona], 668 

Heaviside unit function, 881 
expansion-formula, 896 
Heltmhohs equation, 983,988 
theorem, 180 
Hermite equation, 759 
functions, 765 
generating function, 764 
polynomials, 761 
Hermitian forms, 275 
Homomorphism, 410 
Canonical, 425 
natural, 425 
H~ waves, 990 

Ifypergeometric equations, 698,739 
functions, 742 




Ideality 

•dative, 194 


multiplfcative, 194 
mnmitttioa, 405 
i no an wet cat equation, 263 
T ~-Vrpcndtnt event*, 1085 


, , , 

Initial value theorem, 834 
Inner p#dttct?197 
vector apace* 440 


Interdecile range, 1108 
Interquartile range, 1103,1108 
Interpolation, 636 * 

Interior point, 474 
Jntegration of vectors, 121 
Integrals 

complete, 616 
Eulerian, 597 
infinite, 584 
improper, 584 
particular, 602,616 
Riemann, 584 
singular, 617 
transforms, 856 
Invariant tensors, 314 
Inverse 

additive, 7,194 
multiplicative, 7 
Inverses 238 
Inversion theorem, 911 
lrrota ionaf vector function, 177 
Isomorphism, 438 

Jordan’s 

inequality, 531 
lemma, 530 


Ker, Kei functions, 729 
Kernel, 421, 856 
Kronecker delta, 304, 703 
symbol, 318 

Rummer’s theorem, 746 


Lagrange’s 
formula, 645 
method, 617 

subsidiary equation, 617 
theorem, 400 
Laguerre 

equation, 770 
polynomial, 771 
poly (integral prop,), 774 
recurrence relation, 772 
Lameller field, 179 
Lami’s theorem, 45 
Laplace’s 

equation, 165,182,482,668,959,960 
equation, (2-D), 960 
equation, (3-D), 970,972 
integral, 693,694 
transform, 856 

Laplacian operator, 82,114,137,361 
LaplactrEverett formula, €51 
Laurent’s expansion, 511 
Law 

aisociatlve, 5,6,193,199,372 
cancellation, 194 
commutative, 4,6,193,198,372 
De morg&r, 372 
di«r?feuttve,7,193,199,373 
* idempotcnt. 371 
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reversal, 216,221,228,384 
of contraction, 321 
of large number, 1144 
of nullity, 271 
Least squares, 1185 
& Legendre equation, 683,977 
Level surfaces, 73 
Line integral, 124 
of correlations, 1194 
of regressions, 1194 
. Linear 

dependence, 19 
equation, 255 
functionally, 439 * 

homogeneous equations, &56 
independence, 19 

non-homogeneous equations. 257, 
298 , 

space, 6,434 
space (dimension), 435 
Limit point, 474 i 

v Linearity property, 867, 926 
* Liouville’s theorem, 511 
Lorcntz equations, 988 

inverse transformation, 1031 
transformation, 1028,1030 
Lorentz-Fitzgerald contraction, 1034, 
1035 

Lowering of suffix, *331 


Maclaurin’s series, 671 
Magnetic, 

flux theorem* 1020 
vector potential, 986 
Magntude 1 
Mapping, 373,493 
composite, 376 
equal, 376 
identity, 376 
into* 374 
onto, 374 
product, 376 

Maxwell’s equations, 105 
Matrix (definition), 188 
augmented, 259 
adjugate, 224 
adjoint, 224 
addition, 191 
canonical* 241 
coefficient* 259 
characteristic, 268 
column* 189,209 
.conjugate, 218 
conjugate transpose* 220 
derogatory, 244 
diagonalization, 288 
differentiation, 296 
determinant* 207 
diagonal, 212 
ele ments, 188 
equality, 190 
elementary operation, 238 


equivalence* 190 
Matrix 

Hermitian* 221 
integration, 297 
identity, 211 
idempotent, 208 
inverse; 227 

linear combination, 192 
lower triangular* 212 
minor, 245 

multiplication by scalar, 191 
multiplication, *196 
non-derogatory, 224 
notation, 188 
null, 188,211 
nil potent, 208 
non-singular, 226 
normal, 236 
normal form, 236 
order, 188 
orthogonal, 235 
positive integral powers, 201 
partitioning, 202 
partitioned identically* 205 
periodic, 208 
rank,245 

rectangular, 188,207 
row, 189, 209 
reversal law, 216, 221,228 
reciprocal, 227 
square, 188,207 
sub,188 
scalar, 212 
symmetric, 217 
skew-symmetric, 217 
skew-Hermitian, 221 
singular, 226 
transpose, 214 
unit, 189,211 
upper triangular, 212 
unitary, 205 


lean,1140 

arithmetic, 1092,1141 
deviation, 1142 

geometric, 1097,1141 
r_• N/wfl \aa\ 


Measure of 

dispersion, 1108 
scatter, 1108 
spread, 1108 
variation, 1108 
Median, 1102, 1140 
Membrane, 981 
circular, 1003 
rectangular, 1000 


Milne-Thomson, 484 
Minkowski’s 4-Dimcnsional world, 304 
Modal value, 1105 
Mode, 1105,1140 

fundamental, 995,1002 
normal, 995 
Module, 1 
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Modulus, 1 
Moments, 1120,1142 
absolute, 1123 
factorial, 1123 
Monotoaic function, 795 
Mtmge's method, 620 ,621 
Morcnt's theorem, 504 
Motion 

irrotational, 175 
rotational, ISO 
Multiplication modulo, 385 
Multinomial theorem, 1087 


Nbd.ofapoint, 474 
Newmann 
functions, 725 
M internal, 713 
Newtons 

advancing formula, 637 
divided difference formula, 643 
Newton-Grcgory fonnula, 637 
Ncwton-stidmg formula, 649 
Non-derogatory matrix, 244 
Normalization condition, 1225 
Nullity, 271 
of a matrix, 271 
Null space, 270 


Percentiles, 1102 
Permutation, 404 
Perturlization method* 664 
Picard's method* 661 
Poisson's 

equation, 164,182 
formula. 5)7 

Polarisation current, 1015 
Poles, 514 
Polynomial, 281 
minimal, 281 
Population, 1197 
Post factor, 197- 
Power series* 670 
Poynting 

theorem, 1022 
vector, 1022 
Precision, 1205 
Prefactor, 197 
Principle of relativity, 1026 
Probability 

conditional, 1077 
integral, 597 
Product, 
inner, 197 
scalar, 197 

Propagation constant, 990 


Operations, 369 
binaiy, 379 
column, 237 
difference, 370 
elementary, 236 
intersection, 369 


on sets, 369 
row, 237 
union, 369 
Operators 
identity, 438 
orthogonal, 441 
unitary, 441 
wo, 438 
Order of 

an elementary group, 385 
group, 383 
Orthogonal 

curvilinear coordinates, 107 
matrix, 235 
properties, 703,724 
transformation, 275 
^ vectors, 110 
Orthogonality 
condition, 108 
theorem, 451 
Orthonormal set, 275 


Parefletogramliw, 4 
PwsevaTs 
identity, 820,842 
theorem. 926 
fMkimmwrnm,* 
Partition cl a set, 1082 


Quadratic forms, 291,292 
definite, 294 
reductions* 291 
semi-definite, 294 
Quantiles, 1102 
Quartiles, 1102,1141 
deviation, 1108 
Quasi-unsteady state, 1016 
Quaternion analysis, 183 
Quotient law, 323 


Radient vector, 1022 
Raising of suffix, 331 
Random sampling, 1197 
Rank 

correlation, 1193 
extension, 322 
of a row matrix, 271 
of a column matrix, 271 
space, 271 

Recurrence fonnula, 720,763,772 
Region 

connected, 503 
multiply connected. 503 
simply connected, 503 
Regression, 1188 
Regular function, 474 
Relativity of simultaneity, 1039 
Relation, 376 
anti-symmetric, 37S 
binary, 376 
composite, 377 
diagonal, 377 
equivalence, 378 
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empty, 377 
identity, 377 
reflexive, 378 
simple, 376 
symmetric, 378 
transitive, 378 
void, 377 
Representations 
addition, 448 
degree. 447 
dimension, 448 
faithful, 448,1224 
irreducible, 1224 
permutational, 446 
reducible, 448. 1224 
unfaithful, 1224 
Residue, 522 


TV 


t 


computation, 525 
Retardation of clocks, 1037 
Retarded potential, 989 . 

Reversal law, 216,221, 228, 385 
Riccati equation, 781 
Riemann 


Christoffel tensor, 353, 355 
integration, 497 
theorem, 821 
Zeta function* 786 
Rodrigues’ formula, 697 
Root mean square deviation, 1111 
Rotation, 85 
Row matrix, 209 
vector, 209 

Runge-Kulta method, 663 


Sample, 1197 
Scalar, 1 

point function, 70 
product, 197 
triple product, 32 
Semi inter quartile range, 1108 
Sets, 368 

abnormal, 369 
bounded* 474 
complementary* 370 
cartesian product, 373 
defining property, 368 
disjoint, 370 
empty, 368 
equivalent* 369 
equivalence, 378 
indexed family, 370 
mutually exclusive, 370 
null, 368 
normal, 361 
operations, 369 
open, 474 
proper, 369 
partition, 378 
quotient, 379 
right handed, 3 
singleton, 368 
universal, 370 


Sheppard's correction, 1122 
Shifting property, 868 , 869,887 
Signature, 294 
Simpson’s 1/3 rd rule, 654 
3/8th rule, 656 
Singularities, 514 
Solenoidal 
field, 179 
vector, 79, 84 
Solutions 
explicit, 602 
implicit, 602 
singular, 603 
Space 

column, 27 
Euclidean, 335 
linear, 6, 434 
null, 270 
Riemannian, 334 
row, 271 
sub, 270 
vector, 6, 434 
Spectrum, 995 

Spherical polar coordinates, 116 
Square wave, 999,1000 
Standard deviation, 1111,1112 
Stirling formula, 650 
Stoke’s theorem, 168 
Sub-groups, 384 

conjugate, 416, 420 
normal, 416, 420 
Sub-matrix, 245 
leading, 245 
principal, 245 
Subspaces, 270 
Substitution operator, 305 
Sum function, 801 
Surface integral, 131 
Sylvester’s theorem, 271 
Symmetry group, 1223 


Taylor expansion, 508 
series, 671 

TchebychefTs inequality, 1143 
Telegraphy equation, 946 
Tensors, 301 

anti-symmetric, 309,311 
alternating, 314 
associated, 331 
contiavariant, 306,307 
covariant, 306 
contraction law* 321 
covariant derivative* 347 
ellipsoid, 311 
epsilon, 314 
fundamental, 327 
invaiant, 313 
Krutkov’s* 316 
metric, 334 
operator, 302 
permutation* 314 
pseudo, 315 
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rank, 306 

Riemaaa Christofiel, 333,333 
stress, 103 
symmetric, 309,311 
Tenser forms 
curl, 361 
div, 361 
grad, 361 
Laplaciaa, 361 
T radio, 302 
Teteory of errors, K02 
Thme-dialation, 1037 
Tiime of relaxation, 1021 
Torque, 46 
Total differentials, 65 
Trace, 188,419 
Transformation, 274, 405 
congruent, 292 
determinant, 274 
linear, 274,435,440 
modulus, 274 
orthogonal, 275 
resultant, 274 
Trapezoidal rule, 653 
Triadic, 302 

Triads of orthogonal vectors, 110 
TschebychefTs equation, 750 


Uniqueness 
of identity, 382 
of inverse, 382 
of solution, 383 
Universe, 1197 


Vandermonde theorem, 745 
Vectors, 1 
axial, 2 
addition, 4 
associative law, 3,6 
application to mechanics, 45 
collinear, 2 
commutative law, 46 
components, 10 
codirectional, 3 
coplauar, 3,9 
covariant derivative, 345 
Vectors 

differentiation, 52* 
differentiation rules, 53 


equal, 2 


equations, 43 
free, 2 

fields classification, 179 
integration, 121 
irrotational, 177 
line, 2 

linear combination, 19,210 
linearly dependent, 19, 210 
linearly independent, 19, 210 
localised, 2 
like, 3 
length, 333 

multiplication by a scalar, 5 
moment, 46 
null, 2 

non-coplanar, 3,9 
non-collinear, 3 
negative, 3 
orthogonality, 333 
polar, 2 
position, 9 
product, 22,24 
product (four vectors), 41 
partial differentiation, 64 
point function, 70, 71 
parallel displacement, 344 
parallelogram law, 4 
reciprocal system, 42 
reciprocal, 3 
subtraction. S 
space, 6, 434 
soicnoidal, 79,84, 177 
triple products, 32, 34 
unit, 2 
unlike, 3 

volume integral, 142 


Wave equations, 979 

1- D, 979 

2- D, 980 

3- D, 982 
Wave guides, 989 

rectangular, 991 
Weddle’s rule, 658 
Whittakar equation, 758 
Work done, 45 


Zeros, 513 



